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Abstract. We provide an accurate evaluation of the two-photon exchange correction to the hyperfine
splitting of S energy levels in muonic hydrogen exploiting the corresponding measurements in electronic
hydrogen. The proton structure uncertainty in the calculation of α5 contribution is sizably reduced.

The theoretical knowledge of the two-photon exchange
(TPE) correction to the hyperfine splitting (HFS) of the
S energy levels in muonic hydrogen exceeds by two orders
of magnitude the expected ppm level of the experimental
accuracy in the forthcoming measurements of 1S HFS by
CREMA [1] and FAMU [2,3] Collaborations as well as at
J-PARC [4]. In the ordinary hydrogen, the uncertainty of
TPE is even six orders of magnitude above the experi-
mental precision [5, 6], the measurements were performed
in the 1970s [7–15] and discussed in refs. [16,17].

The graph with two exchanged photons, see fig. 1
for the notation of particles momenta, also contributes
the largest theoretical uncertainty in the proton size
extractions from the Lamb shift in muonic hydrogen
(μH) [18, 19]. It was a subject of extensive theoretical
studies [20–34] since the formulation of the proton radius
puzzle in 2010, when the accurate extraction of the pro-
ton charge radius (RE) from the muonic hydrogen Lamb
shift by the CREMA Collaboration at PSI [18,19] gave a
significantly smaller result than the electron data based
extractions [35–37], see refs. [19,38] for recent reviews.

Besides the Lamb shift, the CREMA Collaboration has
extracted the HFS of the 2S energy level in μH [39], where
the leading theoretical uncertainty is also coming from
TPE. The corresponding correction to HFS of S energy
levels is expressed in terms of the proton elastic form fac-
tors and spin structure functions [5, 40–52]. The first full
dispersive calculation of this contribution was performed
in refs. [5, 49], where it was evaluated with 213 ppm un-
certainty. The subsequent studies expressing the region
with small photons virtualities in terms of proton radii
and moments of the spin structure functions led to the
uncertainty 105 ppm [53]. The model-independent evalua-
tion within the frameworks of Non-Relativistic Quantum

a e-mail: tomalak@uni-mainz.de

Fig. 1. Two-photon exchange graph.

Electrodynamics and Chiral Perturbation Theory exploit-
ing the electronic hydrogen (eH) HFS measurement was
recently performed in ref. [51], for results in Chiral Effec-
tive Field Theory see ref. [50].

In this work, we aim to reduce the proton structure
uncertainty in the dispersive evaluation of the TPE cor-
rection to HFS of the S energy levels in μH exploiting
precise measurements of the HFS in eH [16].

The TPE contribution to the nS-level HFS δEHFS
nS is

expressed in terms of the relative correction ΔHFS and the
leading-order HFS EHFS,0

nS as [6]

δEHFS
nS = ΔHFS(m)EHFS,0

nS , (1)

EHFS,0
nS =

8
3

mr(m)3α4

Mm

μP

n3
, (2)

where M and m are the proton and the lepton masses in
the energy units, mr(m) = Mm/(M + m) is the reduced
mass, μP is the proton magnetic moment, α is the elec-
tromagnetic coupling constant and n = 1, 2, 3, . . . is the
principal quantum number. ΔHFS is usually defined as a
sum of the Zemach correction ΔZ, the recoil correction
ΔR and the polarizability correction Δpol [6, 52]

ΔHFS = ΔZ + ΔR + Δpol, (3)
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which can be expressed as integrals over the photon energy
νγ = (p · q)/M and the virtuality Q2 = −q2:

ΔZ =
8αmr

π

∫ ∞

0

dQ

Q2

(
GE(Q2)GM(Q2)

μP
−1

)
, (4)

ΔR =
α

π

∫ ∞

0

dQ2
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√

τP

√
1+τl+

√
τl

√
1+τP
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+
3α

π

∫ ∞

0

dQ2

Q2

ρ(τl)ρ(τP)FP(Q2)
√

τP

√
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−α

π
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0

dQ

Q

(
m

M

β1(τl)F2
P(Q2)

μP
− 8mr

Q

)
−ΔZ , (5)

Δpol =
2α

πμP

∫ ∞

0

dQ2

Q2
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, (6)

with β1(τ) = ρ(τ)2 − 4ρ(τ), ρ(τ) = τ −
√

τ(1 + τ) and

τl =
Q2

4m2
, τP =

Q2

4M2
, τ̃ =

ν2
γ

Q2
. (7)

The proton structure enters the TPE correction through
the Dirac, Pauli, Sachs electric and magnetic form fac-
tors FD(Q2), FP(Q2), GE(Q2) and GM(Q2), respectively,
as well as through the spin-dependent inelastic proton
structure functions g1(νγ , Q2) and g2(νγ , Q2). The photon
energy integration starts from the pion-nucleon inelastic
threshold νinel

thr = mπ + (m2
π + Q2)/(2M), where mπ de-

notes the pion mass.
We propose to improve the theoretical prediction of the

TPE correction in μH Δimpr
HFS (mμ) from the known correc-

tion in eH Δexp
HFS(me)

Δimpr
HFS (mμ) =

mr(mμ)
mr(me)

Δexp
HFS(me)

+ΔHFS(mμ) − mr(mμ)
mr(me)

ΔHFS(me), (8)

performing the photon virtuality integration for the ansatz
in the last line of eq. (8) as a whole. In contrast to ref. [51],
we do not expand the correction to the hyperfine split-
ting in lepton mass and evaluate the difference in eq. (8),
which is weighted by the reduced mass but not by the
lepton mass itself. Introducing the ratio mr(mμ)/mr(me)
in eq. (8), we exactly1 cancel the Zemach contribution of
eq. (4), which is a main source of the theoretical uncer-
tainty due to the pure knowledge of the proton electro-
magnetic form factors and radii [53]. As we will see in the

1 The Zemach correction also cancels in ref. [51], where it is
defined for the infinitely heavy proton, i.e. mr is replaced by m
in eq. (4). Accounting for the lepton mass in eq. (4), it cancels
in ref. [51] at the leading order in the lepton mass expansion.

following, the main source of the uncertainty coming from
the errors of the proton spin structure functions, the polar-
izability correction of eq. (6), also scales as a reduced mass
within errors producing a small number in the weighted
difference of eq. (8). As a result, the corresponding un-
certainty is smaller than the uncertainty of Δpol from the
direct evaluation of integrals.

We determine the polarizability correction by the
method of ref. [53] expressing it in terms of the first
moment I1(Q2) of the proton spin structure function
g1(νγ , Q2)

I1(Q2) =
∫ ∞

νinel
thr

g1

(
νγ , Q2

) Mdνγ

ν2
γ

, (9)

which at Q2 = 0 reduces to the Gerasimov-Drell-Hearn
sum rule [54,55]

I1(0) = − (μP − 1)2

4
. (10)

For the polarizability contribution, we expand I1(Q2) with
the low-energy constant I1(0)′ = 7.6±2.5GeV−2 [56] up to
Q2

0 = 0.0625GeV2. We additionally account for the errors
due to the choice of the splitting parameter Q0 and due
to the contribution of higher terms in Q2 expansion [53].

For the recoil TPE, we exploit the parametrization of
the elastic form factors from refs. [35,36], which is based on
the unpolarized and polarization transfer world data. The
proton spin structure functions parametrization is based
on refs. [56–60]. We calculate the error adding uncertain-
ties from the form factors and spin structure functions
under the Q-integration in eq. (8) in quadrature.

In fig. 2, we study the saturation of the different con-
tributions Δi to the HFS correction of eqs. (5), (6) in eH
and μH

Δi(Qmax) =
∫ Qmax

0

Ii(Q)dQ, (11)

where we present the following ratio for the recoil and
polarizability contributions Ri(Qmax) = Δi(Qmax)/Δi as
a function of the integral cutoff Qmax (see footnote2).

The behavior of the polarizability correction in μH and
eH is very similar. As a result, the corresponding contri-
bution to Δimpr

HFS (mμ) is close to zero with the uncertainty
exceeding the central value3

Δpol(mμ) − mr(mμ)
mr(me)

Δpol(me) = 9.4 ± 19.1 ppm. (12)

The saturation of the recoil correction is qualitatively
different. In μH, the integrand IR(Q) has a definite pos-
itive sign. While in eH the integrand changes sign at
Q ∼ 0.016GeV, which is driven by the kinematical pref-
actor and is sensitive mainly to the proton magnetic mo-
ment. The recoil correction ΔR has a relatively small error

2 Note that Ipol(0) = 0, IR(0) = α
π
mr

2(M+m)+μPM
m

μP−1
μP

1
M2

and IZ(0) = − 4
3

α
π
mr(R

2
E +R2

M), with the magnetic radius RM.
3 Varying the lepton mass between the electron and muon

values, the relative change of Δpol(m)/mr(m) is less than 3%.
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Fig. 2. The saturation of the polarizability and recoil contri-
butions to the nS-level HFS in μH and eH.

around 6–8 ppm in μH [52, 53]. Consequently, the uncer-
tainty of this contribution in eq. (8)

ΔR(mμ) − mr(mμ)
mr(me)

ΔR(me) = −143.1 ± 3.2 ppm, (13)

has the same order of magnitude.
Adding the recoil and polarizability contributions, we

obtain the resulting proton structure correction

ΔHFS(mμ) − mr(mμ)
mr(me)

ΔHFS(me) = −133.6 ± 20.0 ppm.

(14)
We extract the relative difference between the experi-

mental value EHFS,exp
1S of the 1S HFS in eH [7–17] and the

theory prediction EHFS,QED
1S , which was shifted by well-

known non-recoil QED contributions from ref. [6]:

EHFS,exp
1S − EHFS,QED

1S

EHFS,0
1S

= −32.6170 ± 0.0032 ppm. (15)

The extraction error is dominated by the uncertainty of
the proton magnetic moment in the leading-order HFS
EHFS,0

1S of eq. (2). Furthermore, we account for the recoil
and nuclear size corrections beyond the leading α order
as well as for the weak interaction contribution [6, 61]
that provide in total 0.085 ± 0.027 ppm. We account also
for the contribution of the axial-vector mesons −0.073 ±
0.019 ppm following the evaluation of this correction in
μH [62]. Assuming the absence of other important contri-
butions to the hydrogen hyperfine structure, we estimate

[53], using RE from ep
[53], using RE from H
Carlson et al. [5]

pol, Faustov et al. [62]
Z+ R, Bodwin et al. [46]

1S HFS in eH [7-15]

eH

106 HFS

34 33 32 31

Fig. 3. Phenomenological extraction of the TPE correction
to the nS-level HFS in eH is compared with theoretical esti-
mates. The Zemach and recoil corrections of ref. [46] are com-
bined with the polarizability contribution of ref. [65]. Results
are presented in the chronological order starting from the low-
est estimate.

this work
[53], using RE from ep
[53], using RE from H

Peset et al. [51]
2S HFS in H [19]
Carlson et al. [49]

Martynenko et al. [48]
Pachucki [20]

H

103 HFS

7.0 6.5 6.0

Fig. 4. TPE correction to the nS-level HFS in μH of this
work in comparison with other theoretical estimates and phe-
nomenological extraction from the 2S HFS in μH. Results are
presented in the chronological order starting from the lowest
estimate.

the TPE correction Δexp
HFS(me) to HFS as a remaining

difference between theory and experiment: Δexp
HFS(me) =

−32.629± 0.033 ppm, and predict the corresponding TPE
effect in μH

Δimpr
HFS (mμ) = −6201 ± 20 ppm, (16)

where the uncertainties in eq. (8) are added in quadra-
ture. Assuming the relative contribution of higher orders
to be suppressed by a factor of α, which increases the
uncertainty of Δexp

HFS(me) by an order of magnitude, i.e.
Δexp

HFS(me) = −32.629 ± 0.240 ppm, we obtain

Δimpr
HFS (mμ) = −6201 ± 49 ppm. (17)

As a cross-check of the TPE estimate from the elec-
tronic hydrogen, we present a good agreement between
our phenomenological extraction and the calculation for
the ordinary hydrogen by the method of ref. [53] (exploit-
ing the magnetic radius value from ref. [36]) in fig. 3. We
compare our evaluation with previous theoretical results
and phenomenological extraction from the 2S HFS mea-
surement [19] in fig. 4, where we also account for the radia-
tive corrections of refs. [62–64]. Our result is in a reason-
able agreement with estimates of refs. [20, 47–49, 51–53],
where we subtract the recoil effect of order α2, the ra-
diative correction to the Zemach contribution [5] and ac-
count for the convention conversion correction of ref. [49].
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Our result and the TPE extraction from the 2S HFS mea-
surement in μH [19] are consistent within the error bands.

We convert the radiative corrections of refs. [48, 66]
to 1S energy level with account of recent evaluations in
refs. [51, 62–64]. We also calculate the hadronic vacuum
polarization contirbutions exploiting up-to-date fits of the
electron-proton annihilation cross section to hadrons [67,
68]. Assuming that there are no other contributions which
are marginal in eH and can be amplified in μH, we ob-
tain the absolute value of the hyperfine splitting energy
EHFS,μH

1S and the corresponding frequency νHFS,μH
1S

EHFS,μH
1S = 182.601 ± 0.013meV, (18)

νHFS,μH
1S = 44152.8 ± 3.2GHz. (19)

We added the additional error αδEHFS
1S due to the possible

contribution of higher orders. The hyperfine splitting of
the 2S energy level in μH is given by

EHFS,μH
2S = 22.8102 ± 0.0016meV, (20)

νHFS,μH
2S = 5515.49 ± 0.40GHz. (21)

The knowledge of the HFS in eH allowed to pin down
the proton structure uncertainty of the TPE contribution
to nS energy levels in μH. The error is given mainly by a
poor knowledge of the low-energy constant I1(0)′ as well
as uncertainties in the proton spin structure functions g1

and g2. The proton spin structure studies at JLab [69–71]
will allow to reduce the uncertainty further. The relation
between HFS in eH and μH provides an empirical test
of the applied radiative corrections. The obtained result
could help to adjust the laser frequency in measurements
of the 1S HFS in μH with ppm precision level [1–4].
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