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A unified element stiffness matrix model for variable cross-section flexure hinges
in compliant mechanisms for micro/nano positioning

Yanling Tian, Mingxuan Yang, Fujun Wang*, Chongkai Zhou, Xingyu Zhao, Dawei Zhang

Key Laboratory of Mechanism Theory and Equipment Design of Ministry of Education,

School of Mechanical Engineering, Tianjin University, Tianjin 300350, China

This paper presents a unified analytical model of element stiffness matrix for variable cross-section flexure hinges in
plane deformation which is most frequently employed in planar-motion compliant mechanisms for micro/nano
positioning. The unified analytical model is derived for flexure hinges in plane deformation based on the principle of
virtual work. The derivation is generalized such that it can be applied to various geometries. To optimize and simplify
element stiffness matrix model, four coefficients with curve integral are introduced. The results of the analysis were
validated in part by modeling several previously investigated configurations, namely flexible beam hinge and right
circular hinge. To further validate the proposed analytical model, finite element analysis and experimental testing were
used. And the experimental testing shows the proposed unified model is more precise than pseudo-rigid-body method.
The proposed model provides a concise and generalized solution to derive the element stiffness matrices of flexible
hinges in plane deformation, which will have excellent applications in design and analysis of variable cross-section

flexible hinges in compliant mechanisms.

1 Introduction

Flexure hinges are incorporated in a multitude of instruments and mechanisms used in precision positioning,
micro/nano measurement and manufacture including atomic force microscope, scanning tunnel microscope, mask
alignment system, etc (Tian et al. 2010; Qin et al. 2013; Wang et al. 2016; Qi et al. 2015; Bhagat et al. 2014).
Traditional motor-ball-screw positioning system has a number of disadvantages, because it usually uses switching
mechanisms to convert rotary motion to linear motion (Wang et al. 2015; Xiao et al. 2016; Guo et al. 2016; Cai et al.
2016; Wang et al. 2016; Wang et al. 2015). Due to the advantages of no friction, no backlash and no lubrication, flexible
hinges are widely utilized in compliant mechanisms to produce accurate motion. Actually, flexible hinges in

planar-motion compliant mechanisms respond as complex springs that react to in-plane axial load, shear load and



bending moment. The element stiffness matrices model of flexure hinges can investigate overall elastic properties,

which is essential to predict the motion of compliant mechanisms.

Early works were directed towards the derivation of element stiffness matrices or element flexibility matrices for

flexible hinges. Using the theory of mechanics of materials, Smith et al. (1997) developed the closed-form equations for

symmetric single-axis semi-elliptical flexure hinges, indicating that the performance of elliptical flexure hinges is

within the range constrained by circular flexure hinges and leaf flexure hinges in terms of stiffness. Lobontiu et al.

(2001) derived an element flexibility matrix model for corner-filleted flexure hinges using Castigliano’s second theorem,

proving that performance of corner-filleted flexure hinges is within the domain confined by right circular flexure hinges

and leaf flexure hinges in term of compliance. Lin et al. (2013) designed and analyzed a kind of hybrid flexure hinge

composed of half a hyperbolic flexure hinge and half a corner-filleted flexure hinge. They studied various

corner-filleted flexure hinges with some specific shapes and offered substantial essential numerical results on in- and

out-of-plane stiffness and compliance to model the element stiffness matrices of flexure hinges. Some researchers

attempted to derive a relatively unified model of element stiffness matrices or element flexibility matrices for flexible

hinges. Chuan et al. (2014) investigated the element stiffness matrix with approximation to second order for

Timoshenko beam with variable cross-section based on the principle of potential energy. Lignola et al. (2017) obtained

an exact stiffness matrix model of two nodes Timoshenko beam on elastic medium by dealing with a generalized

method to obtain a closed-form analytical solution for bending of a shear deformable beam resting on elastic medium.

Unfortunately, these obtained models of element stiffness matrices or element flexibility matrices are complex, and thus

limit their applications. In addition, some derived element stiffness matrices or element flexibility matrices are

approximated, which assume structural bending deflection is cubic polynomial (Brown et al. 1984; Marotta et al. 2018).

Therefore, it is essential to achieve a precise and concise unified analytical model for the design and analysis of variable

cross-section flexible hinges configurations.

Based on the principle of virtual work, this paper presents a unified element stiffness matrix model for variable
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cross-section flexure hinges in plane deformation with end loads in compliant mechanisms. The flexure longitudinal

profile is defined by any continuous curve which renders the resulting unified model general. This variable

cross-section flexure hinge is general in itself because in several limiting cases, and its geometry approaches that of

previously analyzed configurations, such as the constant cross section, right circular, right elliptical, or right circular

corner-filleted hinges. Four coefficients with curve integral are introduced to optimize and simplify the unified model.

To validate the model, several specific configurations were analyzed. Finite element analysis (FEA) and experimental

testing were used for further analysis.

2 The unified element stiffness matrix model

2.1 The general model for elastic deformations under loads

(@) | (b)

Fig. 1 The hinge model with end loads: a Multi-stage structure; b Single-segment structure

Considering flexure hinges in compliant mechanisms usually have relatively large width w compared to the variable

thickness t(x), which are designed to sustain in-plane deformations. And t(x) is a function defined by the geometric

profiles of flexure hinges. For flexure hinge model of Fig. 1 with constant width w and variable thickness t(x), the

general model for elastic deformations under loads can be derived from the principle of virtual work (Long et al. 2000):

MM F.F kFyF
= P ds+2[%ds+2j%ds 1)

|

Eq. (1) is based on small deformation conditions. In Fig. 4, M, F, and F,, represent the internal forces



caused by actual loads; M, F_N and F_Q are the internal forces caused by virtual unit load; A represents the
cross-section area; | is the cross-sectional moment of area; E is Young's modulus; G is shear modulus; k is the

form factor and is equal to 1.2 when the cross section is rectangular.

2.2 The unified element stiffness matrix model

In order to illustrate the further work, it is necessary to specify the generalized hinge model used. For a flexure hinge in
Fig. 1, the arc length, area and inertia moment of rectangular cross-section are S=S(X) (generally, S(X)=X),

A(X)=wt(x) and | =wt*(x)/12, where x is the abscissa. As Fig. 2a indicates, the left-end loads and displacements

of the flexure hinge are F,, F,

s My, U, v, and ¢, and the right-end loads and displacements are F,,, F,

2y !

M,, u,, v, and ¢,. For a flexible hinge of Fig. 2b with one end fixed and the other free, but under the action of

F,, F, and M, the free-end displacements can be calculated by Eg. (1):
F F
A= J‘ - J‘ NP J‘ Q QP @)
i= |I (S) —1| EA( ) —1| GA( )
F?y
F!_v M:

/
27
(@) (b)

Fig. 2 Simplified model: a Loads and displacements configuration; b Simplified model
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(b)

Fig. 3 Transformation model: a Translation; b Rotation



Fig. 3 pictures the right end of the flexure hinge model can be equivalent to fixed after translation and rotation, and

the following geometric relationships can be obtained:

o +a, =@,
A, =U —U,+Lcosg, —Lcosea,

. : ®)
A, =V, -V, +Lsing, +Lsing,
A(,, =0 —@,
According to Taylor's formula, it can be derived thatas ¢,,c,a, —0, cosa, —cosa, =0(g, ),
sing, +sina, =@, +0(g, ). Therefore, the left-end generalized displacements can be rewritten:
A, =U; —U,
A, =V,~V, +Lg, (4)
Ago =P =,
F b FQI’ M
M.’ Fi Far ? l F,\, F(j, M E
O o X ? O, o E
[ -— | X -
L L
] — et —
(a) (b)
xl F.\,FQ_,M P 1 F_\,FLJ,M F
Y
O » tg O X [g
e = — [ = —
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Fig. 4 The unit load method: a Actual load; b X-direction unit load; ¢ Y-direction unit load; d 6,-direction unit load

Next, the free-end displacements of the flexure hinge model can be calculated by Eq. (2). The left endpoint taken

as the coordinate origin of the local reference frame X0,Y in Fig. 4a, the internal forces caused by actual loads can be

calculated as

Fw =—F

Fep=F, .xe(O,L) (5)
M, =-M, +F,x

As shown in Fig. 4b, the internal forces caused by X-direction virtual unit load and the corresponding left-end
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A, =

i=1

generalized displacement can be written as

=1
F

M

=0,xe(0,L)
0

ZI

4 EA(s ) Fin

generalized displacement can be formulated as

R =0
F,=1,xe(0,L)
M =x

n 2 n k
A, =V, ~V, +Lop, = ZJ. El(s) M, + I X
=1, i

generalized displacement can be expressed as

0
=0,xe(0,L)
-1

Zl'n

e ZJEI() ZI

S El(s yoFe
Four coefficients with curve integral were defined as following

: 1
-2l eam®

D 1
A2l

§ xe(0,L)
A= :11[E|(s) °

x2 n k
{EI(S) S+;{GA(s)[S

n

The following matrix equations can be obtained from Eq. (7), (9) and (11)

S+ —ds |F,
= EI(s) =1 GAGS)

(12)

(10)

(11)

®)

)
As shown in Fig. 4d, the internal forces caused by &, -direction virtual unit load and the corresponding left-end

(6)

@)
As indicated in Fig. 4c, the internal forces caused by Y-direction virtual unit load and the corresponding left-end
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n 0 O]F]J [t 00 -1 0 O Y
0 4 -4|F,|=[0 10 0 -1 L|% (13)
0 -4 4 |M]| o001 0 0 -1 32
LP2 ]
1 0 o -1 0 0 '
F, n n Vi
Fl=lo A A o _h ATLAjS (14)
M Al =A -4 Aoy =47 A=A || U
1 A b g _h ThtLA |V,
Iody = A" ol = A Iody =4 Ay =47 | @, ]

There is an obvious balance relationship:

F,.] [-1 0 o7F,
F,|=|0 -1 0[F, (15)
M,| [0 L -1||m,

By Eqg. (14) and (15), the following equation can be derived:

1 0 0 L 0 0
n n
o A A 0 A A+l
R ddo =2 Dody =N Ido=2" Aoy =2 |[uy]
Ry A 2 A htLA v
M, | _ ddo =2 Dody =4 hdo =" k=2 || g 16)
8 I o L 0 0 Uz
Fy n n v,
M, | ~4 Ay _ A A=l o]
Ido =" Dol = A YRV Y Y
“htlh AL A-Lh AL -2Lh 4L
Y R AP VR

The element stiffness matrix can be written:



L 0 0 1 0 0
n n
0 Ao A 0 A —A+ LA
Dody = A" Doy =47 Iody =2’ Aoy =2
0 A : 4 : 0 4 : A+ u;
Ke = Ay =4 AA -4 ) Aoy =7 A=A an
-= 0 0 = 0 0
n n
0 4 —A 0 Ay A —L4,
Iodo =2 Aolo =2 Aodo =2 Aods =2
0 A +LA, -4 +LA4 0 A—LA, A -2l + LA
| AR ALA T A A A

Equation (17) is the unified element stiffness matrix model for variable cross-section flexure hinges in plane
deformation with end loads, with coefficients 7, A,, 4, and A, related to the geometric configurations and
material constants. With one end fixed and the other free, as illustrated in Fig. 2b, the unified element stiffness matrix

model for variable cross-section flexure hinges in plane deformation can be written:

Lo 0
7
Ke=fo A A (18)
Y S Y
A 2
dody =1 oy =4

2.3 The unified element flexibility matrix model

For a flexure hinge model in plane deformation with one end fixed and the other free, as shown in Fig. 2b, the fixed-end

displacement is zero, and Eq. (13) can be simplified as

n O 0 || R U

0 4 -A4|FR|=|w (19)
0 -4 4 [[M] |o

Equation (19) can be also written as

u n 0 0| R

vi=|0 4 -A4|FR, (20)
o] [0 -4 A |IM,

Where [le,Fly,Ml]T is left-end load and [u,v,¢]" is the corresponding left-end displacement.
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The united element flexibility matrix model for variable cross-section flexure hinges in plane deformation with one

end fixed can be obtained:

n 0 O
C°=|0 4, -4 1)
0 -4 4

The element flexibility matrix (Eq. (21)) is the inverse matrix of the element stiffness matrix (Eq. (18)) and is consistent

with the results in reference (Lobontiu et al. 2014).
3 Applications of the unified model

The general flexure hinge model can reduce to the constant section flexible beam, the right circular design, or the right
elliptical configuration, which is particularly useful for validation purposes and allows for the comparison of modeling
element stiffness matrix of some obtained model in previous studies. For practical convenience of the limit calculations,
the element stiffness matrices of some specific common flexure hinges are obtained by the unified element stiffness
matrix model (Eq. (17)). To validate the unified model (Eg. (17)), material Poisson’s ratio is set as: u=0.33, the
geometric dimensions are described and the coefficients 7, 4,, 4, 4, and A (represents the simplified

algorithm of A, ) are calculated in the following hinge models.

2

Z X
Ay = > Ij ?(S)ds, xe(0,L) (22)

3.1 Constant section flexible beam hinge

Fig. 5 Constant section flexible beam
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Table 1 Coefficients calculation results

U A A 4 os

1, 1, 1,
L i ol i+£ 3!
EA El El El  GA El

As pictured in Fig. 5, considering flexible beam hinges in mechanisms usually satisfy t/1<1/10, it can be derived:
(23)

=(" k LS = E i %
(Ay=os)/ 2o —_[0 GA(X)dX/-[O £ (X)dx_0.6(1+y)(|) <1%

So A, can be replaced by A, . The element stiffness matrix and element flexibility matrix of the constant section
flexible beam hinge can be obtained by substituting the coefficients 7, 4,, 4,, 4, and A, in Table 1 into Eq. (17)

and (21). And equation (24) and (25) are consistent with the results in reference (Noveanu et al. 2015).

% 0 0 —% 0 0
12El  6EI 12El  6EI
O = = O W T
o SGEl 4El 6El  2EI
e I N
K=l Ea EA (24)
- 0 o 5 0 0
12EI  BEI 12EI  6EI
0 — —= 0 — ——
| | | |
6EI  2EI 6EI  A4EI
0 = —T
L | | | |
1 0
EA
1|3 1|2
e 3 2
ce=lo0 =2 -2
El El (25)
1|2
2
El  El

3.2 Right circular hinge
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Fig. 6 Right circular hinge

Table 2 Coefficients calculation results

t(x) t+2r—2./r2—(r—x)2

J-ﬂ Rsingdé

1 o Eb(t+2R(1-sind))
Jvr 12Rsin@dé

% ° Eb(t+2R(1-sin@))’
J.,112R2(1—cos¢9)sin6?d9

6 " Eb(t+2R(1-sing))’
+12R*(1-cos6)’sindd® =  kRsinddo

& J i 3'+L>Gb t+2R(1-sin@

Eb(t+2R(1-sind)) (t+2R(1-sin0))

+12R*(1-cosd)’ sin9deo

s |

° Eb(t+2R(1-sing))’

To investigate A, simplified algorithm error, a nondimensional ratio «=t/R (usually, «<0.5) and error y(a)
were defined

y(a) = (A2, Ay :J.OL GAk(X)dX/J-oL EIX(X)dX (26)
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As Fig. 7 indicates, the curve y=y(a) can be drawn by Matlab software, indicating that y <2% when
a <0.2. Without requiring precise calculation, A, can be replaced by A, . By the coefficients summarized in Table
II, the element stiffness matrix and element flexibility matrix of the right circular hinge can be obtained using the
unified model (Eg. (17) and (21)). And the results are consistent with the results in references (Wang et al. 2008;

Lobontiu et al. 2013).

0.1 0.2 0.3 04 0.5
a=1/R

Fig. 7 The influence of the ratio a on calculation error of 2,

4 Validation and analysis

In addition to limit calculation, finite element analysis and experimental testing were used to analyze and validate the
unified element stiffness matrix model. ANSY'S code was used to perform finite element analysis. And experimental
testing of a special combined hinge was performed to investigate the application of the proposed unified model. The

material constants were: Young’s modulus E =70GPa and Poisson's ratio 4 =0.33.

4.1 Finite element analysis

As shown in Fig. 8, to analysis the geometric parameters’ influence on calculation error of the unified model, finite
element analysis of a right circular hinge model formed of two constant cross-section segments and one right circular

segment were performed, and its geometric parameters were: w=8mm, R=2mm, and |, =4mm . Its min-thickness
12



t is designed as a set of values. In Fig. 8, the left-end face is under constant uniformly distributed loads, including
surface loads X-direction load F,’, Y-direction load F° and ¢,-direction moment M° in global coordinate system,
without any other constraint. And the right-end face is completely fixed in three-dimensional space, perpendicular to the
X direction of global coordinate system. The nonlinear controls module was used to analysis nonlinear behavior. By
FEA, when the deformation is small, two constant cross-section segments can be treated as rigid bodies, and it can be
found that the instantaneous centre of rotation is always at the geometry center of the right circular segment

(error <10°m).

© (d)

Fig. 8 FEA model of the right circular hinge: a Meshing model; b F° =1;¢ F°=1;d M’ =1

The data of coefficients 77, 4,, 4, and A, (for A,, the right data are A, ) are summarized in Table 3. The
calculation error of each coefficient (the deviation between model calculations and FEA results) is mostly less than 10%
when the deformation is small (<100um), and the deformation of flexure hinges in compliant mechanisms for
micro/nano positioning is generally very small. Further analyze Table 3, it can be found that the ratio t/R has a great
influence on the calculation errors. As Fig. 9 summaries, for t/Re(0,0.S), A, (the calculation error of 77)
increases with t/R increasing, and its value is larger. The calculation errors A, A, A, and A, of Ao s
A, A, and A, have a similar trend, which decrease with t/R increasing and, past a minimum at t/R =0.25,

13



then increase with t/R increasing. The finite element analysis shows the unified model calculations are precise for

the right circular hinge when t/Re(0.2,0.3).

Table 3 Model calculations and FEA results

t/mm  7(10°m-N*) Ay (m*-N*?) A (10°N*) 2, (10°m-N")

Model FEA Model FEA Model FEA Model FEA
0.1 0.02409  0.02522 11.06 10.07 66.38 60.42 399.1 399.0 363.2
0.2 0.01694  0.01834 1.945 1.821 11.67 1092 70.34 70.28 65.85
0.3 0.01378  0.01521 0.7025 0.6721 4.215 4033 2549 2544 2439
0.4 0.01190  0.01330 0.3409 0.3329 2.045 1997 1242 1238 12.13
0.5 0.01061  0.01196 0.1946 0.1937 1.167 1163 7.119 7.086  7.086
0.6  0.009655 0.01095 0.1231 0.1248 0.7385 0.7485 4528 4.497  4.588
0.7 0.008912 0.01015 0.08362 0.08626 0.5017 0.5176 3.094 3.066 3.186
0.8 0.008309 0.009498 0.05986  0.06274 0.3592 0.3766 2.229 2202 2.331
0.9 0.007808 0.008947 0.04460 0.04746  0.2676 0.2849 1.672 1.647 1.773
1.0 0.007382 0.008474 0.03430 0.03701 0.2058 0.2222 1.296 1.272 1.391

14

= [§S]

oo

Calculation error (%)

2

0 ! s 2 s . . |

0.05 0.10 0.15 020 0.25/0.30 035 040 045 0.50
t/R

Fig. 9 The influence of t/R on calculation errors

Another set of finite element analysis simulations of a special combined hinge were performed to further

investigate the overall size parameters influence on calculation error. The combined hinge consists of several right
14



circular hinge units (see Fig. 10), with the following parameters: w=8mm, R=2mm, |, =4mm and t=0.5mm.
And the length L is changed by right circular hinge unit number n. As shown in Table 4, except that the calculation
error of coefficient 77 is larger (approximately 11%), the calculation errors of coefficients 4,, 4, and A, don’t

exceed 0.5%, indicating the calculation error of the unified model is scarcely influenced by the unit number n.

(b)

(d)

Fig. 10 FEA model of combined hinge: a Meshing model; b F°=1;¢ F°=1;d M’ =1

Table 4 Model calculations and FEA results

7(10°m-N*) Ao (m*-N?) 2 (10°N*) 2, (10°m-N*)

Model FEA Model FEA Model FEA Model FEA

0.01061  0.01196 0.1946  0.1937  1.167 1.163 7.119 7.086 7.086
0.02122  0.02402 0.3891 0.3873  4.670 4650 70.27 70.21 69.97
0.03183  0.03608 0.5837 0.5810  10.51 10.46 2455 2454 244.3
0.04244 0.04814 0.7783 0.7748  18.68 1859 588.8 588.7 586.1
0.05304 0.06020 0.9728 0.9684  29.19 29.05 1156 1156 1151
0.06365  0.07226 1.167 1.162 42.03 41.84 2004 2004 1995

D 01 W N
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Further analyze the results in Table 4, as Fig. 11 pictures, the calculation error of 77 increases slightly with n
increasing, indicating a slight error accumulation along the length. The calculation errors A, , A, and A, of
Ay, A and A, are sustained at 0.45%, proving no error accumulations on length direction. In all, for the combine
hinge, the calculation errors of the unified model coefficients are barely influenced by the unit number n, but mainly

influenced by the geometric parameters of the right circular hinge unit, especially the ratio t/R.

15 = 05 o
§137 b 04’ _e_}.“,
St -4,
e —a 1,
511 03
=
= 9 02}

E .

5
= 7 0.1+
O I

1 2 3 4 5 3 1 2 3 4 5 6
unit number n unit number n

Fig. 11 Relationship between coefficient calculation error and n

4.2 Experimental testing

An experimental hinge sample was used to determine the deflection and slope caused by loads, compared with the
calculations of the unified model, the pseudo-rigid-body method and finite element analysis. As Fig. 12 pictures, the
hinge sample consists of two right circular sections and three constant section beams and its geometric dimensions are:
R=2mm, t=1mm, d, =4mm, d,=8mm, d,=4mm, a=0mm, b=12mm, and c=4.5mm. The actual force
F, passing through the test point, can be seen as an equivalent force applied at the test point. The displacements v,

and v, can be measured by laser displacement sensors S, and S, mounted at specific points (see Fig. 13). The slope

and deflection at the test point can be calculated by geometry:

16



Vv, —V.
=tan' 2>
@ b @7)
V=V, +c(sinptanp+cosp—1)—-atang
Where v and ¢ are the deflection and rotation at the test point in Fig. 13.
~ Reaming bolts
| |
T a b
dh d ds
:"__'_______E___l__% _______ -_ > S S
R

¢ | § Equivalent force

l :
| Testpoint
|

Hinge section i

SIS Fy

Fig. 12 Schematic representation of experimental setups

Fixed Hinge section '
Testpoint [~-———————-

Fig. 13 Geometry of undeformed/deformed flexure hinge

The aluminum alloy specimen was precision-machined by a sheet 10.0mm thick. The material characterization of
the specimen was: Young’s modulus E =70GPa and Poisson's ratio . =0.33. As Fig. 12 depicts, two reaming bolts
were used to orient and constrain the specimen during experimental testing. A weight hanger was used to produce actual
force F, at the test point. And the load F, increased from 0 upto 0.1gN in 0.01gN (g =9.801) increments

during testing. The zero positions of laser displacement sensors were set when the load F, =0, so the deflection

caused by the selfweight of the coupons would not affect the experimental results. However, the slope caused by the
17



selfweight may influence the experimental results by changing the measurements v, and v,. Considering the center of

gravity and test points are not coincident, the gravity of the specimen can be seen as an equivalent force and a moment
at the test point. By FEA, the slope caused by the selfweight can be obtained (Ap = 7.149x10°rad ).

Actual value

Measured value

Fig. 14 Self-weight influence on experimental results

As Fig. 14 indicates, v represents the laser sensor’s measured value, while vcosA¢@ means the actual value under
the selfweight. The relative error of the laser sensor’s measured value can be expressed:

(v=vcosAp)/v=Ap’ | 2+0(Agp’)=256x10" (28)
From Eg. (28), it can be seen that selfweight of the coupon has little effect on experimental results.

By the united element flexibility matrix model (Eq. (20)), the slope and deflection can be written:

p=AF,
{ _AF (29)

The coefficients 2, and A, can be derived by Eq. (12):

A= ZJ- 12x

= Ewt® (x)

n 2 n (30)
2, =ZI 12x dx+ZJ'idx

Where the thickness function t(x) can be expressed by geometry (Fig. 12):

18



2R+t,xe(0,d,)U(2R+d,,2R+d, +d,)U(4R+d, +d,,4R+d, +d, +d,)
t(x) = t+2R—2,R? —(R+d, - x)?,x € (d,, 2R +d,)
t+2R—2,R? ~(3R+d, +d, - x)*,x € (2R +d, +d,,4R +d, +d,)

(1)

The slope and deflection at the test point can be also calculated by pseudo-rigid-body method (Slavisa et al. 2018).

30

25+

20+

s
=15
=N

10

1 2 3 4 5 6 7 8 9 10 Y512 3 1 5 ¢ 7 8 9 10
I,/0.01g I,/0.01g

Fig. 15 The load-displacement curves

3.0 — —— ——
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—&— PRB

ev (%)

‘ 0 .
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0 1 | L
1 2 3 4 5 6 7 8 9 10
F,/001g F,/001g

Fig. 16 The deviations between different methods and experimental results

Fig. 15 summarized all the results of experimental test (ET), unified model (UM), pseudo-rigid-body (PRB) and
finite element analysis (FEA), showing the deviations between these methods is less than 5%. As Fig. 16 illustrates,

comparing with PRB method, the deviations between UM and ET is less, indicating the proposed unified model

considering the deflections of all parts of flexure hinge is more closed to reality.
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5 Conclusions

Based on the principle of virtual work, this paper presents a unified element stiffness matrix model for variable

cross-section flexure hinges in plane deformation with end loads and introduces four coefficients with curve integral,

which simply and unify element stiffness matrices, providing a generalized and accurate solution to model the element

stiffness matrices of flexure hinges in compliant mechanisms for micro/nano positioning.

In order to facilitate the applications of the unified element stiffness matrix model, it is employed in several

common flexible hinges including constant cross section and right circular section, and shows good consistency with

some results previously analyzed. In addition, finite element analysis and experimental testing were used to validate the

proposed unified model and analysis the geometry influence on the unified model calculation precision. In addition, a

specimen was machined for experimental testing. It is anticipated that the proposed unified element stiffness matrix

model will be utilized in the design and optimization of planar-motion compliant mechanisms.
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