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On the Spectrum and Numerical Range
of Tridiagonal Random Operators

Raffael Hagger*
September 25, 2018

Abstract

In this paper we derive an explicit formula for the numerical range of (non-self-adjoint)
tridiagonal random operators. As a corollary we obtain that the numerical range of such an
operator is always the convex hull of its spectrum, this (surprisingly) holding whether or not
the random operator is normal. Furthermore, we introduce a method to compute numerical
ranges of (not necessarily random) tridiagonal operators that is based on the Schur test. In a
somewhat combinatorial approach we use this method to compute the numerical range of the
square of the (generalized) Feinberg-Zee random hopping matrix to obtain an improved upper
bound to the spectrum. In particular, we show that the spectrum of the Feinberg-Zee random
hopping matrix is not convex.

2010 Mathematics Subject Classification: Primary 47B80; Secondary 47A10, 47A12, 47B36.
Keywords: random operator, spectrum, numerical range, tridiagonal, pseudo-ergodic

1 Introduction

Since the introduction of random operators to nuclear physics by Eugene Wigner [24] in 1955, there
is an ongoing interest in random quantum systems, the most famous example probably being the
Anderson model [I]. In the last twenty years also non-self-adjoint random systems were extensively
studied, starting with the work of Hatano and Nelson [I4]. Compared to self-adjoint random
operators, non-self-adjoint random operators give rise to many new phenomena like complex spectra,
(non-trivial) pseudospectra, etc. In return, the study of non-self-adjoint operators requires new
techniques as the standard methods from spectral theory are often not available.

We start with some limit operator and approximation results for numerical ranges of random
operators. We then focus on the physically most relevant case of tridiagonal operators. In particular,
we prove an easy formula for the (closure of the) numerical range of tridiagonal random operators
(Theorem [16]). As a corollary we get that the (closure of the) numerical range is equal to the convex
hull of the spectrum for these operators, just like for self-adjoint or normal operators. Theorem
[I6] thus provides the best possible convex upper bound to the spectrum of a random tridiagonal
operator. In particular, it improves the upper bound given in [4] for a particular class of random
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tridiagonal operators. The authors of [4] considered the following tridiagonal random operator:

0 1
C_1 0 1 ,
Co 0 1
C1 0

where (c;)jez is a sequence of i.i.d. random variables taking values in {£o} and ¢ € (0,1]. The
special case o = 1 was already considered earlier (e.g. in [2], [3], [9], [I5]) and is called the Feinberg-
Zee random hopping matrix. It is also the main topic of [II] and [12], where the symmetries of
the spectrum and the connections to the spectra of finite sections of this operator are studied,
respectively.

Theorem [16] also determines the spectrum completely in some cases. Consider for example the
Hatano-Nelson operator

v_1 €9
A= e 9 v ed
)
e 9 v eI

where (v;) ez is a sequence of i.i.d. random variables taking values in some bounded set V' C R and
g > 0 is a constant, and assume that V' is an interval of length at least 4 cosh(g). Then Theorem
implies that the spectrum of A is equal to the numerical range, which is given by the union of
the ellipses E, := {e9"" + v+ e~ 0+ 19 € [0,2m)}, v e V.

In Section we introduce a method to compute numerical ranges of arbitrary (not necessarily
random) tridiagonal operators that is based on the Schur test. For the (generalized) Feinberg-Zee
random hopping matrix as studied in [4] and mentioned above, we use this method to compute the
numerical range of the square of the random operator, which will provide an improved upper bound
to the spectrum. This is related to the concept of higher order numerical ranges as used in [7] and
[21] for example.

In the last part we provide explicit formulas for the numerical range and the numerical range of
the square in the case of the (generalized) Feinberg-Zee random hopping matrix in order to show
that this new upper bound is indeed a tighter bound to the spectrum than the numerical range. In
particular, we confirm and improve the numerical results obtained in [3] concerning the question
whether the spectrum is equal to the (closure of the) numerical range in the case ¢ = 1. More
precisely, we show that the spectrum is a proper subset of the (closure of the) numerical range and
not convex.

1.1 Notation

Throughout this paper we consider the Hilbert space X := ¢?(Z) and its closed subspace ¢2(N).
The set of all bounded linear operators X — X will be denoted by £(X). The set of all compact



operators X — X will be denoted by K(X).

We want to think of £(X) as a space of infinite matrices. Operators in £(X) are identified with
infinite matrices in the following way. Let (-, -) be a scalar product defined on X and let {e;},., be
a corresponding orthonormal basis, i.e. (e;,e;) = ¢, ; for all ¢, j € Z. We will keep this orthonormal
basis fixed for the rest of the paper. The subsequent notions may depend on the chosen basis.

Let A € £(X). Then the entry A, ; is given by (Ae;, ;). The matrix (4;;),; ;<. in the following
again denoted by A, acts on a vector v € X in the usual way. If v; is the j-th component of v, then
the i-th component of Awv is given by > A; jv;. This identification of operators and matrices on X

JEL
is an isomorphism (see e.g. [I7, Section 1.3.5]). Therefore we do not distinguish between operators
and matrices. As usual, the vector (4; ;)jez € X is called the i-th row and (4; ;);cz € X is called
the j-th column of A. For k € Z the vector (A;1x,:)icz € X is called the k-th diagonal of A or the
diagonal with index k. A is called a band operator if only a finite number of diagonals are non-zero.
The set of all band operators will be denoted by BO(X). Furthermore, we call A tridiagonal if all
diagonals with index k ¢ {—1,0,1} vanish.

We consider the following subclasses. Let n < m be integers and let U,,...,U,, C C be
non-empty compact sets. Then we define

MUp,...,Up)={A € L(X): Aiyx; € Up if n <k <m and A;1,; = 0 otherwise},

i.e. the k-th diagonal only contains elements from Uy. Similarly, we denote the set of all finite square
matrices with this property by Myin(Us, ..., Un). If A€ M(U,,...,Uy,) satisfies A; ; = Aiyp itp
for all 4,7 € Z and some p > 1, then A is called p-periodic and the set of all of these operators
will be denoted by Mperp(Up, - .., Un). In the special case p = 1 these operators are usually called
Laurent operators and therefore we additionally define L(U,,...,Uy) := Mper1(Up, ..., Up). The
set of all periodic operators will be denoted by Mpe, (U, ..., Upn).

A e MU,,...,U,) is called a random operator if for k € {n,...,m} the entries along the
k-th diagonal of A are chosen randomly (say i.i.d.) w.r.t. some probability measure on Uj. Fi-
nally, pseudo-ergodic operators are defined as follows. Let Pj; be the orthogonal projection onto
span{ek,...,e;}. Then A € M(U,,...,Uy,) is called pseudo-ergodic if for all ¢ > 0 and all
B € Myin(Up,...,Upy) there exist k and [ such that ||Py APy, — B|| < e. In other words, ev-
ery finite square matrix of this particular kind can be found up to epsilon when moving along the
diagonal of a pseudo-ergodic operator. Note that if all of the Uy are discrete, one can simply put
€ = 0 in the definition. At first sight, it is not easy to see why one may want to consider operators
of this type, but in fact, pseudo-ergodic operators are closely related to random operators. Under
some reasonable conditions on the probability measure (see e.g. [I8 Section 5.5.3]), one can show
that a random operator is pseudo-ergodic almost surely. Therefore the definition of pseudo-ergodic
operators is a nice circumvention of probabilistic arguments when dealing with random operators.
We will make use of this fact for the rest of the paper and just mention here that every statement
that holds for a pseudo-ergodic operator, holds for a random operator almost surely. The set of
pseudo-ergodic operators is denoted by WE(U,,...,U,,). The notion of pseudo-ergodic operators
goes back to Davies [6].

1.2 Limit Operator Techniques

Limit operators are an important tool in the study of band operators. For k € Z define the k-th shift
operator Vi by (Vix); = xj_ for all x € X. Let A € £(X) and let h := (hy)men be a sequence



of integers tending to infinity such that the strong limit]'| Ay, := lim V_j, AV}, exists. Then Ap
—

m o0
is called a limit operator of A. The set of all limit operators is called the operator spectrum of A
and denoted by o°P(A). Here are some basic properties of limit operators that we will need in the
following (see e.g. [I7, Proposition 3.4, Corollary 3.24]):

Proposition 1. Let A, B € BO(X) and let h := (hy,)men be a sequence of integers tending to
infinity. Then the following statements hold:

o There exists a subsequence g := (gm)men of h such that A, and B, exist.

If Ay and By, exist, so does (A+ B)y, and (A+ B);, = Ay + By,.

If Ay, and By, exist, so does (AB), and (AB);, = ApBy.

If Ay exists, so does (A*)p, and (A*)n, = (Ap)*.

If Ay emists, then | Anll < ||A].

If A e K(X), then A, = 0.

We call an operator A Fredholm if ker(A) and im(A)~ are both finite-dimensional. As usual we
define the spectrum
sp(A) :={A € C: A — Al is not invertible}

and the essential spectrum
SPess(A) :i={A € C: A — I is not Fredholm}.

After introducing all the notation, we can cite the main theorem of limit operator theory (which
holds in much more generality than stated and needed here).

Theorem 2. (e.g. [18, Corollary 5.26])
Let A € BO(X). Then

Pess(A) = | sp(B).

Beoop(A)

In order to apply this theorem to pseudo-ergodic operators, we use the following result that
characterizes them in terms of limit operators.

Proposition 3. Let U,,...,U,, be non-empty and compact. Then A € VE(U,,...,Uy) if and
only if 0°P(A) = M (U, ..., Un).

Proof. For diagonal operators on ¢2(Z) this is Corollary 3.70 in [I7]. The proof easily carries over
to the case of band operators. O

Using this and A € M(U,,...,Uy,), we get the following corollary.
Corollary 4. Let U,,...,U,, be non-empty and compact and let A € VE(U,,...,Uy). Then

SP(A) = $Pegs (4) = U s (1)

BeM(Un,....Un)

LSometimes different and more sophisticated notions of convergence are used to define limit operators. In the case
of band operators on ¢2(Z) all these notions coincide (see e.g. [I7, Section 1.6.3] or [5, Example 4.6]).



In particular, we see that the spectrum of a pseudo-ergodic operator only depends on the sets
U,,...,U,. Furthermore, Equation provides a somewhat easy method to obtain lower bounds
for the spectrum of A € VE(U,,...,U,,). Indeed, we can take any operator B € M (U,,...,Uy)
with a known spectrum and get a lower bound for the spectrum of A. For example the spectrum
of a periodic operator B can be computed via the Fourier transform.

Theorem 5. (e.g. [8, Theorem 4.4.9])
Let Uy, ..., Uy be non-empty and compact, p € N, B € Mper p(Uy,...,Un) and let By, € L(CP) be
defined by (Bi)i,j = Bitkp,j for alli,j € {1,...,p} and k € Z. Then

sp(B) = U Sp (Z Bke_ik19> . (2)
Y€E[0,27) keZ

This brief summary of limit operator theory is sufficient for the rest of this paper. We recommend
[17] and [22] for more details and further reading.

2 The Numerical Range

For the reader’s convenience we start with the definition and some basic properties of the numerical
range.

Definition 6. Let A € £(X). Then the numerical range is defined as
N(A) :=clos {{Az,z) : z € X, ||z|| = 1}.
For ¢ € [0,27) the (rotated) numerical abscissa is defined as
ro(A) :=max{Re z: 2 € N(e'?A)} .

Note that the numerical range is usually defined without the closure (and denoted by W (A4)),
but we prefer to consider the numerical range as a compact set here. The following results are
well-known and also hold in arbitrary Hilbert spaces.

Theorem 7. (Hausdorff-Toeplitz)
Let A € L(X). Then N(A) is convex.

Theorem 8. Let A € L(X). It holds
conv(sp(A)) C N(A4)
with equality if A is normal. Moreover,

sup [(Az, z)| < [|A]|

llzf=1

with equality if A is normal.



To determine the numerical range of an operator A, one usually applies the following method by
Johnson [I6]. Since the numerical range is convex by Theorem 7} it suffices to compute the numerical
abscissae r,(A) for every angle ¢ € [0,27). Fix ¢ € [0,27) and let B := 1(e'*A + e~"¢A*). Then

ro(A) = sup Re <e“"Aw,x> = sup o <(ewA + e_“"A*):c,ar> = sup (Bz,z) = ro(B).
lzll=1 l=ll=1 llzll=1

Since B is self-adjoint, r,(A) is exactly equal to the rightmost point of the spectrum of B. This
observation is the starting point for almost every result we prove in this paper.
We will also find it useful to talk about convergence of set sequences.

Definition 9. Let (M, ),en be a sequence of compact subsets of C. Then we define

limsup M,, := {m € C : m is an accumulation point of a sequence (my)nen, mn € My},
n—oo

lim inf M,, := {m € C : m is the limit of a sequence (my)neN, My € My }.
n—oo

The Hausdorff metric for compact sets A, B C C is defined as

h(A, B) := max {maxmin la — b| , max min |a — b|} .
acA beB beB acA

Moreover, we define lim M, as the limit of the sequence (M, )nen w.r.t. the Hausdorff metric.
n—oo

These notions are compatible with each other in the sense that they satisfy the same relations
as they do for ordinary sequences:
Proposition 10. ([I0, Proposition 3.6])
Let (My,)nen be a sequence of compact subsets of C. Then the limit lim M,, exists if and only if
n—oo

lim sup M,, = liminf M,, and in this case we have
n— o0 n—00

lim M, = limsup M,, = liminf M,.

n—oo n—oo n—00

2.1 Limit Operator and Approximation Results

We will first prove the following limit operator result, which can be proven (without further effort)
in much more generality than we state it here.

Theorem 11. Let A € BO(X). Then

(1l NA+K)=cov| |J NB)|. (3)
KekK(X) Beoopr(A)

To prove this, we need the following lemma that we will then apply to sequences (V_, (4 +
K)Vh, )nen, where K € K(X) and (hy)nen is a sequence of integers tending to infinity.

Lemma 12. Let A € L(X) and let (Ap)nen be a sequence in L(X) that converges to A in weak
operator topology. Then N(A) C liminf N(A4,).
n— 00



Proof. A, — A in the weak operator topology implies ((A, — A)z,z) — 0 for all z € X as
n — oo. Let z € N(A). Choose 21 € X with |z1|| = 1 such that |z — (Azy,21)| < 1 and ny
such that |((A, — A)z1,z1)| < 1 for all n > ny. For j € N choose z;11 € X with ||z,;11]| = 1
such that |z — (Azji1,241)] < jﬁ and nj41 > n; such that [((A, — A)zj11,2,11)| < ]% for
all n > njyq. Of course this implies |z — (A,x;, x;)| < % for all n > n;. Now define a sequence
(2n)nen of complex numbers as follows. For n < n; choose z, € N(A,,) arbitrarily. For j € N and
n; <n < n;i1 choose z, € N(A,) such that |z — z,| < % We get |z — z,] = 0 as n — oo. Thus

N(A) C lin_1>inf N(A,). O

Proof of Theorem[I1]. Let B € 0°P(A) and K € K(X). To prove “2” it suffices to show N(B) C
N(A+ K) because the intersection of convex sets is again convex. So let h be a sequence of integers
tending to infinity such that A, = B. By Proposition [} B is also a limit operator of A + K:

(A+K),=A,+K,=A4,+0= A4, =B.

Applying Lemma [12] to the sequence (V_j, (A + K)Vj, Jnen and using that the numerical range is
invariant under unitary transformations, we get

N(B) C liminf N(V_j, (A+ K)Vj,) = liminf N(A+ K) = N(A + K).
n— oo

n—oo

To prove the other inclusion, recall that it suffices to compare numerical abscissae, i.e. to show

inf A+K)< B):Beoc°(A)}.
T4+ K) < max (1, (B) : B € 0(4))

for all ¢ € [0,27). Since r,(A) = ro(e'?A) for all A € L(X) and ¢ € [0,27), it even suffices to
consider ¢ = 0. Set zp := ||A]|. Then

ro(A+ K) = sup Re{((4+ K)z,z)

flzll=1
= sup Re((A+ K + zoD)z,x) — 29
flzll=1

< sup |Re{((A+ K + zol)x,x)| — 20

llzll=1

1
= sup |={((A+ K+ (A+ K)"+2zI)x,z)| — 20

llzll=1

1
:§||A+K+(A+K)*+2zol||—z0,

where we applied Theorem [§] to the self-adjoint (hence normal) operator A+ K + (A4 K)* + 2z1.
Taking the infimum, we arrive at

1
inf rg(A+K)< - inf [|[A+K+(A+K)" +2zI|— 2
KeK(X) 2 KeK(X)
1
=— inf |[A+ A"+ K+ 2z]| — 2.
2 Kek(X)
K=K*



For a self-adjoint operator C' € £(X), the norm ||C + K|| is minimized by a self-adjoint operator
K € K(X). This can be seen as follows:

[C+ K| = sup [((C+ K)z, )]

o <(C+K2K> x,x>+ <<C+ K_2K> ”>‘
(o4 555 ) )]

K+ K~
2

= sup
llzll=1

> sup
[lz||=1

:Hc+

where we used Theorem E and the fact that <(C + KJ;K*) x, 33> € R and <(C + K_QK*) z, :1:> € 1R
for all z € X. Moreover, we have

inf ||A4+ K| = max |B|
KeK(X) Beoop(A)

for all A € BO(X) by [13, Theorem 3.2|. Combining these results and using Proposition [1} we get

1
inf rg(A4+K)< - inf ||A+A"+ K+ 22| -2
KeK(X) 2 KeK(X)
1
= 5max{HBH :Beo(A+ A" +221)} — 2
1

3 max {||B + B* + 2zI|| : B € c°?(A)} — 2.

Since 7,(B) < ||B|| < ||A]| for all ¢ € [0,27) by Theorem [ and Proposition |1} N(B + zo1) is
contained in the right half plane for every B € 0°P(A). This implies
ro(B) = sup Re(Bz,x)
llzll=1

= sup Re((B+ zol)z,z) — 2o

llzll=1
= sup |Re((B+ zol)x,x)| — 20
llzll=1

1
= sup |= {((B+ B*+2zyD)x,x)| — 20

1

We conclude

inf A+ K)< B): B P(A)}. O
Kel%(X)TO( + K) < max {rq(B) € o°P(A)}

If we apply this result to pseudo-ergodic operators, we get the following corollary:



Corollary 13. Let U,,...,U,, be non-empty and compact. It holds

N(A) = U N(B)

BEM (Un,...,Unm)
forall Ac VE(U,,...,Upn).

Note that taking the convex hull is obviously not necessary here. In fact, it suffices to consider
periodic operators on the right-hand side:

Corollary 14. Let U,,...,U,, be non-empty and compact. It holds

N(A) = clos U N(B)
BeMper(Unye.;Um)

forall A€ VE(U,,...,Upn).

Proof. Let A € WE(U,,...,Uy). It is not difficult to find a sequence (Ax)ren C Mper(Un, - -, Un)
that converges weakly to A (even strongly). Thus by Lemma [12] and Corollary we have

N(A) C liminf N(Ay) C clos U N(B) | € N(A). O
koo BeMper(Un,...;.Un)

In the next section we will see that in the case of a tridiagonal pseudo-ergodic operator A, it
even suffices to consider the Laurent operators contained in o°P(A).

So far we only considered numerical ranges of operators A € BO(¢?(Z)). However, it is sometimes
more convenient to work with operators A € L£(¢?(N)). We will thus find the following well-known
proposition useful.

Proposition 15. Let A € BO((?(Z)) and let A, = PyAPy|im p, € L((?(N)), where Py denotes
the projection onto span{ey,es,...}. If there exists a sequence (hy,)men of integers tending +oo
such that Ay, exists and is equal to A, then N(A) = N(A4).

Proof. Clearly, (A;x,2) = (Az,x) for all x € im Py and thus N(Ay) € N(A). Conversely, let
c€ N(A}), Qn := I — Py and consider A := PyAPy|im By + ¢@nlim @y. Then

PNa: PN.Q?
[P || Pz

(Az,x) = (AL Pya, Pyz) + ¢ (Qnz, Qnz) = <A+ > | Py + ¢ ||Qua|? .

Since || Pyz|” + ||C~2Nx||2 = ||z||* and N(A4) is convex, we get N(A) € N(Ay). Moreover, A is a
limit operator of A and thus N(A) C N(A) by Theorem We conclude N(A) = N(Ay). O
2.2 Tridiagonal Pseudo-Ergodic Operators

In this section we focus on the case of tridiagonal pseudo-ergodic operators. Here the following
simplification of Corollary [14] can be achieved:



Theorem 16. Let U_q, Uy and Uy be non-empty and compact. Then for A € WE(U_1,Uy, Uy) the
following formula holds:

U sp(B) D conv U {u_le“9 +up +ure” 9 €0, 2m) }
up €Uy,

N(A) D conv
BeL(U_1,Up,Uy) Paa

In particular, sp(A) = N(A) if sp(B) is conver.
BEL(Ufl,Uo,Ul)

Proof. The last assertion follows from (i) since
U sp(B) C sp(A) C N(A)
BeL(U-1,Uy,Uy)

by Corollary and Theorem [8] Moreover, (i7) follows immediately from Theorem [5| We thus focus

on the proof of (7).
“2” : Theorem [§ and Corollary [4 imply

N(A) 2sp(4) 2 U sp(B)
BeL(U-1,Up,U1)

as above. Taking the convex hull on both sides yields

N(A) D conv U sp(B)
BEL(Ufl,U(),Ul)

by Theorem [7}
“C” As in the proof of Theorem , it suffices to compare r(A) with max ro(B). This
BeL(U-1,Up,Uy)

then implies
U N(B)

N(A) C conv
BeL(U_1,Up,Uy)

and hence

= conv U sp(B)
BeL(U-1,Up,U1)

U conv(sp(B))

N(A) C conv
BeL(U-1,Up,U1)

because Laurent operators are normal. We also set zp = ||A|| again, which implies N(B + zol) C

10



CReZO for all B € ,2\4([],17 Uy, U1) It follows

ro(A) = sup Re (Az,z)
flzll=1

= sup Re ((A+ zol)z, ) — 29

[lz]|=1
= sup |Re ((A+ zol)z, )| — 20
llzll=1

1
=5 sup [((A+ A* + 2201 )z, z)| — 2o
llzll=1

1
=5 I|A+ A" + 220I|| — 20,
where we used Theorem [§]in the last line. Using that the norm of an operator is bounded by the
sum of the maximal elements of its diagonals (also called Wiener estimate, see e.g. [I7), p. 25]), we

arrive at

1
7“0(14) = 5 ||A+A* —|—2Zo]|| — 20

1
< _ — g + 2 — 20- 4
_u_rflgéc_llm +u 1|+2u151€a[>]<0 |ug + o + 220| — 20 (4)
u1 €Uy

Fix w_1 € U_1, wg € Uy and w1 € U; such that the maximum in is attained, i.e.

max |ewu1 + eﬂ'“"u_1| = |ei“’w1 + eii“’w_1|
u_1€U_1
up €Uz
and
max ’ewuo + e ¥ug + 230| = |ei‘pw0 + e g + 2zo| .

uo€Ug

It is not hard to see that the spectrum of a tridiagonal Laurent operator L(v_1,vg,v1) (to simplify
the notation we identify the set L(v_1,vg,v1) := L({v_1},{vo},{v1}) with its only element) is
given by an ellipse with center vy and half-axes |[v_1| & |v1]| (see e.g. [20]). If in addition C' :=
L(v_1,vp,v1) is self-adjoint, then its spectrum is given by the interval

sp(C) = [vo — |v—a| = |va] ;w0 + [v—1| + |va]
and thus ||C|| = |vg| + |v—1| + |v1]. In our case, if we put B := L(w_1,wo,w1), we get
HB + B* + 22’0[” =2 \wl -|—’U),1| + |w0 —+ wo + 2ZO|

and therefore 1
o(A) < 3 | B + B* 4 2201| — 0.

11



From here we can go all the way back to finish the proof:

1
T()(A) < 5 ||B + B* + 220[” — 20

1
5 Sup (B + B* +2zD)x,z)| — 2o
llzll=1

= sup |Re ((B+ zol)x,x)| — 20
llzll=1

= sup Re ((B + zoD)x,x) — 2o

Combining Corollary ] Theorem [§] and Theorem [I6] we also get the following corollary.

Corollary 17. Let U_y1, Uy and Uy be non-empty and compact and let A € VE(U_1,Uy,Uy). Then
A has the following property:
N(A) = conv(sp(4)).
This corollary is quite remarkable because one can usually not expect this property from non-
normal operators. As a consequence, any tridiagonal random operator has this property almost

surely. We do not know if pseudo-ergodic operators with more than three diagonals share this
property, but we do know that Theorem [16|is wrong if the tridiagonality assumption is dropped.

Example 18. Let U_o = {1}, U_y = {1}, Uy = {0}, Uy = {1} and Uy = {1}. Consider the
3-periodic operator

0 1 1
R | 0 1 1
A= € Mpe7‘,3(U—27--~7U2)'
1 1 0o -1 =
1 1 0
Then
0 1 1
1
1 1 0 O
10 O

By Theorem [f] we get
Y€[0,27)
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where _ )
0 I1+e ™ 14
b(9) = [ 1+ 0 e~
L+e e 0

-

The spectrum of b(0) is given by {% — @, -1, % + ﬁ} So in particular, we get %— @ € sp(B)
and thus

rr(A) =ro(=A) =

>

w

DN =
| ©

Let us denote the two operators in L(U_s,...,Us) by C; and Cy. We get
: _ _ . 9
min Rez= min Re (672“9 +e W pe? 4 62“9) = min 2(cos(29) + cos(9)) = —=
2€sp(C1) 9€[0,27) 9€[0,27) 4
and ‘ ‘ ‘ ‘
min Re z= min Re (672“9 +e W et 4 62“9) = min 2cos(20) = -2
z€sp(C2) 9€[0,27) 9€[0,27)

by Theorem [5] again. This implies that the numerical range of A exceeds the convex hull of the
spectra of Laurent operators in the direction of the negative real axis, i.e.

N(A) € conv U sp(B)

BeL(U_1,Up,Un)

So in particular, in view of Corollary Theorem [16] is not valid for five diagonals.

2.3 A Method to Compute Numerical Ranges for General Tridiagonal
Operators

In this section we introduce a method to compute numerical ranges for tridiagonal operators. As
explained at the beginning of Section [2} it suffices to compute the numerical abscissae r, for
¢ € [0,27). Fix ¢ € [0,2) and recall that we have r,(A) = ro(B) for B := (¢'? A+ e "¢ A*). In
case A is a tridiagonal infinite matrix acting on ¢?(N) or ¢?(Z), the non-zero entries of B are given
by

1. o
Bjj-1= 5(6“"143'4—1 +e A1),
Lo i i
B; ;= 5(6 PAjj+e A ;) =Re(e'PA4;,;),
Lo i
Bjjt1 = 5(6 PAj i1t e P Ai)

for all j in the respective index set. B can now be transformed to a real symmetric matrix by
applying the unitary diagonal transformation that is defined recursively as follows:

T =1,

Tjt1,5+1 = sign(B; j+1)T} 5

13



for all j in the respective index set, where sign: C — T is defined as

ian(2) ﬁ if z#0,
s1gn(z) =
& 1 ifz=o.

C :=TBT" is then real and symmetric with ro(C') = ro(B) = r,(A) and
Cj,j = Re(eiﬁijyj) c R,
L, N
Ciit1 =5 € Aj 1 +e A >0 (5)

Thus the computation of r,(A) is reduced to the computation of ro(C), which is also the rightmost
point in the spectrum of C'. In the following we can also assume that Cj; ;11 > 0 for all j because
if Cj j4+1 = 0 for some j, then C can be divided into blocks and the spectrum of C' is then given by
the closure of the union of the spectra of these blocks. Moreover, shifting C' by AI for some A € R
only shifts the spectrum of C' by A\. Thus we can also assume that C only has positive entries on
its main diagonal.

This matrix C' now satisfies the requirements of the following lemma by SzwarcE| that is basically
a reformulation of the Schur test.

Lemma 19. ([23, Proposition 1])
Let C € L({*(N)) be real, symmetric and tridiagonal with C;;,Cj 41 > 0 for all j € N and
N > supCj ;. If there is a sequence (g;)jen that satisfies g; € [0,1] and
jEN
C?

Sg g
=Gy )N - Craggn) S %rl=9) ©)

for all j € N, then ro(C) < N.
In fact, also the converse is true:

Lemma 20. ([23, Proposition 2])
Let C € L(¢*(N)) be real, symmetric and tridiagonal with C; ;,C; 41 > 0 for all j € N. Then there
exists a sequence (g;)jen with the following properties:

e g; €1[0,1) forall j €N,
e gi=0ifand only if j =1,
o the following equality holds for all j € N:

2
Cj,j+1

(r0(@) = Ty )(ro(0) — Crpnyar) ~ 91— 90) @)

To demonstrate the procedure, we prove the following proposition that we need later on. Note
that this proposition can also be shown using Theorem [5( applied to B := %(A + A*). This results
in the computation of the eigenvalues of a 2 X 2 matrix and one obtains Corollary [22] directly.

2Szwarc [23] actually proved it for C € L(¢€2(Z)), but the proof is very similar for C' € L£(¢?(N)).
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Proposition 21. Let I € {N,Z}, let A € L(¢*(I))

be tridiagonal and 2-periodic and let N >

sup Re A; ;. Further assume that A+ A* is not diagonal. Define

i€l

|A1,2 + Az,l}g
(N — Re A171)(N — Re A272)’

771(14) = 1

n2(A)

_ |A2,3 + z4:3,2|2
" 4(N —Re Az2)(N —Re A3z3)’

Then we have \/n1(A) + v/n2(A) =1 if and only if N = rq(A).

Proof. Clearly, A € L({*(Z)) and PyAPy|p, € L(¢%(N)) have the same numerical range by Propo-
sition It thus suffices to consider the case A € L(¢2(N)). Let C be as in (5)) with ¢ = 0 so that
ro(A) = ro(C). We can assume that C;; > 0 for all j € N (shifting by A € R does not change
anything).

If Ajo+ Azq = 0. Then n;(A) = 0 and an easy computation shows 72(A) = 1 if and only if
N =ro(A). The case Az 3+ A2 =0 is similar. So let us assume A, j11 + Aj41; #0 forall j €N
for the rest of the proof. Clearly, this implies 71(A),n2(A4) > 0 and C; j+1 > 0 for all j € N.

Let N =ry(A). Lemma [20| applied to C yields a sequence (g;);jen with the properties

e g;€[0,1) forall j €N
e gj=0ifandonlyif j =1
e the following equality holds for all j € N:

- 2
|41+ Aji ) = gi+1(1 — gj).
A(ro(A) —ReAj;)(ro(A) —Re Ajy141) F !

Since A is 2-periodic, we have

i (A) = |A1,2-|-Az,1|2 —y
! A(ro(A) — Re A1 1)(ro(A) — Re Ayy) 77
2
|Ag3 + As 2
A) = . ; =gs3(l —
n2( ) 4(7’()(A) —Re AQyQ)(T()(A) — Re Al,l) 93( 92)
2
A A
i (A) = ‘ 1,2 T 2,1‘

4(ro(A) —Re A1 1)(ro(A) —Re Ass) 9a(1 — g3)

We observe 11 (A) = g2 € (0,1) and 72(A4) = g3(1 —g2) € (0,1). If j is odd, we deduce the following
recursion:

Gies — w(A) w4 (A —gjna(d) (8)
L=gin 11— 1—g;—m(4)
The corresponding iteration function
f:0,1=m(A4) =R,

1—2—m(A)
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has a positive derivative

d (1—x)n2(A) _ m(A)n2(A)
Tl m@) Oz m@e " (10)

since 71 (A),1m2(A) > 0. Thus f is strictly increasing. Since (g;);jean—1 is a sequence in [0, 1), it is
in fact a sequence in [0,1 — 71 (A)). Indeed, if g; > 1 — n1(A), then by Equation (8)), g2 is either
not defined or negative, a contradiction. Moreover, we have

n2(A)

STV R

since 11(A),n2(A) € (0,1). We conclude that (g;);con—1 is strictly increasing, hence convergent.
Denote the limit of this sequence by x*. By the fixed-point theorem, x* has to be a fixed point of
the iteration function f. After some rearranging, we get two possible candidates for a fixed point:

(I—a")n(4) _ . s .
T*;(A)_x & (I—a")n(A) =2"(1—2" —n(A4))
& (@) = (1 +n2(A) —m(A)z" +m2(A) =0

po = L) —m(A) £ V) - m AP () ),
5 .

Of course the fixed point we are looking for has to be real and thus (1 + n2(A) — 171 (A))? — 4na2(A)
has to be non-negative. It follows
0 < (1+m2(A) = m(A))? - 4n2(A)
=1+ m2(4)* + m1(A4)? + 212(A) = 2n1(A) = 21 (A)n2(A) — dn2(A)
= 12(A)? = 2(1 +m (A))n2(A) + (1 —m(4))*.
Solving for n3(A) yields

n2(A) <1+ n(A) — V(1 +m(A)2 = (L—n(A)2 =1+ m(A) —2¢/m(4) = (1 — Vm(A))?,

since 72(A) < 1. This inequality now implies \/m1(A) + /n2(A4) < 1. As we will prove later, this
inequality is actually an equality.

Conversely, let y/n1(A) + 1/12(A) = 1. Of course, we can again assume that I = N. Define the
sequence (g;);en as follows:

g1 = 07
A
gj+1 = m(4) if 7 is odd,
1—gj
A
Gj+1 = M if j is even.
-y

In order to apply Lemma we have to check g; € [0,1] for all j € N. Let us first consider
(9j)jean—1 and its iteration function @ As seen in the fixed points of f are given by

o 1+ n2(A) = n1(A) £ /(1 +12(A) — 1 (A))? — 4o (A)
2
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Plugging our assumption /n1(A) + /7n2(A) = 1 into this equation, we get

1 m2(A) — (1= /()2 = /(1 + ma(A) — (1~ /1(A))?)? — dna(A)
2

dna(A) — 4n2(A)
2

= Vm(A) £

= V/n2(A).

Thus there is only one fixed point and z* < 1. By , the iteration function f is strictly increasing
in (0,1 —n1(A)), while
1—m(A) =1—(1—m(4)” =2Vm(4) —n(4) > Vm(4)

since n2(A) = x* < 1. Furthermore, g = 0 and thus 0 < g; < z* < 1 for all j € 2N — 1. We
conclude g; € [0,1] for odd j. Similarly (exchanging 7;(A) and n2(A) and using the starting point
m(A) < v/m(A) < 1), we also get g; € [0,1] for even j. Furthermore, Condition () is fulfilled
by definition. Thus (g;);en meets all the requirements and we can apply Lemma o C, which
implies 79(C) = 19(A) < N. So let us summarize what we have so far. We have

(i) vVm(A)+/m2(A) <1if N =r¢(A) and
(11) NZrO(A) 1f\/n1(A)+ 772(14):1
Now let /71 (A) + v/1n2(A) = 1 and assume r9(A) < N. Then

| A + Aoa|
A) < 12T 7l —: 71 (A),
m(4) 4(ro(A) — Re Ay 1)(ro(A) — Re Ay ) m(4)
—_2
Ass+ A )
I (4) < [ 425 + As.a| —in(A)

4(7’0(14) —Re Agvg)(’l’o(A) —Re Ag,g)

and thus /71 (A4) + v/72(A) > 1. But this is a contradiction to (i). Thus \/n1(A) + /n2(4) =1
implies ro(A4) = N.

Conversely, let N = r¢(A) and assume /n1(A) + 1/72(A) < 1. Then by continuity there exists
an € > 0 such that

’A1,2 + x42,1|2 n |A2,3 + 143.,2’2 1
4(N—e—ReA;1)(N —e—ReAss) 4(N —e—ReAsyp)(N —e—Redzs)

This is a contradiction to (ii) since N — & < r9(A). Thus N = ro(A) implies \/m (A4) + /n2(4) =
1. O

Although we will not need this in what follows, it is worth noting that, since As3 = A; 1, the

equation \/n1(A4)++/n2(A) = 1 can be solved for r9(A). Clearly, this formula is also valid if A+ A*
is diagonal.
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Corollary 22. Let 1 € {N,Z} and let A € L(¢*(I)) be tridiagonal and 2-periodic. Then

1
ro(A) = §(a+b—|— V(a—b)2 + (c+ d)? > max {a, b} (12)
with equality if and only if c = d =0, wherea =Re A1 1 =ReAs3, b=ReAss, c = % ’Al,g + A271’
and d = % ‘Ag’g + Ag’g‘.
3 The Feinberg-Zee Random Hopping Matrix

In this section we consider a generalization of the Feinberg-Zee random hopping matrix that was
considered in [4]:

.0 1
Ag.: Cc_1 0 1
0w 0 1 ’
C1 0

where (¢;) ez is a sequence of i.i.d. random variables taking values in {£o} and ¢ € (0,1]. The

authors of [4] showed
sp(A,) C {x +iay |z + |yl < V2(1+ 02)} .

In the case o = 1 this square is (almost surely) exactly the numerical range of A, as shown in [3] by
an explicit computation. For o < 1 the square is tangential to the ellipses in Theorem [I6and thus a
proper superset of the numerical range of A, (see Proposition [28for an explicit formula of N(A4,)).
We try to further improve this bound obtained in Theorem [I6] by computing the numerical range
of N(A2%). The idea is the following:

sp(As) ={z€C:2€5p(A,)} C{z€C: 2> €sp(A2)} C{z€C:2> € N(A2)} =: /N (A42).

We thus obtain another upper bound to the spectrum. As we will see in Section [3.2] we indeed
have \/N(A2) C N(A,), thus improving the upper bound to the spectrum for all o € (0,1}, in
particular improving the upper bound of [3] that was obtained by a massive numerical computation
in the case 0 = 1. To compute N(A2) we will observe that, although A2 is not tridiagonal itself,
it can be decomposed into tridiagonal matrices and thus the method introduced in Section [2.3| can
be applied. Explicit formulas for N(4,), N(4,)? and N(A2) are postponed to Section To
simplify the notation, we fix ¢ here and drop the index.

3.1 Computation of N(A?)

We will prove the following theorem at the end of this section. The sets N(B?), N(B3) and N(B3)
are filled ellipses/disks and can be computed explicitly (see Proposition . Theorem thus
provides an explicit formula for the (almost sure) numerical range of AZ.
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Theorem 23. Let o € (0,1], U_1 = {1}, Uy = {0}, Uy = {*o} and A € M(U_1,Up,U1). Then
N(A?) C conv (N(B?) UN(B3)UN(B3)),

where By € Myer 4(U—1,Up,Ur) is the operator with period (o,0,0,0), Bs € Mpera(U_1,Uy, Ur)
is the operator with period (—o, —0,0,0) and Bz € Mper 4(U_1,Uy, Ur) is the operator with period
(—0,—0,—0,—0). If A € YE(U_1,Uy,Uy), then equality holds.

That in the case A € WE(U_1, Uy, U;) the right-hand side is a subset of the left-hand side is
clear by Theorem [11| and the fact that o°P(B?) = 0°P(B)? (see Proposition . Moreover, it is
sufficient to prove N(A?) C conv (N(Bf) U N(B3) U N(B3)) for A € VE(U_1,Uy, Uy) by the same
reason. To do so, we need to compute N (B?) for i € {1,2,3} first.

Proposition 24. Let By, By and B3 be as above. Then

ro(B7) = 20 cos(p) + /(1 4 02)2 cos(¢)? + (1 — 02)?sin(p)?,
7o(B3) =1+ 02,
rw(Bg) = —20cos(p) + \/(1 + 02)2cos(¢)? + (1 — 02)? sin(p)?

and the boundaries of N(B?) and N(B32) are given by the following parametrizations:
ON(B?) : 2(t) = 20 + (1 4 0*) cos(t) +i(1 — o?) sin(t),
ON(B2) : z(t) = (1 + 0?)e™,
ON(B2) : 2(t) = =20 + (1 4 0?) cos(t) +i(1 — o) sin(t).

Proof. By is a Laurent operator with diagonals (1);ez, (0);ez and (0);ecz and therefore B is a
Laurent operator with diagonals (1);ez, (0)iez, (20)icz, (0)iez and (02);cz. Therefore the spec-
trum of B} is given by the ellipse E := {t € [0,27) : 20 + (1 + ¢2) cos(t) + i(1 — o2) sin(t)} (see
e.g. [20] or use Theorem . Since Laurent operators are normal, F is equal to the bound-
ary of the numerical range of Bf. An elementary computation yields r,(Bf) = 20 cos(p) +
V(1 +02)2cos(p)? + (1 — 02)2sin(t)2.

B3 is a 4-periodic operator that looks like this:

(13)

Q
(@)

o O O =
o
—_

It can be decomposed into an even and an odd part as follows. Let
Xe={reX:zyy1=0forall j€Z} and X,:={zxeX:zg;=0foralljeZ}.
Then B3(X,.) C X, and B3(X,) C X,. Thus we can consider Cy := A?|x, and Dy := A?|x, and

get A2 = C'® D w.r.t. this decomposition of X, where Co and Dy are tridiagonal operators given
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by

o2 0 1 . —0? =20 1

We see that Cs is a Laurent operator and similarly as before we conclude that the boundary of the
numerical range of C5 is given by the ellipse {¢ € [0,27) : (1 + 0?)cos(t) +i(1 — o?)sin(t)}. Do is
a 2-periodic operator, hence we can apply Proposition Let D3, := "Dy, N :=1+ 02 and let
us exclude the cases (0, ) = (1,0) and (o, ¢) = (1,7) for the moment so that Dz, + D3 , is not
diagonal. In the notation of Proposition [21{ 71 (D2 ) and n2(Ds2 ) are given by

(Dy.) = |ei*" - 026*“”’2 (1 +0?)? —4do%cos(p)® 1

MZ20) = 40 1+ 02 + 20 cos(9)) (1 + 02 — 20 cos(p))  4((1 +02)2 — 402 cos(p)2) 47
1

n2(Da,,) = m(Da,,) = 1

Thus /71 (Da2,,) + \/n2(D2,,) = 1 and by Proposition r,(D2) = 1+ o2 for all ¢ € [0,2m)
((o,¢) ¢ {(1,0),(1,7)}). In the remaining two cases 1(Da,, + D3 ) is a diagonal matrix and thus
it is easily seen that r,(D2) = 2 holds. Therefore we have 7,(D2) = 1+ o2 for all ¢ € [0,27).
Now obviously N(Cs) C N(Ds) holds and thus we get 7,(B3) = 1+ ¢ for all ¢ € [0,27). A
parametrization of N (B3) is then of course given by z(t) = (1 + o?)e®, t € [0, 27).

B3 is the same as B; just with o replaced by —o. O
Next we have to compute

N(p) = B? 14

(%) j;}l&}fg}w( 5) (14)

for every ¢ € [0, 27).

Proposition 25. Let B1, By and Bs be as above, ¢* := arccos(17%z) and let N be given by (14).
Then N takes the following values:

20 cos(ip) + /(1 +02)2 cos(p)? + (1 — 02)Zsin(p)?  if 0 < <",

1+ 02 if o* <o <m— ",
N(p) = { =20 cos(p) + /(1 + 02)2cos(p)? + (1 — 02)%sin(p)? if T — " <o <7+ ",
1+0? if T+ p* < <21 — o,

20 cos(p) + /(L +02)2cos(p)? + (1 — 02)2sin(p)2  if 21 — ¢* < p < 2.

Proof. Since all of these functions are continuous, we only have to check where the graphs of 7, (B}),
r,(B3) and r,(B3) intersect. Let us have a look at r,(B?) and r,(B3) first:

ro(B) =1,(B3) < 20cos(p) + /(1 +02)2cos(p)2 + (1 — 02)2sin(p)?2 = 1 + o?

& (1+0%)%cos(p)? + (1 — 0?)2(1 — cos(p)?) = (1 + 02 — 20 cos(p))?
1402’

& cos(p) =
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Thus the graphs of r,(B}) and r,(B3) only intersect at p* = arccos( and 27 — p*. Similarly,

1+02)

* = arccos(+

the graphs of r,(B3) and r,(B3) only intersect at ™ — ¢ 172z) and ™ + ¢*. Finally,
r,(B?) and r,(B3) obviously only intersect at % and 37” Plugging in some angles and using ,

one easily deduces the assertion. O

Now let us focus on A?. Let us denote the first subdiagonal of A € WE(U_1, Uy, Uy) by (h;);ez,
i.e. hj:= Aj; for all j € Z. Then A? has the following entries:

(A%)j 542 = Aj 1A 502 =1,

(A%)j511 = Aj i Aje i + A5 A5 41 =0,

(A )jj = Ajjridjeng + A4+ Aj i Ajy = hi+hi,
2

( ) AJ]AJ] 1+AJJ 1AJ 15— 1=0,

(A )u 2 =Aj ;1A 12 ="hj_1hj_>

and can be decomposed as A2 = C' @ D as in the proof of Proposition 24/ The matrices C' and D
are given by

Cjgr1 =1,
Cjj = haj + haj—1,
Cjj—1 = haj—1haj—o

and

Dj,j—i—l =1,
Djj = hajy1 + haj,
Djj—1 = hajhaj

for j € 7Z, respectively. We will focus on the computation of the numerical range of C'. The
computation of the numerical range of D is exactly the same so that we obtain N(C) = N(D).
Since the numerical range of a direct sum is just the convex hull of the union of the numerical
ranges of its components, we get N(A?) = N(C) = N(D).

By Proposition |3, we have A € 0°P(A) and thus there exists a sequence of integers (g )nen
tending to infinity such that A, exists and is equal to A. W.l.o.g. we may assume that this sequence
tends to +oo. Then (A?), = (4,)> = A? = C & D by Proposition Observe that V_, (C &
D)V = V_gn/QCV n/Q@V_gn/gDV n/2 if g, is even and V*yn (C@D)an = V_(gn_l)/gDV(gn_l)/QGB
V_(gn+1)/2CVig,+1)/2 if gn is odd. Clearly either {n € N: g, is even} or {n € N: g, is odd} is an
infinite set. Let us first assume that {n € N : g,, is even} is infinite and denote the sequence of even
elements in g by g°. Then by construction V_ge ,oCVe /o converges strongly to C'and V_ge 5DV /o
converges strongly to D as n — oo. Thus C € O'OP(C) and D € o°P(D). Slmllarly, assume
that {n € N: g, is odd} is infinite and denote the sequence of odd elements in g by g°. Then by
construction, V_(yo_1)/2CV (4o _1)/2 converges strongly to D and V_ (4o 11)/2DV(g4o11)/2 converges
strongly to C' as n — oo. Thus D € ¢°P(C) and C' € ¢°P(D) in this case. Since limit operators
of limit operators are again limit operators of the original operator (see e.g. [I7, Corollary 3.97]),
we also get C € ¢°P(C) and D € ¢°P(D) in this case. Since g¢ and ¢° tend to +o0o0, we can apply
Proposition |15 to get N(A?) = N(C) = N(C4), where Cy := PyCPylim p, € L(3(N)).
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Fix ¢ € [0,27) and let E(y) be the real symmetric tridiagonal operator that satisfies
Eji(p) = Re(ew(c-s-)j,j),
1, [
Ejj+i(p) =5 ‘6 P(Cp)jjrr + e (04 )iy

and 7,(A%) = r,(C4) = ro(E(p)) (cf. (§). Now for every angle ¢ there are 16 different combina-
tions for (h2j_17 hgj, h2j+1, h2j+2) in @ Define

‘ - Ej,j+1(90)2
nj (p) == (N(p) — Ej’j(@))(N(gp) — Ej+1,j+1(90)) 1o

for all j € N, where N(p) is given by Proposition Let us consider ¢ € [p*, 7] first. For these
angles, we have the following table. For later reference we numbered the 16 cases lexicographically.

~
.

(h2j-1, haj, haji1, hajo) n;i()
(1—02)2+402 cos(p)?
4(1+02—20 cos(y))?
(1—02)2+402 cos(p)?

4(1+02—20 cos(yp))(1+02)
(1+02)2—402 cos(p)?
4(14+02—20 cos(p))(1+02)
(14+02)2—402 cos(p)?
4(1+02—20 cos(p))(1+02+20 cos(p))
(1402)2—402 cos(p)?
4(14+02—20 cos(p))(1+02)
(1402)2—402 cos(p)?
4(1402)2
1—02)24+402 cos(p)?
(Ua —0,—0, U) : 2(1—1—02)2 )
(1—02)2+402 cos(p)?
4(1+02420 cos(p))(1+02)
(1—02)2+402 cos(p)?
4(14+02—20 cos(p))(1+02)
(1—02)24402 cos(p)?
4(1+02)2
(1402)2—402 cos(p)?
4(1402)2
(1402)2—402 cos(p)?
4(1402420 cos(p))(1+02)
(1+02)2—402 cos(p)?
4(1+02—20 cos(p))(1+02+20 cos(p))
(14+02)2—402 cos(p)?
4(1+02420 cos(p))(1+02)
(1—02)2+402 cos(p)?
4(1402420 cos(p)) (1402)
(1—02)24402 cos(p)?
4(1+02420 cos(yp))?

(0,0,0,0)

(0,0,0,—0)

(0,0,—0,0)

(Ua g, —0a, _0-)

(0,—0,0,0)

(UJ —0,0, _U)

(0,—0,—0,—0)

O |0 | N | O | O = | W ||~

(_Ua g,a, 0)

—
e}

(—0,0,0,—0)

—_
—_

(—0,0,—0,0)

—
[N}

(—0,0,—0,—0)

—_
w

(—0,—0,0,0)

—_
e~

(—0,—0,0,—0)

—_
ot

(—0,—0,—0,0)

—_
(=

(—0,—0,—0,—0)

Table 1
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This table has to be read as follows. The sequence (h;);jen induces a sequence (t;)jen. For
example if the sequence (h;) ey starts with (o, —0, —0,0,0,0,0,—0,0,—0,...), the sequence (t;)jen
starts with (7,9,2,6,...). The numbers ¢; are used to refer to the respective 7;, which are computed

via Formula (IF]). So if, for example, ¢; = 6, then n;(¢) = (1+02§1_f322)205(‘0)2.

We will find the following equalities and inequalities useful:

0 < cos(p) < 507 <1 (16)
4ot (1+0%)?
212 2 2 2)2 —
(L=07)" +4o7cos(p)" < (1 —07)" + (14022  (1+02)2 (17)
202 140t
1+0272crcos(g0)21+cr271+02:1+702 (18)
(1+0%)? — 40 cos(¢)? = (140 + 20 cos(p))(1 + o — 20 cos()) (19)

Using these, it is not difficult to see that n;(¢) < 3 for all ¢ € [p*,Z] and j € N (i.e. for all
possible values of n;(y) in Table . We even have n;(¢) < 1 for all ¢ € [p*,Z] and j € N with

t; ¢ {3,5}. This observation is very useful to finally construct the sequence needed for Lemma

Proposition 26. Let o € (0,1], U_; = {1}, Uy = {0}, Uy = {£o} and let A € VE(U_1,Uy, Uy).
Let ¢ € [¢*, %], nj :=n;(¢) and t; for all j € N be defined as above. Then the sequence (g;);jen,
defined by the following prescription, satisfies g; € [0,1] and n; < gj+1(1 — g;) for all j € N:

140220 cos(p)

e Ifty =5, choose g1 = % Tro?

1402 —20 cos(p)

o [f there is some k € N such thatt; = ... =t =6 and tp+1 = 5, choose g1 = % Tro? .

o [f neither is true, choose g1 = %

o Ift; €{2,6,10,14} and t;11 =5, choose gj4+1 = %w
o Ift; € {2,6,10,14}, there is some k > j such that tj 11 = ... =t =6 and ty41 =5, choose
. — 11t+o®—20cos(p)
9j+1 = 3 Tto2 :

2
o Ift; =3, choose gj11 = %%ﬁ;fos(@
o Ift; =11, thereis some k < j such that t, = ... = t; = 11 and t,_1 = 3, choose gj+1 =
1 1402420 cos(p)
2 1+02 :
o If none of the above is true, choose gj;1 = %

Proof. That g; € [0,1] holds for all j € N follows from . So it remains to prove that 7; <
gj+1(1—g;) holds. Above we observed that n; < % unless ¢; € {3,5}. Soift; ¢ {3,5} for all j € N,
then n; < gj41(1 — g;) is obviously satisfied. It remains to investigate what happens if t; € {3,5}
for some j € N. Roughly speaking, the idea is that the cases t; = 3 and ¢; = 5 affect the sequence
(9 )ken only locally in the sense that {k € N : gy = 1} is an infinite set. Thus if ¢; € {3,5} occurs,
we try to get back to % as soon as possible as j increases. The argument can then be repeated by
induction.
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Note that if ¢; € {3,5}, we can simplify 7; as follows:
_ (40?2 —doPcos(p)® 11+ 0%+ 20cos(p)
= 4(1+ 02 —20cos(¢))(1 +02) 4 1+ 02 ’

where we used .

Let us consider the case t; = 3 first and assume g; = % More precisely, we start our sequence

with g1 = go = ... = % until ¢; € {3,5} occurs the first time and consider the case where t; = 3
2
occurs first. Then by definition gj41 = %%‘;;OW and
11+ 02+ 20 cos(p)
9j+1(1—9j)=1 T =1

Observe that n; and 7,41 are not independent. Indeed, 141 depends on hoji1, hoji2, hojt3 and
haj+4 whereas 7; depends on hoj_1, hoj, hojt1 and hojio. Thus if we fix n;, there are only 4 possible
combinations for 7;41. In particular, if ¢; = 3, then ¢;,; has to be contained in {9,10,11,12}. So
there are four cases:

1—02)2 + 402 cos(p)?
P

41 = T 57~ 50 cos(@)) (1 3 07) (tj+1="9),
njt1 = o= 01)(211?22)508(@2 (tj+1 =10),
Nj+1 = s 024)(21142022)2608(@2 (tj41 =11),

(1+ 02)% — 402 cos(y)? (tj41 = 12).

i+t = 4(14 02 + 20 cos(¢))(1 + 02)

In the first case we have g2 = 1:

1 114 0%+ 20cos(p)

gi+2(l = gjt1) =

2 4 1+ 02
114 0% —20cos(p)
4 1+ 02
J1 1400
T4 (14 02)2
2 Nj+1s

where we used in line 2 and and in line 3. In the second case we have gj;o =

14+02-2 . .
%%;OS(QD) S % if tj_;,_z S {5,6} and gj+2 = % if not:

1+ 0% — 20 cos(yp) (1 1 1+02+20(;os(<p)>

gi+2(l = gj+1) =

1+ 02 2 4 1+0?
1(1+ 0% — 20 cos(p))?
! 1+ 02)2
1(1+0%)?
> 10T oo
Z Mj+1;
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2
where we used (18) in line 2 and ([17) in line 3. In the third case we have gj1o = %%‘;;OS(‘P):

1+02+20cos(p) (1 11+ 02+ 20cos(p)
gi+2(l = 951) = 1+ 02 (2_4 1+ 02 >
114 0%+ 20cos(p) 1+ 02 — 20 cos(y)
! 1+ 02 1+ 02
1 (1+0%)? — 402 cos(p)?
T4 (14 02)2
= Tj+1-

"

In the fourth case we have g; 12 = 3:

1 11+ 0%+ 20cos(yp)
9j+2(1—9j+1):§—1 e

11+ 02— 20cos(yp)

4 1402

1 (140%)?% —40%cos(p)?
4 (14 02+ 20cos())(1 + a?)
= Mj+1-

So either gj 1o < % (and we included one special case that we need afterwards) or gj12 = gj41-
Thus either we are where we started with, namely %, or we are in the third case, where n;;; is of
type (11). But in this case we have hgjy1 = hojts and hojyo = hojta and thus we have again the
same four cases for 7;42 and so on. So either we end up with an infinite sequence with g = g;4+1
for all k > j (which is impossible by pseudo-ergodicity, but would still be just fine) or we eventually
go out with g < % for some k > j 4+ 2. Thus we are done by induction if we can control the case
t; =5 as well.

The case t; = 5 is very similar to the case t; = 3, but we have to think backwards this time,
which is a little bit more complicated. If we have a look at the generators (i.e. hoj_1, hoj, hojt1
and hgjyo) of the cases t; = 3 and t; = 5, it is intuitively clear, why this has to be the same but

2 ,
backwards. So assume t; = 5. Then g; = %%’;fos(“’) and gj41 = % by definition and thus

1 11+4+0%2—20cos(p) 11+ 0%+ 20cos(p)
9i+1(1=g))=5—-7 5 =1 2
2 4 1+o 4 1+o

:17]'

As already mentioned, we have to look backwards here, i.e. we want to control g;_;. Now there
are five cases. The first case is j = 1, which is trivial of course. The second case is where t;_; = 2.
In this case we have g;_; = %:
11+ 02 —20cos(yp)
(1—=qg: 1)= =
g]( 9j 1) 4 1+ 0_2
1 1+0*
T4 (14 02)2
> -1,
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where we used in line 1 and and in line 2. The third case is where t;_; = 6. In this

1+02-2 S
case we have g;_1 = %%:;05(%"):

11+ 02— 20cos(p) 11+ 02 —20cos(p
9;(1=g;-1) =5 -3 2

1402 2 1402
11402 —20cos(¢) 1+ 02 + 20 cos(p)
T 1+ 02 1+ 02
1(1+0%)% — 402 cos(p)?
=1 1o
=Mj-1-
The fourth case is where t;_; = 10. In this case we either have g;_1 = %% > % if
tj—o € {3,11} or g;_1 = % if not:
2 2
G(1—gi 1) > %1 +o : +2;cos(<p) (1 B %1 +o 1—:2(;008(@))
1(1+ 02 —20cos(p))?
1 1+ 02)2
1(1+0%)2
4 (1+0)
2 Nj—1,

where we used in line 2 and and in line 3. Note that this case matches perfectly with the
second case above. The fifth case is where ¢;_; = 14. In this case we have g;_; = %:

11402 — 20 cos(p)
gi(1—gj—1) =+ 5o
_1 a+ 02)? — 402 cos(p)?
4 (14 02+ 20cos(p))(1 + o2)
=1j-1.

=

Again we conclude that either g;_; > % (note that the inequality is in the other direction this time,
which is good!) or gj_1 = g;. Thus either we started where we ended, namely % (or even better, we
started with something that is greater than or equal to % and the sequence reduced to %, compare
with the mentioned special case above), or we are in the third case, where ¢;_; = 6. But in this
case we have hgj_1 = hoj_3 and hgj_o = hoj_4 and thus we again have the same four cases for
n;—2 and so on. Thus we either end up at g;, which is fine or we eventually have g, > % for some
k < j — 1. In either case we are done by induction. O

So we are done with the case ¢ € [p*, §]. This means that there is only the case ¢ € [0, ¢"]

left. All the other angles will follow by symmetry. Let us now consider the table for the angles
v € [0, ¢*]. Remember that we have

N(p) =20 cos(p)++/(1 + 02)2 cos(p)? + (1 — 02)2sin(p)? = 20 cos(p)++/(1 — 02)2 + 402 cos(p)?

here and let us drop the ¢ in N(yp) for the sake of readability.
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ti | (hoj—1, hoj, hoji1, hojio) n;()

1 (0,0,0,0) i

2 (0,0,7,~0) e

3 (0,0, ~7,0) et
4 (0,0,—0,~0) 4(Nflgii‘ii?;ﬁ‘(;cfiiifs(@))
5 (0,~0,0,0) ek dr el

6 (0,—0,0,—0) (1+02)21§022 cos()?

7 (0,—0, —0,0) (1*02)224\;2 cos(p)?

8| (0,—0.—0.~0) et
0 (~0,0,0,0) et
10 (—0,0,0,—0) (1_02)21;4\;2 cos()”

11 (—0,0,—0,0) (1+02)22;4v022 cos()?

12 (-0,0,—0,—0) “ﬂ?ffz;‘i‘ézﬁf)(ﬁ)?

13 (—0,—0,0,0) 4(Nflzﬁiii§;>4>?;f§§i)§s(¢))
14| (-0,—0,0,—0) Eiierra
15| (-0,—0,—0.0) et
16| (-0,—0,~,~0) s et

Table 2

We will find the following equalities and inequalities useful:

N>1+¢?
o

() > ———

cos(p) > T
404 1+ot
N — 20 cos(p) = /(1 — 02)2 + 402 cos(p)2 > \/(1 —02)2+ 1502 =172

1+o0t 40? 1+40?% +o?
N+2 > =
F20cos(0) 2 75 1 g2 1+ o2
(1 —0%)? 4 40 cos(p)? = (N — 20 cos(p))?
4ot (1+40% +0*)(1+0%)

212 2 oo )2 2)2 =
(14+0°)° —40” cos(p)® < (1+07) T 122 (1+02)2
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Using these, it is not difficult to see that n;(¢) < 5 for all p € [0,¢*] and j € N (i.e. for all

(¢) < 5
possible values of n;(¢) in Table [2and 7;(p) < + for all ¢ € [0,¢*] and j € N with ¢; ¢ {3,5}. If
(14 02)? — 40% cos(p)? < (N — 20 cos(p))N,

then even n;(¢) < 1 for all ¢ € [0,¢*] and j € N (i.e. also if t; € {3,5}). In this case we can just
choose g; = % for all j € N and we are done. It thus remains to consider the case where

(14 02)? — 40% cos(p)? > (N — 20 cos(¢))N.
The argument is now exactly the same as in the proof of Proposition

Proposition 27. Let o € (0,1], U_1 = {1}, Uy = {0}, U1 = {£o} and let A € VE(U_41,Uy, Uy).
Let ¢ € [0,9"], n; :=n;(p) and t; for all j € N be defined as above. Further assume that

(1+02)? — 40? cos(p)? > (N — 20 cos(¢p))N.

Then the sequence (g;);jen, defined by the following prescription, satisfies g; € [0,1] and n; <
gj+1(1 —g;) for all j € N:

e Ifty =5, choose g1 =1 — %(ﬁlc\ff—)Q;fgs(;C))?g\(fp) '

o If there is some k € N such that t; = ... = t = 6 and ty1 = 5, choose g1 = 1 —
1 (1+0%)2—402 cos(p)?
2 (N—2ccos(p))N

e [f neither is true, choose g3 = %

o Ift; €{2,6,10,14} and t; 11 =5, choose gj11 =1 — %(ITJ?;?;;fgsz(;(;jg\f)Q'

o Ift; € {2,6,10,14}, there is some k > j such that tj;1 = ... =t = 6 and ty41 =5, choose
-1 1 (140%)2—402 cos(p)?
gi+1 =173 (N—20 cos(p))N

(1402)%2—402 cos(p)?
(N—20 cos(p))N

o Ift; =3, choose gj+1 = %

o Ift; =11, there is some k < j such that t, = ... =t; = 11 and t,_1 = 3, choose gj;1 =
1 (1402)%—402 cos(p)?
2 (N—20cos(e))N

o If none of the above is true, choose gj41 = %

Proof. The proof is exactly the same as the proof of Proposition We only have to change the
numbers. That g; € [0,1] holds for all j € N follows from (20), and (25). So it remains to
prove 1; < g;+1(1—g;). Above we observed that n; < 1 unless t; € {3,5}. Thus if the cases t; = 3
and ¢; = 5 do not occur, then n; < g;41(1 — g;) is obviously satisfied. So we are left with the cases
t; = 3 and t; = 5 again.

Let us consider the case t; = 3 first and assume that g; = % Then by definition

- 1(1+0%)—40”%cos(p)?
91 = 5 (N — 20 cos(p))N
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and ( 2)2 do” ( ’
1(1+0%)° — 40" cos(yp
gi+1(1 —g;) 4 (N —20cos(p))N "

Now there are four possible cases for 1;41:

(1 —02)? + 402 cos(p)?

L= Y (N = 20 cos(@))N =

Mt = (1- 02)22_1\;1;2 cos(e)” (tj+1 =10),

Njt1 = 1+ 02)24_]\;1;2 cos(p)” (tj+1 = 11),
(1 +0%)? — do® cos(y)® (tj+1 =12).

it = 4(N + 20 cos(p))N
In the first case we have g; 12 = %:

1 1(1+0?)2—402cos(p)?

9r+2(1 = 951) = 2 4 (N —20cos(p))N

12(N — 20 cos(p))N — (1 + 02)? + 402 cos(p)?
4 (N — 20 cos(p))N

12(140%) — (14 02)? + 402 cos(p)?
4
1
4

>
- (N — 20 cos(p))N
~ 1(1—0?)? + 402 cos(p)?
B (N — 20 cos(p))N
= Tj+1,
where we used and in line 2. In the second case we have g2 = 1—3 (1@@;;;‘;2(;‘)’#)2 <1

if tjvo € {5,6} and Jj+2 = % if not:

1(1+0%)% — 40?2 cos(p)? 1(1+ 0?)% — 402 cos(p)?
9i+2(1 = gi1) 2 (1 a 5( (N 7)20 cos(cp))J(\/'w) ) (1 a 5( (N )20cos(<p))](\7<p) )

1 ((2N(N — 20 cos()) — (14 02)? + 402 cos(cp)z)Q

4 (N — 20 cos(p))N
1 ((N(N — 20 cos(p)) + 1+ 0% — (1 + 02)2 + 4o? cos(<p)2>2
4 (N — 20 cos(p))N

1 [ (N(N — 20 cos(p)) — 20N cos() + 402 cos(0)? ) >
= ( (N — 20 cos(9)) N )
_ 1(N —20 cos(p))?

4 N2
1 (v/(1 — 02)2 + 402 cos(p)?)?

4 N2
= Mj+1,
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where we used and in line 2 and and in line 3. In the third case we have
1 (140?)%—402 cos(p)? .
gj+2 = % (N—20 cos(tp))]\gfp :

1 (14 02)2 — 402 cos(p)? 1 (14 02)2 — 402 cos(p)?
sl — o) = 100 (F (1100 ()

2 (N —20cos(p))N 2 (N —20cos(¢))N
1(1+0%)% — 402 cos(p)? N — 20 cos(p)

=4 (N —20cos(p))N N
1(1+ 0%)% — 402 cos()?

T4 N2

= Mj+1

like in the second case. In the fourth case we have g; 1o = %:

1 1(1+0?)2—40?cos(p)?
gi+2(1 = gjr1) = 5 1 (N = 20cos(@)N
11+40%+ 0t

(1+0?)?

2 4

140
1+
1+

(1402)?
(1+02)? — 402 cos(ip)?
(N + 20 cos(p))N

2
1
2
1
4
1
4

= 1j+1,

where we used , and in line 1 and , and in line 3. So either g;j12 < % or
gj+2 = gj+1- As in the proof of Proposition [26( we conclude that we eventually go out with g; < %
for some k > j + 2. Thus we are done by induction if we can control the case t; = 5 as well.

So assume t] = 5. Then gj = 1— %(1—5\7]27);;35:(;3%:]0)2 and gj+1 = % by definition and thus

(g = 1(1+0%)?%—4do?cos(p)®
9i+1 9= 4 (N —20cos(p))N -

Again there are five cases here. The first case is j = 1, which is again trivial. The second case is
where t;_; = 2. In this case we have g;_; = %:

1(1+0%)% — 402 cos(p)?

1
951 = 95-1) = 2 4 (N —20cos(p))N

_ 12(N —20cos(p))N — (1 + %)% + 402 cos(p)?
4 (N — 20 cos(p))N

- 12(1+0%) — (1 +0°)* 4 4o cos(p)?

4 (N — 20 cos(p))N

1 (1—0?)? + 402 cos(p)?
4 (N —20cos(p))N

= Nj+1,
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where we used and in line 2. The third case is where t;_; = 6. In this case we have

1040240 cos(9)?.
gi-1=1-3 (N—20 cos(9)) N

gl —gry) = (1 ~1(1+0%)? 407 cos(go)z) 1(1+0°%)* —40”cos(p)?

/ ! 2 (N —20cos(p))N 2 (N —20cos(¢))N
1 (2N(N —20cos(p)) — (1 +0%)% + 40% cos(¢)? (1 4 02)? — 402 cos(p)?

4 (N — 20 cos(p))N (N — 20 cos(p))N
1 (N(N —20cos(p)) + 1+ 0% — (14 02)? + 402 cos(¢)? (1 + 02)? — 402 cos(p)?
4 (N — 20 cos(¢))N (N — 20 cos(¢))N
1 (N(N — 20 cos(p)) — 20N cos(p) + 40?2 cos(¢)? (1 + 02)? — 402 cos(p)?
4
1
4
1

(N — 20 cos(p))N (N — 20 cos(p))N
N — 20 cos(p) (14 %)% — 402 cos(p)?
N (N — 20 cos(p))N
(1+02)? — 402 cos(p)?
N2

>

=1j-1,
where we used and in line 2 and and (21) in line 3. The fourth case is Where tj—1 = 10.
2

In this case we either have g;_1 = %(1?13—)2;;1&(5))?5\?) >L1ift; 5 €{3,11} or gj_1 = % if not:

1(1+0%)% — 402 cos(p)? 1(1+0%)% — 402 cos(p)?
9;(1 = gj-1) 2 (1 2 (N —20cos(¢))N ) (1 2 (N —20cos(p))N )
_ 1(N —20cos(p))?

4 N2
1 (\/(1 —02)2 + 402 cos(y)?)?
T4 N2
= Mj+1-

The fifth case is where ¢;_; = 14. In this case we have g;_; = %:

1 1(1+0?)2—40?cos(p)?
2 4 (N —20cos(p))N
1 11+40%+0*

=2 4 ( +02)2

1 1+04
T

1

4
=M

9gj (1_gj 1)

v

(14 02)2
(1+02)2? — 402 cos(p)?
(N + 20 cos(p))N

+1

Y

where we used , and in line 1 and , and in line 3. As in the proof of

Proposition [26| we conclude that we either end up at g1, which is fine or we eventually have g, > %
for some k < j — 1. In either case we are done by induction. O

31



Using the sequences obtained in Proposition 26| and Proposition we can now apply Lemma
to prove Theorem

Proof of Theorem[23. Let A € WE(U_4,Up,Uy). The inclusion
N(A?) 2 conv (N(B})UN(B3)UN(B3))

is clear by Theorem[11]and the fact that 0°P(B2) = 0°P(B)? (see Proposition|[l]). To prove the other
inclusion, we have to show r,(A?) < N(y) for all ¢ € [0,27), where N (i) is given by Proposition
Using the transformations ¢ — m — ¢ and ¢ — ¢ + 7, it is clear that is suffices to consider
¢ € [0,%]. Indeed, N(yp) is invariant under these transformations and in the Tables [1f and [2| only
the roles of +0 and —o are interchanged. To apply Lemma |19 to E(y), we have to assure

1, I
Eij(e) = 5[ (Crlign +e “”(0+)j,j+1’ >0

and Ej ;(¢) > 0 for all ¢ € [0, 7]. The latter can be achieved by shifting and the former can only
fail if 0 = 1 and ¢ = 0. But in this case we trivially have

ro(E(p)) < [E(p)ll <4 = N(p)
by the Wiener estimate (e.g. [I7, p. 25]). Moreover, we clearly have N(p) > sup E; ;(¢) as E; ; €
jJEN

{20 cos(¢),0,20 cos(p)} for all j € N and ¢ € [0, F] (cf. Proposition . We can thus apply
Lemma using the sequences from Proposition [26| and Proposition (including the trivial case
where (1 + 02)? — 402 cos(¢)? < (N — 20 cos(¢))N), to obtain r,(A4%) = ro(E(p)) < N(p) for all
¢ € [0, %] and hence all € [0, 27).

The inclusion for more general operators A € M(U_1, Uy, Uy) now follows from Theorem |11 and
Proposition [I] again. O

In Figure |1| we can see that /N (A2) is indeed a tighter upper bound to the spectrum than
N(A). Moreover, it shows that sp(A) is not equal to N(A) and thus not convex. This confirmes
and improves the numerical results obtained in [3]. A rigorous proof of this observation can be
found in Section [3.21

3.2 A proof that \/N(A%) C N(A)

In this section we provide formulas for N(A), N(A4)? and N(A?) in terms of graphs of explicit func-
tions. These follow from elementary computations using Theorem [I6, Theorem 23] and Proposition
These formulas then allow us to show that \/N(A?) is indeed a proper subset of N(A).

Proposition 28. Let o € (0,1], U_y = {1}, Uy = {0}, Uy = {xo} and A € YE(U_1,Up,U;).
Then
N(A) = {a+iyeC:—f(x) <y < f@),~(+0) <z <140},
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245 -2 1.4 -1 0.4 a 0.4 1 1.5 2 245

Figure 1: The boundary of \/N(A?) (blue), the boundary of N(A) (red) and a lower bound to
sp(A) consisting of spectra of periodic operators and the closed unit disk (black, see [2],[3]) in the
case o = 1.

where f: [—(14+0),1+ 0] = R is given by

B SRy _ __(+40)*
(1 0-) 1 (1+0) fO?”Q?E |: (1+0’)7 \/m} )
A - _ (4o (o)
214+ 02) 4= for z € V2(102)’ \/2(1+02):| ’

- _(—z=_)2 __(1-0)? (1-0)*
flx) =8 (1 +40),/1-(%)? forxze WoEToL \/2(1+02)> )

-~ (1—0)2 (140)?
V2l +o%) -z forwe ¢2<1+a2>’¢2<1+a2>>’

(1-0)/1= ()2 forze Wl—i—o}.

T+o /2007’

Proof. By Theorem the numerical range of A is given by the convex hull of the two ellipses
{e” +oe”™ 9 €[0,2m)} and {e" —oe ™ :9 €[0,27)}. The assertion thus follows by an ele-
mentary computation. O
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Proposition 29. Let o € (0,1], U_1 = {1}, Uy = {0}, Uy = {£o} and A € YE(U_41,Uy, Uy).
Then
NA? ={et+iyeC:—flx) <y < f(z),—(1+0) <z < (1+0)°},

where f: [—(1+0)?,(1+ 0)?] — R is given by

(1-02%),/1—(¥25)2 forz e [-(1+0)2% —40),

1402
flx) = 1+0274(%202) for x € [—40,40],
(1—-02),/1— (f;i‘z’)Q Jor x € (40, (14 0)?].

Proof. Using Re(z?) = (Rez)? — (Im2)? and Im(2?) = 2RezImz for z € C, this follows from
Proposition [28] by another elementary computation. O

Proposition 30. Let o € (0,1], U_y = {1}, Uy = {0}, Uy = {x0} and A € YE(U_1,Up,U;).
Then
N(A?%) = {x—i—iye@:—g(w) <y<gx),-(1+0)*<z< (1—1—0)2}7

where g: [—(1 + 0)?, (14 0)?] = R is given by

(1-o?)1-(E27  forae [(1+0)—20 - oU22),

1402
(1+0%)* (1+0?)?
R 1+§2+U4x forx e |—-20—0 Trgt 2~ 0 )
g(x) = (14+02)2 — 22 for x € [—o,0],
(140%)°

B - r (1+02)2
TiroTreT ~ ittt forz € |0,20 + 0 74 ),

r 242
(1-0?) 1= (53252 forae 2040520 (140)%).

Proof. This follows from Theorem 23] and Proposition [24] by yet another tedious but elementary
computation. O

Thus N(A)? is surrounded by (parts of) two parabolas and two ellipses whereas N(A?) is
surrounded by (parts of) a circle, two ellipses and four straight lines (see Figure [2[ for the case
o= %) It is readily seen that the ellipses are the same, respectively.

Theorem 31. Let o € (0,1], U_y = {1}, Uy = {0}, Uy = {£o} and A € VE(U_1,Uy,U1). Then
N(A?) is a proper subset of N(A)2.

Proof. Let f be as in Proposition 29 and By, Bs, Bs as in Theorem 23] We will show that
f is concave, which implies that N(A4)? is convex. It then remains to show that N(A)? contains
N(B?), N(B3) and N(B3) by Theorem Using Corollary and the parametrizations of N (B})
and ON(B3) provided by Proposition it is easily seen that N(B}) = N(B;)?> C N(A)? and
N(B3) = N(Bs)? C N(A)2. It will thus suffice to consider N (B2).

Clearly, f is continuously differentiable with

9z+20 1—0? (1 _ (x+20)2)71/2 for 7 € [~(1 4 0)2, —40)

1+02 1402 1402
f(z) = —3TreT) for x € [—40,40],
2 —-1/2
ge-2¢1-o, (1 - (f;ig)?) for z € (40, (1+ 0)?] .
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Figure 2: The two parabolas and the two ellipses (blue, dotted), the circle (red, dotted), N(A)?

(blue, solid) and N(A?) (red, solid) in the case o = 3.

Moreover, f' is piecewise continuously differentiable with

~3/2
1+<72 (1 - (%)2) for x € [7(1 + U)Za 740’) )
f(x) = _m for z € (—40,40),

T—20\2 —3/2 2
~n (1-(3328)°) T forae (4o, (14007

Thus f”(z) <0 for z € [—(1+ )2, (1 + 0)?] \ {—40,40}, which implies that f is concave.
Let g: [—(1 +02),1 + 0% — R be defined by /(1 + 02)2 — 22 so that

N(B3)={z+iyeC:—g(x)<y<g(x),—(1+0°) <az<1+0%}

(see Proposition . Assume first that 40 > 1 + 02. Then

2
X
2
(1+U - 1+02) 2oz
2
€T
& = =0
> T 16(1 1022 6(1+02)
Szr=0
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for z € [-(1 + 02),1 + 02]. Thus the graphs of f and g only intersect at x = 0. Since both f and

g are continuous, it suffices to plug in some values (e.g. =(1 + 02)) to conclude f > g and thus

N(B3) C N(A)2. As we mentioned at the beginning of the proof, this implies N(A4%) C N(A)2.
Now let 40 < 1+ 02. For = € [—40,40], this is the same as above. For x € (40,1 + 02| we have

F@) = g(a) & (1 0%) 1—(”“2")2=¢m

1+02

But this quadratic equation only has the solutions x = 20 and x = —%, which are not contained

in (40,1 + 02]. Thus the graphs of f and g do not intersect in (40,1 + o2]. Similarly, the graphs of
f and g do not intersect in [—(1 4+ 02), —40). Since f and g are continuous, this again implies that
f > g and thus N(A2) C N(4)2.

It is now easily seen that this inclusion has to be proper. O

Since N(A) is symmetric w.r.t. the origin (cf. Proposition, Theoremimplies that /N (A2)
is indeed a tighter upper bound to sp(A) than N(A).

Corollary 32. Let o € (0,1], U_; = {1}, Uy = {0}, Uy = {x0} and A € VE(U_1,Uy,U;). Then
v/ N(A2) is a proper subset of N(A).
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