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The aim of this article is to obtain more general forms than the papers of (Jun et al. (2010); Jun
et al. (in press)). The notions of -subalgebras of types (€, qx), (€,€ Vqk), and (q,€ Vgxi) are
introduced, and the concepts of gx-support and € Vgi-support are also introduced. Several related
properties are investigated. Characterizations of /-subalgebra of type (€,€ Vgy) are discussed,
and conditions for an /-subalgebra of type (€,€ Vgk) to be an N-subalgebra of type (€, €) are
considered.

1. Introduction

A (crisp) set A in a universe X can be defined in the form of its characteristic function
ua X — {0,1} yielding the value 1 for elements belonging to the set A and the value 0 for
elements excluded from the set A. So far most of the generalizations of the crisp set have been
conducted on the unit interval [0, 1], and they are consistent with the asymmetry observation.
In other words, the generalization of the crisp set to fuzzy sets relied on spreading positive
information that fits the crisp point {1} into the interval [0, 1]. Because no negative meaning
of information is suggested, we now feel a need to deal with negative information. To do so,
we also feel a need to supply mathematical tool. To attain such object, Jun et al. [1] introduced
a new function which is called negative-valued function and constructed _-structures.
They applied A-structures to BCK/BCl-algebras and discussed _-subalgebras and -
ideals in BCK/BCl-algebras. Jun et al. [2] considered closed ideals in BCH-algebras based
on V-structures. To obtain more general form of an -subalgebra in BCK/BClI-algebras,
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Jun etal. [3] defined the notions of /V-subalgebras of types (€, €), (€, 9), (€,€ Vq),(q,€),(q,9),
and (g,€ Vq) and investigated related properties. They also gave conditions for an -
structure to be an /-subalgebra of type (g, € Vq). Jun et al. provided a characterization of an
N-subalgebra of type (€, € vq) (see [3, 4]).

In this paper, we try to have more general form of the papers [3, 4]. We introduce the
notions of U-subalgebras of types (€,4k), (€, € Vgk), and (g, € Vqk). We also introduce the
concepts of gi-support and € Vgi-support and investigate several properties. We discuss
characterizations of _V-subalgebra of type (€,&€ Vgi). We consider conditions for an -
subalgebra of type (€, € Vgi) to be an _N-subalgebra of type (€, €). The important achievement
of the study of V-subalgebras of types (€, gk), (€, € Vqk), and (g, € Vgx) is that the notions of
N-subalgebras of types (€,9), (€,€ Vvq), and (g,€ Vq) are a special case of /V-subalgebras
of types (€,qx), (€, € Vqk), and (g, € Vqk), and thus so many results in the papers [3, 4] are
corollaries of our results obtained in this paper.

2. Preliminaries

Let K(7) be the class of all algebras with type 7 = (2,0). By a BCI-algebra, we mean a system
X = (X, *,0) € K(7) in which the following axioms hold:

() (xxy)* (xx2))* (zxy) =

)

(11)(x*(x*y))*y 0,
(iii) x * x

(iv) x*xy = y*x—O:x Y,

for all x,y,z € X. If a BCl-algebra X satisfies 0 * x = 0 for all x € X, then we say that X is a
BCK-algebra. We can define a partial ordering < by

(Vx,yeX) (x<ye=xxy=0). (2.1)

In a BCK/BCl-algebra X, the following hold:

(al) (Vx € X)(x*0 = x),
(@2) (Vx,y,zeX)(x*y)*z=(x*2) *Yy),

forall x,y,z € X.

A nonempty subset S of a BCK/BClI-algebras X is called a subalgebra of X if x*y € S
for all x, y € S. For our convenience, the empty set @) is regarded as a subalgebra of X.

We refer the reader to the books [5, 6] for further information regarding BCK/BCI-
algebras.

For any family {a; | i € A} of real numbers, we define

) max{a; | i€ A} if A is finite,
\/{ai lieA}:= . .
supf{a; |i€ A} otherwise,
(2.2)

. min{a; | i€ A} if A is finite,
NailieA) =1 . :
inf{a; | i€ A} otherwise.
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Denote by ¥(X, [-1,0]) the collection of functions from a set X to [-1,0]. We say that
an element of ¥ (X, [-1,0]) is a negative-valued function from X to [-1, 0] (briefly, /-function
on X). By an /-structure, we mean an ordered pair (X, f) of X and an W-function f on X. In
what follows, let X denote a BCK/BCl-algebras and f an /-function on X unless otherwise
specified.

Definition 2.1 (see [1]). By a subalgebra of X based on /W-function f (briefly, /V-subalgebra of

X), we mean an U-structure (X, f) in which f satisfies the following assertion:

(xyeX) (fexy) <\V{F@fW)))- (2.3)
For any A-structure (X, f) and ¢ € [1,0), the set
C(fit) = {xeX | f(x) <t) 4
is called a closed t-support of (X, f), and the set
O(f;t) ={xeX| f(x) <t} (2.5)

is called an open t-support of (X, f).
Using the similar method to the transfer principle in fuzzy theory (see [7, 8]), Jun et al.
[2] considered transfer principle in /U-structures as follows.

Theorem 2.2 (see [2]; M-transfer principle). An M-structure (X, f) satisfies the property p if and
only if for all « € [-1,0],

C(f;a) #0 = C(f;a) satisfies the property . (2.6)

Lemma 2.3 (see [1]). An N-structure (X, f) is an N-subalgebra of X if and only if every open
t-support of (X, f) is a subalgebra of X for all t € [-1,0).

3. General Form of _U-Subalgebras with Type (<, < vq)

In what follows, let t and k denote arbitrary elements of [-1,0) and (-1,0], respectively,
unless otherwise specified.
Let (X, f) be an M-structure in which f is given by

0 ify#x,

3.1
t ify=x G0

F) = {

In this case, f is denoted by x;, and we call (X, x¢) a point /U-structure. For any -structure
(X, g), we say that a point /WU-structure (X, x;) is an Ne-subset (resp., /l;-subset) of (X, g) if
g(x) <t (resp., g(x) +t+1 < 0). If a point A-structure (X, x;) is an Ne-subset of (X, g) or an
Ng-subset of (X, g), we say (X, x;) is an Ney4-subset of (X, g). We say that a point /-structure
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(X, x1) is an N, -subset of (X, g) if g(x) +t -k +1 < 0. Clearly, every N, -subset with k = 0 is
an ,-subset. Note that if k, r € (-1,0] with k < r, then every /A, -subset is an _,,-subset.

Definition 3.1. An /-structure (X, f) is called an /-subalgebra of type

(i) (€,€) (resp., (€,9) and (€, € Vvq)) if whenever two point -structures (X, x;,) and
(X, y1,) are Ne-subsets of (X, f) then the point /-structure (X, (x * )\, 1,)) is an
Ne-subset (resp., /V;-subset and Ney4-subset) of (X, f).

(ii) (g,€) (resp., (g,9) and (g,€ Vvq)) if whenever two point A-structures (X, x;,) and
(X, y1,) are Ng-subsets of (X, f) then the point /U-structure (X, (x * y)\/1, 1,)) 1S an
Ne-subset (resp., N;-subset and Ney4-subset) of (X, f).

Definition 3.2. An MN-structure (X, f) is called an /-subalgebra of type (€, € Vqi) (resp., (9, €
Vqk)) if whenever two point A-structures (X, x;,) and (X, y;,) are /Ne-subsets (resp., M-
subsets) of (X, f) then the point /U-structure (X, (x * y)\/1, 1,)) 18 an Neyg,-subset of (X, f).

Example 3.3. Consider a BCI-algebra X = {0, a, b, c} with the following Cayley table:

%[0 abc
0[0abc
ala 0 cb (3.2)
blbc0a
clcbao
Let (X, f) be an A-structure in which f is defined by
0 a b c
f= (—0.6 -0.7 -0.3 —0.3>' (33)

It is routine to verify that (X, f) is an /-subalgebra of type (€, € Vg_92).
Note that if k, 7 € (-1,0] with k < r, then every -subalgebra of type (€, € Vgi) is an
S-subalgebra of type (€, € Vg,), but the converse is not true as seen in the following example.

Example 3.4. The N-subalgebra (X, f) of type (€, € Vg-o2) in Example 3.3 is not of type (€, €
Vg-o4) since (X, a_g¢5) and (X, a_g¢s) are Ne-subsets of (X, f), but

<X, (a* a)\/[—O.65,—0.68]> (34)

is not an ey, ,,-subset of (X, f).
Theorem 3.5. Every N-subalgebra of type (€, €) is of type (€, € Vqx).
Proof. Straightforward. O

Taking k = 0 in Theorem 3.5 induces the following corollary.
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Corollary 3.6. Every N-subalgebra of type (€, €) is of type (€, € Vq).
The converse of Theorem 3.5 is not true as seen in the following example.

Example 3.7. Consider the -subalgebra (X, f) of type (€,€ Vg_2) which is given in
Example 3.3. Then (X, f) is not an V-subalgebra of type (€, €) since (X, a_o¢5) and (X, a_oes)
are Ne-subsets of (X, f), but (X, (a * a)\/|_o5-0.6s)) is not an Ne-subset of (X, f).

Definition 3.8. An M-structure (X, f) is called an -subalgebra of type (€, gx) if whenever
two point A-structure (X, x;,) and (X, y;,) are Nc-subsets of (X, f) then the point /W-structure
(X, (X * Y) 1, 1)) 18 an N, -subset of (X, f).

Theorem 3.9. Every N-subalgebra of type (€, qx) is of type (€, € Vqx).

Proof. Straightforward. O
Taking k = 0 in Theorem 3.9 induces the following corollary.

Corollary 3.10. Every N-subalgebra of type (€, q) is of type (€, € Vq).
The converse of Theorem 3.9 is not true as seen in the following example.

Example 3.11. Consider the _-subalgebra (X, f) of type (€,€ Vg-2) which is given in
Example 3.3. Then (X, a_g65) and (X, b_25) are /M-subsets of (X, f), but

(X, (axb)y {_0_65,_0425}) = (X, c_02) (3.5)

is not an N, -subset of (X, f) for k = -0.2 since f(c) —0.25-0.2+1> 0.
We consider a characterization of an /l-subalgebra of type (€, € Vgi).

Theorem 3.12. An N-structure (X, f) is an N-subalgebra of type (€, € Vqx) if and only if it satisfies

(yex) (feew) <V{F@ 5w, 1)) 36

Proof. Let (X, f) be an -structure of type (€, € Vqi). Assume that (3.6) is not valid. Then
there exists a, b € X such that

flasty>\/{ @, se), ). 67)

If\/{f(a), f(b)} > (k-1)/2,then f(axb)>\/{f(a), f(b)}. Hence

flaxb)>t2\/{f(a), f(b)} (3.8)
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for some t € [-1,0). It follows that point /-structures (X, a;) and (X, b;) are N-subsets of
(X, f), but the point AN-structure (X, (a * b),) is not an Nc-subset of (X, f). Moreover,

fla*xb)+t-k+1>2t-k+1=0, (3.9)

and so (X, (axb);) is not an N, -subset of (X, f). Consequently, (X, (a * b),) is not an
Nevg,-subset of (X, f). This is a contradiction. If \/{f(a), f(b)} < (k —1)/2, then f(a) <
(k-1)/2,f(b) < (k-1)/2and f(a*b) > (k —1)/2. Thus (X, ak-1)/2) and (X, b-1)/2) are
Ne-subsets of (X, f), but (X, (a *b) \_),2) is not an Ne-subset of (X, f). Also,

k-1 k-1 k-1
_ S = 3.10
3 k+1> >t k+1=0, (3.10)

flaxb)+
that is, (X, (a * b)(_1)/2) is not an M, -subset of (X, f). Hence (X, (a * b)(_y),,) is not an
Nevg -subset of (X, f), a contradiction. Therefore (3.6) is valid.
Conversely, suppose that (3.6) is valid. Let x, ¥ € X and t3, t, € [-1,0) be such that two
point A-structures (X, xy,) and (X, y,) are Ne-subsets of (X, f). Then

flxxy) S\/{f(x),f(y)f%} s\/{tl,tz,kz;l}. (3.11)

Assume thatt; > (k—1)/2ort, > (k—1)/2. Then f(x*y) < V{t1, t2}, and so (X, (x* V)4, 1,1)
is an Me-subset of (X, f). Now suppose thatt; < (k—1)/2and t, < (k—1)/2. Then f(x*y) <
(k-1)/2, and thus

k-1 k-1
+

flxxy)+\/{t,ta} —k+1< —k+1=0, (3.12)

that is, (X, (x * y)\/(s,4,)) 1S an Ny, -subset of (X, f). Therefore (X, (x * ¥)y 1, 1,)) 18 an Neyg,-
subset of (X, f) and consequently (X, f) is an /-subalgebra of type (€, € Vgy). O
Corollary 3.13 (see [3]). An N-structure (X, f) is an N-subalgebra of type (€, € Vq) if and only if
it satisfies

(Yx,yeX) (fxry) <V {f(),f(y),-05}). (3.13)

Proof. It follows from taking k = 0 in Theorem 3.12. O
We provide conditions for an A-structure to be an /V-subalgebra of type (g, € Vqx).
Theorem 3.14. Let S be a subalgebra of X and let (X, f) be an N-structure such that

@) (Vx e X)(x € S= f(x) < (k-1)/2),
(b) (Yx € X)(x & S = f(x) = 0).

Then (X, f) is an N-subalgebra of type (g, € Vqx).
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Proof. Let x,y € X and t1,t, € [-1,0) be such that two point A-structures (X, x;,) and (X, y,)
are /l;-subsets of (X, f). Then f(x) +t +1 <0and f(y) +t2 +1 < 0. Thus x * y € S because
if it is impossible, then x ¢ Sory ¢ S. Thus f(x) = O or f(y) = 0, and so t; < -1 or
t; < —1. This is a contradiction. Hence f(x * y) < (k —1)/2. If \/{t1,t2} < (k —1)/2, then
flxxy)+ Vit 2} —k+1<((k-1)/2) + ((k-1)/2) -k +1 = 0 and so the point /V-structure
(X, (Xx*Y)y1,1)) is an Ny -subset of (X, f). If \/{t1,t2} > (k—1)/2, then f(x*y) < (k—-1)/2 <
V{t1,t2} and so the point A-structure (X, (x * ¥)\/4, 1,)) is an Ne-subset of (X, f). Therefore
the point /U-structure (X, (x * y)\/(4, 1,)) is an Neyg,-subset of (X, f). This shows that (X, f) is
an _/l-subalgebra of type (g, € Vgx). O

Taking k = 0 in Theorem 3.14, we have the following corollary.
Corollary 3.15 (see [3]). Let S be a subalgebra of X and let (X, f) be an N-structure such that

(@) (VxeX)(xeS= f(x) <-0.5),
(b) (VxeX)(x¢ S= f(x) =0).

Then (X, f) is an N-subalgebra of type (q, € V).

Theorem 3.16. Let (X, f) be an N-subalgebra of type (qk, € Vqi). If f is not constant on the open
0-support of (X, f), then f(x) < (k —1)/2 for some x € X. In particular, f(0) < (k—-1)/2.

Proof. Assume that f(x) > (k—1)/2 forall x € X. Since f is not constant on the open 0-support
of (X, f), there exists x € O(f;0) such that t, = f(x) # f(0) = to. Then either t; < t, or ty > t,.
For the case tg < ty, choose r < (k—1)/2such thatty+r -k +1 <0 <ty +r—k+1. Then the
point W-structure (X, 0,) is an N, -subset of (X, f). Since (X, x_1) is an N, -subset of (X, f). It
follows from (al) that the point /U-structure (X, (x * 0)\/(,-1)) = (X, x;) is an Ney,, -subset of
(X, f).But, f(x) > (k—1)/2 > r implies that the point /-structure (X, x,) is not an _NVc-subset
of (X, f). Also, f(x) +r—k+1 =t +r—k+1>0implies that the point /W-structure (X, x,) is
not an W, -subset of (X, f). This is a contradiction. Assume that t, > t, and take r < (k-1)/2
such thatt, +7 -k +1<0<ty+r-k+1. Then (X, x;) is an /N, -subset of (X, f). Since

k-1 k-1

flx*xx)=f0)=ty>-r+k-1>- +k-1= >7, (3.14)

(X, (x * x) /() is Ot an Ne-subset of (X, f). Since
flexx)+\/{r,r)—k+1=f0)+r—-k+1=tg+r-k+1>0, (3.15)

(X, (x * X)y(,r}) s nOt an N, -subset of (X, f). Hence (X, (x * x)y(, ) is not an Ney,, -subset
of (X, f), which is a contradiction. Therefore f(x) < (k —1)/2 for some x € X. We now prove
that f(0) < (k—1)/2. Assume that f(0) = top > (k—1)/2. Note that there exists x € X such that
f(x) =ty <(k-1)/2and so ty < tg. Choose t; < tg such thatt, +t; —k+1<0<ty+t; —k+1.
Then f(x)+t;—k+1 = t,+t;—k+1 < 0, and thus the point _/-structure (X, x;,) is an /;, -subset
of (X, f). Now we have

f(x*x)+\/{t1,t1}—k+1:f(0)+t1—k+1:t0+t1—k+1>0 (3.16)
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and f(xxx) = f(0) = to >t = \/{t,t1}. Hence (X, (x * x)\/(1, ,)) 15 not an Neyq -subset of
(X, f). This is a contradiction, and therefore f(0) < (k-1)/2. O

Corollary 3.17 (see [3]). Let (X, f) be an N-subalgebra of type (q, € V). If f is not constant on the
open O-support of (X, f), then f(x) < =0.5 for some x € X. In particular, f(0) < -0.5.

Theorem 3.18. An N-structure (X, f) is an N-subalgebra of type (€, € Vqx) if and only if for every
t € [(k—1)/2,0] the nonempty closed t-support of (X, f) is a subalgebra of X.

Proof. Assume that (X, f) is an -subalgebra of type (€,€ Vqi) and let t € [(k —1)/2,0]
be such that C(f;t)#0. Let x,y € C(f;t). Then f(x) < t and f(y) < t. It follows from
Theorem 3.12 that

f(x*y)S\/{f(X),f(y),%}s\/{t,%}=t (3.17)

so that x * y € C(f;t). Therefore C(f;1t) is a subalgebra of X.

Conversely, let (X, f) be an U-structure such that the nonempty closed t-support of
(X, f) is a subalgebra of X for all t € [(k —1)/2,0]. If there exist a,b € X such that f(a*b) >
V{f(a), f(b), (k—-1)/2}, then we can take s € [-1,0] such that

faxty>s=\{r@ s, ) (.19)

Thus a,b € C(f;s) and s > (k—1)/2. Since C(f, s) is a subalgebra of X, it follows that a x b €
C(f;s) so that f(ax*b) < s. This is a contradiction, and therefore f(x*y) < \V/{f(x), f(y), (k-
1)/2} for all x,y € X. Using Theorem 3.12, we conclude that (X, f) is an -subalgebra of
type (€, € Vgy). O

Taking k = 0 in Theorem 3.18, we have the following corollary.

Corollary 3.19 (see [4]). An N-structure (X, f) is an /V-subalgebra of type (€, € V,) if and only if
for every t € [-0.5,0] the nonempty closed t-support of (X, f) is a subalgebra of X.

Theorem 3.20. Let S be a subalgebra of X. For any t € [(k —1)/2,0), there exists an N-subalgebra
(X, f) of type (€, € Vqy) for which S is represented by the closed t-support of (X, f).

Proof. Let (X, f) be an A-structure in which f is given by

t ifxes,
f(X)—{O xds, (3.19)

forall x € X wheret € [(k-1)/2,0). Assume that f(axb) > \/{f(a), f(b), (k—1)/2} for some
a,b € X. Since the cardinality of the image of f is 2, we have f(a*b) = 0and \/{f(a), f(b), (k—
1)/2} = t. Since t > (k —1)/2, it follows that f(a) = t = f(b) so that a,b € S. Since S is a
subalgebra of X, we obtain a* b € S and so f(a*b) =t < 0. This is a contradiction. Therefore
flx*y) < V{f(x), f(y), (k-1)/2} for all x,y € X. Using Theorem 3.12, we conclude that
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(X, f) is an M-subalgebra of type (€,€ Vgi). Obviously, S is represented by the closed t-
support of (X, f). O

Corollary 3.21 (see [4]). Let S be a subalgebra of X. For any t € [-0.5,0), there exists an /-
subalgebra (X, f) of type (€, € V) for which S is represented by the closed t-support of (X, f).

Proof. It follows from taking k = 0 in Theorem 3.20. O

Note that every -subalgebra of type (€, €) is an -subalgebra of type (€,€ Vgi),
but the converse is not true in general (see Example 3.7). Now, we give a condition for an
N-subalgebra of type (€, € Vgi) to be an N-subalgebra of type (€, €).

Theorem 3.22. Let (X, f) be an N-subalgebra of type (€, € Vqx) such that f(x) > (k—1)/2 for all
x € X. Then (X, f) is an NV-subalgebra of type (€, €).

Proof. Let x,y € X and t € [-1,0) be such that (X, x;,) and (X, y,) are NVe-subsets of (X, f).
Then f(x) <t and f(y) < . It follows from Theorem 3.12 and the hypothesis that

flxxy) < v{f(x»f(y), %} =V{fe, f(»)} < Vit k) (3.20)

so that (X, (x*¥)y/, 1,)) is an Ne-subset of (X, f). Therefore (X, f) is an /-subalgebra of type
(g,€). O

Corollary 3.23 (see [4]). Let (X, f) be an N-structure of type (€, € V) such that f(x) > -0.5 for
all x € X. Then (X, f) is an N-subalgebra of type (€, €).

Proof. It follows from taking k = 0 in Theorem 3.22. O

Theorem 3.24. Let {(X, f;) | i € A} be a family of N-subalgebras of type (€,€ Vqi). Then
(X, Uien fi) is an N-subalgebra of type (€,€ Vqyx), where U;cp fi is an N-function on X given by
(Uiea fi)(x) = VieAfi(x)for all x € X.

Proof. Let x,y € X and t;,t, € [-1,0) be such that (X, x;) and (X, y;,) are N-subsets of
(X, Uien fi)- Assume that (X, (x*y)\/ 1, 1,)) is not an Ney,, -subset of (X, Uiea fi)- Then (X, (x
Y)yinp)) is neither an Me-subset nor an Mg -subset of (X, Uies fi)- Hence (Uiep fi) (x * y) >
V{t1,t2} and

<Ufi>(x*y)+\/{t1,tz}—k+120, (3.21)

ieA

which imply that

<Ufz‘> (x*y)> kgl- (3.22)

ieA

Let Ay = {i € A | (X, (x * ¥)y)) s an Ne-subset of (X, fi)} and Ay = {i € A |
(X, (X *Y)y1,)) 18 an Ny -subset of (X, fi)}N{j € A| (X, (x*y)y1)) is not an Ne-subset
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of (X, fj)}. Then A = AjUA; and A|NA; = . If Ay = @, then (X, (X*Y)yt,1)) 18 an Ne-subset
of (X, fi) foralli € A, thatis, fi(x*y) < \/{t1,t2} foralli € A. Thus (Ucp fi)(x*y) < V{t1, t2}.
This is a contradiction. Hence A, #@, and so for every i € A, we have fi(x *x y) > \/{t,t2}
and fi(x *y) + \/{t1,t2} —k+1 < 0. It follows that \/{t1, £} < (k —1)/2. Since (X, x;,) is an
Ne-subset of (X, U;en fi), we have

fi(x) < <U fz->(x) <t <\t t) < % (3.23)

i€A

foralli € A.Similarly, fj(y) < (k—=1)/2foralli € A. Next suppose thatt := fi(x*y) > (k-1)/2.
Taking (k - 1)/2 < r < t, we know that (X, x,) and (X, y,) are Nc-subsets of (X, f;), but
(X, (X *Y)\yr,ry) = (X, (x % y),) is not an Neyg -subset of (X, f;). This contradicts that (X, f;)
is an -subalgebra of type (€,€ Vgi). Hence fi(x xy) < (k—-1)/2 for alli € A, and so
(Uiea fi)(x *y) < (k —1)/2 which contradicts (3.22). Therefore (X, (x * y)\/1, 1,)) s an Nevg,-
subset of (X, Uica fi) and consequently (X, ;e fi) is an -subalgebra of type (€, € Vgx). O

For any A-structure (X, f) and t € [-1,0), the g-support and the € v -support of (X, f)
related to t are defined to be the sets (see [4])

Ng(f;t) = {x e X | (X,x;) is an Ng-subset of (X, f)}, (3.24)
Nevg(fit) = {x € X | (X, x4) is an Neyy-subset of (X, f)}, (3.25)

respectively. Note that the € Vg-support is the union of the closed support and the g-support,
that is,

Nevg(fit) =C(f;t) UM, (f;t), te[-1,0). (3.26)
The gi-support and the € vgg-support of (X, f) related to t are defined to be the sets

N (fit) = {x e X | (X, x) is an N, -subset of (X, f)}, (3.27)
Nevg (fit) = {x € X | (X,x4) is an Neyg, -subset of (X, f)}, (3.28)

respectively. Clearly, Ve, (f;t) = C(f;t) U Ny (f;t) forall t € [-1,0).

Theorem 3.25. An N-structure (X, f) is an N-subalgebra of type (€,€ Vqr) if and only if the
€ Vqi-support of (X, f) related to t is a subalgebra of X for all t € [-1,0).

Proof. Suppose that (X, f) is an -subalgebra of type (€,€ Vqx). Let x,y € My, (f;t) for
t € [-1,0). Then (X, x;) and (X, y;) are Neyq, -subsets of (X, f). Hence f(x) < tor f(x) + t-
k+ 1 <0,and f(y) <tor f(y) +t—k +1 < 0. Then we consider the following four cases:

(c1) f(x) < tand f(y) <1,

(2) f(x)<tand f(y) +t-k+1<0,

(3) f(x)+t-k+1<0and f(y) <t,

(c4) f(x)+t-k+1<0and f(y) +t-k+1<0.
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Combining (3.6) and (c1), we have f(x*y) < \/{t, (k—1)/2}.1ft > (k—1)/2, then f(x*y) <t
and so (X, (x*y);) is an Ne-subset of (X, f). Hence x*y € C(f;t) C Neyy (f;t). Ift < (k-1)/2,
then f(x* y) < (k-1)/2andso f(x* y)+t-k+1<((k-1)/2)+((k-1)/2)-k+1=0,
that is, (X, (x * y);) is an A, -subset of (X, f). Therefore x x y € N, (f;t) C Nevg (f;t). For
the case (c2), assume that t < (k —1)/2. Then

feery) < V{7,100, 55

Vi{rm S b= v{rm 5

_ (3.29)
) i f) >

k-1 k-1
- < -
2 lff(y)— 2 4

<k-1-t,

IN

and so f(x*y)+t—k+1<0.Thus (X, (x*y),) is an N, -subset of (X, f).Ift > (k—1)/2, then

s < V@ rm 5

<V{trw. 55} = Vieso) (3.30)

) i fy) >t
e if f(y) <t,

and thus x*y € N, (f;t) or xxy € C(f;t). Consequently, x*y € Ny, (f;t). For the case (c3),
it is similar to the case (c2). Finally, for the case (c4),ift > (k—1)/2,then k—-1-t < (k-1)/2 < t.
Hence

flxxy) < \/{f(x)/f(y),¥} < \/{k—l—t,¥} = % <t, (3.31)

which implies that x x y € C(f; ). Ift < (k—-1)/2,thent < (k—-1)/2 < k — 1 - t. Therefore

flx*y) g\/{f(x),f(y),%} g\/{k—l—t,%} =k-1-t, (3.32)

that is, f(x xy) +t -k +1 < 0, which means that (X, (x * y),) is an N, -subset of (X, f).
Consequently, the € Vgi-support of (X, f) related to ¢ is a subalgebra of X for all t € [-1,0).
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Conversely, let (X, f) be an A-structure for which the € vVgi-support of (X, f) related
to t is a subalgebra of X for all f € [-1,0). Assume that there exist a,b € X such that f(axb) >

V{f(a), f(b), (k —1)/2}. Then
faxt)>s2\/{r@ s, ) (6.39)

for some s € [(k—1)/2,0). It follows that a,b € C(f;5) C Neyq, (f;s) butaxb & C(f;s). Also,
flaxb)+s-k+1>2s-k+12>0,thatis,axb & N, (f;s). Thusa*b & Ney, (f;s) whichis
a contradiction. Therefore

ferew) V{70, 55 ) 539

for all x,y € X. Using Theorem 3.12, we conclude that (X, f) is an N-subalgebra of type
(€,€ Vgx). U

If we take k = 0 in Theorem 3.25, we have the following corollary.

Corollary 3.26 (see [4]). An N-structure (X, f) is an N-subalgebra of type (€, € Vq) if and only if
the € Vg-support of (X, f) related to t is a subalgebra of X for all t € [-1,0).
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