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The aim of this paper is to study weakly induced I-fuzzy topological spaces and weakly
induced modifications of I-fuzzy topologies. We give two kinds of weakly induced I-fuzzy
topologies for each I-fuzzy topology and prove that I-WIFTOP is a reflective and core-
flective full subcategory of I-FTOP. We also discuss some relationships between several
categories.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction and preliminaries

Since Chang [2] introduced fuzzy theory into topology, many authors have discussed var-
ious aspects of fuzzy topology. It is well known that weakly induced and induced topo-
logical spaces play an important role in L-topological spaces (see book [8]). According to
their value ranges, L-topological spaces form different categories. Clearly, the investiga-
tion on their relationships is certainly important and necessary. Lowen was the first au-
thor to study the relations between I-topological spaces and classical topological spaces.
He introduced two well-known functors—w and 1. Later, these functors, named Lowen
functors, were extended by different authors [7, 12] for various kinds of lattices studying
the relations between L-TOP and TOP.

However, in a completely different direction, Hohle [4] created the notion of a topol-
ogy being viewed as an L-subset of a powerset. Then Kubiak [6] and Sostak [11] indepen-
dently extended Héhle’s notion to L-subsets of LX. From a logical point of view, Ying [13]
introduced fuzzifying topological spaces (Ying’s fuzzifying topology is similar to Hohle’s
topology). In order to discuss the relations between fuzzifying topologies and I-fuzzy
topologies, the authors studied Lowen functors in I-fuzzy topological spaces in a Kubiak-
Sostak sense and introduced induced I-fuzzy topological spaces in [15]. Zhang and Liu
[17] studied weakly induced modifications of L-topologies. The aim of this paper is to
study weakly induced I-fuzzy topological spaces and the weakly induced modifications of
I-fuzzy topologies.

This paper is organized as follows. In Section 1, we give some preliminary concepts
and properties. Two kinds of weakly induced modifications are introduced in Section 2.
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2 Weakly induced modifications of I-fuzzy topologies

We prove that I-WIFTOP—the category of weakly induced I-fuzzy topological spaces—
is a reflective and coreflective full subcategory of I-FTOP. Finally, in Section 3, we discuss
the relationship between several important categories.

In this paper, X is a nonempty set and I = [0,1], I = [0,1). The family of all fuzzy sets
on X will be denoted by IX. By 0x and 1x, we denote, respectively, the constant fuzzy set
on X taking the values 0 and 1. Let 0,(A) = {x | A(x) >r} forr e [and A € [*. U € P(X),
1y denotes the characteristic function of U, thatis, 1y(x) = 1 when x € U and 1y(x) =
when x ¢ U. For the notions about categories, please refer to [1, 5, 9].

Definition 1.1 [4, 13]. A fuzzifying topology on X is a map & : P(X) — I satisfying the
following axioms:

(FY1) §(@) = &(X) = 1;

(FY2) E(UNV) = E(U)AEV) forall U,V € P(X);

(FY3) E(User Ur) = Nier E(Uy) for every family {U; | t € T} < P(X).

If € is a fuzzifying topology on X, the pair (X, §) is called a fuzzifying topological space.

A fuzzifying continuous map between fuzzifying topological spaces (X,&) and (Y,7) is a
map f:X — Y such that (f~(U)) = n(U) for all U € P(Y). The category of fuzzifying
topological spaces and fuzzifying continuous maps is denoted by FYS. Let FYS(X) denote
the set of all fuzzifying topologies on X.

Definition 1.2 [6, 11]. An I-fuzzy topology on a set X is defined to beamap J : IX — I
satisfying:

(FT1) I (1x) =T (0x) = 1;

(FT2) J(AAB) > T (A) AT (B) forall A,B € I%;

(FT3) T (VierAr) = Ner T (Ay) for every family {A, | t € T} < IX.

If T is an I-fuzzy topology on X, the pair (IX,7) is called an I-fuzzy topological space.
An I-fuzzy continuous map between I-fuzzy topological spaces (I, T) and (I",¥) is a
map f:X — Y such that T(f; (B)) > ¥(B) for all B € IY, where f;”(B)(x) = B(f(x))
(following the notation in [10]). The category of I-fuzzy topological spaces and I-fuzzy
continuous maps is denoted by I-FTOP. Let I-FTOP(X) denote the set of all I-fuzzy
topologies on X.

Definition 1.3 [13]. Let & be a fuzzifying topology on X, B: P(X) = I[,and B < J. R is
called a base of & if % satisfies the following condition:

VUEePX), &)=\  ABW), (1.1)

Urea Va=U €A

where the expression \/,_ v,—v /i B(V2) will be denoted by B (U), that is, & =
B,

A map ¢: P(X) — I is called a subbase of £ if ¢ : P(X) — I defined by ¢™(U) =
V(e vi=u /\Ae] ¢(V)) for all U € P(X) is a base, where (I‘I) stands for “finite intersec-
tion.” ¢ : P(X) — I is a subbase of one fuzzifying topology if and only if ¢/ (X) = 1.

Definition 1.4 [14]. Let {(Xy,&)}ier be a family of fuzzifying topological spaces and
let Py : [[;er X: — X; be the projection. Then the fuzzifying topology whose subbase is
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defined by

VWEP(HX,), ow)=\/ 'V &U (1.2)

teT teT Py (U)=W

is called the product topology of {{; | t € T}, denoted by [[;e7&. (ITierXe> [Tierée) is
called the product space of {(X;,&;)}ier.

Fang and Yue [3] extended the above definitions and results to I-fuzzy topological
spaces. For more explicitly, we list them as follows.

(1) Let I be an I-fuzzy topology on X, B : IX — I s.t. B < T (in a pointwise sense).
Then A is called a base of T if % satisfies the following condition:

vAelX, JA)= \/ A\BB), (1.3)

Vier BiI=A AN

where the expression \/\;,_ 5,4 Arer B(By) will be denoted by BLI(A).

(2) Let ¢ : IX — I be a map. Then ¢ is called a subbase of T if ¢ : [X — [ is a base,
where ¢(M(A) = V(e Bi—a Maey $(By) for all A € I¥ with (1) standing for “finite inter-
section.” A map ¢ : IX — I is a subbase if and only if ¢ (1x) = 1.

(3) Let {(I*",F ) } se1 be a family of I-fuzzy topological spaces and let P; : [T, X; — X;
be the projection. Then the I-fuzzy topology whose subbase is defined by

vAe X gA)=\/ \/ J«B) (1.4)
teT (P,);j (B)=A

is called the product topology of {7, | t € T}, denoted by [T,cr T ;. (It X, [T,c7T,) is
called the product space of {(I*, T )} 7.
Definition 1.5. Let {(I*,J;)}ser be a family of I-fuzzy topological spaces, let different
X/sbe disjoint and X = U, X;, and let T : IX — I be defined as follows:
vAelX, J(A) = N\T(AlX). (1.5)
teT

Then it is easy to verify that J is an [-fuzzy topology on X, and J is called the sum
topology of {J} i1, denoted by D7 T

Definition 1.6. Let (IX,T) be an I-fuzzy topological space and let f : X — Y be a surjective
map. Define the I-fuzzy quotient topology J/f;~ of J with respect to f by

VAeIY, J/f7(A)=T(f; (4)). (1.6)
It is easy to verify that J/f;” is an I-fuzzy topology on Y. (IY,J/f;") is called the I-fuzzy
quotient space of (IX, ) with respect to f and f;~ is called an I-fuzzy quotient map.

Definition 1.7 [9]. Let (IX,T) be an I-fuzzy topological space and Y < X. (IY,T | Y) is
called the subspace of (IX,7), where T | Y : 1Y — I is defined by T | Y(B) = \/{T (A) |
AcIX,A|Y=B}forallBeI'.
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LemMmA 1.8 [5]. I-FTOP(X) is a complete lattice.

Using the similar argument in [5], it is easy to show that FYS(X) is also a complete
lattice.

LemMma 1.9 [15]. Let {&}er < FYS(X). Then ¢ : P(X) — I defined by $(U) = V1 &(U)
is the subbase of \/ yc 1 &, that is, \/ ;e & = (¢) W),

2. Weakly induced modifications of
I-fuzzy topologies

The purpose of this section is to study weakly induced I-fuzzy topological spaces and the
weakly induced modifications of I-fuzzy topologies.

Definition 2.1 [15]. Let (I*,J) be an I-fuzzy topological space on X. If J(A) <
Nrer, T (1g,a)) for all A € I%, then (IX,7) is called a weakly induced I-fuzzy topological
space. Let I-WIFTOP denote the category of weakly induced I-fuzzy topological spaces.

Example 2.2. Let & be a fuzzifying topology on X. Define J¢ : IX — I as follows:

Te(A) =

{f (U) if A is a characteristic function, that is, A = 1y,
(2.1)

0 otherwise.

It is easy to check that I is an I-fuzzy topology on X and it is weakly induced. Specially,
I is weakly induced, where

1, A=0y1ly,
T(A) = (2.2)

0, otherwise.

Example 2.3. Let J : I* — I be defined by J(A) = 1 for all A € LX. Then 7 is a weakly
induced I-fuzzy topology on X.

In the following discussion, we will give the right adjoint functor and left adjoint func-
tor of the inclusion functor i : I-WIFTOP — I-FTOP, and show that I-WIFTOP is a re-
flective and coreflective full subcategory of I-FTOP.

LemMA 2.4. Let (IX,T) be an I-fuzzy topological space and let T .. : IX — I be defined by

VAeIX, T.(A) = \T(lgwu)AT(A). (2.3)

rely

Then I , is the biggest weakly induced I-fuzzy topology smaller than J. Hence, if T is weakly
induced, then I = T .



Y. Yue and J. Fang 5

Proof. It is routine to prove that 7 is an I-fuzzy topology on X. The following compu-
tation can show that I, is weakly induced:

A T«(ow) = N\ AT Uatnuw) AT (law) = \ T(low)

rely rely sely rely

> N\ T (1) A T(A) = T4 (A).

rely

(2.4)

Let & be any weakly induced I-fuzzy topology on X satisfying ¥ < J. We need to prove
that ¥ < T . Since & is weakly induced, we have $(A) < A, cf, F(14,(a)) for all A € IX.
Hence we get that

FA) <TAANFNom) <TA A N T (Lo,w) =T (A), (2.5)

rely rely
thus the conclusion. O

LemmMa 2.5. Let (IV,T) be weakly induced and let (IX,¥) be an I-fuzzy topological space.
Then f;~ : (IX,¥) — (IY,T) is I-fuzzy continuous if and only if f; : (IX, %) — (IV, T x) =
(IY,9) is I-fuzzy contmuous

Proof. The sufficiency is obvious and it needs to show the necessity. Let f;~ : (IX,¥) —
(IY, ) be I-fuzzy continuous, that is, 7 (B) < ¥(f;”(B)) forall B € I'. Since J is weakly
induced, we have I (B) < A\,<;, T (1,,(8)). Hence
)<Y (fi B) A N\ T(Low) <F(fi B) A N\ F(Ly-6,)) =P+ (fi (B)).
rely rely
(2.6)

Therefore, f; : (I*, %) — (IY,J) is [-fuzzy continuous. O

Remark 2.6. From Lemma 2.5, we also can get that f; : (I*, %) — (IY, T «) is I-fuzzy
continuous if f;~ : (I*,¥) — (IY, ) is I-fuzzy continuous. Hence we know that (-), is a
functor from I-FTOP to I-WIFTOP. Furthermore, we have the following theorem.

THEOREM 2.7. (-)4 is the left adjoint of i.
Lemma 2.8. Let (IX,T) be an I-fuzzy topological space and let ¢ : IX — I be defined by

§T() = <[\/rel0 V{T(B) | 0,(B) = U} if A is a characteristic function, that is, A = 1y,

T(A) otherwise.
(2.7)

Then ¢7 is a subbase of one I-fuzzy topology, and denote this I-fuzzy topology by wi(T).
wi(T) is called the weakly induced modification of 7.

Proof. Tt is trivial to verify that ¢” is a subbase of one I-fuzzy topology. O

THEOREM 2.9. Let (IX,T) be an I-fuzzy topological space. Then wi(T ) is the smallest weakly
induced I-fuzzy topology bigger than J. Hence, if J is weakly induced, then T = wi(J).
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Proof. We need to prove that wi(J)(A) < A,cp, Wi(T)(Lg,(a)), that is, wi(T)(A) <
wi(J)(1g,(a)) for all 7 € Ij. In fact, noting that

with@ =V AV N\ ¢ (Cy)

VieaBi=A €A (M)pea, Crp=B) BEA

wild) (o) = VA V A ¢7 (Cw),

Viea Bi=1ga) AEA (M)pen, Cip=B1 fEAL

(2.8)

we have wi(7)(A) < wi(J)(1,(4)) according to ¢7 (Cig) < ¢7 (16,(cyy))» as desired.

We now prove that wi(J) is the smallest weakly induced I-fuzzy topology bigger than
J. Let T* be any weakly induced I-fuzzy topology on X bigger than J. We need to prove
that wi(7) < I*. It suffices to show that ¢7 (A) < T*(A) for all A € IX. Then it suffices
to show that ¢97(1U) < J*(1y) for all U < X, and this can be obtained by the following
computation:

¢7(1v) = \/ \V/{TB) | o:(B) =U} = \/ \/{T*(B) | 0:(B) = U}
rel r€ly
(2.9)
< \/ \/{ /\ T*(Loyp)) | 0,(B) = U} <T*(ly),
rely s€ly
thus the conclusion. O

Lemma 2.10. Let (IY,T) be weakly induced and let (IX,¥) be an I-fuzzy topological space.
Then fi~ : (IY,T) — (IX,9) is I-fuzzy continuous if and only if fi : (IY,T) — (IX,wi(¥))
is I-fuzzy continuous.

Proof. The sufficiency is obvious. We need to prove the necessity. It suffices to show that
¢7(A) <T(f; (A)) forall A = 1y € IX. Since f; : (IY,T) — (IX,¥) is [-fuzzy continu-
ous, we have

Y1) =V V{F®B) lo,B)=U} < \/ \/{T )) | 0:(B) = U} < T (f; (1)),
rely rely
(2.10)
thus the conclusion. O

Remark 2.11. From Lemma 2.10 above, we also can get that f;~ : (I*,wi(¥)) — (IY,
wi(7)) is I-fuzzy continuous if f;~ : (I*,¥) — (IY,T) is I-fuzzy continuous. Hence wi
is another functor from I-FTOP to I-WIFTOP. Furthermore, we have the following the-
orem.

THEOREM 2.12. wi is the right adjoint of i.
From Theorems 2.7 and 2.12, we have the main theorem in this paper as follows.
THEOREM 2.13. I-WIFTOP is a reflective and coreflective full subcategory of I-FTOP.

By the properties of right adjoint, we have the following corollaries.
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COROLLARY 2.14. Let (IX,T) be an I-fuzzy topological space and Y < X. Thenwi(J | Y) =
wi(9) |

Cororrary 2.15. Let {(I*,T )} ier be a family of I-fuzzy topological spaces and X =
[Teer Xe. Then wi(ITier Te) = [Trer wi(T0).

THEOREM 2.16. Let {(I*,T ;) }ier be a family of I-fuzzy topological spaces and let different
X/s be disjoint. Then wi(@D,e1r T+) = Brerwi(Ty).

Proof. First, we have

@Wl(Jt /\Wl t A|Xt = /\ /\"V1 f a,(A\Xt))

teT teT teT rely

= /\ /\ wi(T¢) (Lg,a) | Xp) = /\ /\Wi(gt)(lo,(A) | Xi) (2.11)

teT rely rely teT

rely teT

Hence, @, wi(J ) is weakly induced. Therefore, wi(P,c1 T ¢) < Pierwi(Ty)
Conversely, let A < @7 wi(T,)(A), that is,

A<Pwi@)@ - Awi@IAIX)=A VAV A STE.

teT teT tET \/)cpt Di=AlX; AEA! (”)ﬁ;AgEiﬁ:Di BeEA]
(2.12)
Then, for all £ € T, there exists {Dj} ear < I* such that
(i) Vaen Dy = A1 X5
(ii) for each A € A, there exists {E/tlﬁ}ﬁel\i < It such that ('_')ﬁeAgEiﬁ =D};
(iii) for each f € A}, we have A < ¢7 (Eiﬁ).
Let (D))* € I* and (E;tw)* € IX be defined as follows:
Di(x), xeX;,
0) X $ Xt,
(2.13)

(k| Bplx), x€X,
(Ejg) (x)—<|0’ cEX.

Then we have

VOV (DD =4 (Mpeny (Bl = (D))", ¢7(Bg) = ¢ ((E}p)").
teT AeA!
(2.14)

Therefore, A < ¢®w=7: ) ) due to A < ¢7¢(E} ;). Note that

wi(@%)(A)z V AV AeTc).  @s)

teT VieaBi=A A€A (M)gea, Crp=Br fEA
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We have A < wi(@ e T)(A). Then Pcrwi(T,)(A) < wi(PBer T+)(A). This completes
the proof. O

The readers can easily prove the following theorem.

THEOREM 2.17. Let (IX,T) be an I-fuzzy topological space and let (IY,T/f;") be the I-
fuzzy quotient space of (I*, T ) with respect to f : X — Y. If (IX, 7)) is weakly induced, then
(IY, T/ 1) is weakly induced.

3. On the relationships between
several categories

In Section 2, we study weakly induced modifications of I-fuzzy topologies. Since weakly
induced and induced topological spaces play an important role in L-topology, in this
section, we will study induced I-fuzzy topologies and the relationships between the cat-
egories FYS, I-WIFTOP, I-SFTOP, I-IFTOP, and I-FTOP, where I-IFTOP and I-SFTOP
denote the categories of induced I-fuzzy topological spaces and stratified I-fuzzy topolog-
ical spaces, respectively. In the following discussion, we always assume that I-TOP denotes
the category of stratified Chang-Goguen topological spaces. We know that TOP can be
regarded as a full (moreover, simultaneously reflective and coreflective) subcategory of
I-TOP by Lowen functors. Zhang [16] proved that TOP is a reflective and coreflective
full subcategory of FYS and FYS is a reflective and coreflective full subcategory of I-TOP.
From [15], we know that FYS is isomorphic to I-IFTOP. We will prove that I-IFTOP is a
reflective and coreflective full subcategory of I-SFTOP and I-IFTOP is a coreflective full
subcategory of I-WIFTOP.

Let (I*,7) be an I-fuzzy topological space and let [T]: P(X) — I be defined by
[TIU) =T (1y) forall U € P(X). Then it is easy to verify that [J] is a fuzzifying topol-
ogy on X.

Definition 3.1 [15]. Let (I*,7) be an I-fuzzy topological space. [T ] is called the back-
ground topology of I and (X, [7]) is called the background space of (I*, 7).

From the definition above, we get a functor [-] from I-FTOP to FYS. It is easy to verify
the following two theorems.

Tueorem 3.2. If f; : (IX, ) — (IY,7,) is I-fuzzy continuous, then f : (X,[T1]) — (Y,
[T2]) is a fuzzifying continuous.

TuEOREM 3.3. Let {(I*,T,)},e1 be a family of I-fuzzy topological spaces and let different
X/s be disjoint. Then [@,e7T+] = Ber[T:].

Definition 3.4 [15]. Let (IX,9) be an I-fuzzy topological space on X. If J(A) =
Nrer, T (1g,a)) for all A € IX, then (IX,7) is called an induced I-fuzzy topological space.
IfT(A) =1 forall A € I, where A is the constant function from X to I with value A, then
(X,9) is called a stratified I-fuzzy topological space.

LemMa 3.5 [15]. Let J be an I-fuzzy topology on X and let ¢g : P(X) — I be defined by
¢5(U) =V, VIT(B) | B IX,0,(B) = U} for U € P(X). Then ¢g is the subbase of one
fuzzifying topology, and let this fuzzifying topology be denoted by «(T).
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Definition 3.6 [15]. Let I be an I-fuzzy topology on X. «(J) is called a generated fuzzi-
fying topology by I
We get another functor ¢ from I-FTOP to FYS.

Lemma 3.7 [15]. Let(X,&) be a fuzzifying topological space and define w(&) : IX — 1 as
follows: w(&)(A) = \,ep, §(0,(A)) for all A € IX. Then w(&) is an I-fuzzy topology on X.

From Lemma 3.7, we know that w is a functor from FYS to I-FTOP.

LeEMMa 3.8 [15]. ( ) For every £ € FYS(X), i(w(&)) = &.
(2) For every J € L-FTOP(X), w(t(J) T.IfT =w(), then w((T)) =T

CoROLLARY 3.9 [15]. Both w: FYS(X) — w(FYS(X)) and 1 : w(FYS(X)) — FYS(X) are
complete lattice isomorphisms.

CoROLLARY 3.10. FYS is isomorphic to I-IFTOP.

Now we begin to study the relations between the categories FYS, I-WIFTOP, I-SFTOP,
I-IFTOP, and I-FTOP. Firstly, we give the left adjoint and the right adjoint of the inclusion
functor i from I-IFTOP to I-FTOP.

Lemma 3.11. Let (IX, &) be a stratified I-fuzzy topological space and let (IY,7) be an in-
duced I-fuzzy topological space. Then f;~ : (IX,¥) — (I, 7) is I-fuzzy continuous if and
only if fi : (I, w([¥])) — (IY,w([T])) = (IY,T) is I-fuzzy contmuous

Proof. Since (IX,) is stratified, we have

A) = A\SUsw) = \FE AL (1g0)

rely rely

< /\ y(flgr(A)) < 9)( \/ flo-y(A)) =J(A).

rely rely

(3.1)

Hence we get that f;~ : (IX,¥) — (IY,J) is I-fuzzy continuous if f;~ : (IX,w([¥])) —
IV, w([T]) = TY,T)is I- fuzzy contlnuous Conversely, let f;~ : (I*,¥) — (I, T) be I-
fuzzy continuous, that is, I <J(fi (B)) forallBeI". Y. Since I is induced, we have
T (B) = Nret, T (16,(8))- Hence

IB)= N\ Tew) < NS Uaw)) = N\ $Ua o)) =w((F]) (£ (B)).

rely rely rely
(3.2)

Therefore f; : (IX,w([¥])) — (IY,T) is [-fuzzy continuous. O

LemMma 3.12. Let (I*, ) be an I-fuzzy topological space and let (IY,¥) be an induced I-
fuzzy topological space. Then f;~ : (IY,¥) — (IX,T) is I-fuzzy continuous if and only if
fi IV, 9) = (X, w0 (7)) is I-fuzzy continuous.
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Proof. The sufficiency is obvious. We need to prove the necessity. In fact, we have

=NV ANV AV VI{T(D) 1 0.D) = Wig}

r€lp Upep Va=0,(A) AEA (M)ger, Wip=Vi BEAY UED

=NV AV A VVIU D)D) = Wy}

r€ly Uiea Vi=0:(4) A€A (M)pen, Wip=Va Ay u€l

=NV A V N FUy-w) =S (i (A),

r€ly Uyea Va=0,(A) A€A (M)pery Wip=Va fEAL
(3.3)

thus the conclusion. O
From Lemmas 3.11 and 3.12, we have the following theorems.

THEOREM 3.13. (1) w o1 is the right adjoint of the inclusion functor i : I-IFTOP — I-FTOP.
(2) wo [-] is the left adjoint of the inclusion functor i : I-IFTOP — I-SFTOP.

THEOREM 3.14. I-IFTOP is a reflective and coreflective full subcategory of I-SFTOP and I-
IFTOP is a coreflective full subcategory of I-WIFTOP. Hence, I-IFTOP is also a coreflective
full subcategory of I-FTOP.

CoRroLLARY 3.15. FYS is a reflective and coreflective full subcategory of I-SFTOP. Hence
TOP is a reflective and coreflective full subcategory of I-SFTOP.
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