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I Introduction

In this paper we examine the invariant subsets A of a vector space V', when we
act by a group, G. Gathering some of the information about A in the equivariant
cohomology ring H(V) is an important area of study in enumerative geometry.
The descriptions we seek to find for an invariant subspace satisfies certain universal
properties. A notable example of this is given a vector bundle with fiber V' and
structure group G over a compact manifold M looking at some cohomological data
for A-points of a section can be done in the equivariant cohomology ring instead of
the cohomology ring of M. The fundamental cohomology class and Segre-Schwartz-
MacPherson class are two such objects that are the same in both cohomology rings.

Since these classes are universal in the above sense, we expect that it is very
difficult to determine the fundamental class and the Chern-Schwartz-MacPherson
class. However, it is possible in certain situations.

In this paper we find the fundamental class and the CSM/SSM classes in the
equivariant cohomology rings for two separate groups actions. Before we make our
way through calculations, we give some intuitive definition of what these classes are.
The basis for the computations we do is from interpolation characterizations of the
CSM class and the fundamental classes, which are stated in a way applicable to our
situation. We then work through the computation one of these for two seperate group
actions.

The culmination of the first section is the statement and the proof of a well-known
result called the Porteous identity. The second section ends with some conjectures
based on the lower-dimensional results.

II Fundamental Class

Let M™ be a compact orientable manifold. For certain subsets A®, where the upper
index indicates its real dimension, there is an object, jt4cas in the a'™ homology group
H,(M) called the fundamental homology class of A in M. See Appendix A in [MnS]
for details. To obtain an element in the cohomology of M we can then utilize Poincaré
duality, which is an isomorphism between H,(M) and H"%(M), the a*® homology
group and the (n—a)®™ cohomolgy group. The image of j14c s under this isomorphism
is then called the fundamental cohomology class of A in M and is denoted [A], the
M is omitted from this notation.



Let GG be an algebraic group which acts algebraically on a vector space V™. Let A®
be an orbit closure. It is a fact that there is an analogous notion to the fundamental
class, [A], for Ain V', which is a member of the equivariant cohomology of V', H5~*(V).
This construction can be found in [FeRR] and Chapter 8 of [MS].

Suppose ¢ is an orbit of GG acting on V' and x € . Let G¢ < G be the stabilizer of
x. We use G¢ instead of G, to denote the stabilizer because the stabilizer subgroups
of points in an orbit are conjugate to each other, and hence are isomorphic. Then G¢
acts on T,V and keeps T.,&, which we will denote T, invariant, and so G¢ can act on
ve = T,V/T¢, which we will call the normal space of £. Not only is G¢ independent of
the choice of z, but its representations on 7 and v, are as well. We define the Euler
class, denoted e(§), as the product of the weights of the action on v, which belongs
to He, (pt).

If & — V then there is an induced pullback map H () <— HE(V) of the equiv-
ariant cohomology rings. It is a fact that H¢, (pt) = HE(€) and hence there is an
induced map ¢ : Hg, (V) — He, (pt), called the restriction homomorphism.

The next two theorems, whose proofs can be found in [FeRR], gives us a method
of computing the fundamental cohomology classes.

Theorem II.1. Suppose G acts on V' as above. Assume that there are only finitely
many orbits and the Euler class of & is not a zero divisor in H&";5 (pt) forall€ € V/G.
Let i be an orbit. The class [n] satisfies the following relationships

1. (105[77] = e(ljn), ng =7.
2. pe[n] =0, if codim & < codimn, and & # n is an orbit.

In practice we will see that ¢, are substitutions in a polynomial ring. Hence, we
call 1 and 2 interpolation conditions.

Theorem 11.2. Under the same hypotheses stated above, the interpolation conditions
listed above uniquely determine the fundamental class [7].

II.1 Example

We will work through an example of how one could use the interpolation tech-
niques, theorems (II.1)) and (I1.2)), in the calculation of a fundamental class. Here, let
G be the group GL,(C) x GL,,(C) and have this act on V' = Hom(C",C™) by

(A,B).M = BMA™" (1)
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A notable requirement is that V' have finitely many orbits. Two elements of V' are in
the same orbit if and only if they have the same rank (and so have the same corank,
cork = n — rk). Therefore there are only min(m,n) 4+ 1 orbits and for 0 < r <
min(n, m) they will be denoted X" and

Y ={M € V|cork(M) =r}. (2)

Now we temporarily limit ourselves to the case when n < m. We also define ¢ :=
m—n > 0.
An element of > is

n—r
1 0 0
0 1 0
, 3
T = 110 0 ®)
0 0 0
0 0 0

or written in block form as

( ]n—rxn—r ‘ On—rxé—i-r ) (4)

Orxnfr ‘ Or><6+r

We should distinguish between the normal and tangent spaces of the representative
of ¥". The normal space, v, , corresponds to the r x (¢ —r) block in the bottom right
of the matrix. The tangent space, Txr consists of the remaining three blocks in the
matrix.

If we are trying to utilize the interpolation equations, (II.1)), we must determine
the orbits ¢ such that codim & < codim X". Since € is an orbit of G, £ = XF for some
k. Since the codimension of ¥ has to be less than the codimension of ", we must
have k < r.

Let T be the torus of diagonal matrices in GL,,. Then Hjn, 7w (pt) D HEp o, (P)
because of the splitting lemma. Moreover H}, 7 (pt) = Zlon, ..., ay, b1, . .., Bn] and
Hip var, (0t) = Zlag, X, an, B, . .. B *Sm = Zlay, ... ap, b, ..., by], where a;
(resp. b;) is the i*" symmetric polynomial in the a (resp. [3) variables. The a; are
called the universal Chern classes for GL,, and b; are the the universal Chern classes



for GL,,. So we can consider a polynomial in the a;’s and b;’s in Hjn pm(pt) or
HEp war,, (pt). We'll restrict our attention to the action of 7" x T < G L, X GLy,.
So instead of a general (A, B) € GL,, x GL,,, we can consider A and B to diagonal
matrices.

First we will work through a more explicit example by calculating the value of
[%2] for 2 € Hom(C?, C?)- that is when r = 2 and n = m = 3. We have to calculate
how G acts on this representative of .

Let e, ; be the homomorphism which sends the i** basis vector of C? to the ;™
basis vector of C3- that is e; ; is the matrix with a 1 in the i row and the j™ column
and zeros everywhere else. So we can see that the representative, x as above, of X"
is just = > " e;;. In this explicit example, it is just eq ;.

Next, we see that the way that an element of 7% x T* acts on e; ; is by

(5] 0 0 51 0 0
0 az 0,10 B2 0] [.ei;=050;"€; (5)
0 0 a3 0 0 pBs

The conditions which stabilize the x € " is requiring ﬁjaj’l =l1lforj=1,...,n—r.
By abuse of notation, we will use the same letter o, for the entry on the diago-
nal and the corresponding weights. For the " row and j** column position in the
normal space, the weight of the action of 7% x T? is §; — ;. Therefore, restriction
homomorphisms, (g, are going to map «a; to 3; for j =1,...,n — k.

From , we know that the properties which uniquely determine the funda-
mental class are: (1) When we restrict to what stabilizes ¥, 0 < k < 2, that [¥2] is
0, and (2) while restricting to what stabilizes 32, the fundamental class is equal to
the Euler class of v, .

The Euler class of v, is the product of the weights of the action in the normal
space. Therefore,

e(vy,) = (B2 — a2)(f3 — az)(Ba — a3) (B3 — a3).

The fundamental class of Y7, [7] € Héth;dXich? (pt), and hence it is a symmetric
polynomial in the o and [ variables. Because of this we know that the fundamental
class can be written as an element of Clay, as,as, by, bs, bs] where a; and b; are the
J™ elementary symmetric polynomial in a_ and S_ and degb; = dega; = 2j. Since
2] € HE(pt), [E7] is a degree eight polynomial. Equivalently, [¥7] is a degree
four polynomial with the convention dega; = degb; = j. We will use the second
convention.



In this scenario, for the restriction of X° we need
[2?] € ker oy, where @so : a; — 35, j=1,2,3. (6)
The restriction of X! is
[2?] € ker 51, where os1 ;= 85, j=1,2. (7)

Finally, the restriction to ¥? is

os2([2%]) = (B2 — a2)(Bs — a2) (B2 — a3)(Bs — as), where ¢x2 : a; — 1. (8)

These three restrictions on polynomial [¥2] uniquely determine it.

By using a computer algebra program, we find out that the only degree 4 polyno-
mial in Claq, as, as, by, be, bs] which satisfies the restriction conditions (and is therefore
the fundamental class of 3?) is

[2_2] = a%bg — a1a261 — a1b1b2 + azb% —ajas + albg + ag — 2a2b2 + a3b1 — blbg + b% (9)
Let us define ¢;, j € N so that

1 + byt + bot? + bst?
L+et+cot? +--0 =
! 2 1+a1t+a2t2+a3t3

(10)

where the right hand side is understood to be the formal power series of the quotient.
Then the first few terms, and the ones that we will utilize, are

ca=b—a
2
cg = by —a1by —ay + ai

2 3
C3 = b3 — ag — (lgbl — a162 + albl + 2@1(12 — Gy

We can now rewrite the fundamental class, in a much cleaner and succinct form, as

2] = ¢ — cic3 = det (CQ 03> . (11)

1 C2

Writing the fundamental class in this determinant form generalizes to theorem
(L1.5]).



I1.2 Porteous Formula for [ir]

For two polynomials p and g we define the resultant of p and ¢ as
Rp.g)= ] (-
(z.y):p(x)=q(y)=0

Claim II.3 (Sylvester’s Theorem, [Sylv]). Suppose p = ¢" + a;t"~' + --- + a,, and
qg=1t"+bit™ ' + ... +b,,, where b;’s and a;’s are constants. Define

1 b b ... b, 0 ... 0

0 1 b b ... b, O 0

L9 - . ) ) 0

: 0

- 0 1 by by by

M= 1 a3 a ... a, 0 01|’

0 1 a1 ao a, 0O 0

0 ' 0

Do .o 0

0 ... 0 1 ai (05} ap,

where there are m rows involving the a_ terms and n rows involving b_ terms. Then
R(p,q) = det M.

Proof. We note that R(p,q) = 0 if and only if p and ¢ have a common root. This
occurs if and only if p and ¢ have a common divisor, which happens if and only if
there are polynomials A and B such that deg A < degq — 1 and deg B < degp — 1
with Ap 4+ Bq = 0.

If Ap + Bq = 0 then there is some non-trivial linear relation between the rows of
M. Conversely, if there is a non-trivial relation between the rows of M then we can
find A and B as above so that Ap + Bg = 0. This implies that det M is a constant
multiple of R(p,q), say det M = cR(p,q). Therefore determining the coefficients of
b in the expansion of det M and R(p, ¢q) will determine the constant c.

The coefficient of b)) in det M is sgn 7 where 7 is the permutation

. {j+m:1§j§n
] . . .
J—n m<j<n+m
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We can write 7 in two-row notation as

m+1 m+2 ... m+n 1 2

7r—( 1 2 ... n n+l n+2 .. m—l—n)

It takes n transpositions to move 1 to the first position and not change the order of
m+1,...,m+ n. It takes n transpositions to move each of the remaining 2,...,m
to get the identity permutation. Therefore 7 is the composition of mn transpositions

mn

and so sgnm = (—1)

If z;, 1 < j < m are the roots of p then b,, = (—1)"x125...2,,. If the roots of ¢
are y;, 1 < j <n, then expanding [[(x; — y;) we see that the coefficient of b}, is also

(—1)™". Therefore, det M = R(p, q).

Let us set ¢j, j € N, so

L bt bot? A byt

14+ et +cot® + et + -+

as a formal sum.

Claim II.4. For M and c¢; defined as above, we have

Cm, Cm4+1 Cm+4+2 .-+ Cmiyn—1
Cm—1 Cm Cm+41
det M = (—1>mn det Crn—1 Crm,
Cm—n+1 Cm

Proof. Let C' be the n x n matrix on the right and side.
Define for j € N, d; so that

1
do+dit +dot> +--- = .
o + dit + dzt” + N

Since
(I+dit+dot? +... )1+ art+-+at")=1

T 1t agt 4 ast? + - + a,t”

nxn

]

(12)

(13)

holds, the coefficients of t* on the left-hand side are all 0. Therefore, setting a, = 0

for £ > n we arrive at

k
d1+a1:d2+a1d1+d0:«~~:Zajdk,j:0, Vk € N.

J=0

(14)



If we set b, to be 0 for £ > m then we can see that

k
Cr = Z bjdk_j.
j=0

Next, set
1 b b ... b, O
0 1 b b b 0
B = 0 '
0 0 1 b b
and
1 a4 a ... a, O
1 a a9 a, 0
A= 0
: 1 aj

Then M in block form is simply (B) Set

A
1 di do ... dysmer
0 1 di ... dyymes
o—|. .. .
00 0 ... 1

€ Hom(C™™, C™t™).

(15)

Since D is upper-triangular with diagonal entries 1, det D = 1, and so det(M D) =

det M. Because of the relationships in and ([15)),

1 ¢ e ... Cm Crm+1 Crtn—1
1 ¢ ... Crn—1 Crm. Crtn—2
_ 0 s Cm—n+1 Cm—n42 Cm,
MD = 1 0 0 0 0
0 1 0 0 0
i 0 0
0 0 1 0 0

(16)



Expanding from the bottom left block, we see that det M D = (—1)""det C. O

Theorem I1.5 (Porteous Formula, [Port]). Consider the group action described above
on Hom(C",C™), with n < m. If{ = m —n, and ¢; are defined as in (@, then

Crie Crytrl Crypt2 oo Crpppr—1

Cryt—1  Cryr Cryry1

[ZT] - <_1)r(r+£) det Crir—1 Crie

Co+1 Cr+e rXr

Proof. Let C = C). be the matrix appearing in the theorem. The interpolation theo-
rems, and , imply we need to show that when we restrict to 5; = «; for
j=1,2,...,kfor k >n—r+1 that det C =0 and when k =r, det C = e(vsr).

We start by showing that det C' vanishes when we set 3; = o; for j = 1,2,...n —
r 4+ 1. Doing this we get

(1+clt+cgt2+...)< ﬁ (1+Oéjt)>— ﬁ (1+ 5;t). (18)

To ease with notation we will relabel o 1,_,4+1 as simply «;, and do a similar process
to the 3’s. We will also write a; as the j™ elementary symmetric polynomial in the
r — 1 remaining « variables and b; as the j™ elementary symmetric polynomial in the
r + ¢ — 1 remaining (3 variables, e.g. a; is now «a; + -+ + a,_1. With these above
simplifications in notation, the above equation becomes

(I+ct et +.. )1 +art+-+ar 1t" ) = (1 +bit + -+ byt (19)



Expanding and collecting the coefficients of #/, we see that

b1201+a1

bg = CQ+&161 +CL2

b, =c +aic,_y + -+ a,_1c; +0

byy1 =1 +are, + -+ a0

brit—1 = Crye1+ Q1Cryg 2+ + ar1Cg

O=cypt+aiCrpp1+ -+ ar_1041

0= Crytrr—1+ @1Crpppr—2+ -+ Qr1Crip

which implies

Crie Crit—1 Cot1

Cr4e+1 Crte Ce+2
. =a; ) + -t a1 . . (20)

Crit4r+1 Crit4r—2 Criv

This is a sufficient condition to show that det C' is 0, as this shows that the last row
is a linear combination of the first » — 1 rows.

Restricting 8; = o for j = 1,2,...,n—r+k for k > 2 is more restrictive than the
case when & = 1. We could go through the same relabeling process and see that we
would arrive at the existence linear relationship between the rows that involve r — k
of the rows. In particular, det C' € ker s for k > n —r + 1.

Suppose we set §; = a; for j = 1,...,n —r and re-label and re-index as before.
Letusset p=14+bit+---+ bt and g =1+ ait +---+at". Set M as the
matrix that appears in for the current p and q. We examine the resultant of p
and ¢ and see that

r+f r
R(p,q) = [[]](83 — o) = elv.,).
j=1k=1
By (I1.3) and (II.4)), this proves the theorem since the polynomials are of degrees r
and r 4 ¢ instead of m and n. m
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If we consider the case when n > m we can see that switching the roles of a’s and
[’s give similar restriction cancelations. Therefore, for ¢/ = n — m,

/ / / /
Crpv Gyt Crpog2 o0 Grppgr—
/ / / .
Crye—1 Crpe Crpenl

[X7] = det

/ /
CrJrE/fl Cr+€/

Cpr1 Cri rxr
where
It at4agt? + - 4 apt”
S byt bt e by t™
Going through the same steps we see that this formula holds, up to sign. In order
to determine the sign, we note that

1+t + cyt* + - -

1 a1 ay ... app 0 0
0 1 ay a9 Ce Ay g1 0 0
0 0
0
0 ... 0 1 ay Az ... Qpiyp (r+¢') e
T % . b 0 .. o |~V Ulg@‘j = B
0 1 b b b, 0 0 e
0 ' 0
0
0 0 1 by by br
r+0 r
=T 113 — )
j=1 k=1

and so the sign is indeed (—1)""+¢).
IIT CSM and SSM Classes

We will follow the formal definition of the Chern-Schwartz-MacPherson class as
laid out in Section 3.2 of [Ohm]|. See also the references therein.

11



For a complex variety X of dimension n and a subvariety W C X, we denote the
the characteristic function which takes value 1 on W and 0 otherwise by 1y,. We say
« is a constructible function if & = Y a;1w,, for a; € Z. Let F(X) be the abelian
group of constructible functions over a space X.

First, the restriction of o to an algebraic subset Z C X is usual restriction. Then
alz = > b1y, and we define the integral of « over the algebraic set Z as

[ o= a0,

where y means the Euler characteristic. Moreover, for morphisms f : X — Y the
pushforward is defined as

X S FW) L= [ wey)

For pt : X — pt, fX a = ptya. It holds that

(fog)e= fiog.

The pullback f*F(Y) — F(X) is defined as f.a = ao f.

The group of constructible functions F(X) and the Borel-Moore homology H,
define covariant functors Var — Ab, from the category of complex algebraic varieties
and proper morphisms to the category of abelian groups.

The total Chern class of the tangent bundle of a smooth variety is ¢(TX) =
1+ a(TX)+ -+ e (TX).

Theorem III.1 (Schwartz-MacPherson). There is a unique transformation
Co: F— H,

between these functors so that Cy(1x) = ¢(TX) —~ ux if X is smooth, where ux is
the fundamental homology class of X. This transformation satisfies

o Ci(a+ B) =Cila)+ Cu(B), i.e. Cy is an additive homomorphism.
o C.f.(a) = f.C.(a) for proper morphisms f: X — Y.

We then define the Chern-Schwartz-MacPherson class of X in the homology ring
as M(X) 1= C,(1x) € HBM(X). In our settings, all varieties considered will be
a subset of a compact, complex variety V. There is then a map H.(X) — H.(V)

12



induced by the containment X C V and because of Poincaré duality there is an
isomorphism H, (V) «— HYmV=*(V). With these maps we can view ¢5¥(X) €
H*(V) instead of H,(X). So ¢®M(X) € HBM(X) is not used. We only consider
ASM(X) e H*(V).

Now consider the ambient space V' to be acted upon by an algebraic group G, with
only one point fixed by all of G. Ohmoto proved in [Ohm| that extends to G-
equivariant cohomology. If X C V is a G-invariant subvariety then ¢®™ (X) € Hx(V),
where the G is suppressed from the notation of the CSM class. We can now define
the Segre-Schwartz-MacPherson, SSM, class to be

CSM
) = S e i),

S

Here ¢(V) is the total Chern class defined earlier.

In this situation there is, again, a useful interpolation theorem that allows us to
determine the CSM class. Recall the restriction homomorphisms, ¢¢, and the tangent
spaces, T¢. The number of zero weights of the action of G¢ has on T will be denoted
ke .

Theorem II1.2 ([RR]-unpublished). Suppose G acts on V', a vector space, as above
and suppose that there are only finitely many orbits. If n and { are orbits then the
following statements hold:

Loc (M () = c(Tye(v,) if ¢ =n.

2. @c(c*M(n)) is divisible by c(T¢).

3. e ("M (n)) has degree strictly less than 2(dime V — k¢).

Note that in the above theorem we deal with ¢ (n) and not ¢* (7).

Theorem II1.3 ([RR]-unpublished). The previous set of conditions uniquely deter-
mine the Chern-Schwartz-MacPherson class of the orbit 7).

The lowest degree term of ¢ (n) is [7], the fundamental class of the closure of .

Before working through an example to use the theorem, we are going to take a
brief aside in order to describe the Schur functions which play an important role in
the conjectures we make.

13



II1.1  Schur Functions

Given a partition, A = (A1, Ag, ..., \g), of an integer n we can form the Schur
polynomial (or function), denoted sy(x), defined by

S,\(QE) = det[hkriJrj(x)]kxk? (21>

where hy(z) is the complete homogeneous symmetric polynomial of degree ¢ in n
variables z1,...,z,. We can also form the Young diagram of A. This consists of n
boxes, left justified with A; boxes in the top row, Ay boxes in the row below that, and
so on. For example,

(5,3,2) —

Many times we will write the associated Young diagram instead of (A1,...,A,). The
conjugate partition of A is the partition obtained by reflecting the Young diagram
of A along the diagonal. For example for the partition A = (3,1) we will write s
instead of s(31,0,0). For this partition the conjugate is (2,1, 1), whose Young diagram

iy

The Schur polynomial of A = (2,1), a partition of 3, then

s = det (1250100 hato(e) ot

2 2 2 2 2 2
= X1To + XT3 + X175 + X123 + T3T3 + ToX3 + 20129T3.

It is a well-known result that the collection of all Schur functions generates
Clzy, ..., z,)%", the ring of complex polynomials in n variables invariant under per-
muting the x; variables. We will make use of this fact several times, especially when
dealing with the Segre-Schwartz-MacPherson classes.

In our case, instead of considering the homogeneous symmetric polynomials h;, we
will be using the j* Chern class. Doing this, we can notice that in our first example
of ¥" € Hom(C",C™), that [X7] = sy, for A= (r+£,r+{,...,r +{).

A good reference for Schur functions is [FP].

I1I.2 Example
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Let G Lo, act on C?" in the natural way. Take A? of this representation to have
G = GLa, act on V = A*C?", i.e. g.(e; Aej) = gei A gej. Because of the alternating
property, we can naturally associate A2C?" with the space of n x n skew-symmetric
matrices. For visual representations we will examine V' as the symmetric matrices,
and to describe the action we will use the second exterior power representation.

Again, there are finitely many orbits of this action, denoted by X" for 0 < r < 2n
and r even. A representative of an orbit is

H 0 0
0 H 0 O
¥ o 0 0 H , (22)
0 0...
where H = (1) _01 . The normal space is the part of the r x r block below the main

diagonal and the tangent space is the rest of the matrix below the main diagonal. In
a more pictorial fashion, this is viewed as

Y

where the white area below the diagonal line can be identified with tangent space and
the red area with the normal space.
Again we restrict to the torus subgroup 7' < G. A generic element of T" would be

94!

t= 2 N eT, v; € C*. (23)

Yon

15



If jis odd and j < 2(n — ) then t.e; A ejy1 = V€5 A Vjt1€j41 = ViVj+1€j N €1
Therefore, to stabilize the representative of X" it is necessary that v; = v, +11 for such
J-

Moreover, the restriction homomorphisms we concern ourselves with when exam-
ining X" are the ¢ which map v; and ;41 to additive inverses for odd j < 2(n —r)
and the rest of the v;’s to a separate set of indeterminates. Explicitly one of the
©:Clvy -2 = Clp1, ooy puer, a1, - - ., 9] Will be of the form

87 = (_1)j+1p[j.|7 j S 2(” - T)
: L1
Vi QG—2(n—r); j>2n-—r)

With these explicit homomorphisms and the interpolation theorems, we can cal-
culate the CSM class of X7, ¢ (¥7), if we can describe how to find the weights for
the Euler and Chern classes in the normal and tangent spaces. Since we will exclu-
sively make use of these objects after we apply the restriction homomorphisms, we
will describe them in terms of the p’s and a’s.

In a similar fashion to how the weights for the Euler class were calculated in the
fundamental class case, we write how t acts on e; A e; in additive notation. After
we apply the homomorphism ¢, the weights will be a; + o for 1 < j < £k < 2r.
The weight for the Chern class is calculated in a similar fashion to the Fuler class. If
ej Aey is located in the tangent space, and the weight of the Euler class is w, then the
weight for the Chern class would be 1+w. So these weights are of the form 1+a; % p;
or 1+ p; &+ p; for an appropriate collection of j, .

Therefore we find that the Chern classes and the Euler class are the following
polynomials

2r Q(H—k))
o(Twe) = ([T T] (1 +ecitp)) I[I (xptp)
i=1 j=1 1<i<j<2(n—k)
ey) =[] (i+ay).
1<i<i<2r

Recall that ¢™M(X? C A’C*) € Hyy, o)(A*C*) = HEp o oy (pt) = Zey, ..o c2,)
where the ¢; are the universal Chern classes of GL,,(C) as before. Since these uniquely
determine the CSM class, making use of a computer algebra program we find

Proposition II1.4. For ¥2 C A2C* we have

MDY = ¢ + 26 + & — dejey +263¢y + ez + eics + 2¢109, (24)
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where c; is the j™ Chern class.

The above formula does not seem to have a distinct pattern; however, if we instead
consider the Segre-Schwartz-MacPherson (SSM) class of 32 we see that

M) =y -4 —cl 4+ =S+ (e + ey — eges +e1c3) + hot. (25)

This appears to be in an even nicer form when we write the SSM class in terms of
the Schur polynomials. When we do this we have

M(22) = 55— (sDj + SH) + (sm + 2sm + Sﬁ) — <sm + 3sgm + 3sﬁj + SE)

— 2sm
+ higher order terms.

We notice that the partitions A 2 Bﬂ appear to have coefficient (l)‘| 1) This leads us
to the make the first conjecture in the next section.

We can do the same process to calculate these classes for larger values of n, but,
since the CSM class of £? C A2CP is degree (3) — 1 = 14, we will not write it out
explicitly. We will, however, list the first few terms of the SSM class.

Proposition IIL1.5. For X2 C A*CS we have
SME) =) —E+ S —cl+E -8+ (] + Sey — Aeaes + ¢k — cAes) + ... (26)

If we substitute c; to 0 then this is clearly agrees, up to degree 7, with the SSM
class of ¥ C A2C*.

I1I.3 Conjectures

Consider X2 C A2C?" for n > 2.

Conjecture II1.6. Suppose we write s5(X?) = @1 + $y+ B3+ ..., where Oy is the
sum of all the Schur polynomials of the partitions A such that (2,2) £ A\, ®q is the
sum of Schur polynomials of the partitions p such that (3,3,3) £ u but (2,2) < u,

and so on. Then the coefficients of a Schur function of \ in ®1 are, up to sign, (’\l_i)

17



Specifically,

(I)l = 1SD
+ (13@ + 2550 + 1sm)

_ (15E+35ﬁj+3553+1sm)+...
Conjecture IIL7. If we write s°M(32) = 3", sy, where X sums over all partitions

then ay = e, where At is the conjugate partition of A, i.e., the SSM class is invariant
if we transpose the partitions.

Conjecture IIL.8. If we write s°M(X2) = 3", ansy, again then if |A| is even implies
that ay < 0 and if || is odd then ay > 0.
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