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Abstract

In this paper we study the Fredholm properties of Toeplitz operators acting on weighted
Bergman spaces AP (B"), where p € (1,00) and B" C C™ denotes the n-dimensional open unit
ball. Let f be a continuous function on the Euclidean closure of B". It is well-known that
then the corresponding Toeplitz operator T is Fredholm if and only if f has no zeros on the
boundary dB". As a consequence, the essential spectrum of T} is given by the boundary values
of f. We extend this result to all operators in the algebra generated by Toeplitz operators with
bounded symbol (in a sense to be made precise down below). The main ideas are based on the
work of Suarez et al. ([17, 24]) and limit operator techniques coming from similar problems on
the sequence space ¢¥(Z) ([13, 15, 19] and references therein).

AMS subject classification: Primary: 47B35; Secondary: 32A36, 47A53, 47A10

Keywords: Toeplitz operators, Bergman space, essential spectrum, limit operators

1 Introduction

Consider some measure space (X, 1) and a corresponding LP-space for some p € (1, 00), say. Further
assume that there is a bounded projection P onto a closed subspace S of LP(X,u). If we now
decompose a multiplication operator parallel to this projection, we obtain a Toeplitz operator. More
precisely, if f: X — C is an essentially bounded function and My the corresponding multiplication
operator on LP(X, u), the corresponding Toeplitz operator is given by Ty := PMy|s. Toeplitz
operators are one of the prime examples for non-normal operators and are thus extensively studied
on various different domains, the most prominent example probably being the Hardy space over
the circle. In our case here we are going to consider Toeplitz operators on the space of holomorphic
LP-functions defined on the complex open unit ball B™, which is called a Bergman space. Using the
variables above, we consider X = B" with a weighted Lebesgue measure dv, for a weight parameter
v and we take S to be the closed subspace of holomorphic functions contained in L := LP(B", dv, ),
here denoted by AP (see Section 2 for more details).

In this paper we are particularly interested in the Fredholm properties of Toeplitz operators.
Recall that in the Hardy space case, a Toeplitz operator Ty with a continuous symbol f is Fredholm
if and only if f does not have any zeros. A similar result holds for the Bergman space: A Toeplitz
operator Ty with a symbol that can be continuously extended to the (Euclidean) boundary dB™ is
Fredholm if and only if f has no zeros on the boundary. This result was first established by Coburn
in [9] and then generalized in many different directions by several authors (e.g. [1, 2, 6, 8, 16, 17,
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23, 24, 28, 29]). One of the latest improvements (|24, Theorem 10.3], [17, Theorem 5.8|) include the
following result: Let T, C L£(A2) denote the closed subalgebra generated by Toeplitz operators T’
with f € L*°(B"). Then A € T3, is Fredholm if and only if all of its limit operators are invertible
and their inverses are uniformly bounded. Roughly speaking, limit operators are operators that
appear when we shift our operator A to the boundary of the domain (a more accurate definition
is given in Section 5). This theorem reminds of a seemingly unrelated result in the Fredholm
theory of sequence spaces ¢P. There, until a few years ago, one of the main theorems was stated
as follows: A band-dominated® operator A is Fredholm if and only if all of its limit operators are
invertible and their inverses are uniformly bounded (see e.g. [19]). There are a few problems with
this characterization. Not only is the uniform boundedness condition difficult to work with, it also
prevents us from writing the essential spectrum as the union of spectra of limit operators. As a
consequence, many different authors worked out particular examples (see e.g. [14, Chapter 3| for a
summary) where the uniform boundedness condition could be dropped. Moreover, as there was no
known example where the uniform boundedness condition was actually violated, it was conjectured
that this condition was actually redundant. And indeed, this was shown in [15] a few years ago.
Now the goal of this paper is to show that the same is the case for Toeplitz operators on the
Bergman space:

Theorem A. Let T, , C L(AD) denote the closed subalgebra generated by Toeplitz operators with
bounded symbol and A € T, ,,. Then the following are equivalent:

(i) A is Fredholm,

(i1) Ay is invertible for all z € M\ B™ and sup ||A;!|| < oo,
zEM\B™

(i7i) Ay is invertible for all z € 9\ B".

Here, the A, denote the limit operators of A and they are indexed over the boundary of a certain
compactification 9 of B"™. In particular, we extend [24, Theorem 10.3] and [17, Theorem 5.8| to
the Banach space case p # 2 and show that the uniform boundedness condition is redundant just
like it is in the sequence space case. As a consequence, we get

Spcss (A) = U Sp(AiE)
zeM\B"

for all operators A € T, ,,.

The paper is organized as follows. In Section 2 we introduce all the necessary notation and some
preliminary results. Then we proceed by introducing what, in analogy to the sequence space case,
we will call band-dominated operators and show some basic properties in Section 3. In particular,
we show that Toeplitz operators are band-dominated. In Section 4 we show a Fredholm criterion
for band-dominated operators that will be crucial for the proof of Theorem A. In Section 5 we
introduce limit operators and finally show our main theorem. After that, we proceed by showing
that a similar result holds for the essential norm of an operator A € ¥, in Section 6. However,
our result is less complete in this case (compare with the corresponding result on ¢7: [13, Theorem
3.2]) and leaves some questions open. Section 7 is devoted to some applications of Theorem A.

Note that similar results are expected to hold for more general domains. Sections 2 to 4 are
in fact valid word by word for any bounded symmetric domain £ C C". For future reference we

La certain property related to the structure of the corresponding infinite matrix



therefore chose to provide full generality in these sections. However, in Sections 5 and 6 there are
some open problems in the most general case, which is part of the reason why we restrict ourselves
to 2 = B”™ in this paper. A more general setting will be the topic of future work. The reader who
is only interested in the unit ball (which is quite frankly the topic of this paper) may replace any
Q by B”, ignore the specific notions for bounded symmetric domains and use the respective (more
explicit) formulas.

2 Notation and preliminary results

Let 2 C C™ be an irreducible bounded symmetric domain of genus g and type (r, a,b) in its Harish-
Chandra realization with corresponding Bergman metric # and Jordan triple determinant h. As we
only need a handful of properties of bounded symmetric domains, we do not provide an introduction
to these notions here. Instead, we refer to [10, 26] for introductions and just mention the properties
we actually need. For p € (1,00) and v > —1 denote by LP the usual Lebesgue space of p-integrable
functions on (2, dwv, ), where

dv, (2) = eph(z,2)" dv(z),

dw is the usual Lebesgue measure restricted to 2 and ¢, is a normalizing constant chosen such that
dv, (2) = 1. The (unique) geodesic symmetry interchanging 0 and z is denoted by ¢.. In particular,
these symmetries ¢, satisfy

ﬂ(¢z(x)7 ¢z(y)) = ﬂ(il?, y)

for all =,y € 2. Moreover, h and dv, transform under ¢, as follows:

h(z, 2)h(z,y)
h(z, 2)h(z,y)
h(z,z)V+9

vy (¢2(w)) = ———=——du, (w)

A, 2) 20

h(¢=(x), =(y)) =

(see [10] for details).

Note that for the unit ball Q = B™ we have (r,a,b) = (1,2,n— 1) and g = n+ 1. Moreover, the
Bergman metric is the usual hyperbolic metric on the unit ball and the Jordan triple determinant is
simply given by h(z,w) = 1 — (z,w) in this case. In case n = 1, ¢, is given explicitly by the Mobius
transform w — F=%. We refer to [30] for an explicit description of ¢ in higher dimensions.

The (closed) subspace of holomorphic functions contained in LZ is denoted by AP and called a
weighted Bergman space. The set of bounded linear operators between Banach spaces X and Y is
denoted by £(X,Y) and we abbreviate £(X) := £(X, X). The set of compact operators in £(X)
will be denoted by K(X). A € L(X) is called Fredholm if it is invertible modulo K(X), i.e. if there
exists B € L(X) such that both AB — I and BA — I are compact. Equivalently, A is Fredholm
if and only if ker A and coker A are both finite-dimensional (Atkinson’s theorem). The essential
spectrum of an operator A will be denoted by sp..(A) and is given by

SPess(A) = {A € C: A — Al is not Fredholm} .

We will say that a net (sequence, series, etc.) of operators converges *-strongly if the net converges
strongly and the net of adjoints converges strongly to the adjoint. The characteristic function of a
set M will be denoted by xas.



Let P, € £(L?) be the orthogonal projection onto A2, called the Bergman projection. One can
show (see e.g. [10] or [26]) that P, is given by

(Pf)(z) = /Q F(w)h(z,w) ™9 dv, (w).

Using the same formula also for p # 2, we can define for every f € L°(Q) the corresponding Toeplitz
operator Ty := P, Mj|sr, where (My)g = f - g for all g € LV. Ty then defines a bounded linear
operator on AP with ||T¢|| < ||P,|| || f||» provided that P, is indeeed a bounded linear operator on
L?. The function f is called the symbol of Ty and My, respectively. The algebra generated by all
Toeplitz operators acting on A% will be denoted by T, .

The next proposition provides a sufficient condition for P, to be bounded. Note that this is
certainly not optimal if » > 1 as the case a = v, p = 2 demonstrates. For a more optimal condition
in the case a = v we refer to [10, Lemma 9] (which is a special case of [4, Theorem IL.7]).
Proposition 1. Let p(a +1) > v+ 1+ @ > p@. Then P, € L(LY) and Pyf = f for all
f € AP, In particular, P, is a bounded projection onto im(P,) = AL.

Proof. By definition,

C

|(Pa f)(2)] S/th(sz)lfafg [/ (w)] dva(w) = f/ﬂlh(szwa” h(w, w)*™" [ f(w)] dv, (w).

We want to show that the integral operator with kernel R(z,w) = |h(z,w)|” "7 h(w,w)*"" is
bounded on L2. To do this, we apply the Schur test with the test function h(z) := h(z, z)®, where
s € R is to be determined later. We thus need to show that there exists a constant C' such that

/ |h(z,w)| "7 h(w,w)* " h(w, w)*? dv, (w) = cl,/ |h(z,w)| " h(w, w)*7* dv(w)
Q Q
< Ch(z,2)™,

|h(z,w)|” "7 h(w, w)* " h(z,2)% dv, (2) = c,h(w,w)* ™" [ |h(z,w)|” "9 h(z,2)PT" dv(z)
Q Q

< Ch(w,w)*?,

where % + % = 1. By [12, Theorem 4.1|, the first inequality holds for s € (—O‘T“,—(T;ql)a),

whereas the second one holds for s € (—”Tfl, —% + % — %) A simple computation shows that
(— O‘T“, —%) N(—xtL —% + % — %) is non-empty if the inequalities stated in the proposition
are assumed (cf. [30, Theorem 2.11] in the case @ = B"). Thus P, € L(L?).

As P,: L? — A2 is the orthogonal projection, we get P, f = f for f € A2 N AP. As A2 N AP,
is dense in AP (polynomials are dense), this generalizes to all of AF. Similarly, P,f € AP for
f € L2 N LP generalizes to all of LP. Therefore P,: L? — AP is a bounded projection as well. [

For the unit ball B™ the condition on v and « simplifies significantly because we have r = 1 in
this case.

Corollary 2. Let Q@ = B" and p(a+1) > v+ 1> 0. Then P, € L(LY) and Pof = [ for all
f € AP, In particular, P, is a bounded projection onto im(P,) = AP.



Definition 3. We will call (o, v, p) € R? x (1,00) an admissible triple (for ) if the inequalities in
Proposition 1 are satisfied.

Note that by Corollary 2, (v,v,p) is always admissible if = B"™. Therefore the Toeplitz
algebra T, ,, can be defined for all ¥ > —1 and p € (1, 00) in this case. For a more general bounded
symmetric domain 2 we will always assume that v and p are chosen in such a way that (v,v,p) is
admissible. Clearly, this assumption also implies that (a, v, p) will always be admissible provided
that o > v. This observation will be crucial later on.

We will also need the following two simple propositions that will be used several times later on.
The first one is basically a sloppy version of Jensen’s inequality, but sufficient for our purposes.

Proposition 4. Letn € N, p € (1,00) and x1,...,2, > 0. Then

Proof. Obviously,

..........

O

Proposition 5. Let (Uk)ren be a sequence of measurable sets in 2 such that every z € Q belongs
to at most N of the sets Uy, and let f € LY. Then

ZA, ()P du,(=) < N ||

Proof. For every k € N there is a disjoint decomposition Uy = A} U...U AY such that the sets
(A% )ren are again measurable and pairwise disjoint for every i € {1,..., N} (see [24, p. 2195] for
details). Thus

N oo N
ZL IMW—;;&WMMMK;LWMMMPMN- 0

3 Band-dominated operators

In this section we introduce the notion of band-dominated operators. The name is chosen in analogy
to the sequence space case ¢P(Z), where band-dominated operators are in fact norm limits of infinite
band matrices, see e.g. [13, 14, 15, 19, 20, 21].

Definition 6. An operator A € L(L?) is called a band operator if there exists a positive real
number w such that M;AM, = 0 for all f,g € L°>°(Q2) with distg(supp f,supp g) > w. The number

inf{weR: M;AM, =0 for all f,g € L*(2) with distg(supp f,suppg) > w}

is called the band width of A. An operator A € £(L?) is called band-dominated if it is the norm
limit of band operators. The set of band-dominated operators will be denoted by BDO?.



The definition of band-dominated operators can be extended to operators acting on the Bergman
space AE. If («a,v,p) is admissible and Q, := I — P,, we can consider the natural extension
A= AP, + Q. of A € L(AL). An operator acting on AZ is then called band-dominated if its
extension is band-dominated. As will be immediate, this definition does not depend on the chosen
extension. In this language the main result of this section reads as follows: Ae BDO? for all
A €%, ,,ie. Toeplitz operators are band-dominated.

Theorem 7. Let (a,v,p) be an admissible triple and A € T, ,,. Then Ae BDO?.

Before we proceed with the proof of this theorem, we show some equivalent characterizations of
band-dominated operators that will prove useful later on. For this we need some cut-off functions to
decompose our domain 2. Let us state the following auxiliary lemma, which is due to Carlsson and
Goldfarb [7] (see [5, Theorem 91] for a more explicit version). For the unit ball Suarez constructed
an explicit cover in [24, Lemma 3.1].

Lemma 8. There is a (smallest possible) positive integer N (depending only on the bounded sym-
metric domain Q) such that for any o > 0 there is a cover of Q by Borel sets (Bj)jen satisfying

(1) the sets B; are pairwise disjoint,
(i7) every point of Q@ belongs to at most N of the sets {z € Q : distg(z, Bj) < o},
(43) there is a constant C(o) > 0 such that diamg(B;) < C(o) for every j € N.

For every t € (0,1) let (Bj;);jen be a cover of  that satisfies (7) to (i7i) in Lemma 8 in the case

o= % and define

k
Stk = {z € Q:distg(z, Bjy) < g}

for j € N, t € (0,1) and k£ = 1,2,3. We now construct families of uniformly Lipschitz continuous
functions (partitions of unity) according to these decompositions. Let f;;: € — [0, 1] be defined by
_ diStB(Z,Q\Ej)tJ)

distﬁ(z, Bj,t) + dlstg (Z, 9] \ Ej,t,l) '

fi1(2)
Clearly, supp fj+ = Zj,+,1 and f;+(z) =1 for z € Bj;. Moreover, it is easy to see that

< Bz w)
~ distg(Bj, 2\ Zji1)

| fie(2) = fi(w) = 3tB(z,w).

Define g,: @ — R by gi(2) := > fji(2) and @;j,: Q — [0,1] by ¢;, := % The functions ¢;,
=1 ‘

then satisfy the following properties
(1) > pji(z)=1forall z € Q,
j=1
(i) suppj = E,1 forall j €N, ¢ € (0,1),

(131) |@ji(z) — @ji(w)] < 6NtB(z,w) for all w,z € Q, j € Nand ¢t € (0,1).

Similarly, we can define functions 1;;:  — [0, 1] with the following properties:



(i) Yj(z)=1forall z€ E;,9,j€Nandte(0,1),

(1) supp v =Ej¢3 forall j € Nand ¢t € (0,1),
(132) |¥j(2) — ¥je(w)| < 3tp(z,w) for all w,z € Q, j e Nand t € (0,1).
In particular, we have ;1) = ¢, for all j € N and ¢t € (0,1).

Proposition 9. Let A € L(L?) and N € N as in Lemma 8. Moreover, let ;; and v;; be defined
as above. Then the following are equivalent:

(i) A is band-dominated,

(i) }% ||SIHIP H aMAMl_bj,tpr = 0 for all families of functions aj.,bj¢: @ — [0,1] that
fll=13

satisfy %11% 1n1§ distg(supp a;,¢, supp(l — b;,)) = 0o and for every t € (0,1) and z € § the sets
—0j€
{jeN:zecsuppa;.} and {j € N:z € suppb;.} contain at most N elements,

(vi1) hm

Mg, ,AM; ;|| = 0 under the same assumptions as in (ii),

. P_
0 g, 5 [0 AV, =

(v) lim

t—0

Z Mo,  AMy—y,, || = 0.

Proof. Let A € BDO?. Then there is a sequence (A4, )nen of band operators such that A, — A.

Let € > 0 and choose n sufficiently large such that ||[A — A,| < e. Now choose ¢ sufficiently small

such that inf distﬁ (supp a; ¢, supp(l — b;¢)) is larger that the band-width of A,,. This implies that
je

M, AR My by =0 for all j € N. Therefore
Z H aj, tAMl_beHp = Z HMaj,t (A - An)Ml_bj,tpr
j=1

<2 (Mo (A= A)F[[” + || Moy (A = An) Mo, fI]Y)
j=1
< 2PFINEP || fIP

for all f € L? and sufficiently small ¢ by Proposition 5. As e was arbitrary, (i7) follows.
Now assume

i s 30, AV, S =

Then

p p

Z M, AM /Z M, AMy . f| do,

j=1



S/NPZyMaj,tAMl_bmfyp dv,

Q54O

= NPZ/ ’Maj,tAMl—bj,tf’p dv,
=179

= NP Z HMaj,tAMl—bj,tpr
j=1

for all f € LE and ¢t € (0,1) by Proposition 4 (for every z € Q the sum over j in the first line
contains at most N non-zero terms). It follows

lim ZMaj,tAMl_bj,t = 0.
j=1
Similarly, (iv) implies (v).

That (ii) implies (iv) and (iii) implies (v) is clear since distg(supp ¢;.¢, supp(1 — ;) > 4 and
every z € ) belongs to at most N of the sets supp ¢;+ and supp ¢;; by construction (see Lemma
8).

We are thus left with the assertion that (v) implies (i). Define

5L

Ap = M, , AM,
j=1 "

It is easily seen that this defines a bounded linear operator (see also Lemma 16 below). Moreover,
Ay, is obviously a band operator of band width at most C'(n) 4 2n, where C(n) is the constant from

Lemma 8 (iii). As > My, , =1 for all t € (0,1), we obtain
j=1

HA - An” = Z(MLPL%A - M@j,%AMdJ%%) = Zij,%AMlﬂllj,%
Jj=1 J=1

and this tends to 0 as n — oo by assumption. O

Corollary 10. Let A € BDO? and let ajq,b;.: Q — [0,1] satisfy
gl_r)%]lgg distg(supp a;,¢,supp(l — b, ¢)) = o0

and for every t € (0,1) and z € Q the sets {j € N: z € suppa,,} and {j € N: z € suppb;} contain
at most N elements. Then

o

Jit

AM—y,, H =0= }I_I,% jgg HMl*bj,tAMa

el

Proof. As

o0
AMl*bj,th = sup HMaj,tAlebj,tpr < sup Z HMaj,tAlebj,tpr

1M
I7l1=1 I17I=1 4=

3.t



the first limit follows directly from Proposition 9. To show the second limit we may either repeat
the first part of the proof of Proposition 9 with the reversed ordering or just observe that A € BDO?
is equivalent to A* € BDOY for % + % =1 O

The following characterization will also prove itself useful. The proof is quite similar to the proof
of Theorem 2.1.6 in [20]. We use the standard notation [A, B] := AB — BA for the commutator of
two operators A and B.

Proposition 11. Let A € L(L?). Then A is band-dominated if and only if

lim sup Z |14, M%yt]pr = 0. (3.1)
=0y p=152
Moreover, tlg% sgg H[A,M@j,t]H =0 in this case.

We divide the proof in two parts. In the first part we deal with band operators only and show
a little bit more than we need here. This will come in handy later on.

Lemma 12. Let w > 0 and let aji: Q — [0,1] be measurable functions for j € N and t € (0,1).
If lim inf distg(ajftl(U) a; (V) = oo for all sets U,V C [0, 1] with dist(U, V) > 0, then for every

50 jEN Tt
e > 0 there exists a tg > 0 such that for all t <ty and all band operators of band width at most w
the estimate

sup [|[4, Mq, ]| < 3|4
jEN

holds.
Proof. Let A € L(L?) be a band operator of band width at most w, fix ¢ > 0 and set m := [1].

For £ =1,...,m we define the following sets:

- - 1
Ui, ={2€Q:a;,(2) > ke} and V], := {z €N:iajq(z) > <k - 5) 5} .
Moreover, we set

m m
U ._ ) Vo )
aj,i=¢ E Xuj, and a;,:=¢ E Xy -
k=1 k=1

Clearly, for every z € 2, t € (0,1) and j € N either a;(2) < ¢ or a;.(z) € [le, (I + 1)e) for some
I €{1,...,m}. In either case this implies |a;¢(z) — ag{t(z)‘ < ¢ and hence sup ||a;; — agth <e.
JEN

Similarly, we obtain sup Haj +— thH < €. This of course implies
eN ’ It oo
VIS

sup |[Ma,, = Moo,
JjeN

<e and sup||Ma,, — My,
jeN 7,

<e.

It follows

sup | AM,,, — M, , A|| < sup (HA(M% ~ M,y )H + H(AMG_V ~ My A)H n H(M v Majt)AH)
jEN ' ’ jEN ’ Jit Jt t + ,



< 2||Alle +sup | (AM,y, = M, A)

jEN

m
_2||A||6+5sup Z XU%. A)

e k.t t

m m
< 2||A|le +esu M AM, . || +esu M, . AM .

|| || jEII\I) h—1 XQ\U%J leg,r jeg ; XUIJc,t XQ\Vi,t|
(3.2)

Since Uk f=a; H([ke, 1)) and Q \ ijt = _1([0 (k= 3)€)), we obtain

inf dists (U7 ,, Q\ V/,) = oo
JEN ’ '

for all k as t — 0 by assumption. Choose t sufficiently small such that distB(U,z)t, Q\ V,it) > w for
all j € N. As A is a band operator of band width at most w, the third term in (3.2) vanishes.
Similarly, setting Ug , := Q and V], | , := 0, we get

m

m m
sup ZM AM, . || <sup ZM - AM,, . + sup ZM . o
jeN b—1 XQ\UIJW: leg,t JEN h—1 XQ\U%J XVIQ1+1,7: JEN h—1 XQ\U%—l,t leg,t\vlg+1,t
m
+ sup ZM . - AM
jeN h—1 XUl]cfl,t\UI]c,t XV]t\ Vit
m
= sup Z AM
JEN e 1,t \U] Xy, \Vlg+1 t
As the sets U,g_l :\ U,z , are pairwise disjoint for k = 1,...,m, this can be further estimated as
m P
sup M, . A _
jeN 1 XUI]c—l,t\U%,t Xv, \V1z+1r jGN J ,t\U%,t Xv, \V151+1r
P
< ||A||Psupz H s g
k,t k+1 t
P
— A7 sup | M, f
JEN 1,t
P P
< 1A 1]
for all f € LY. Thus
sup [|(AMa,, — Ma, , A)|| < 2| Al e + || Alle = 3| All e 0.

jEN

Now we can prove Proposition 11.

Proof of Proposition 11. Let A € BDO? and fix € > 0. Then there is a sequence of band operators
(Ap)nen such that A, — A. Choose n sufficiently large such that ||A — A, || < e. Now observe that

10



the functions ¢; , satisfy the assumption in Lemma 12. Indeed, let U,V C [0, 1] with dist(U, V) > 0
and wj,; € cp;;(U), zj1 € cpj_tl (V). Then

1 ..
ﬂ(ijt,’Lijt) > —6Nt |90j,t(zj,t) — wj,t(wj,t)| > —6Nt dlSt(U, V) — OO

as t — 0. Thus there is a ¢t > 0 such that

]H <34l e+ 2e < 3(||Al| + e)e + 2¢

s_up || [Av M@j,t] || S s_up || [Anv M%’j,t]” + s_up || [A - Ana MtPj,t
JEN jEN jEN
by Lemma 12. As e was arbitrary, this implies

lim sup ||[4, M,, ]| = 0.

t—0 jeN

Using

”il”lpl Z || [A, ij’t]f||p < 2P ”il”lpl Z (H [Av M@j,t]ij,tpr + H[Aa M@j,t]lewj,tpr)
TIh=5 =1 JI=2j=1

S o ||il|\1p1 Z (H[Av M%’j,t]Hp ||M¢j,tpr + HM@J‘,tAledjj’tpr)
H=1=1

< 2N sup||[4, My, ]|[" + sup > My, AMyy, £
J

ILFlI=1 5=

and Proposition 9, we obtain

. P

lim sup > [[[4, Mo, Jf[[" =0

IFl=15=
as claimed.
Conversely, assume that (3.1) holds. Clearly, this implies }ir% sup ||[4, My, ]| = 0 as well
—VjeN '

(cf. proof of Corollary 10). We can thus proceed as above to obtain

H?Illpl Z HMWJAMl_waHp < 2P |I§1|\lp1 Z (H[ij,m A]pr + H[ij,m A]ij,nfup)
=155 fl=1 4=

<2 s S A7+ | AP 00, 1)
=1

< 2P sup Z M., Alf|” + 2PN sup My, Al|l" .
1A1=15=5 JEN

and by assumption, this tends to 0 as ¢ — 0. Thus A € BDO? by Proposition 9. O

Here are some algebraic properties of BDO?:

11



Proposition 13. BDO? has the following properties:
(i) It holds My € BDO?, for all f € L>(12).
(i1) BDOY is a closed subalgebra of L(LE).

(i4i) If A € BDOY is Fredholm, then every regularizer B of A is again in BDOY. In particular,
BDO?, is inverse closed.

(iv) BDO? contains K(LP) as a closed two-sided ideal.

(v) It holds A € BDO! < A* € BDOY for % = % = 1. In particular, BDO? is a C*-algebra.

Proof. (i), (i) and (v) are easy to see.

(¢19): Set @j+ = @+ — @;(0) for all j € N and t € (0,1). If A is Fredholm, there exist

a regularizer B € L(L?) and compact operators K1, Ko € K(LP) such that AB = I + K; and
BA =1 + Ks. This implies

[BvMsam] = [B7M¢j,t] = B[M</3

A]B — BMng,tKl + KQMSZJ',,B'

git? t

Thus

oo D B M, A7 <37 sup D ([BIMe, ABSI + | BMg, JoS |+ (| KM, BT -
=lj=1 =lj=1

' ' (3.3)
As A is band-dominated, the first term tends to 0 as ¢ — 0 by Proposition 11. To estimate the other
two terms, define D(0, R) := {z € Q: 5(0,z) < R} and D(0,R)® := Q\ D(0, R) for R > 0. Since
Ky and Kj are compact, |[My,,, q K1l and [[KoM,,, o | tend to 0 as R — oo. Moreover, as
for fixed ¢ the origin is contained in at most N of the sets Zj; 3 = {z € Q : distg(z, B;;) < 1} and
supp @ = Zju1 = {z € Q 1 distg(2, Bj1) < 5 }, we get that 3;, vanishes on D(0,-2-) C D(0, 2)

' 3VE 31
for all but at most N integers j. W.l.o.g. we may assume that these integers are j = 1,..., N.
For j=1,...,N and z € D(0, 3%/2) it holds |@;:(2)] < 6]\7153%/E = 4N+/t by property (iii) of ¢;.
Therefore

”?clnlpl Z ||BM¢jytK1pr S 2;0 Hil”lpl Z (HBMéj,tMXD(o,R)c Klpr + ||BM¢j,tMXD(0,R)K1pr)
JI=25=1 =t j=1

< 22| BIIP | My o KallP sup > || Mg, £

JI= j=1
+ 2PN || B|[” (4N V)P || K |?
for t < ﬁ. As
00 N [eS)
sup > [[Me, SI" = swp | D [IMa FI+ D0 (M,
Ifll=1 j=1 llFl=1 j=1 j=N+1



o0

is bounded by 2N, this implies }iné sup Y [[BMg, tKlpr = (. Similarly, we obtain the equality
Osl=15=1 ’

lim sup § HK2M¢

Bpr = 0. Plugging these observations into (3.3), we conclude
O I=1=1

Jit

lim sup B,thfp:()
HOufnzljg:m oseld]

and hence B € BDO? by Proposition 11.

gt

(iv) The argument in (ii7) shows lim sup > ||Mg Kpr =lim sup > HKMQ;,Mpr =0 for
Opl=15=1 =Opl=15=1
K € K(L%). Thus the assertion follows again by Proposition 11. O

To prove Theorem 7, we will only need one more auxiliary lemma. A similar result for the unit
ball was shown in [17, Lemma 3.4].

Lemma 14. Let (o, v, p) be an admissible triple and for every j let aj,b;: Q — [0, 1] be measurable
functions. If

(i) there exists a o > 0 such that distg(supp a;,supp(l —b;)) > o for all j € N,

(i7) there is an integer N such that every z € S belongs to at most N of the sets suppa; and to
at most N of the sets supp b,

then there is a function o — Bp.o..(0) (depending only on p, o and v) converging to 0 as o — oo
such that

Y My, PaMiy,|| < Nfpaw(o).
Jj=1
In other words,
> Mo, PaMy,|| =0
j=1
as ing dist(supp a;, supp(1 — b;)) — oc.
Jje

Proof. Let us consider the case where every z € () belongs to at most 1 of the sets suppa; first.
Define

(I)(z, w) = Z Xsupp a; (Z)Xsupp(l—bj) (w> |h(zv w)|7aig :
j=1

Then
S (M, P My, £)(2)] = |3 a5(2) / (1 = by (w)) f(w)h(z,w) =9 dvg (1)
j=1 =1 Q
<2 | B wh(w, ) | (w)] du(w),

13



As in the proof of Proposition 1, we want to apply Schur’s test with h(z) := h(z, 2)%, where s € R
has to be determined later. We thus need to show that there exist two constants C; and Cy such
that

(I1) == /Q‘b(z,w)h(w,w)o‘_”h(w,w)sq du, (w) < Cyh(z, 2)%

for (almost) every z € 2 and
(12) := / Dz, w)h(w,w)* Vh(z,2)°P dv,(2) < Coh(w,w)*?
Q

for (almost) every w € Q.

So let z € €. We may assume that z € suppa; for some j € N, otherwise the left-hand side is

just 0. Now choose s € (—O‘TH, —%) N (—”Tfl, s+ 35— %) as in the proof of Proposition
(r—1)a
2

1 and ¢ > 1 sufficiently small such that (sq+ «)go > —1 and (sq+ g)qo — g < — . Moreover,
let D(w,r) :={z € Q: B(w,z) < r} for midpoints w and radii r. Since we assumed N = 1, there is
only one term contributing to ®(z,w) and so

(I1) = cl,/ O (z, w)h(w, w)* T dv(w)
Q
= Cu/ |h(z,w)| "7 h(w, w)*"* dv(w)
supp(1—b;)
<o [ )l ) duw)
Q\D(z,0)

—c / 11(65(0), 62(w)) | =7 B (), 62 ()" sz (u)
2\ D(0,0)

sq+a
_C/ S (b w) T bz, 2)°
! Q\D(0,0)

|z, )| |z, )|
= ¢, h(z, z)sq/ |h(z,w)| 2779 hu, u)*H do(u)
Q\D(0,0)

h(z,2)
h(z,u)

do(u)

1/qo0
< cyh(z,2)*Q\ D(0, o)/ < / |z, )|~ CIFOFD gy gy, gy (st edao dv<u>>
Q
< e,h(z,2)*1|Q\ D(0,0)|"/P° OV,
where C'is some constant (coming from the Rudin-Forelli estimates [12, Theorem 4.1]) and pio + qio =
1 as usual.

Now let w € €. We obtain

(12) :cyh(w,w)“*"/g@(z,w)h(z,z)sﬁ'fdv(z)
< (. 0)™ [ 3 X (2) ()| Bz, 2) P o)

< c,,h(w,w)o‘f"/ |h(z,w)|” "9 h(z, 2)*PT" dv(z)
Q

14



< Coh(w, w)*P

_vtl v a_ (r=Da
forse(. =5t 5 %
norm estimate:

)) as in Proposition 1. Thus, by Schur’s test, we have the following

> Mo, Pt | < (e 19\ DO )7 ) T P < (o)

Jj=1

with 8, a.(0) = 0 as 0 — co. This proves the estimate in the case N = 1.
Now let us consider the case N > 1. As in the proof of Proposition 5, there is a disjoint

decomposition suppa; = A} U...U Aj—v such that the sets (A;-)jeN are again measurable and
pairwise disjoint for every ¢ € {1,..., N}. It follows
co N
S Pt | = [33 00, P
j=1 j=1i=1
N [e%S)
< 2|2 Moy P,
pril | e
S NBp,a,V(U)- O

Proof of Theorem 7. Combining Lemma 14 and Proposition 9, we get that P, is band-dominated.
By Proposition 13 the set BDO? is a Banach algebra that contains all multiplication operators. It
thus contains all operators of the form Ty P, + Qo = P, My P, + @, and therefore all operators of
the form AP, + Q, with A € T, .. O

4 A Fredholm criterion for band-dominated operators

In this rather short section we show a Fredholm criterion for band-dominated operators. First, we
need another auxiliary proposition that is of course well-known. For completeness we include a
short proof.

Proposition 15. Let (a,v,p) be an admissible triple and let D C Q be a compact set. Then the
operators P, M, , and M, P,: LY — L are compact.

Proof. By definition,
(Pa My, f)(2) = Ca/QXD(W)f(w)h(AW)_“_gh(w,w)a dv(w)

for all f € LP. As D is compact, xp(w)h(z,w)”* 9h(w,w)* is uniformly bounded (shown for
example in the proof of [11, Proposition 3|). This implies that P, M, is compact by the Hille-
Tamarkin theorem (see e.g. [27, Theorem 41.6]).

Similarly,

(Myp, Paf)(2) = ca /Q xp(2) f(w)h(z,w)”* Ih(w,w)* dv(w)

and thus M, , P, is compact by the same argument. O

15



We will also need the following lemma, which is a small modification of [19, Proposition 13].

Lemma 16. For j € N let aj,b;: Q — [0,1] be measurable functions and A; € L(LE) so that the
sequence (Aj)jen is uniformly bounded. If there is an integer N such that every z € Q belongs to

o0
at most N of the sets suppa; and to at most N of the sets suppb;, then the series y  Mq; A; My,
=1

J
converges x-strongly and

o0

> M, AjM,, || < N?sup || A
f— jEN

J=1

Moreover,

> |[Ma, Aj M, £||P < Nsup || A; |17 || £
jeN

j=1
for all f € LP.
Proof. Since every z € {2 belongs to at most IV of the sets supp a;, it follows

p p

> Mo, AjM,, f :A > Mo, AjMy, f| du,
j=1

j=1

< [ NS 0t P

o O

S [ s
j=1"9

oo
= NP Z HMajAijijp
j=1
for all f € L by Proposition 4 (for every z € € the sum over j in the first line contains at most N

o0
non-zero terms). Using Proposition 5, we also get > ||Mbijp < N ||f||P. We thus obtain
j=1

P
> Mo, AjMy, f|| < NPD || Mo, Ay My, 7 < NP DA ([ M, £ < NP sup (L4516
=1 =1 =1 jeN

for all f € LP. This yields both inequalities and the *-strong convergence follows easily as well. [

Proposition 17. Let (a,v,p) be an admissible triple, A € BDO?Y satisfy [A, P.] = 0 and ¥, as
above. If there is a constant M > 0 such that for every t € (0,1) there is a jo € N such that for all
J > jo there are operators Bj,Cj € L(LY) with |Bjl|, [|Cj.l| < M and

BjAMy,, = My, , = My, ,ACj,

then Al 4 € L(AD) is Fredholm and ||(A] 4z + K(A2)) ™| < 2min{||P, |, || Pall} N2M.
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Proof. Let the functions ¢;; be as above and € > 0. Then by Lemma 16, the series

By:=Y_ My, B;:M,,,

Jj=Jo

converges strongly with || B;|| < N2M. Multiplying by A, we obtain

B:A = Z ij,tBJﬂf ©®j, rAMwJ . T Z Ml/)g 7, tM, ©®j, rAMl —jts (4'1)

Jj=Jo J=Jjo

where the strong convergence of the two series on the right-hand side is again guaranteed by Lemma
16. As every z € Q) belongs to at most N of the sets supp;+, the same computation as in the
proof of Lemma 16 yields

p

ZMillj,tBJt %tAMl ﬂhtf SNPZ "M¢j,tBJt %tAMl %tfH

J=jo J=jo
<NPMPZ H S"JrAMl "/hrf”
Jj=Jo

for every f € L. Therefore the second term in (4.1) tends to 0 by Proposition 9. For the first term
we further compute

o0 o0
Z ij,tBJﬂf #3, rAMwJ t Z ij t27, +AM. ©j, thj,t + Z ij,tBj,t[MSOj,mA]ij,m
J=jo Jj=jo J=jo
where the latter term tends to 0 by Lemma 16 and Proposition 11. Furthermore, we have
o0
Z ij t 27, tAM, (78 thj,t = Z ij,tBjiAij,tMSOj t Z ij thg e Z MSDJ t*
Jj=jo J=Jjo Jj=Jjo Jj=Jjo

Combining all these estimates, we conclude

lim || B,A =) 7 Mo, || =0.

Jj=Jo

In particular, we have

lim ||P,BeAlay — > PuMg, Jap|| < lim B[] | BeA = Y M, || =0.

J=jo J=jo
Now as the functions ¢; ; have compact support, the operators P, M, ,|4» are compact by Proposi-

tion 15 and hence ) P, My, |4» € I+ K(AD) for every t > 0. We deduce that P, B;A|4» 4 K(AD)

Jj=Jjo

17



converges to I +K(AE). By a Neumann series argument, this implies that there exists a B € L(AZ)
such that BA|,» € I 4 K(AL) and

1B+ KAD < 2P| Bl < 21|17 || N*M.

As A* € BDOY, we can apply the above to A* to obtain

}g% AOt—ZMW,t :%l_ﬁ% CrA _ZM%,t =0

J=Jjo J=jo
for

Ct = Z MWj,thxthj,t'
Jj=Jo

This implies

lim || APo Gy 4y > PuMy, Jaz|| < lim || Pa [ | AC; — S M, =0

v

Jj=jo Jj=jo
because [4, P,] = 0. Now we can precede as above to obtain an operator C' € £(A?) with
IC + K(AD)]| < 2||Pall N*M

such that A|,»C € I + K(AD). O

5 Limit operators (unit ball)

From this section onwards we focus on the case of the unit ball 2 = B". The corresponding
results are expected to hold for general bounded symmetric domains as well, but need some more
preparations. These are postponed to future work.

As we expect the Fredholm information to be located at the boundary, we consider the following
shift operators®. Let UP: LP — LP be defined by

2, vtntl
— P
W) ) = flonlw)—L—E 1
(1= (w,2)) 7

Using the standard identities mentioned in Section 2, one obtains that U? is a surjective isometry
with (UP)? = I. In particular, (U4)* is also an isometry. Moreover, it holds UP(AP) C AP.
However, note that (U?)*(AP) ¢ AP in general so that we have to distinguish between (UZ)*|4»
and (U9 19)° = P (U9)*|ap-

If Ae%,, and (zy) is a net in B™ converging to « € M, the maximal ideal space of BUC(B")
considered as a compactification of B" (see [17, Section 4| for a discussion), then UL A(UZ |41)"
converges x-strongly in L(AP) (see [17, Proposition 4.11]) and the limit is denoted by A,. If z is

2Strictly speaking, they are rather reflections than shifts, but they serve the purpose of “shifting” operators to the
boundary as z — OB™.
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located at the boundary 9t \ B”, we will call the operator A, a limit operator of A, which is in
accordance with the sequence space case ([13, 14, 15, 19, 20, 21, 22| and the references therein).
Note that K(A?) C T, , and K, =0 for all z € M\ B” and K € K(AL) by [17, Proposition 4.12,
Theorem 5.5].

The set of all limit operators {4, : x € M\ B"} is sometimes called the operator spectrum of
A because it shares some properties with the usual spectrum, e.g. some kind of compactness (see
Proposition 18 below). Note that the operator A, does not depend on the net (z,) converging to
x € M (but of course on the element z € M). Let b,: 2 — C be given by

(1 — (z,w))¥Hnt+D/a=1/p)
T 0= (w,2) e D1/

Then Tp,, = (U2|a2)*UP| 4z is invertible with T_ = UP(Ud|9)* for all z € B™. Moreover, as
2z — x the net (szv) converges e strongly to another Toeplitz operator, which is denoted by Tj_ .

Ty, is again invertible and T, ' — T, ' (see [17, Lemma 4.10]). As we will need it frequently, let us
- -
fix the strong continuity in a proposition.

Proposition 18. For all A € T, the two maps Ae: M — L(AD), x — A, and Ty, : M — L(AD),
x — Ty, are bounded and continuous w.r.t. the strong operator topology. In particular, the two sets
{A; Ty, : x € M} and {A, Ty, - x € M\ B"} are strongly compact.

Proof. This follows directly from [17, Proposition 4.11]. O

So the aim now is to shift a Toeplitz operator A to the boundary to obtain limit operators A,
and then retrieve information about A via Proposition 17. Here is our first step:

Proposition 19. Let p < 2, a = (% - 1(n+1)+ 2?7”, A e %, and let (zy) be a net in B"

converging to x € M\ B™ such that A, is invertible. Then for every real-valued & € L (B™) with

compact support there is a o such that for all v > ~y there are operators B,,C., € L(LY) with
1B G5 1 < 2 (JAZH [ IPall + 1Qall) and

B’YAMgoqbz»y = M§0¢z7 = MEOCbz—Y AC’Y

Proof. First note that p < 2 implies a > v and hence («, v, p) is admissible (cf. Corollary 2). Setting
h(w,z) :==1—(w, z) and g :=n + 1 and using the standard transformation identities, we observe

rae ) = PED T 6 )

h(w, z)
- %m(m»wfﬁwm
= (0. (0) ey I )
h(w,z)” 7 h(¢z(w),z)” 7
2(V+g) 2(r+g)
= &(¢2(w)) Mz, 2 2(V+g) (w,Z)z(Vig) f(w)
h(w, 2) (z,2) »



so that
UPM¢UY = Meog. . (5.1)

The special value we chose for « also ensures that P,U? = UPP, for all z € B". Indeed,

P20 = [ foutu)

" h(w, )"

= [ 50— s )

h(z,w)” "9 dvg (w)

h:(y),2)" 7 by, 2)]+?
o P o e
= % . Sy, 2) 57 (6 (), y) 9 dva(y)
- # | 1067 dun )
= (U Pof)(). (5.2)

Let Br := {z €B":|z| < R}, where R < 1 is chosen sufficiently large such that supp& C
Bpr. By Proposition 18, UL AU = UL A(UZ [44)*(UZ |a4)"UL = A. T} converges -strongly to
A, Ty, . Moreover, the operator Py M, is compact by Proposition 15. Combining these facts and
using Equation (5.2), we get

| (U2 (AP. + Qu)UZ, — (AuTh, P + Qu)) My, 0

= | (vz avz, - a,m,) Pt

BRr

as zy — x. ATy, Py + Qo is invertible with
(AszIPa + Qa)il - Tb_mlAgzlpa + Qa-
This implies that there exists a v such that

Ry = (AT, Po+ Qo)™ (U2 (APa + Qu)UZ. = (AuTh, Pa+ Qa) ) My,

satisfies |R,|| < & for all v > ~o. In particular, I + R, € £(LE) is invertible for all v > ~o.
We then have

Ufw (APo + QOZ)U:?,YMXBR = (AT, Po + Qa)MXBR + (AeTh, Po + QG)RW
and therefore

(AsTh, Po + Qo) 'U? (APa + Qu)UL Mg = Mg + Ry Mg = (I + R,) Mg,
which implies

(I + Ry) H(A:Ty, Po + Qo) 'UL (APy + Qa)UP, Mg = M.
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Applying U Ea from both sides and using (5.1) yields

Ufw (I + Rv)_l(AwazPa + Qoz)_lUgY (APy + Qa)Miwzw = Mﬁoaﬁzw

and the first assertion follows. For the second assertion note that M, , P, is compact as well (see
Proposition 15). Thus

HMXBR (U2 (AP. + Qu)UZ — (AT, Pa + Qu)) H = HMXBR P, (U2 AUZ — ATy, ) Pal| — 0

and we obtain
]\450%w (AP, + Qoz)UZ (A:Ty, Po + Qa)_l(l + SV)_lUZ = M50¢M

for sufficiently large v and
S = My, (Ug’w (APy + Qa)UZ. — (A, Ty, Po + QQ)) (AT, Po + Qu) . O

Combining Proposition 19 with Proposition 17, we obtain the following theorem.

Theorem 20. Let A € T,,,,. If A, is invertible for every x € MM\ B™ and sup HA;lu < o0,
zeM\B"
then A is Fredholm.

Proof. W.l.o.g. we may assume that p < 2 because otherwise we can just pass to the adjoint, noting
that (A*), = (4;)* for all x € M.
Let 1;+ be the functions defined above and assume that A is not Fredholm. It is clear that

[A, P.] = (APy + Qo) Pa — Pa(APy + Qo) = APy — PoAP, =0

as A € L(AP). Thus by Proposition 17, there is a ¢ € (0,1) and a strictly increasing sequence
(jm)men such that R R
BAMy,,, . # My, , or My, AB# My, .

for all m € N and all B € L(LE) with [|B|| <2( sup |[A7']]|P.]l + ||Qa||> Taking a suitable
2 EM\Bn
subsequence if necessary, we may assume w.l.o.g. that
BAMi/fjm,t # My, .

for all m € N (the other case is exactly the same). By Lemma 8, there is a constant C' such that
diamg suppvj; < C for all j € N. We may thus choose a radius R and a sequence of midpoints
(Wm)men With w,, — dB™ such that

supp ¥, t € D(Ws,, R) = {z € B" : f(wm, z) < R}.

As 9 is compact, there exists a subnet (wy,,) of (wp,) such that w,, — x for some 2 € M\ B".
Moreover, choosing £ = xp(o,r) in Proposition 19, we obtain a o such that for all v > 7o there is
an operator B, € L(L?) with ||B,|| < 2 (|[47]| |1Pa]l + [|Qal) and

B'YAMXD(wm,Y,R) = B’YAJZMXD(D,R)0<25wmW = MXD(O,R)O¢w7M = MXD(wm,Y,R)'
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Multiplying with My oyt from the right yields
BVAMwJ'm.Y,t = ijm.y,t
for all v > ~¢. This is clearly a contradiction. O

In the next theorem we show that the converse of Theorem 20 is true as well. In fact, the
converse is not limited to Toeplitz operators.

Theorem 21. Let A € L(A?) be Fredholm and let (zy) be a net in B"™ that tends to x € M \ B”
such that UL A(UZ | 42)" converges x-strongly to A, € L(AD). Then A is invertible and Az <
1Pl [|(A+ IC AR))||. Moreover, if B is a Fredholm regularizer of A, UP ' B(UZ [42)* converges
x-strongly to T, zlAm 7t b, OS2y = .

Proof. If B is a Fredholm regularizer of A, then AB — I and BA — [ are compact and hence
U? (AB=I)(UZ |as)* — Oand UZ (BA—I)(UZ |a1)* — 0 x-strongly as 2, — z (see [17, Proposition
4.12, Theorem 5.5]). Moreover,

11 = || 7., 7. <
Ur BA(UZ, |A3)

UZ lag)”

2= BA)UL |ag)"f

UL (1 = BAYUZ, |a2)"f |
for every f € AP, using that Uf7 is an isometry. Taking the limit z, — =, we obtain | f| <
|P | [|B]] || Az f|| for every f € AP. This implies that A, is injective and has a closed range. By the
dual argument, we also obtain || f|| < || B, || | B*|| || A% f]| for every f € A%, which implies that A, is
surjective, hence invertible. Moreover, it shows that ||A;'|| < |[P,||[|B]. As this is true for every
regularizer B, we obtain || A 1” <P [(A+KA) 7.

Moreover, using (UZ |49)* Ty, UL =1, we have

U2 B(UZ |ag)" = T, " AT, = U2 B(UZ | 4g)Th.., (A — UY A(Uq ) )AL T,
1 —
+ U2 (BA—-I)(UZ, lag)" AL T,
+Tb_z1A;E ( b. _Tbx ) (Tb_z _szl)Angbzl
and all terms on the right-hand side tend *-strongly to 0 as z, — x. O

In particular, we have shown that a Toeplitz operator is Fredholm if and only if all of its limit
operators are invertible and their inverses are uniformly bounded. We will state this result in a
separate theorem below. But let us first argue why the condition on uniform boundedness is actually
redundant. The argument is very similar to the sequence space case, cf. [15].

Let ry := sup diamg supp ¢; ¢, where ¢, ; is defined as usual. By Lemma 8, r; is finite for every

jEN
€ (0,1). Now, for every t € (0,1), A € L(L?) and every Borel set F' C B" we define
v (Alp) = inf {||Af] : f € LY, || f]| = 1,supp f € D(w,r,) N F for some w € B"}
and
v(Alp) = mf {Af[|: f € LY, [|f] = 1, supp f € F'}.
Moreover, v(A) := v(Algn).
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Proposition 22. For all A,B € L(LE) and all Borel sets FF C B™ it holds |v(A|r) — v(B|Fr)| <
(A= B)M,,.|l. The same statement also holds if we replace v by v, for some t € (0,1).

Proof. We only prove the first claim, but the same proof also works for the second claim. Let € > 0.
Choose f € LP with ||f|| =1, supp f C F and ||Bf|| < v(B|r) + . This implies

v(Alp) —v(Blr) —e < v(Alp) = | B < [[AfI = IBfII < (A = B)f]| < I(A = B) My, |-
Similarly, v(B|r) — v(A|r) — e < ||(A — B)M,,.||. Since £ was arbitrary, the assertion follows. O

Forp <2and a = (% —1)(n+1)+ 27” we will use the (abuse of) notation A, := A, Ty, Pa + Qa.
Proposition 23. Letp <2, a = (% —1)(n+ 1)—!—%’ and A € X, ,,. Then for everye > 0 there exists
at € (0,1) such that for every Borel set F C B™ and every operator B € {A} U {Am cxe M\ IB%"}

it holds
v(Blr) <u(Blr) <v(B|r) +e. (5.3)

Proof. The first inequality is clear by definition. For the second inequality we start with a few
simple observations. By Theorem 7, A is band-dominated. Therefore there is a sequence of band
operators (A, )nen that converges to A. Choose n sufficiently large such that |A — A,| < § and

denote the band width of A,, by w. Let 2 € 9 and choose a net (zy) that converges to z. Then
(U.,AnU.. ) is a bounded net and hence there is a subnet of (z,), again denoted by (z) such that
(U, /Aanzv) converges in the weak operator topology as z, — x. Let us denote this limit by (Ax)n
As (UZWAUZW) = (U.,AU., )P, + Qo converges to A, Ty, Po + Qo = A, in the strong operator
topology (see Proposition 18), we obtain that (U, (A — An)Uzw) converges to A, — (A,), in the
weak operator topology. This implies

|4 = (Az)ull < sup (U, (A = A,)U
Y

2y

~ ~ €
= ||A - A,| < <.
=1 <3

Let f,g € L>°(B™) with distg(supp f,suppg) > w. Then equation (5.1) implies
Mf(UZ'y AnUzw)M‘] = Uszfmi?zw Aanoqﬁz,y Uz'y =0

because distg(supp f o ¢. ,suppgo ¢. ) = distg(supp f,suppg) > w. Hence all elements in the net
(U, /Aanzw) have the same band width w. As My (U, AnUzw)Mq converges to M (A, ), M, in weak

operator topology, (A;), is also a band operator of band width at most w.
The strategy now is to prove that there exists a t € (0,1) such that for all F C B" and all

operators B € {4, } U {(Am)n cx e M\ IB%"} it holds

v (Blr) < v(B|r) +

DO ™

and then use Proposition 22. Indeed, suppose that the above is true. Then Proposition 22 implies
€

|’/(A|F) - V(An|F)| < HA_AnH < Z and |V(A1|F) - V((Aw)an” < HAw - (Aw)n” < 1
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and
~ ~ ~ ~ € ~ ~ ~ ~
v (Alp) = vi(An|p)l < [A = Anll < 7 and - re(Az|p) = 12 ((Ao)nl )] < 1Az = (Az)ull < 5

for all t € (0,1) and the proposition follows.
Choose f € LP with ||f|| = 1 and supp f C F such that

)

IBfI <v(Blr)+ 7

S

Let ¢;, and 14 be defined as usual. Then by Minkowski’s inequality in ¢”(N), we obtain

’ZD

1/p 1/p

i P
o
iz

||t
j=1

1/p 1/p
© p > p
> HM%I-,/foH 2 HMW%PBMPWJ ’
=1 j=1

1/p

IN

>0 P
Z H [37 M¢1/P]ij,tf“
=1 o

The first term is just | Bf]| (recall that Z lpji(2)] =1forall z € B", ¢t € (0,1)). The second term
J_

vanishes for distg(supp ¢;¢,supp(l — ¢;;)) > w as B has band width w. The third term can be

estimated as

- 1/p - 1/p
S By, s | < sup B0, Z |y, £
=1 ) JEN 7ot i=1

< Nl/psupH [B,M .,,]
jeN Pt

(5.4)

1/

by Proposition 5. Observe that the functions ¢, P satisfy the assumptions in Lemma 12. Indeed,

let U,V C [0,1] with dist(U,V) > 0 and w,; € (cpjl/tp) YU), 2+ € (cp;/tp) L(V). Clearly, we have
dist(UP,V?) > 0 as well and therefore

1 [
Blaraswia) 2 gz 163(30) = Gialwia)| > oo dist(UP,V7) = o
as t — 0. Lemma 12 thus implies that for every § > 0 there is a ¢t > 0 such that

1/p

> P
> |Ban, g7 < s8I
Jj=1 ’
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As ||B|| < ||A|| + 7 for all B € {A,} U {(flw)n tx € SJI\IB%"} by the above, we may choose § > 0
such that ¢ [| B|| < § for all B. Therefore

1/p 1/p
p € €
") <IBfI+ 3 <vBle) + 5 = (v(Bl) +3) ZHM ot

oo
L
Jj=1

This implies, in particular, that there exists a j € N such that

HBM‘f’ylw/tpf

| < @BIr)+ ) M1

for sufficiently small ¢. Since supp (Mwl/p f) C supp ¢+ € D(w, ) for some w € B™ by definition,
J,t

this implies v4(B|r) < v(B|r) + 5 for all B € {A} U {(Az)n tx € S)JT\IB"} As t is chosen
independently of F' (as it is chosen independently of f) and B, the assertion follows. O

The next lemma shows some kind of shift invariance of the operator spectrum. This will allow
us to shift functions to the right place in the subsequent lemma.

Lemma 24. Letp <2, a = (2—1)(n+1)+2” Ae%,, and f € LY withsupp f C D(w,r) for some
w € B" and r > 0. Then for every x € SIR\IB%” there exist y € M\ B" and g € LY with ||g| = [/ f]|
and supp g C D(0,7) such that HA fll= HAng Moreover, V(A |D (0,7+8(0, w))) < V(A |D(0 T))

Proof. A direct computation yields

(Uvaf;f)(C) = (f Oy © ¢z)(<)

(1 —|p.(w )| )(rHnt1)/p 1— (w,z) 2(v+n+1)/p
(1—{(¢, p=(w)))? (v+n+1)/p (|1 _ <w,z>|>

for all w,z € B". Using Cartan’s theorem, i.e. ¢, 0 ¢, = V 0 ¢y () for some unitary map
V.C" — C", we get

UP

b (w) Vo>

2(v+n+1
UpUp:(1—<w,z>) (v+n+1)/p

1= (w,2)]

where V, f := f oV is a composition operator and, by taking inverses, also

v-lu?

1— <Z ’LU> 2(v+n+1)/p
Prrp — ?
VuUr = ( > B (w)"

11— (w, 2)|

Choose a net (z,) that converges to 2 € 9t \ B". Then

2(v+n+1)/p 2(v+n+1)/p
UPUP AUP UP| 40 = 1-(z,w) 1w zy) v-lyp A
vome s L= (w, 24)| 1= (w, zy)] * 0 W)
p
. U¢z7(w)‘/*|A'€
— —1r7p p
= VWL AUD (o Vil
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where V. of course depends on w and z,. As the unitary group of C" is compact, we may assume
that V' converges to some unitary map V' and hence V,|,» converges strongly to Vi|4» and V.| s
converges strongly to V, 7! A as zy — . Similarly, using Proposition 18, we may assume that

AU?

P » =P q (U4 FUP p —
U %(w)'Au U%(W)A(U%(w)lm) (Umw(w)'f‘u) Umw(w)'Au s, @) Ths )

¢zw (w)

converges strongly to A,T;, for some y € M. Since ¢. (w) — IB" as z, — OB", it is clear that

y € M\ B". As the limit of a strongly convergent net is unique and lim U A AU L= ATy, , we
Z—Y*}I

obtain B B

UL ATy, Ub|ap = V., ATy, Vi az-

Since P, commutes with both U and V, (the former was shown in the proof of Proposition 19,
the latter is immediate from the definition of P, and V), this implies

UPAUP =V, TA,V,.

Now let f € LP with supp f C D(w,r) for some w € B” and 7 > 0. Set g := V.U f. Then
clearly ||g|| = || f]| and ||A,f|| = ||A,g]l. As D(0,r) is invariant under V, it remains to show that
supp UE f C D(0,r). But this is clear since ¢,,(D(0,r)) = D(w,r).

For the second assertion consider f € LY with supp f € D(0,r). Then g := f/*Ugf satisfies
gl = L£1l, 1Az fIl = | Aygll and supp g € V(¢ (D(0,7))) € D(0,7 + B(0,w)) as above. O

In the next lemma we show that the infimum inf {I/(AI) cxe M\ IB%”} is actually attained by

a certain limit operator fly The proof is very much the same as the proofs of [13, Theorem 3.2] and
[15, Theorem 8] and is based on a miraculous procedure invented by Markus Seidel. We therefore
refer to [15] for a helpful illustration of the main idea.

Lemma 25. Letp<2, a= (% —-1)g+ 27” and A € T, ,. Then there exists a y € M\ B" with
v(A,) = inf {V(AI) tx € SIR\IB%”} .

Proof. Recall r; = sup diamg supp @; ;. Proposition 23 yields a sequence (tx)ren, with re,,, > 27,
jEN
and
ve,(Blr) < v(B|p) +27 "

for all k € N, F CB" and B € {A} U {flm tx € DJT\B"} Choose a sequence (2, )nen in D\ B"
such that . R
lim v(A4,,) = inf {I/(Am) tx € SDT\IB"} .

n—oo
Now, for every n € N there exists an f0 € LP with || f0|| = 1, supp f contained in some D(w,7y,)
and A A A
HAInfS <, (As,) + 27l < v(Ag,) +27

By Lemma 24, we can choose a y9 € 9\ B" and a ¢° € LP with ||¢%|| = 1 and supp ¢° C D(0,ry,)
such that

H/lyggg < I/(Amn) + 27",

= | Ae. 12
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Furthermore, for every n € N we can find f; € LY with || f;]| = 1, supp f; € D(w, ¢, ,)ND(0,7t,,)
for some w € D(0,ry, + 7, ,) and

HAWl fiH <, _, (Ayg |D(07Ttn)) +27 < y(/iy?l |D(01Ttn)) + 9—n+1

Thus, using Lemma 24 again, we can choose y. € 9\ B" and g} € L2 with [|g}| = 1 and
supp g C D(0,7, ,) such that

HAyhg}l

B HA%ﬁH <v(Ayp|pom,)) +27
In particular,
V(AyﬂD(o,rtn,l)) < V(Ay2|D(0,rtn)) 4 9—ntl < V(Azn) Lo ntl 4 g-n,

Repeating this argument, we obtain y* € M\ B", w € D(0,ry, ,., + ¢, ,) and f¥ € L2 with
Hf,’f” =1, supp f* C D(w,r, )N D(0,r¢,_,.,) and

A k
452

for k = 2,...,n. Moreover, we obtain g¥ € L2 with ||gk| = 1 and supp g¥ C D(0,7,_,) such that

Al = et

)) + 27n+k

) o )
<, (Ay=lpr, ) +27 T <v(Apabor, .,

) + 27n+k'

< V(Ayffl |D(0,nn,k+1)

In particular,

v(Ayk I, ) SvAgalpor, . ) 27" < < ulAglbor,)) +27 T 4L 427

<v(Ag )+ 27 42T L9 < (A, ) 4+ 27 R

Furthermore, by repeatedly applying the second part of Lemma 24 and collecting all the shifts being
made during the process above, we get

V(Ay;;fl |D(o,rtl)) > V(Ay;;flﬂ |D(o,nl+nl+ml,1)) = V(Ay::*l+1|D(0,2rtl+rtlil))

> V(A n-1+21D0,200, 474, e, 4re_y)) = V(Ayn-t42|D (0,20, 1200, 44, ,))
> .2 V(AyQ|D(O,2rtl F2rey A2y e 2rey 1)) 2 ”(Ay2|D(014rtl))
for fixed | < n, using ry, ., > 27y, for all k.
Now set y, := y;,. By Proposition 18, the sequence (A,, Ty, )nen has a strongly convergent
subnet, denoted by (A, T,, ), that converges to A, T, for some y € M\ B™. Now since D(0, 4ry,)

is a compact set, P, M, € L(L?) is a compact operator (see Proposition 15) and therefore

D(0,4r4)

(4., = Aym

XD(0,4r¢;) H = H(Aynw Tbyn., - AyTby)PaMX ‘ — 0.

Yny D(o,mtl) ‘

This also implies V(flyn7 |D(074”1)) — V(Ay|D(074”L)) by Proposition 22. Thus
v(4,) < V(Ay|D(0,4nl)) = h};n V(Ayn7 |D(0,4r,)) < 1131 V(Aygrl |D(0,r,)) < h};n V(Azn.,) +27H1
_ inf{u(/iz) Lz e Sﬁ\IBS"} ol

Sending | — oo, we obtain v(A,) = inf {I/(Am) cxe M\ IB"} as claimed. O
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Now we can summarize this section with the main result of this paper.
Theorem A. Let A€ %, ,. Then the following are equivalent:
(i) A is Fredholm,
(i1) Ag is invertible and ||AZY|| < [|P|| ||(A+ K(AR) Y| for all x € 9\ B",

(iii) Ag is invertible for all z € M\ B™ and sup ||A;Y]| < oo,
zEM\B"

(iv) Ay is invertible for all x € M\ B",

Proof. That (i) implies (i7) follows from Proposition 18 and Theorem 21, whereas (ii) obviously
implies (#ii) and (474) implies (iv). It remains to show that (iv) implies (i). By duality, it suffices
to show the case p < 2. If A, is invertible, then (A,)~! = beIlA;lPa + Qu, which imnplies that
(A,)~" is also invertible. Now observe that v(B) = |B~! ||_1 > 0 whenever an operator B # 0 is

invertible (see e.g. [14, Lemma 2.35] for a quick proof). Thus by Lemma 25, sup [A;'] < .

zeM\B"

Moreover, if A, is invertible, then szA;1|Ag is the inverse of A, and so sup HA;lH < oo0.
zeM\B"

Therefore (iv) implies (747). That (éi7) implies (7) is Theorem 20. O

Of course, we get the following corollary for the essential spectrum:

Corollary 26. Let A€ %, ,. Then

Spcss(A) = U Sp(AﬂC)
zeM\B"

6 Norm estimates (unit ball)

In this section we prove a similar result for the essential norm of an operator A € ¥, ,. For the
most part this is just a modification of the proofs in Section 5. Recall that r, = sup diamg supp ¢; +.

JEN
For t € (0,1), « > v, A € L(AP) and a Borel set F C B" we define
AP pll, := sup {[[APaf : f € LY, [|f]| = 1, supp f € D(w,r¢) N F for some w € B"}

and
|AP|F|l == sup {[[AP.f| : f € LY, || f|| = 1,supp f C F}.

Proposition 27. Let p <2, a = (% —(n+1)+ 27” and A € T, ,. Then for every e > 0 there
exists a t € (0,1) such that for all Borel Sets F C B™ and all operators B in the set

(AYU{AT, : z € M\ B}

it holds
| BPalrll > |BPalrll, > |BPulr| — .
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Proof. The first inequality is clear by definition. For the second inequality we proceed as in the
proof of Proposition 23. Let A € ¥, , and fix ¢ > 0. Observe that AP, = A - Q, is band-
dominated by Theorem 7. We may thus choose a band operator A, of band width w such that
| APy — Ayl < 5. Let x € 9. Now as in the proof of Proposition 23, there is a net (z,) converging
to 2 such that the net (U, A,U.. ) converges in weak operator topology. This limit will be denoted
by (Az)n. It follows that (A;), is a band operator of band width at most w and [|A; — (Az)a| < 5.
Let B € {A,} U{(Az)n : x € M\ B"} and choose f € LP with || f|| =1 and supp f C F such that

g
”BPafH > HBPa|FH - Z

We can apply the same reasoning as in the proof of Proposition 23 (just reverse the inequalities
and use the reverse triangle inequality) to obtain

1/p
o) » c
SBR[ = BPgI-S
- Jst
Jj=1
for sufficiently small ¢. This implies
1/p 1/p

p ‘ p

E o0 o0
AN O ol 7 R O ol PRV
J= J=

Thus there exists a j € N such that

for sufficiently small ¢. Of course, this implies || BP,|r| —¢ < ||BPs|F||;- As t does not depend on
f or B, the result follows as in the proof of Proposition 23. |

13
(1BPalell = 5) [0 7] < | BRaM 100

Theorem 28. Letp <2, a = (% -Dn+1)+ 27” and A €%, ,. Then

1

s A K(AR)| < sup [ Ag|l < ([P A + K(AD)].
BTTE A KUDI S sip (AL < [P 14 + k(A7) |

M\B"

Proof. Let z € M\ B", K € K(A?) and choose a net (z,) in B™ that converges to x. As K is
compact, we get K, = 0 by [17, Proposition 4.12, Theorem 5.5]. Banach-Steinhaus thus implies

JAull = 14, + Kall = (A + K)o < sup | <|IPIlA+ K],
v

UL (A+ K)(UZ |ag)"

where we used that UL and (UZ )" are isometries. Since this is true for all K € K(A}) and
x € M\ B, we get
Sup [Az || < [P A+ (AT -

xT€

For the other inequality observe that

[A+KAD)| < inf |AP, + K]
KeK(LE,AP)
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Indeed,

|APy + K[l = sup [[(APa+ K)fl| = sup [(APo+EK)f||= sup [(A+K)f| =[|A+K|a
I71=1 fean, feAy,
I71=1 I£11=1

for every K € K(LP, A?). We will now show

inf |JAP, + K[| < sup [|A;T, Pall, (6.1)
KeK(LE,AD) zEM\B"

which obviously implies the desired inequality. So assume that (6.1) is violated, i.e. that there is
an € > 0 such that

inf AP+ K| >

. sup ||AzTp, Po|l + <.
Kek(LY, AL \B"

xT€

In particular,

42 om0 = 4P | = AP = AR Mg [ > s AT P+

for all s > 0 since Po M, ., € K(L, AD) by Proposition 15. Now, by Proposition 27, there is a
t € (0,1) such that for all s > 0 we have

[4Palem s lll, > [APalemposll = 5 > sup 14T, Pall + 5.
zeM\B"
In particular, for every s > 0 we get a w, € B" such that

HAP&MXD(ws,Tt) MXD(wS’”)\D(O’S)

- .

€
> sup ||A.Ty, Pall + =.
zeM\B" 2

It is clear that ws — OB™ as s — oo. Since M

=UP M UP and P,U? = U? P,
XD(ws,rg) ws X s A ws sT @
(see the proof of Proposition 19), we get '

D(0,r¢) ~ W w

HU;;SAUgsPaMX H> sup |\A1szpa||+§.

P zEM\B™
As 9 is compact, (ws) has a convergent subnet, denoted again by (ws), converging to some z €

O\ B". Thus UL AUP |4» converges strongly to A,T;, and hence

HU;ZSAUSJSPQMXD(O,”) H - HAIszPOcMXD(o,rt)
since Po My, , ., 1s compact. This yields
€
HAITmeaMXD(o,rt) ’ > sup ”AwazPaH + 57
zeM\B"
which is certainly a contradiction. Thus inf |AP, + K|| < sup | AT, Pull- O

KeK(LY,AD) SEIM\Br

For p > 2 we get the following corollary by using the adjoint of P, instead.
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Corollary 29. Letp > 2, a=(1-— %)(n +1)+2v(1 — %) and A €%, ,. Then

1
e A KA < sup (Al < B A+ KD
IP:TTR st

Lemma 30. Letp <2, a = (% —1)(n+1)+ 2?” and A € T, ,,. Then there exists a y € MM\ B" with
| Ay Ty, Pl = sup {||Ax Ty, Pol| : 2 € M\ B"}.

Proof. Replacing all v by ||| and v; by [|-[|, in the proof of Lemma 25 and using Proposition 27
instead of Proposition 23 one easily obtains a proof of Lemma 30 (see also [13, Theorem 3.2]). O

Let us summarize these results in a final theorem. This may be seen as an analogue of Theorem
A and a slight improvement of [17, Theorem 5.2|. Unfortunately this result is far less complete
than in the case of the spectrum and thus leaves some questions open: Are ||A 4 K(A2)|| and

sup ||Az|| equal also for p # 27 And is the supremum also a maximum in case p # 27
zEM\B"

Theorem 31. Let A€ %,, and o = ’% - 1‘ (v+n+1)+v. Then

1
e A+ KAD) < sup 4] < (B 14+ KD,
IPTTR st

L' =1 as usual). Moreover,

where the norm of P, is taken on Lpinip.a} (1—17 +3

[A+K(AD = max [[A
zEM\B™

ifp=2.

Proof. The first statement is a combination of Theorem 28 and Corollary 29. In case p = 2 we have
| P.]l = || Pv]| = 1 and therefore

[A+K(ADI = sup [[Aq
zEM\B"

(see also [17, Theorem 5.6]). Moreover, as the norms of A, T, P, = A, P, and A, coincide in this
case, the second statement follows from Lemma 30. O

7 Application to symbols of vanishing oscillation

In this section we apply Theorem A to the case of functions of vanishing oscillation. Even though
the results obtained in this section are not completely new, it is worth mentioning that they are
special cases of Theorem A.

For z € B" and a bounded continuous (BC) function f: B" — C we define

Osc(f) := sup{[f(2) = f(w)] : w € B", B(z,w) <1}
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|z|—1

and VOy(B") := {f € BC(B") : lim Osc,(f) = O}. Note that

C(B") C VOu(B™) C BUC(B™).

Applying Corollary 26 to Toeplitz operators with symbol in VOgs(B™), we obtain the following
result:

Proposition 32. Let f € VOu(B™). Then
SPess (1) = f(OB"),
where f(OB™) denotes the set of limit points of f as z — OB™.

In case f is contained in C(B"), f(OB") is just the image of f|sg« and we obtain the classical
result mentioned in the introduction.

Proof. Let (zy) be a net in B” converging to some x € M \ B” and consider f € VOus(B"™) C
BUC(B"). Then we have (fo¢.. )(0) = f(zy) — x(f). Moreover, since 5(¢.. (0), ¢.., (w)) = (0, w),
we get
’(f © (bzw)(o) - (f O¢zw)(w)‘ < OSCzw(f) —0

if (0,w) < 1. Thus (f o ¢. )(w) — z(f) uniformly on {w € B : 3(0,w) < 1}. By repeating this
argument and using that |¢. (w)| — 1if |z| — 1, this generalizes to arbitary compact subsets of
B". Therefore f o ¢, converges uniformly on compact sets to the constant function z(f). Using
[17, p. 222], we obtain

. * 1 —1 -1 -1 -1
(T)e = Sz'wligl Ufwa(Ugw |A3) = SZ'WE)IE sz7 T(foqbzv)bz7 sz7 = sz Tz(f)'szbz = :v(f)sz .
As Tb_z1 is always invertible, this implies that (T), is invertible if and only if z(f) # 0. Corollary
26 thus simplifies to
ess(Ty) = |J  =(f) = f(OB) (7.1)
zEM\B™

in this case. O

Let us add two final remarks to this result.

Remark 33. If we introduce My o, as the maximal ideal space of VOp, we can formulate Propo-
sition 32 like this:
ess(Tr) = |J  2(f) = f(Mvo, \ B (72)
TEMvo, \B"
for f € VOp. This can be seen as follows. Let :: VOg — BUC(B"™) be the inclusion mapping. By
transposition, this induces the continuous map m: M — Myo,, (7(2))(f) = x(e(f)). (7.2) thus
follows from (7.1).

Remark 34. In [18, 25, 29] similar results were shown for symbols in VMOg»(B™) N L*°(B") (see
[3] or [29] for definitions and descriptions). We can also recover this result from Proposition 32: If
f € VMOy(B™) N L*>(B"), then

SPess(T7) = f(9B"),

where f denotes the Berezin transform of f. Indeed, by [3, Theorem B], f is contained in VO (B")
and T, 7 is compact (see also [17, Theorem 5.5]). Thus the assertion follows.
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