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We study the existence of solutions for time fractional Schrodinger-Kirchhoff type equation involving left and right Liouville-Weyl

fractional derivatives via variational methods.

1. Introduction

In recent years, there has been a great interest in studying
problems involving fractional Schrédinger equations [1-
5], Kirchhoft type equations [6-8], fractional Navier-Stokes
equations [9, 10], and fractional ordinary differential equa-
tions and Hamiltonian systems [11-17], and so forth. For
further details and applications, we refer the reader to [18, 19]
and the references cited therein.

On the other hand, the integer-order Schrodinger-
Kirchhoff type equations have also been investigated by
many authors; for example, see [20-23]. In fact, Schrodinger-
Kirchhoff type equations play an important role in modelling
several physical and biological systems. However, to the best
of our knowledge, the existence of solutions to the time
fractional Schrédinger-Kirchhoff type equations has yet to be
addressed.

The objective of the present paper is to study time
fractional Schrodinger-Kirchhoff type equation of the form

b o Zd o1 o o
(a+ JR|_OODtu(t)| t) D% (LD u) 0

+uVu=f(tu), teR, ue H (R),

where « € (1/2,1], __ D/ and ,D{, respectively, denote left
and right Liouville-Weyl fractional derivatives of order & on

R, a,b > 0 are constants, 4 > 0 is parameter, 0 > 1, f €
C(RxR,R),and V: R — R" is a potential function.

The rest of the paper is organized as follows. Section 2
contains preliminary concepts of fractional calculus and
fractional Sobolev space, while some important lemmas,
which are needed in the proof of main results, are obtained
in Section 3. We present our main results in Section 4.

2. Preliminaries

In this section, we recall important definitions and concepts
of fractional calculus and then prove certain results about
fractional Sobolev space H*(R) related to our study of the
problem at hand.

Definition 1 (see [24]). The left and right Liouville-Weyl
fractional integrals of order « € (0,1) on R are defined by

o _; * _ -l
R ol IR A AGL 5

IS 9 (0 = ﬁ jm (-2 $ ) de,

respectively, where x € R.
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The left and right Liouville-Weyl fractional derivatives of
order « € (0,1) on R are defined by

D)= L9,
3)
ho ®(x )——— 155 ¢ (%),
respectively, where x € R.

The definitions (3) may be written in an alternative form
as follows:

g% [P0 -G-8
OoDx¢(x) F(l—oc)J E{x+1 E
0P -prD
" o« x x
D90 = i |

Also, we define the Fourier transform & (u)(&) of u(x) as

F () (6) = jm e (x) dx. 5)

—00

For any « > 0, we define the seminorm and norm,

respectively, as [16]
lulie, = | D5tz >
(6)
1/2

lellge, = (lualZ2 + il )™
and let the space I”_(R) denote the completion of C;°(R)
with respect to the norm | - || -

Next, for 0 < a < 1, we give the relationship between
classical fractional Sobolev space H*(R) and I”_(R), where
H*(R) is defined by

H*(R) = C® (R) @)

with the norm
ol = (el + 1) (8)

and seminorm
uly = 8" 7 ©)

Observe that the spaces H*(R) and I% (R) are equal and
have equivalent norms (see [16]).
Therefore, we define

H*(R) = {uel’(R) | |E*F () e I (R)}.  (10)

Let

X* = {u € H*(R) | JR (| _Diu@) + @) dt

coo}.

(11)
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The space X“ is a reflexive and separable Hilbert space with
the inner product

(U, V) xe
(12)
= J (L Dfu) _ Div(t)+u)v(t))dt
R
and the corresponding norm
lulse = (0t 1) e - (13)
Define the space
;‘4‘ = {u € X% J uv (t) lul* dt < +oo} , (14)
R
with the norm
llg = ([ o (ILDEw o)
" (15)
+ J v (1) Jul? dt) .
R
Lemma 2. (XZ, [l - ”Xff) is a uniformly convex Banach space.

Proof. X;‘ is obviously Banach space. Now, we can prove that

(X0l X/'f) is uniformly convex. To this end, let 0 < & < 2

and u,v € XZ with IIMIIX;( = IIVIIX;j = land |lu - V”XZ > e
Using the following inequality:
a+b 2 a—b 2 1 2 2
|+ | sl +1br), VabeRr, (6)
we get
||u+v 2 "u—v 2
+
2 lixs 2 lixe
u+v
Ra l—oo t( >
+J W(t)|“” dt
R
_ 2
+J o <| (’“‘ V)(t) )dt
R 2 17)
+J W(t)|—| dt
R

%(J a! (] oDf u(t)|)
+JRa
" JR uv () v dt) -

which implies that [|(u + v)/2[%« < 1 — &/2. Hence, taking
"
0 = 8(¢)such that 1-¢/2 = 1-6, we have ||(u+v)/2||§(a <1-6.
“
Therefore, (Xz,

SDEv (o) )dt+J WV (t) [ul dt

1 2 2
5 (i + 15 ) = 1,

[ - lx«) is uniformly convex. O
W
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In the sequel, we need the following assumptions.

(V1) V(t) € C(R,R), V, = inf, g V() > 0;
(V2) there exists r > 0 such that, for any M > 0,
meas({t e (y—r,y+r): V() <M}) —0

(18)
as |y| — oos

(V3) there exists [, > 0 such that .[|t|>l V() dt < oo;
2l

(F1) f € C(R x R,R) and there exist constants ¢, ¢,
..»g > 0and g; € (2,26) such that

1
If . w|<colul+ Y e ul¥™, V(tu) e RxR;  (19)
j=1

(F2) f(t,u) = o(Jul) as |u| — O uniformlyint € RY;
(F3) there exist A € (26, 00) such that

AF (t,u) < f(tbu)u, VteR, ueR; (20)
(F4) F(t,u)/|ul®® > +ooas |u| — +0o uniformlyint € R;
(F5) f(t,—u) = —f(t,u) forall (f,u) € R x R;

(F6) f € C(R x R, R) and there exists 1 < p < 2 such that

|f tw)| < ulf™!, V(tu) e RxR; (21)

(F7) there exist o, > 0,0 < 0, < 1/8Dj (D, is defined in
Remark 6),1 <y < 2, and small constants 0 < r, < 1,
such that

oy [ul' < F(t,u) <o, |ul’, o)
ro <lul <rp, ae t€R.

Lemma 3. Assume that (V1) holds. Then the embeddings
X: — X% — Lz([R{) are continuous. In particular, there exists
a constant C, > 0 such that

lull 2wy < Cy ”“"Xi‘ Vu € ij- (23)

Moreover, if (V1) and (V2) hold, then the embedding X;‘ —
L3(R) is compact.

Proof. Clearly, the chain of embeddings X}, — X" — L*(R)
is continuous and consequently one can obtain (23). Also in
view of (V1), (V2), and following the method of proof similar
to that of Lemma 2.2 in [15], the embedding Xz — L}(R) is
compact. O

Lemma 4. Let o > 1/2. Then H*(R) ¢ C(R) and there exists
a constant C = C,, such that

sup [u (x)] < Cflufl - (24)

x€R

Proof. The proof is similar to that of Theorem 2.1 in [16], so
we omit it. ]

Also by Lemma 4, there is a constant C, > 0 such that
lutleo < Co Il - (25)

Remark 5. Ifu € H*(R) with 1/2 < « < 1, then it follows by
Lemma 4 that u € L1(R) for all g € [2,00) as

jR lu (x0)19 dx < Nl [ull gy - (26)

Remark 6. From Remark 5 and Lemma 3, it is easy to verify
that the imbedding of X}, in L(R) is also compact for q €

(2,00). Hence, for all 2 < g < oo, the imbedding of XZ

in LY(R) is continuous and compact, which together with
Lemma 4 implies that there exists D, > 0 such that

lull oy < Dy ||”||Xf; . (27)

Lemma 7. Assume that (V1) and (V3) hold. Then the embed-
ding Xz — LP(R) is continuous and compact for p € [1, +00).

Proof. By (V3) and Holder’s inequality, we have

J |u(t)] dt
=N

1/2 1/2
< <j V@) )P dt) (J V(62 dt) (28)
lt1>1, It131,

<q ”u"Xl‘j >

for some positive constant ¢;. So Lemma 4 implies that

Iy
Jul, = j u (8)] dt + j lu (1) dt
=l |t]=1, (29)

< 2 llulloo + e llullxe < € ullxe

for some positive constant ¢,. Hence, by Remark 6, we can get
continuous embeddings X;‘ into LP(R) for p € [1,+00). Now,
we will show that the embedding is compact for p € [1, +00).
Let {u,} C XZ such thatu,, — 0and M > 0 such that IIuIIXﬁ <
M. In view of (V3), given € > 0, for [ > 0 large enough, one
can obtain

-1/2 i 2
Lt|210 Ve Tt < <2M> ' (30)
Then,
[ wola
It1>1
1/2 1/2
< <J V() |u(t)|2dt> (J V)2 dt) (31)
[t]=] =
& &
< M el e < >



On the other hand, by Sobolev’s theorem (see, e.g., [25])
which implies that u,, — 0 uniformly on [-/,1], there is n,

such that I_lz lu(t)|dt < ¢/2 for all n > n,. Thus u,, — 0in
L(R). So, for 1 < p < 00, we have

j |u(x)|des||u||£;‘j @)l dt < ¢ Jull, — 0, (32)
R R

and consequently, u, — 0 in LP(R) for p € [1,+0c0). O

Definition 8. Let X bea Banach space, I € C'(X, R). One says
that I satisfies the Palais-Smale (PS) condition if any sequence
(u,) € X for which I(u,) is bounded and I'(un) — 0asn —
00 possesses a convergent subsequence.

In order to establish the main results, we need the
following known Theorems.

Theorem 9 (see [26, Theorem 2.2]). Let X be a real Banach
spaceand € CYU{X,R) satisfies (PS) condition. Suppose 1(0) =
0 and

(i) there are constants p, o > 0 such that Il o) 2 0;
(ii) thereisane € X\ BP(O) such that I(e) < 0.

Then I possesses a critical value ¢ > «. Moreover ¢ can be
characterized as

= inf max I ,
¢ = infmax (y(s)) (33)

where
F={yeC([0,1],X):y(0)=0, y(1) =¢}. (34)

Theorem 10 (see [26, Theorem 9.12]). Let X be an infinite
dimensional Banach space and let I € CYUX,R) be even,
satisfying (PS) condition, and I(0) = 0. If X = Y & Z, where Y
is finite dimensional and I satisfies the following conditions:

(11) there exist constants p, o > 0 such that IlaBan > o

(12) for any finite dimensional subspace X C X, there is
R = R(X) > 0 such that I(u) < 0 on X \ B,

then I possesses an unbounded sequence of critical values.

3. Some Lemmas

Recall thatu € X;‘ is said to be a weak solution of problem (1)
if

<a +b JR | Dru (t)l2 dt)g_1
. JR _JDu(t)- _ Dfgt)dt

+ J vVt u(t)et)dt = J f(tu(t)e(t)dt,
R R

Vo € X,
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and the energy functional I, 5 : Xj; — R is given by the

formula
I,o(u)= 1 <a+bJ | D“u(t)|2dt>6
w0 200 R T®E
. J UV (x) |u ()| dt (36)
2 Jr

=

F(t,u(t))dt,
R

where F(x,u) = j(;l f(t,s)ds.

In view of assumptions (V1) and (F1), the functional I w0
is of class CI(XZ, R) and by similar method in Theorem 4.1
in [27] and the definition of Géiteaux derivative, one can get

(o 4.9 = (“ b JR |_Dru®| dt>9-1

. I D u(t) _ Dfeg(t)dt
R

+J put)e(t)dt (37)
R

- jR Fltu(®) o) dt,
Vu, ¢ € Xj,.

Lemma 11. Assume that (V) and (F1)-(F3) hold. Then Lo
satisfies the (PS) condition.

Proof. Let {u,},en € XZ be a sequence such that {1, 5(u,)},en

is bounded and I,:,e(“n) — 0 asn — o00. Then there exits

D > 0 such that |(I;l9(un),un)| < D|lu x« and |I,49(”n)| < D.
| p |

So, by (F3), (23), and the fact that A > 20 > 1, we get

AD + D lullxs > Al (u,) - (g () 18,)

A o 2
- <a+ bJR |_Dfu, (t)|2dt) +3
| v O, @F de-2 | F e, @)a
R R
0-1
~(avb JR | oD, O dt)
: J |_Du, ) dt - J wv () u, (O dt
R R

o[ @)u, G
R
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6-1 a . s . .
_al (a b J’ |__Dfu, (t)|2 dt) forall v € X7.In view of the Holder inequality and definition
260 of B, we have
_ 6-1 0-1
A (b |0 ) (1L ) = T G0, =) = (a4 ()
R
: Bu,, (”n - u) - (a + bAoc (un))e_l B, (un - u)

| D%u, O} dt+¥
+J uV (t) (u, — u) (u, —u)dt
R

- [ (F ) = £ ) =) > (a

+ bAoc (un))e_l Aoc (un) - (a + bA(x (un))e_l
(A (1) (8 ()" + (@ + b8 )"

jR WV () |y O dt

[ ot @) 10, AF (e, @)

A-260 e_lj A=2
> 0 a |700 y U, (t)| dt + 5
A-26 D )= (@t b, 1) (A )
.JR UV () |, (0 dt > ; el -
/2 2
(9) (B ) |V 0
, 12 1/2
Hence, {u,},,cy is bounded in Xj,. —<j UV (t) u,| dt) <J uv () [ul® dt)
So, passing onto subsequence if necessary, thanks to R R
Lemma 3, we have ) , A\
+J WV (6) ul dt—(J W (6 lufdi
R R
u, — u, weakly in X Y
. (J uv (1) |u,| dt)
u, — u, strongly a.e. in R, R
(39)
- [ ()~ £ ) (- w)de = (a

u, — u,

strongly a.e. in L° (R"Y), 2 <'s < +00, _ _
’ (®5) b (1)) (B0 ()" [(8 ()

= (8o @)"] + (@b @) (80 )"

J |_Dfu, 0 dt — p, 20,
(40)
JR uVv (t) |”n|2 dt — p, > 0. ) [(Aa (u))l/z (A, (u, ))1/2]
We will prove that <J uv (t) |Mn|2 dt [ P‘V () |”n|2 dt)
« /2
J | Dt u(t)|2dt = pps <IR uv (t) |ul? dt ] <IR UV () |ul? dt>1
(41)
1/2
[(J UV (0) lul? dt
R

JR uv (t) lul* dx = P

Let ¢ € X7, be fixed and denote by B, the linear functional 1/2
on X, defined by <J-R W (©) Ju, | dt ]
tou,) - f(t L —u)dt
B,0)= | L Die@:  Divd, () [ U= s ew)
R
= (B ()" = (2, ()""]
and set
@+ b g ()" (A ()"
(43) (@ bA (1) (8, )]

Ay () = jR |_Dfu@)| dt,



+ [(JR uV (t) |un|2 dt)l/2
_ <IR uv () lul® dt)l/z]z

- [ G ) - £ ) -y
(44)

Since u,, — u in X“ and I’ Q(u ) - 0asn — oo in (X;‘)*,
therefore (I ;4,9(” ) — ;4,9(”) u,
using (F1) and Holder inequality, we obtain

—u) — 0asn — 00. Now,

J. o) = 7 020 (- )

),

Juty = ] < 6o (ot + otlzey) ot

] +zc (hall 2 gy + el )

1
e+ 1) + 3 J 7+ ™)
j=1

: ||”n - u"L‘U(IR) >

which, in view of (39), yields

limj (f(tou) — f () (w, —u)dt = 0. (46)

n—o0
Since u,, — u a.e. in R, it follows by Fatou’s lemma that

Aoc (u) < h}}llongtx (un) = P>

(47)
J uV (t) |ul? dt < lim infj uv () |un|2 dt = p,.
R =0 Jr

Noting that II(s) = (a + bs)efls(e_l)/ Zisa nondecreasing
function for s > 0, we get

(o) = (a0 @) ] [(@+bp)”™ ()"

—(a+b8 ()" (2 )],

[(pz)”2 - (jR uv (t) Iulzdt>l/2]2 > 0.

(48)

Discrete Dynamics in Nature and Society

Now, in view of U,:,e(”n) - —u) —> 0asn — 00,

(46), and (47), one has

I ;’e(u), u,

0> lim inf { (80 ()" = (80 @)"]
. [(a “bA, (un))e_l (A“ (un))(e—l)/z

—(a+ b0, )" (8, 1))

) 1/2
MV (t) |un| dt)

(.
([ v dr)m]z

- JR (f (t’ un) - f (t’ u)) (un - u) dt}

+

> lim {[(8g ()" = (8, )]
(a4 ba g () (A () (49)

—(a+b8, ()" (2, )7}
+JLngo[<JR UV (t) |un|2 dt)

(wonta)”]

- tim f[ () - f 60) (0, - ) e}

> [ = (0w [(a o) ()"

1/2

(@ +bA, @) (8, @) ] + [(Pz)m

_ (JR uv () lul® dt)l/z]z .

Then, from (48)-(49), we get

f‘u(l‘)|2 dt = p,,

A, W)= jR|_OOD

(50)
JR uV (@) |ul’ dt = p,.

Hence, we obtain [lu,llx« — llullxa. As XZ is a reflexive
" "

Banach space (see Lemma 2), it is isomorphic to a locally

uniformly convex space. So the weak convergence and norm

convergence imply strong convergence. This completes the

proof. O
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Let {e j} be a total orthonormal basis of L*(R) and define
X;=Rej jeN,
k
Yk = e)j:lXj’
Zk = @?ZkJrlXj, (51)
k eN.

Lemma 12. Assume that (V1) holds. Then, for 2 < p < +co,

Be:= sup  |ulp@ — 0, k— oo

uEZk,"uHXﬁ:l

(52)

Proof. The proof is similar to that of Lemma 3.8 in [28]. So it
is omitted. O

In view of Lemma 12, we can choose an integer k > 1 such
that

: (JR“(lfoon‘u(t)lz)duijv(t)Wdt) (53)

< —
26
24
VueZ,NX,
where ¢, is a constant given in condition (F1). Let

1, |t|>r,
R (1) = (54)
0, [t <,

andsetY = {(1 -R)u :u € X;‘, (1-R)u €V }and Z =
{A-Ru:ueXl, 1-RueZ}+{Rv:ve XZ}. Hence
Y and Z are subspaces of X, and X; =Y @ Z.

Lemma 13. Suppose that (V1), (V2), and (F1) are satisfied.
Then there exist constants g, B > 0 such that I, glap 7 > .
i 4

Proof. Inview of (V2), (53), and definition of the space Z, we
have

o = | w@Fdes | P
|t|<r |t|>r

1

2
< a ”ullxx
1 (55)
e j WV (O lu @O)F dt
UW J{teR,V(1)>w}
1, 1,
< 2 lealls + o lullys  Vu € Z.

Therefore, from (23), (55), and (F1) and for large enough value
of u, we get

1 0 IJ 2
I, =—(a+bA, () +— V() |u|” dt
w0 )= 25 ( @)+ 5] WV Ol
—J F(t,u)dt
R
6-1
1
>% A )+ -J UV (t) |uf? dt
2 2 Jr
—J F(t,u)dt
: (56)
1
L 2 G, 2 S
> Nl = 2 Nl — ZE (.
j=11j
I co.pY
1, o 2 Gta; | q;
> — [U||lye — —— U] ya — — ||U|| v«
3 Mg = 0 ol ,21  lul
1 1
1 2 CJ'D‘L‘ q;
> - o T —— ]ocu
> <l le = lully

i
Since 2 < g; (j = 1,...,1), there exist constants g, 8 > 0 such
that I, glop nz 2 B-

Lemma 14. Assume that (F1) and (F4) are satisfied. Then,
for any finite dimensional subspace 55;‘ C X, thereis R =

R(ij) > 0 such that I,5(u) < 0 on X;‘ \ Bg.
Proof. Since all the norms in the finite dimensional space are
equivalent, there exists a constant Y such that

letlzogy = Y lullxs» Ve € X (57)

From (F1) and (F4), for any L > b1 /20Y2a%0D | there
exists a constant C; > 0 such that

F(tbu) >Liu®-C,[u?, Y(tu)eRxR.  (58)

Thus

_L 0 l 2
L) = 00 (a+bA, (W) + 5 JR UV (t) u|” dt

-LF@mm

1 b ., )9 1.
< —|a+ — ullye | + = Uy
g (a4 o iy )+ 2 -

2 260
+Cp ””"LZ(R) -L "”"Lzo(R)
1 b, \°
< — -y «
<210 (a + o] ||u||XM>
1 2 2 20y 120
+ (5 + CuDE) sl — 1Y

forallu e 55[‘:‘ Consequently, there is a large R > 0 such that
I ”,G(u) <0on XZ‘ \ Bg. Therefore, the proof is completed. [



4. Existence of Weak Solutions

In this section, we present our main results.

Theorem 15. Assume that (V1), (V2), (Fl), (F3), (F4), and (F5)
hold. Then problem (1) has infinitely many nontrivial weak
solutions whenever p > 0 is sufficiently large.

Proof. We know that I, 4(0) = 0, and it is even by (F5). Let
X = XZ and Y and Z be as defined in Section 2. By Lemmas
11, 13, and 14, it follows that I, 4 satisfies all the condition of
the Theorem 10. Therefore, problem (1) has infinitely many
nontrivial weak solutions whenever ¢ > 0 is sufficiently large.

O

Theorem 16. Assume that (V1), (V2), (F1), (F2), (F3), and (F4)
hold. Then problem (1) has at least one nontrivial weak solution
when p > 0.

Proof. We complete the proof in three steps.

Step 1. Clearly 1,5(0) = 0 and I,4 € Cl(Xi, R) satisfies the
(PS) condition by Lemma 11.

Step 2.1t will be shown that there exist constants g, 5 > 0 such
that I, 4 satisfies condition (i) of Theorem 9. For any ¢ > 0, by
(F1) and (F2), there exists a constant ¢, > 0 such that

I &
€ .
IFtu)l < = [ul + Y = Jul® . (60)
2 j=1 Qj

Thus, by (23) and (60), for small p > 0, we get

_ L 60,1 2
Lg(u) = 56 (a+bA, () + 5 JR UV () |u|” dt

-memm
R
0-1
1
> T A (W) 4= j WV (&) ul? dt
2 2 Jr
(61)
- J F (t,u)dt
R
1 2 2 2 l C; 9 1 4
> 5 (1t - <D}l ) - 3L D
1
> l (1 - ng) QZ,
8

forallu € EQ, where B, = {u € X% ¢ |lull g < o} So it suffices
s “
to choose & = 1/2D? so that

1)
IH,9|BBQ > ¢ =p>0. (62)
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Step 3. It remains to prove that there exists an e € X? such
that IIuIIXZ > p and Iﬂ’g(e) < 0, where p is defined in Step 2.
Let us consider

1
I (ou) = 200 (a + bazAa (u))g
(63)

2
+ T J uv (&) lul® dt - J F(t,0u)dt,
2 Jr R

forallo € R. Take 0 # u € XZ. By (F1) and (F4), for any

k> bN(A ()" 126 [, luldt, there is a constant C, > 0
such that

F(tu) >« |ul®®-C, uf. (64)

So we have

1 5 0
Lo (ou) < 200 (a +bo’A, (u))

2

+"—J uv (t) Iulzdt+CKUZI ludt  (65)
2 Jr R

- ko J |u|29 dt — —oo,
R

as 0 — +o0o. Thus, there is a point e € X;‘ \ Bo such that
I,0(e) < 0. By Theorem 9, I, ¢ possesses a critical value ¢ >
« > 0 given by

c= ;Qﬁsg}gﬁfy,e (r®), (66)

where
F={yeC(0,1],X):9(0)=0, y(1) =¢}. (67)

Hence there is u € X;’j such that IH)G(u) = cand I;;,e(”) =0;
that is, problem (1) has a nontrivial weak solution in XZ. O

Theorem 17. Assume that (V1), (V3), (F5), (F6), and (F7)
hold. Then problem (1) has infinitely many nontrivial weak
solutions for y > 0.

Proof. One can obtain the proof by employing the method of
proof for Theorem 15 and using Lemma 7. O
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