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1 Introduction

Fixed-point iteration processes for nonexpansive and asymptotically nonexpansive map-
pings including Mann-type and Ishikawa-type iterations have been studied extensively by
many authors (see [1-23] and the references cited therein). In 1991, Schu [14] considered
the modified Mann iteration process for an asymptotically nonexpansive map. Later, Tan
and Xu [16] studied the modified Ishikawa iteration process for an asymptotically non-
expansive map. Noor, in 2000, introduced a three-step iterative scheme and studied the
approximate solutions of variational inclusion in Hilbert spaces [11]. Later, Cho et al. [4],
Xu and Noor [18] studied weak and strong convergence theorems for the three-step Noor
iterations with errors for asymptotically nonexpansive mappings in a uniformly convex
Banach space which satisfies Opial’s condition or whose norm is Fréchet differentiable.
Takahashi and Tamura [15], Shahzad [24] dealt with the iterative scheme for a pair of
nonexpansive and asymptotically nonexpansive mappings in a uniformly convex Banach
space. In 2006, Plubtieng et al. [12] studied a class of three-step iterative scheme, for three
asymptotically nonexpansive mappings, in a uniformly convex Banach space satisfying
Opial’s condition. In 2007, Fukhar-ud-dina and Khan [5] studied the scheme for three
nonexpansive mappings in a uniformly convex Banach space which has Opial’s condition
or which has a Fréchet differentiable norm or whose dual space has the Kadec-Klee prop-
erty. Also in 2007, Chidume and Bashir Ali [1] introduced the iterative scheme for a finite
family of asymptotically nonexpansive mappings and obtained the weak and strong con-
vergence theorems in a Banach space whose dual space satisfies the Kadec-Klee property.

© 2013 Huang and Zhu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly cited.


https://core.ac.uk/display/209062425?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.fixedpointtheoryandapplications.com/content/2013/1/170
mailto:qlhmath@yahoo.com.cn
http://creativecommons.org/licenses/by/2.0

Huang and Zhu Fixed Point Theory and Applications 2013, 2013:170 Page 2 of 19
http://www.fixedpointtheoryandapplications.com/content/2013/1/170

In most of these papers, the map 7 has been assumed to map C into itself. If, however, C
is a proper subset of a Banach space X and T" maps C into X (as is the case in many appli-
cations), then {x,,} may not be well defined. One method that has been used to overcome
this is to introduce a retraction P : X — C. Recent results on the approximation of fixed
points of nonexpansive and asymptotically nonexpansive nonself mappings can be found
in [24—-33] and references contained therein.

In 2003, Chidume et al. [2] introduced the following modified Mann iteration process
and got the weak and strong convergence theorems for an asymptotically nonexpansive

nonself mapping:
x € C, Kyl = P[anxn +(1- an)T(PT)”‘lxn], n>1.
Recently, Wang [32] generalized the above iteration process as follows: x; € C,

Xn+l = P[anxn + (1 - an)Tl(PTl)nilyn];

Y =P Butn + (1= Bu) To(PT)" ", ).

In 2007, Chidume and Bashir Ali [27] introduced the following iteration process for a

finite family of asymptotically nonexpansive nonself mappings: x; € C and

X+l = P[alnxn + (1 - aln)Tl(PTl)n_lyn+m—2];

Ynim-2 = P[a2nxn +(1- aZn)TZ(PTZ)n_lyn+m—3]§

Yn = P[amnxn + (1 - amn)Tm(PTm)n_lxn]'

They proved strong convergence theorems in uniformly convex Banach spaces and gave
the weak convergence theorem in uniformly convex Banach spaces that satisfy Opial’s
condition or have a Fréchet differentiable norm. They also gave the weak convergence
theorem for nonexpansive nonself mappings in uniformly convex Banach spaces whose
dual spaces have the Kadec-Klee property (see [27]).

The concept of asymptotically nonexpansive nonself mappings in the intermediate sense
was introduced by Chidume et a/. [28] as an important generalization of asymptotically

nonexpansive self-mappings in the intermediate sense.

Definition 1.1 Let C be a nonempty subset of a Banach space X. Let P: X — C be a non-
expansive retraction of X onto C. A nonself mapping T : C — X is called asymptotically
nonexpansive in the intermediate sense if T is continuous and the following inequality
holds:

lim sup sup (” T(PT)"'x — T(PT)”_ly” P —y||) <0.

n—>+00 x,yeC

It should be noted that in [28, 31, 34], an asymptotically nonexpansive mapping in the in-

termediate sense is required to be uniformly continuous. In Definition 1.1, we assume the
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continuity of T instead of uniform continuity. Chidume et al. [28], Plubtieng and Wang-
keeree [31], Kim and Kim [34] gave strong convergence theorems for a uniformly continu-
ous mapping which is asymptotically nonexpansive in the intermediate sense in uniformly
convex Banach spaces if the mapping is completely continuous. Also, Chidume et al. [28]
gave the weak convergence theorem for such a mapping in a uniformly convex Banach
space whose dual space has the Kadec-Klee property. However, as we know, it remains
open whether the weak convergence theorem of a multi-step iteration process with errors
for a finite family of continuous nonself mappings which are asymptotically nonexpan-
sive in the intermediate sense holds in a uniformly convex Banach space which satisfies
Opial’s condition or whose dual space has the Kadec-Klee property. Since the asymptoti-
cally nonexpansive mappings in the intermediate sense are non-Lipschitzian and Bruck’s
lemma [35] does not extend beyond Lipschitzian mappings, new techniques are needed
for this more general case. It is our purpose in this paper to study the following iteration
process with errors for approximating common fixed points of a finite family of nonself
mappings which are asymptotically nonexpansive in the intermediate sense:

x1€C;

%n1 = Plax, + BV TI(PT) N2 + 0],

n

W = Plan, + BPTPT)" N + 7, Pul);

n

(1.1)

yg) _ P[anN_l) %, + IB;N—I) Tya( PTN_I)n—lyE,lO) + y,EN_l)u(N_D];

n

yS,O) = P[a(N)x,, + ,B,(IN) Tn(PTN)" ", + y,fN)u N)].

n n

In Section 3, using the technique established in [33], we first give some weak conver-
gence theorems of the iterative scheme (1.1) for a finite family of nonself mappings which
are asymptotically nonexpansive in the intermediate sense in a uniformly convex Banach
space which satisfies Opial’s condition or whose dual space has the Kadec-Klee property.
We also establish some strong convergence theorems if one member of the finite family of
mappings satisfies a condition weaker than complete continuity. Our results extend and
improve the recently announced ones [1, 2, 4, 5,7, 9, 12, 15, 16, 18, 24, 27, 28, 31, 32, 34]
and many others.

2 Preliminaries
Let C be a nonempty closed convex subset of a Banach space X. Recall that a Banach space

X is said to be uniformly convex if, for each ¢ € [0, 2), the modulus of convexity of X given
by

. 1
8(e) =1nf{1— Ellx [l lxll < Lyl <1 [l -yl = 8}

satisfies the inequality §(g) > O for all £ > 0. We say that X has the Kadec-Klee property if,
for every sequence {x,} C X, whenever x, — x with |lx,| — |x]|, it follows that x, — .
We would like to remark that a reflexive Banach space X with a Fréchet differentiable
norm implies that its dual X* has the Kadec-Klee property, while the converse implication
fails [36].
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Recall that a Banach space X is said to satisfy Opial’s condition [37] if x, — x and x # y
implies that

limsup |lx, — x|| < limsup ||x, — y||.

n—+00 n—+00

A subset C of X is said to be a retract if there exists a continuous mapping P: X — C
such that Px = x for all x € C. Every closed convex subset of a uniformly convex Banach
space is a retract. A mapping P: X — X is said to be a retraction if P> = P. It follows that

if a map P is a retraction, then Py = y for all y in the range of P.

Lemma 2.1 [17] Let the nonnegative number sequences {c,} and {w,} satisfy
Cpsl < Cy + Wy, n=1,2,....
IF Y02 wy < +00, then limy,_, o ¢, exists.

Lemma 2.2 [14] Suppose that X is a uniformly convex Banach space and for all pos-
itive integers n, 0 < p < t, < q < 1. If {»,} and {y,} are two sequences of X such that

limsup,_, o 1%l <7, limsup,_,, ly.ll <rand

[twxn + (L= t)yu| =7

lim
n—+0Q
hold for some r > 0. Then lim,,_, . |2, — ¥l = 0.

Lemma 2.3 [6] Let X be a uniformly convex Banach space. If ||x|| <1, |yl <1 and |x —
y|l > & >0, then for all A € [0,1],

2%+ (1= 2)y| <1-2201-1)8(e).

Lemma 2.4 (Demiclosedness principle for a nonself-map [38]) Let C be a nonempty
closed convex subset of a uniformly convex Banach space X and let T : C — X be a nonself
mapping which is continuous and asymptotically nonexpansive in the intermediate sense.
If {x,} is a sequence in C converging weakly to x and

lim limsup|x, - T(PT)"'x,| =0,

m=>+30 p+o00

thenx € F(T), i.e., Tx = x.

Lemma 2.5 [36] Let X be a reflexive Banach space whose dual X* has the Kadec-Klee
property. Let {x,} be a bounded sequence in X and f,g € w,({x,}). Suppose that

h(.) = EIPOO”M,, +(1-0)f-g|

exists for all . € [0,1], then f = g, where w,,({x,}) denotes the set of weak limit points of {x,},
i.e, w,({x,}) = {p € X : there exists a subsequence {x,,} C {x,} such that x,, — p}.
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3 Main results

In this section, let X be a uniformly convex Banach space and let C be a nonempty closed
convex subset of X. Let P: X — C be a nonexpansive retraction from X onto C. Let
T1, Ty,..., T : C — X be a finite family of continuous nonself mappings which are asymp-
totically nonexpansive in the intermediate sense, then we can suppose that

ru=max {0, sup (| T(PTY" 5= TPTY My - Ix=yl) |, i=12,....N.
x,yeC

Hence r, > 0, lim,,—, ;o0 7, = 0 and for all x,y € C,
| T:PT)" % - T{(PT)" | = lx =yl <7y n=1,i=12,...,N.
For a given x; € C, we can define the sequence {x,} C C by

Xnil = P[as)xn + ﬁy(,l) TI(PTl)nilyEquZ) + VyEI)M 1)]}

n

YN = PlaPw, + BP To(PTo) 1y + y 2 ud];

n n
31)
1) — P[(X N—l)xn + ﬂLN—l) TN—I(PTN—I)n_lyE?) + yn(N—l)u(N—l)];

n n

y O = P[aMx, + BN T (PTN)" 0 + v N u],

n n

where {oz,(f)}, {ﬂ,(,i)}, {y,,i)} are in [0,1] with 0 < p < a,(f), f,i) <g<l, aﬁ,i) + ,BV(,i) + y,gi) =1,

> % ¢ +oo and {u} are bounded sequences in X, i =1,2,...,N.

We start our investigation with the following lemmas, which are preparation for the
proofs of the main results of this section. In the following, we always assume that > ;> r, <
+00 and the set of common fixed points of {73, T5,..., Tn} is nonempty, i.e.,

N N
(E(T)=(\xeC: Tix=x} 0.

i=1 i=1

Lemma 3.1
Tim £l =7

exists for each f € (X, F(T)).

Proof Letf € ﬂf\il F(T;). Since {uﬁf)} are bounded, we can set
M= sup{”uﬁf) —f|| :i=1,2,...,N,n> 1} < 400.

Then

53 ~£1
= [Pl + BN T (PTw)" s + 7N ul] - £ |

n n
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< [[eNx, + B Tn(PTN) 20 + v ulM] - ]|

B L N R

< lwn =f Il + 1 + My ™. (3.2)

Hence we can get

i =11
<[NP, + BNV Ty (PTyg) 3@ + yN-DyN-D] ]|
=@ s =f1l+ B Tna PTn)9) —f| +9, 0 |0 =]
<o Dl 11+ B (9 = |+ r) + My
< o Vllon —f 11+ BV (Il =1l + 21 + My, ) + My, N
= o —f 1 + 21, + My + y N D)
(3.3)

and

72 £
< [[@@x, + BP To(PT2)" 1y + y P u®] £ |
<a@lay—f1 + B2 To(PT)" 'y N2 — f|| + v |u? - £
<Pl =f1l+ B2 (|95 = + 1) + My,

<% =l + N = D)1y + M(yN 4+ 98+ y2). (3.4)

Thus we obtain

”xn+1 _f”

< [[ePx, + BT PT) YN + v PulP] - 1|

n

<ol 1+ BLITPTI 502 ]+l ]
a1+ B (A ] 1)

<|lx, —fIl + Nry, +M(y,£N) +oeet yf) + yyﬁl)). (3.5)
Set w,, = Nr,, +M(y,EN) + yn(N_l) oot y,ED), then Y % w, < +00 and
%01 =11 < % = f 1| + Wy (3.6)
By Lemma 2.1, we have that
Tim =l =7

exists. This completes the proof. O
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Lemma 3.2

lim hmsup”xn Ty(PT)" 'x,|| =0, i=1,2,...,N.

M—>+00 4, o o

Proof By Lemma 3.1, we have that lim,,_, , ||x, — f|| = r exists. If r = 0, then it is obvious
to see that the conclusion holds. In the following, we assume that r > 0. According to (3.2),
(3.3) and (3.4), we can get

limsup||y? —f|| <7, j=0,1,....N-2.
n—+00

Then, forany;j=0,1,...,N -2,

limsup | Tn-1-(PTx-1)" Y ~fl=r.

n—+00
and hence the sequences {TN_I_j(PTN_l_,)”‘lyg)};Sj’ are bounded. By (3.5), we can obtain

tim_| [0, + BT (PT58 + yOud] ] =

n—+00

We also can see

limsup| 71(PTy)" N2 — f 4y 0 (u® —x,) | <7

n—+00

and

limsup |, —f + 7, () =) | < 7.

n—+00

It follows from Lemma 2.2 and

r=1im [[ax, + BOTPTY N + v P ull] -1
= Jim | (- a)[TiPTY YN - P () - 0)]
rag [ =f 4y e xn)]+V,£”[xn—Tl(pTl)"-lyLN-%]”
= Jim [[(1 =) [T - f 4y ()~ )]
vl —f +y," () - xn)] ||
that
lim | T2(PT2)"™"y," ™ — ] = 0. (3.7)
n—+00
Combining it with
6 = £ < 20 — LT N2 + | Ty(PT) YN — £ |

< |l = @I YN + [ yN2 — £ + 70


http://www.fixedpointtheoryandapplications.com/content/2013/1/170

Huang and Zhu Fixed Point Theory and Applications 2013, 2013:170
http://www.fixedpointtheoryandapplications.com/content/2013/1/170

we obtain

11m1nf||yN 2 f|| >r.

n—+00

Thus lim,,_ 4o Y22 - f|| = r, according to (3.4), we have

r=lim [[a@x, + BOT2(PT)" YN + yPu®] - |

n
Hn—>+00

= tim [(1- o) [ T(PT)" 9V = f + v, () = 32)]

+ oc( [ —f+ y(z)( —-X )] + y,fz) [x — Ty(PT,)" ! (N’g)] ||

= lim ||(1 a )[TZ(PT)"HN3 f+y ((2) x)]

n—+00

o [xn=f + 9,7 (7 - 2)] |-
Noting

limsup | To(PTo)" 'y — f + v (u? — ) | < r

n
n—+00

and

limsuplx, —f + ¥, (4 - )| <7,

n—+00

by Lemma 2.2 again, we have

lim || To(PTy)" "y —x,|| = 0.

n—+00

Similarly, we can get

lim || T5(PT)" "y — x| = - = lim H TN_I(pTN_l)"-ly;")-xn”
n—+00

= lim | Tn(PTn)" "% — %4]| = 0

n—+00

Therefore, by (3.1) and (3.7),

dim e =l < tim | BP[TPT) Y x] 4,0 (1) — )| = 0

n

and similarly, we can have

im0 == tim [0 <] = tim [y, =0

It follows from the inequality (3.7) and

|| Tl (PTl)n_lxn —Xn ||
< | P %y - TIPT)" YN + | Ti(PT)" YN — |

< [laa =32 | 4 v+ [ I@TY Y — x|

(3.8)
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that
lim | Ty(PT7)" "%, — x4 = 0. (3.9)
n—+00
Thus, for any fixed m, we have lim,,_, , ||%, — %54, || = 0 and

|0 = TiPTY)" |
< tn = Znemll + | Fnem — TLPT) " K|
+ | LT " = TiPTY) " x| + | TVPTY) " 5 = Ty(PTY)" x|
< 201%0 = Znam | + || Bnem — TAPTY)"™ " Ky | + P + | (PT1) % = 2| + 7

= 2||xn _xn+m|| + ”xnwn - TI(PTl)n+m_lxn+m || + Vnam + || TI(PTl)n_lxn —Xn || + T'm.
This implies

limsup||x, — T1(PT)" %, | < 1o
+00

n—

Therefore,

lim lim supHx,, - Ty(PTy)" ', ” =0.

m—+00 71— +00

Noting (3.8) and

|| TZ(PTZ)n_lxn —Xn ||
< | T(PT2)" %y = To(PTL)" YN || + | To(PT2)" 9N — |

< wn =8| + 1+ | T(PT) YN — |,
we can see
lim || T2(PT2)" "%, — x| = 0.
n—+00
Thus, for any fixed m,

% = To(PT)" x|
< 1% = Xl + | Fnom = To(PT2)™ " Ky |
+ | T (PT2) ™" s — To(PT2) " x| + || To(PT2)" " 2 — To(PT2)" x|
< 20%n = Xl + | %nem — To(PT2)"™* " s + s + || (PT2) % = % || + 1o

=< 2”xn _xn+m|| + ||xn+m - TZ(PTZ)n+m_1xn+m || + Vnem + || TZ(PTZ)n_lxn —Xn “ + Vms
which means

limsup %, — To(PT2)" %, || < 1.

n—+00
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Therefore,

lim llmsupHx,, To(PT5)"™ lx,,” =

M=>+00 p—+o00

By the same argument, we can get

im [Jo, = T3(PT3)" " | = -+ = 1im |, = Tn(PT)" 2| = 0.
n—+00 n—+
This completes the proof. O

Define the operator W,,: C — C by

Wx P[a1x+,3 T(PT )}’l 1,.(N-2) +yyfl)u£ll)];
(

2N = plaPx + P To(PTo)" a4 yPu®];

aW = Pla™N D+ BNV Ty (PTy-1)" 4@ + y N Dy ND);

n n

20 = P[a(N)x + ,B;N) Tn(PTn)" 1%+ y,EN)u;N)],

n

where x € C. Then x,,,1 = W%, and for all x,y € C, we have

[ =y O < a1l =yl + B | T (PTw)" 2 = Tn(PTn)" |
Slx=yll+ 7
[ERESs H <aM V= yll + BNV Ty (PT-)" %Y = Ty (PTn-) 'y
(N 1)

e =yl + BN (6 =y O + 1)

<llx=yll +2r,,

and

W — Wiyl < aDllx =yl + B[ To(PT) 2N — Ty(PTy )"y N-2||
<a®lx -yl + B (4N - yN2| +7,)
<a®lx -yl +BP (Ilx - yll + Nry)

< =yl +wp. (3.10)
For any f € (X, F(T}), we get

IO 11 = el + BTV + 70l 1]
O 7] <y

O £ < BN £+ 4y N[l -
<rp+ My + y ),
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Hf(N—Z) _f” <(N-=2)r, +M(%§N) Foeeet ),;52))
and

Wi =1 < B < ]
<N =Dy + M 449 ) < . o)

Set Sym = Wiem-1 Waem—a -+ - Wy1 Wy, : C — C, then x,,,,, = S, nx, and for any x,y € C,
”Sn,mx - Sn,my” S ”x —J’|| + (Wn+m—l +tooret Wy t+ Wn)~ (312)

We also need the following lemma, which plays a crucial role in dealing with the case of
the iteration with errors. It is easy to see S, ,,f = f if v =0foralli=1,2,...,N and all
n>1.

Lemma 3.3

N
lim_limsup |S,f £ =0, Vf [ |E(T).

n=>+0 m—+o00 i1

Proof By (3.10), (3.11) and

Suaf =f 1l = Wi Wif =l
=< ||WVI+1WrLf_ Wn+1f” + ”Wnﬂf _f”
S ” Wr(f _f” + Wyl + Wy

Wyt 2Wn+lr

ISnmf = £

=Wyt 2Wn+1 t- T+ 2Wn+m—2:
we get

1Sumf =fII = 1 Wansm-1Snm-f =
< N Warm-1Sumf = Wiem-af | + | Waem-if = [l
S ISwm-tf =f Il + Wiem-1 + Wi
S W+ 2Wypr + -+ 2Wima

= 2(Wn t Wyt F Wn+m—1)' (313)

Then fixing # and taking the limsup for m, we obtain

lim sup [[Symf —f1l <2 wi.

m—+00 .
=n
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Thus,

+00

lim limsup||S,,f —fll < lim 2 E w; = 0.
H—+00 WM—> +00 n—+00 n
=n

This completes the proof. O
Lemma 3.4 Letf,g e ﬂf\ilF(Ti) and A € [0,1], then
h(A) = lim [2x, + (1-A)f —g|
n—+00
exists.

Proof 1t follows from Lemma 3.1 that r = lim,,—, ;o ||%, — f || exists. If 1 =0,1 or r = 0, then
the conclusion holds. In the following, we assume that r > 0 and X € (0,1). Then, for any
&> 0, there exists d > 0 (d < €) such that

(r+d)[1—2x(1—x)5<i)} <r—d, (3.14)
r+d

where § is the modulus of convexity of the norm. Hence there exists a positive integer rg
such that for all # > no,

d d

T = lln = £ =r+ o (3.15)
and

+00

d ¢

Z w; <A1 - A)Z <o (3.16)

=n
Now we claim that for all # > ny,

S [ 26 + (1 = R)f] = [ASpymtn + A= W)Spmf]|| <& Ym=1,2,.... (317)

Otherwise, we can suppose that
|Snm[ A + (L= R)F] = [ASpmtn + A= 2)Sumf ]| = &

for some m. Put z = Ax,, + (L= A)f, x = (1 — A)(Symz — Spmf) and y = AM(Sym%n — Sumz), then
by (3.12), (3.14) and (3.15),

ol < (=2 (1Sumz = Sumf 1)
< (1 - )‘)[”Z_f” + (Wn+m—1 teoot Wy t+ Wn)]

=ill- k)(llxn -fl+ g)

<A1-A)(r+d)
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and
"_y” = )‘”Sn,mxn - Sn,mZH
= )"[”xn _Z” + (Wn+m—1 toF Wha t Wn)]
d
< —m(nxn -/l + Z)
<A1 -2)(r+d).

We also have

196 =yl = [Sm[An + @ = 1) ] = [ASppmtn + X = M)Sumf ]| = &
and

Ax+ (1= A)y =21 = A)(SnmXn — Sumf)-
So, by using Lemma 2.3, we get

)"(1 - )‘)”Sn,mxn - Sn,mf”

= ||Ax+ 1 —A)y“

&
< m—A><r+d>[1—%<1—”5(m)]

< )»(l—k)(r+d)[1 —2(1 —A)B(L>],
r+d

and then by (3.13), (3.15) and (3.16), we have

r—d < |Xpem _f” - ”Sn,mf _f”
= ”Sn,mxn _f” - ||Sn,mf _f”
< ISum%n _Sn,mf”

< (r+d)[1—2x(1—x)a<i)}.
r+d

This contradicts (3.14). Thus we can conclude that for all # > ng, (3.17) holds. Hence, for

all n > ny,

| Mt + (L= 2)f — g]|
= | ASumxn + (L= 1) —g|
< ||[ASnmn + @ = 1)Suunf ] = Spm[ 2w + A= R ]| + @ = ISpf = £
[ Sum A + 1= )] = Spmg || + 1Sumg — €I

<2+ [Sumf —f I+ |Axn + QA= 2)f — g + 1ISumg - gl-
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For any fixed n > ny, we can take the limsup for m and obtain

lim sukaxm + (1 -A)f —gH

m—+00

< ||Ax,, +(1- A)f—g“ +2¢ + limsup ||Syf —f | + limsup ||S,,.g — gl

m—+00

Hence we have

limsup||Ax,, + (1 - A)f — g|| < liminf]|Ax, + 1 - A)f —g|| + 2e.
H—+00

m—+00

Since ¢ > 0 is arbitrary, this implies that
h()) = lim ||)»x,, +(1=-2)f —g||
n—+00

exists. This completes the proof.

Remark 3.1 If the mappings T3, T5,..., Ty are asymptotically nonexpansive, we can use
Bruck’s lemma [35] to prove Lemma 3.4. While Bruck’s lemma is not valid for non-
Lipschitzian mappings, we must introduce some new techniques to establish a similar

inequality. As we haven seen, we use mainly the technique of the modulus of convexity

and our proof is straightforward.

Now we can prove the weak convergence theorem of the iterative scheme (3.1).

Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which satisfies Opial’s condition or whose dual X* has the Kadec-Klee property.
Let P: X — C be a nonexpansive retraction from X onto C. Let Ty, T5,..., T : C — X be
a finite family of nonself mappings which are asymptotically nonexpansive in the interme-
diate sense with ﬂf\il F(T;) # ¥ and the sequences {r,} C [0, +00) satisfying ¥ .} r, < +00.

Let {x,} be defined by

xleC;

Xl = P[O(;(,ll)xn + ,8}9) Tl(PTl)n—lySIN—Z) + yrgl)u

yE,IN72) — P[Ot 2)xn + ﬁ’?) T2 (PTZ)nfly(Nf?))

n n

y b = P[aﬁlN_l)x,, + BND Ty (PTyo)" YO + y WDy

o = PlaMx, + BN Tn(PTn)" 5 + vV

n

where {ocﬁ,i)}, {,3,@}, {y,fi)} are in [0,1] with 0 < p < ozg),,B
> y,fi) < +00 and {(u?} are bounded sequences in X,i=1,2,...,N. Then {x,} converges

weakly to a common fixed point of {T;}Y,.

Proof It suffices to prove that the set w, ({x,}) is a singleton. Since X is reflexive and {x,} is
bounded, we obtain w,,({*,}) # ¥. Assuming that f, g € w,({x,}), in the following, we need

<g<La+ Y+ =1,

Page 14 of 19
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to show f = g. First, by Lemma 2.4 and Lemma 3.2, we know f, g € (Y, F(T;). Second, on
the one hand, if X* has the Kadec-Klee property, then from Lemma 3.4 and Lemma 2.5, we
can get f = g. On the other hand, if X satisfies Opial’s condition, we assume that f # g and
two subsequences {x,,} and {%;} in {x,} such that x,,, — f and xy, — g Hence by Opial’s
condition and Lemma 3.1, we get

lim |lx, —fll = lim |, —f1l
n—+00 i—+00
< lim |, —gll = lim [, —gll = lim [|x, - gl
i—+00 n—+00 Jj—+00

< lim [y, —fll = lim |lx, - f]l.
i—>+00 n—+00
This contraction implies f = g. This completes the proof. 0

Remark 3.2 Theorem 3.1 generalizes and improves many recent important results. For
instance, if N =1 and T; : C — X is a uniformly continuous mapping which is asymptot-
ically nonexpansive in the intermediate sense, then we can get Theorem 3.13 in [28]. If
T1,Ty,..., Tn : C — X are asymptotically nonexpansive nonself mappings and (1) y,f“ =0,
then we can obtain Theorem 3.6 in [27]; (2) y,gi) =0, T;: C — C, then we can get Theo-
rem3.4in[1];(3) T; : C — Cand N < 3, then we can get Theorem 3.10 in [2], Theorem 2.1
in [4], Theorems 3.1-3.2 in [7], Theorem 1 in [9], Theorem 2.9 in [12], Theorem 3.3 in [15],

Theorems 3.1-3.2 in [16], Theorem 3.5 in [32] and many others.

If {T;}¥, is a family of nonexpansive mappings, we can have the following theorem,
which is an extension of Theorem 4.1 in [5], Theorem 1 in [9], Theorem 3.2 in [15], The-
orem 3.5 and Theorem 4.1 in [24], Theorem 3.9 and Theorem 4.2 in [27] and others. The

proof is immediate corollaries of our lemmas and Theorem 3.1.

Theorem 3.2 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which satisfies Opial’s condition or whose dual X* has the Kadec-Klee property.
Let P: X — C be a nonexpansive retraction from X onto C. Let T1, Ty, ..., Tn : C — X be a
finite family of nonself nonexpansive mappings with ﬂf\il F(T;) # 0. Let {x,} be defined by

xleC;

%1 = PlaPx, + BP T1y N2 4y WD,
y;N—Z) :P[a 2)xn " ﬁ;gz) sz(N—s) n Vf)”(y?)];

n n

y(l) — P[a(N—l)xn + IBV(zN_l) TN—U/S)) + J/VEN—I)M(N—I)];

n n

2 = Plax, + B Ty + 1V ul],

where (o}, 1B}, (v} are in [0,1] with 0 <p <o, B < g <1, o + B + v = 1,
)it y,gi) < +00 and {ug)} are bounded sequences in X,i=1,2,...,N. Then {x,} converges
weakly to a common fixed point of {T;}Y,.

Now we can give the strong convergence theorem of the scheme (3.1).
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Theorem 3.3 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X and let P: X — C be a nonexpansive retraction from X onto C. Let Ty, Ts,..., Tn :
C — X be a finite family of nonself mappings which are asymptotically nonexpansive in
the intermediate sense and {x,} be as in Theorem 3.1. Then {x,} converges strongly to a
common fixed point of {T;YY, if and only if

lim d(x,,F) =0,

n—>+00
where F denotes the set of common fixed points of {T;}Y,, i.e., F = ﬂf\il F(T).

Proof We only need to show the sufficiency. If lim,_, .o d(x,, F) = 0, then for any ¢ > 0,
there exists a positive integer ng such that for all n > ny,

d(x,,,F)<Z and ;wi<§.

Hence, for any n > ny, there exists f € F such that [x, —f|| < 5. Therefore, for any m € N,
by (3.6),

”xn+m _xn”
= ||xn+m _f” + ||xn _f”

= N %em-1 _fH + Wpam-1 + || %, _f”

<% _f” + (W + -+ Wopm—2 + Wimo1) + % _f”
&

<-+
-3

>
+- =g
3

W[ ™

which implies that {x,} is a Cauchy sequence in C and then it must converge to some
point in C. Set lim,,_, ;o X, = p, since lim,_, ,oc d(x,,, F) = 0 and F is closed, we get p € F.
This completes the proof. d

In the following, we shall give a sufficient condition to ensure the strong convergence
of the iterative sequence (3.1). We need the following notions. Recall that a finite family
of nonself mappings 71, T3, ..., Tn : C —> X with F = ﬂﬁl F(T;) # () satisfies Condition (C)
if there exists a nondecreasing function f : [0, +o0) — [0, +00) with f(0) = 0, f(r) > 0, for
r € (0, +00), such that at least one of the {Ti}f\zz , satisfies condition (7), ie.,

| Tix — x|| zf(d(x,F)), Vx e C,

for at least one T;, 1 <i < N, where d(x, F) = inf{||x — p|| : p € F}.

A mapping T : C — X is said to be demicompact if, for any bounded sequence {x,} in
C such that x, — Tx, converges, there exists a subsequence, say {2} of {x,}, such that
{%4;} converges strongly to some point in C. T is said to be completely continuous if it is
continuous and for every bounded sequence {x,}, there exists a subsequence, say {%;} of
{x,,}, such that the sequence Txn]. converges to some element of the range of 7.
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It is well known that every continuous and demicompact mapping must satisfy condi-

tion () since every completely continuous mapping 7 : C — C is continuous and demi-
compact so that it satisfies condition (7). Therefore, the condition (7) is weaker than the
demicompactness and complete continuity (see [27]). Next we shall give several strong
convergence theorems in uniformly convex Banach spaces if one member of the finite

family of asymptotically nonexpansive in the intermediate sense mappings {7}, satisfies

~

condition (1).

Theorem 3.4 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X and let P: X — C be a nonexpansive retraction from X onto C. Let Ty, T5,..., T :
C — X be a finite family of uniformly continuous nonself mappings which are asymptoti-
cally nonexpansive in the intermediate sense and let {x,} be as in Theorem 3.1. If the family

{T1, Ts, ..., Tn} satisfies condition (C), then {x,.} converges strongly to a common fixed point
of {THY,.

Proof Without loss of generality, we assume that 7; satisfies condition ), ie.

I Tyx — x|l > f(d(x,F)), VxeC.
Hence we have

I Tv%n = %ull > f(d(xn, F)), n=1,2,.... (3.18)
Then by (3.9), the uniform continuity of 77 and

”xn - Tlxn ”
= ||xn — Xn+l || + ||xn+1 - TI(PTl)ner—l ||
+ || TI(PTl)nan - TI(PTl)nxn H + || TI(PTl)nxn - Tlxn H

< 20%0 = Xl + | Xni1 = TiPTY %ar | + | T1(PTL) % — Taku | + T,
we derive
lim |jx, — T1x,|| = 0. (3.19)
1> +00
By (3.6), we have for all f € F, ||xs1 —f 1| < %4 —f Il + wy, where Y% w, < +00. Hence
d(xy41,F) < d(x,, F) + wy.

Then it follows from Lemma 2.1 that lim,,, ,~ d(x,, F) exists. Hence, by (3.18) and (3.19),
we see lim,_, .o f(d(x,, F)) = 0 and therefore,

lim d(x,,F)=0.
n—+00

By Theorem 3.3, we can get what we desired. This completes the proof. O
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Remark 3.3 From Theorem 3.4, we can get Theorem 3.8 and Theorem 3.10 in [28], The-
orem 3.5 in [31], Theorem 1 and Theorem 2 in [34].

For completeness, we conclude with the following strong convergence theorem for a
finite family of nonexpansive and asymptotically nonexpansive nonself mappings.

Theorem 3.5 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X and let P: X — C be a nonexpansive retraction from X onto C. Let Ty, Ts,..., Tn :
C — X be a finite family of asymptotically nonexpansive nonself mappings and {x,} be
as in Theorem 3.1. If the family {Ty, Ts, ..., T} satisfies condition (C), then {x,} converges
strongly to a common fixed point of {T;}Y,.

Theorem 3.6 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X and let P: X — C be a nonexpansive retraction from X onto C. Let Ty, Ts,..., T :
C — X be a finite family of nonexpansive nonself mappings and {x,} be as in Theorem 3.2. If
the family {T1, T, . .., Tn'} satisfies condition (C), then {x,)} converges strongly to a common
fixed point of {T;}Y,.

Remark 3.4 Theorem 3.5 and Theorem 3.6 generalize and improve many recent impor-
tant results such as Theorem 3.5 in [1], Theorem 3.7 in [2], Theorem 2.4 in [4], Theo-
rem 4.2 in [5], Theorem 2 in [9], Theorem 2.4 in [12], Theorems 2.1-2.3 in [18], The-
orem 3.6 in [24], Theorem 3.4 and Theorem 4.1 in [27], Theorems 3.3-3.4 in [32] and
others.
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