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This paper investigates the sampling analysis associated with discontinuous Sturm-Liouville
problems with eigenvalue parameters in two boundary conditions and with transmission
conditions at the point of discontinuity. We closely follow the analysis derived by Fulton (1977)
to establish the needed relations for the derivations of the sampling theorems including the
construction of Green’s function as well as the eigenfunction expansion theorem. We derive
sampling representations for transforms whose kernels are either solutions or Green’s functions.
In the special case, when our problem is continuous, the obtained results coincide with the
corresponding results in the work of Annaby and Tharwat (2006).

1. Introduction

The recovery of entire functions from a discrete sequence of points is an important problem
from mathematical and practical points of view. For instance, in signal processing it is
needed to reconstruct (recover) a signal (function) from its values at a sequence of samples.
If this aim is achieved, then an analog (continuous) signal can be transformed into a digital
(discrete) one and then it can be recovered by the receiver. If the signal is band limited,
the sampling process can be done via the celebrated Whittaker, Shannon, and Kotel' nikov
(WKS) sampling theorem [1-3]. By a band-limited signal with band width o, ¢ > 0, that
is, the signal contains no frequencies higher than o/2x cycles per second (cps), we mean
a function in the Paley-Wiener space PW?2 of entire functions of exponential type at most ¢
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which are L?(R)-functions when restricted to R. This space is characterized by the following
relation which is due to Paley and Wiener [4, 5]:

ft) e PW?2 = f(t) = ei’Ctg(x)dx, for some function g(-) € L2(-0,0). (1.1)

1 (o)
V4 2.71' 4[ -0
Now WKS [6, 7] sampling theorem states the following.

Theorem 1.1 (WKS). If f(t) € PW2, then it is completely determined from its values at the points
tx = kar /o, k € Z, by means of the formula

f®)= D f(to)sinco(t—t), teC, (1.2)
k=-—c0
where
. sint 4,
sinct = t (1.3)
1, t=0.

The sampling series (1.2) is absolutely and uniformly convergent on compact subsets of C, uniformly
convergent on R and converges in the norm of L*(R), see [6, 8, 9].

The WKS sampling theorem has been generalized in many different ways. Here we are
interested in two extensions. The first is concerned with replacing the equidistant sampling
points by more general ones, which is important from practical and theoretical point of view.
The following theorem which is known in some literature as Paley-Wiener theorem, [5] gives
a sampling theorem with a more general class of sampling points. Although the theorem in
its final form may be attributed to Levinson [10] and Kadec [11], it could be named after
Paley and Wiener who first derive the theorem in a more restrictive form, see [6, 7] for more
details.

Theorem 1.2 (Paley and Wiener). Let {t;}, k € Z be a sequence of real numbers satisfying

kar a
t— —
o

i (1.4)

D :=sup
kez

<

and let G(t) be the entire function defined by the canonical product

G(t) = (t—t@@(l—i) (1-i>. (1.5)

tk

Then, for any f € PW?

G
f() = Zf(tk)m/ teC. (1.6)

kez
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The series (1.6) converges uniformly on compact subsets of C.

The WKS sampling theorem is a special case of this theorem because if we choose
t, = kor/o = —t_i, then

T t t\ (to/r)* _sinto , PN
G(t)—tg<1—5><1+ﬁ>—tg<1— 7 >_ — G(k) =D (@17

Expansion (1.6) is of Lagrange-type interpolation.

The second extension of WKS sampling theorem is the theorem of Kramer [12]. In this
theorem sampling representations were given for integral transforms whose kernels are more
general than exp (ixt).

Theorem 1.3 (Kramer). Let I be a finite closed interval, K(-,t) : I x C — C a function continuous
in t such that K(-,t) € L*>(I) for all t € C, and let {ty},c;, be a sequence of real numbers such that
{K(, tk) } kez, is a complete orthogonal set in L(I). Suppose that

f(t) = LI«x, Hg(odx, g() e L2(D). (1.8)

Then

[; K(x, ) K (x, tr)dx
= S f(t) .
S = .St T

(1.9)

Series (1.9) converges uniformly wherever || K (-, t)||r2ry as a function of t is bounded.

Again Kramer’s theorem is a generalization of WKS theorem. If we take K(x,t) =
e, I = [-0,0], tx = kor /o, then (1.9) will be (1.2).

The relationship between both extensions of WKS sampling theorem has been
investigated extensively. Starting from a function theory approach, cf. [13], it is proved in
[14] that if K(x,t), x € I, t € C satisfies some analyticity conditions, then Kramer’s sampling
formula (1.9) turns out to be a Lagrange interpolation one, see also [15-17]. In another
direction, it is shown that Kramer’s expansion (1.9) could be written as a Lagrange-type
interpolation formula if K(-,t) and # are extracted from ordinary differential operators, see
the survey [18] and the references cited therein. The present work is a continuation of the
second direction mentioned above. We prove that integral transforms associated with second-
order eigenvalue problems with an eigenparameter appearing in the boundary conditions
and also with an internal point of discontinuity can also be reconstructed in a sampling
form of Lagrange interpolation type. We would like to mention that works in direction of
sampling associated with eigenproblems with an eigenparameter in the boundary conditions
are few, see, for example, [19, 20]. Also papers in sampling with discontinuous eigenproblems
are few, see [21-23]. However sampling theories associated with eigenproblems, which
contain eigenparameter in the boundary conditions and have at the same time discontinuity
conditions, do not exist as for as we know. Our investigation will be the first in that direction,
introducing a good example. To achieve our aim we will briefly study the spectral analysis of
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the problem. Then we derive two sampling theorems using solutions and Green'’s function,

respectively.

2. The Eigenvalue Problem

In this section we define our boundary value problem and state some of its properties.
Consider the boundary value problem

2(y) = —r(x)u"(x) + g(x)u(x) = \u(x), xe€[-1,0)U(0,1], (2.1)
with boundary conditions

U (u) == () d —a)u(-1) — (apd —ap) /' (-1) =0, (2.2)
U (u) == (BiA + Pr)u(l) — (BoA + fo)u' (1) =0, (2.3)

and transmission conditions

Us(u) = yu(-0) — 61u(+0) =0, 04
Ui (1) = a1/ (=0) — 652 (+0) = 0, '

where A is a complex spectral parameter; r(x) = r12 for x € [-1,0), r(x) = r% forx € (0,1]; r, >
0 and r, > 0 are given real number; g(x) is a given real-valued function, which is continuous
in [-1,0) and (0,1] and has a finite limit q(+0) = lim, _, +0q(x); yi, 6i, i, Bi, a, B; (i = 1,2) are
real numbers; y; #0, 6; 20 (i = 1,2); p and y are given by

a a !
p = det< ! 1) >0, y:= det(ﬂl ﬁl) > 0. (2.5)
a, a By P

In some literature conditions (2.4) are called compatability conditions, see, for example, [24].
To formulate a theoretic approach to problem (2.1)-(2.4) we define the Hilbert space H :=
L2(-1,1) ® C? with an inner product

0 1
(0,800 =15 | S0Fx+ 5 [ g Srge fm 0o

where

f(x) g(x)
fx)=1 f |, s8x)=| & |€H (2.7)
f2 ¢
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f(),g() € L*(-1,1) and f;, g € C,i = 1,2. For convenience we put

<R1(u) Rl(u)> _ <a1u(—l)—azu'(—1) pru(1) - ﬂzu’(1)>. 2.8)

R (u) R/ \&u(-1)-ayu'(-1) Bu(l)-pu (1)

For function f(x), which is defined on [-1,0) U (0,1] and has finite limit f(+0) :=
limy 10 f (x), by fa1)(x) and f2)(x) we denote the functions

( )r € [_110)1 ( )/ € (0/ 1]/
faoy(x) = {f o foy(x) = {f S (2.9)
f(=0), x=0, F(+0), x=0,

which are defined on I; := [-1,0] and I, := [0, 1], respectively.

In the following we will define the minimal closed operator in H associated with the
differential expression ¢, cf. [25, 26].

Let ©(A) C H be the set of all

f(x)
f(x)=| R,(f) | €H (2.10)

R, (f)

such that f(; (), f; () are absolutely continuous in I;, i = 1,2, £(f) € L?(-1,0) ® L?*(0,1) and
Us(f) = U4(f) = 0. Define the operator A : 9(A) — Hby

f() ¢(f) f0)
Al Ry = RaH) | | R | e2A). 2.11)
Ry (f) —Ri(f) Ri(f)

The eigenvalues and the eigenfunctions of the problem (2.1)-(2.4) are defined as the
eigenvalues and the first components of the corresponding eigenelements of the operator
A, respectively.

Theorem 2.1. Let y1y» = 6162. Then, the operator A is symmetric.

Proof. For £(-), g(:) € D(A)

1" 1
(AR08 = 5 | e NEx+ 5 [ e(Fe)geodx
. 270 (2.12)

+ %Rl(f)R’1(§) - %Rl(f)R/l(g)‘
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By two partial integration we obtain
(A£(),8())y = (£(), Ag()) g + W(f, & -0) -W(f, g -1) + W(f, g 1) - W(f, g +0)
L ERANRLE) - RA (DR @) + SR (DRI - R(R(E)),

(2.13)

where, as usual, by W(f, g; x) we denote the Wronskian of the functions f and g
W(f,g:x) = f0g (x) = f(0)g(). (2.14)

Since f(x) and g(x) are satisfied the boundary condition (2.2)-(2.3) and transmission
conditions (2.4) we get

Ra(f)R(8) - RL(f)R4(Z) =pW(f. g -1),
Ri(HRi(Z) - Ri(f)R(3) = YyW(f. 5 1), (2.15)
rRW(f, g -0) = 6:6:W(f,g;+0).

Finally substituting (2.15) in (2.13) then we have
(Af(),8())y = (f(), Ag())m, £(),8() € D(A), (2.16)

thus, the operator A is Hermitian. The symmetry of A arises from the well-known fact that
D(A) is dense in H see, for example, [24]. O

Corollary 2.2. All eigenvalues of the problem (2.1)—(2.4) are real.
We can now assume that all eigenfunctions of the problem (2.1)—(2.4) are real valued.

Corollary 2.3. Let Ay and A, be two different eigenvalues of the problem (2.1)—(2.4). Then the
corresponding eigenfunctions uy and uy of this problem are orthogonal in the sense of

lJ‘O u1(x)u (x)dx+lf1u () (x)dx + lR’ (u1)R' (u )+1R’ (u1)R (up) =0. (2.17)

Proof. Formula (2.17) follows immediately from the orthogonality of corresponding eigenele-
ments

up (x) Uz (x)
w(x)=| R, (wm) [, u(x) = | R, (u2) (2.18)
R} (u1) R} (u2)

in the Hilbert space H. O
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Now, we will construct a special fundamental system of solutions of the equation (2.1)
for A not being an eigenvalue. Let us consider the next initial value problem:

i’ (x) + q(x)u(x) = \u(x), x€(-1,0), (2.19)
u(-1) = Ay — ay, u'(-1) = Ao — ay. (2.20)
By virtue of Theorem 1.5 in [27] this problem has a unique solution u = ¢; (x) = 1) (x), which

is an entire function of A € C for each fixed x € [-1,0]. Similarly, employing the same method
as in proof of Theorem 1.5 in [27], we see that the problem

—r3u" (x) + g(x)u(x) = Au(x), x€(0,1), (2.21)

u(l) = Ap; + po, u' (1) = AB) + pu, (2.22)

has a unique solution u = y»(x) = y21(x) which is an entire function of parameter A for each
fixed x € [0,1].

Now the functions ¢y (x) and yi11(x) are defined in terms of ¢,(x) and y2.1(x) as
follows: the initial-value problem,

—rau’ (x) + g(x)u(x) = lu(x), x€(0,1), (2.23)

u<0>=g—11<pu<o>, W(0) = ”(p'u(ox (2.24)

which contains the entire functions of eigenparameter A (in the right-hand side), has unique
solution u = ¢y, (x) for each A € C.
Similarly, the following problem also has a unique solution u = y1(x) = y1.(x):

—r2u" (x) + g(x)u(x) = Au(x), x€(-1,0), (2.25)

u(0) = Y—xzx(O) u'(0) = XZ)l(O) (2.26)

Since the Wronskians W (¢, yiy; x) are independent on variable x € I; (i = 1,2) and
@iy (x) and yiy(x) are the entire functions of the parameter A for each x € I; (i = 1,2), then the
functions

wi(L) =W (pir, xi;x), x€l, i=1,2, (2.27)

are the entire functions of parameter \.

Lemma 2.4. If the condition y1y, = 616, is satisfied, then the equality w1 (\) = w2 (L) holds for each
reC.

Proof. Taking into account (2.24) and (2.26), a short calculation gives y12W (11, Y11,0) =
6162 W (21, X215 0), 50 w1 (L) = wa (L) for each A € C. O
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Corollary 2.5. The zeros of the functions w1 () and w, () coincide.

Let us construct two basic solutions of (2.1) as

(PL\(x)/ X € [_1/ O)/ XUL(x)r X € [_1/ O)/
pa(x) = 1(x) = (2.28)
(PZJ\(x)/ X € (011]/ _X'Z)L(x)r X € (0/ 1]
By virtue of (2.24) and (2.26) these solutions satisfy both transmission conditions (2.4).
Now we may introduce to the consideration the characteristic function w(\) as

w() = w1 (1) = wa (). (2.29)

Theorem 2.6. The eigenvalues of the problem (2.1)—(2.4) are coincided zeros of the function w(\).

Proof. Let w(Ag) = 0. Then W (1), x11,;x) = 0, and so the functions ¢y, (x) and y14,(x) are
linearly dependent, that is,

Y11 (%) = kop1y, (x),  x € [-1,0], for some k#0. (2.30)

Consequently, yy,(x) satisfied the boundary condition (2.3), so the function yj,(x) is an
eigenfunction of the problem (2.1)—(2.4) corresponding to the eigenvalue Ay.

Now let uy(x) be any eigenfunction corresponding to the eigenvalue Ao, but w(\y) #0.
Then the functions ¢;y, (x), xii, (x) are linearly independent on I;, i = 1,2. Thus, uy(x) may
be represented as in the form

11y, (x) + coxin, (x), x €[-1,0),
up(x) = ' ' (2.31)
€32y, (x) + caya, (x), x€(0,1],
where at least one of the constants ¢;, i = 1,2, 3,4, is not zero.
Consider the equations
ui(uo (x)) = OI i= 1/ 2/ 3/4 (232)

as the homogenous system of linear equations of the variables ¢;, i = 1,2, 3,4, and taking into
account (2.24) and (2.26), it follows that the determinant of this system is

0 —w1 (J\()) 0 0
0 0 wy (./\,0) 0

Y1911, (0) Y1xX11(0) =061¢021,(0) —61)24,(0)
YZ(PIMO (0) sz,l)m (0) _62‘,0’2)“] (0) _62X12)LO (0)

= 6162w1(Ao)w; (o) #0. (2.33)

Thus, the system (2.32) has only trivial solution ¢; = 0,i = 1,2,3,4, and so we get
contradiction which completes the proof. O
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Lemma 2.7. If A = \g is an eigenvalue, then ), (x) and x,(x) are linearly dependent.

Proof. Since 1 is an eigenvalue, then from Theorem 2.6 we have W (¢iy,, ir,; x) = w(Ap) =0,
i =1,2. Therefore

Xido (%) = kipin(x), i=1,2, (2.34)

for some k;#0, i = 1,2. Now, we must show that k; = ky. Suppose if possible that k; # k.
Taking into account the definitions of solution ¢;, (x) and ¢;y,(x), i = 1,2, from the equalities
(2.34) we get

Us(x1,) = Y11, (=0) = 611, (+0)
= Y114 (0) = 6124, (0)
= y1k1¢1a, (0) — 61kagpay, (0) (2.35)

= 01k1¢p2),(0) = 61ka(p2y, (0)
= 61(k1 = k2)¢p21,(0).

Since Us(yy,) =0, 61 #0, and k; — ky #0 it follows that

¢21,(0) = 0. (2.36)
By the same procedure from the equality U4(x),) = 0 we can derive that

5, (0) = 0. (2.37)

From the fact that ¢, (x) is a solution of (2.1) on [0,1] and satisfied the initial conditions
(2.36) and (2.37) it follows that ¢,),(x) = 0 identically on [0, 1], because of the well-known
existence and uniqueness theorem for the initial value problems of the ordinary linear
differential equations.

By using (2.24), (2.36), and (2.37) we may also find

13, (0) = ¢, (0) = 0. (2.38)

For latter discussion for ¢),(x), it follows that ¢1),(x) = 0 identically on [-1,0]. Therefore
@), (x) = 0 identically on [-1,0) U (0, 1]. But this is contradicted with (2.20), which completes
the proof. O

Corollary 2.8. If A = Ay is an eigenvalue, then both ¢, (x) and y,(x) are eigenfunctions
corresponding to this eigenvalue.

Lemma 2.9. If the condition y1y, = 616, is satisfied, then all eigenvalues \,, are simple zeros of w(\).
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Proof. Since

1 (° 1 (!
;ﬂ;“WWWM@M+ELﬂmeM@M

1 (° 1 (!
= T_2 f . (p)L(x)E((p)LU(x))dx + 1"_2 J;) (P)L(x)e((/))to (x))dx + W((P/\’ Iy 1) - W((P/\/ (P)Lo;_l)’
17 2
(2.39)

then
1 (° 1 (!
(L = Ao) [—2 f PA(X)pa, (x)dx + = _[ Pl (x)(mo(x)dx] =W(pr pa;1) = (A= Ao)p, (2:40)
ryJ-1 ry Jo

for any A. Since
X0 (X) = kogyy (%), x € [-1,0)U(0,1], (2.41)

for some ko # 0, then

1
W (o1, 1,;1) = k_nw((‘o)"x)‘”;l)

- kln()t,,R’l (¢2) + Ri(gn))

| (2.42)
= = [w) = (L= LR, ()]
1 [w®) o
=- )L")k_,, [m - Ri(p1)|-
Substituting (2.42) in (2.40) and letting A — 1, we get
1 0 2 1 ! 2 1 / /
= (ga, () "dx + = (g1, (x)) dx = — [w'(An) = Ry (¢1,)] — p- (2.43)
rr ) 3 Jo kn
Now putting
! 1 ! Y
&WW=E&QM=E (2.44)

in (2.43) it yields w'(4,) #0, which completes the proof. O
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If\,,n=0,1,2,... denote the zeros of w(\), then the three-component vectors

¥y, (x)
@, (x):=| R ,(pa,) (2.45)
R, (¢x,)

are the corresponding eigenvectors of the operator A satisfying the orthogonality relation
(@,(+), P (-))y =0 for n#m. (2.46)

Here {¢, (") 152y will be the sequence of eigenfunctions of (2.1)—(2.4) corresponding to the
eigenvalues {1, },-,. We denote by ¥, (-) the normalized eigenvectors

@n(x)

w0 = o™ ) | (2.47)
o~
1\@n

Because of simplicity of the eigenvalues, we find nonzeros constants k, such that

X1, (%) =kuppy, (x), x€[-1,00U(0,1], n=0,1,.... (2.48)

To study the completeness of the eigenvectors of A, and hence the completeness of the
eigenfunctions of (2.1)—(2.4), we construct the resolvent of A as well as Green’s function of
problem (2.1)-(2.4). We assume without any loss of generality that A = 0 is not an eigenvalue
of A. Otherwise, from discreteness of eigenvalues, we can find a real number c such that c # \,,
for all n and replace the eigenparameter A by A — c. Now let A € C not be an eigenvalue of A
and consider the inhomogeneous problem

fx) u(x)
(M = A)u(x) = f(x), for f(x) = fi €H, u(x)=| R ,(u) | €2(A), (2.49)
f2 R (u)
and [ is the identity operator. Since
u(x) €(u(x)) fx)
AI-A)u(x) =LA R ) [-| Ra() [=] fr |, (2.50)
R (u) —Ry(u) f2
then we have
(A-Qu(x) =1£(x), x€[-1,00U(0,1], (2.51)

fi=AR(u) - Ra(u),  fo=AR,(u)+R(u). (2.52)
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Now, we can represent the general solution of (2.51) in the following form:

(1) A1 (x) + Biyn(x), x€[-1,0), (253)
u(x,\) = .
Axipoy (x) + Boyau(x), x€(0,1].

Applying the method of variation of the constants to (2.53), thus, the functions A;(x, ),
Bi(x, 1) and A(x, ), Bo(x, ) satisfy the linear system of equations

A () + B (5 () =0, A4 (x, )l (0 + By D 0 = L2, xe[-1,0),
1
AL (3, ) () + By, N pan () = 0, AL \py () + Bl (e, ), (3) = L ix), x € (0,1].
2
(2.54)

Since A is not an eigenvalue and W (i (x), iy (x); x) #0, i = 1,2, each of the linear systems in
(2.54) has a unique solution which leads

A= (Mf FOMOB AL B =
x € [-1,0),
Aol D)= A)f FOL@ Ao, Bale )= A)f F@pu@)dé + By,
x € (0,1],
(2.55)

where Aj, A, B, and B, are arbitrary constants. Substituting (2.55) into (2.53), we obtain the
solution of (2.51)

Con() (0 )
ﬁ'}l:)(’;) jxf(é)X1A(§)d§ f;* o j FOeu)de + Arpi(x) + Bryi(x),
€ [-1,0),

u(x,\) = <

(pzzx(X)f F@)ym(@)de + XZ*( )j F() @ (8)dé + Aapay (x) + Bayar (%),
yw(d)
€(0,1].

(2.56)
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Then from (2.52) and the transmission conditions (2.4) we get

= [ romeas L e
2 ) (2.57)
5 B A
f= oty B | SOmO@R -
Then (2.56) can be written as
f2 fi xax) (* f(©) e (x) (1 Q@)
M = om T a@ P Wy L i P OR T W 1 i O (5
x,¢ € [-1,0) U (0,1].
Hence, we have
1
wf(i)mx) g)xuxnf Gr g )1 ((g)) dé
u(x) = (M - A) H(x) = R’ () - , (2.59)
Ri(u)
where
%‘ﬁ@, “1<¢<x<1, X0, §#0,

G(x, ¢, ) = (2.60)

%, -1<x <8<, x#0, £#0,

is the unique Green’s function of problem (2.1)—(2.4). Obviously G(x, ¢, 1) is a meromorphic
function of A, for every (x,¢) € ([-1,0)U (0, 1])%, which has simple poles only at the
eigenvalues. Although Green’s function looks as simple as that of Sturm-Liouville problems,
cf., for example, [28], it is a rather complicated because of the transmission conditions, see
the example at the end of this paper.

Lemma 2.10. The operator A is self-adjoint in H.

Proof. Since A is a symmetric densely defined operator, then it is sufficient to show that the

f(x)
deficiency spaces are the null spaces and hence A = A*. Indeed, if f(x) = < f > €Hand lis
f2
a nonreal number, then taking

f fi ()
P et [ swan T

u(x) = R'_l(u) (261)

R (u)
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implies that u € D(A). Since G(x, ¢, \) satisfies conditions (2.2)—(2.4), then (A-AI)u(x) = f(x).
Now we prove that the inverse of (A — AI) exists. If Au(x) = Au(x), then
(X=2) (@O, u0)), = (@), Au))g = (ha),u6) )y
= (u(), Au())y ~ (Au(), u())y (2.62)
=0 (since A is symmetric).

Since A ¢ R, we have A— #0. Thus (u(-),u(:) )y = 0, thatis, u = 0. Then R(}; A) := (A-AD)7Y,
the resolvent operator of A, exists. Thus

RMLAE=(A-A)'f=u. (2.63)

Take A = +i. The domains of (A — i)' and (A +iI)™" are exactly H. Consequently the ranges
of (A —iI) and (A +iI) are also H. Hence the deficiency spaces of A are

N_i:= N(A* +il) = R(A —iI)* = H = {0},

N; = N(A*—il) = R(A +il)* = H* = {0). (2.64)

Hence A is self-adjoint. O

The next theorem is an eigenfunction expansion theorem, which is similar to that
established by Fulton in [29].

Theorem 2.11. (i) Foru(-) e H

lu()llf = 2 [(u(), ®u())ul™ (2.65)
(ii) For u(-) € (A)
w0 = 3% (O, W) ), (2.66)

with the series being absolutely and uniformly convergent in the first component for on [-1,0) U (0, 1]
and absolutely convergent in the second component.

Proof. The proof is similar to that in [29, pages 298-299]. O

3. Asymptotic Formulas of Eigenvalues and Eigenfunctions

Now we derive first- and second-order asymptotics of the eigenvalues and eigenfunctions
similar to the classical techniques of [27, 30] and [29], see also [25, 26]. We begin by proving
some lemmas.
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Lemma 3.1. Let ¢, (x) be the solutions of (2.1) defined in Section 2, and let A = s?. Then the
following integral equations hold for k = 0 and k = 1:

dr 3 , N dF s(x+1) » o\ df . [s(x+1)
ﬁq)u(x) = (—a2+s az)ﬂcos[ o - (—(xl +sa >_d_ sm| -
xX-Yy
Yo ) axr Sm[ ]q(y)wu(y)dy/
dr 0 sx rzyz 0, (<0 sx
dx ——pa(x) = 5, (Pm( )d kCOS ne ) - sin .
(3.2)

x gk
+i d—sin[( ]/)

pell Wz ]q(y)qm(y)dy

Proof. For proving it is enough substitute s?p1\(y) + ()¢}, (v) and s*p21(y) + ()¢}, (v)
instead of q(y)p1.(y) and q(y)¢2,(y) in the integral terms of the (3.1) and (3.2), respectlvely,
and integrate by parts twice.

Lemma 3.2. Let A = 2, Ims = t. Then the functions ¢;(x) have the following asymptotic
representations for |\| — oo, which hold uniformly for x € I; (i =1,2):

dr , dk s(x+1
@(Pu(x) = szazﬂ cos [%

dx o n Yy, .
@q)zx(X)—sazl:&—lcos[ ]dxk [ ]—ﬁs [— s 1n[ ] -

o<|S|k+1e|t|((r1x+rz)/1’1r2)>I k=0,1,

O<|S|k+1e|t|((x+1)/r1)>’ k=01, (3.3)

if 2, #0,

k

A (x) = —sn ! d—k sin[s(x +1)
dak P =TI

kL IH((x+1) /71) _
- o(|s| e ) k=01, (3.5)

dxk © [ ]+%C [ﬁ]dxk [ H (3.6)

+ o<|S|ke\t\((71x+rz)/7172)>’ k=0,1,

dk nn .
@"’“(")z‘s"‘l[& 2] 5

if a, = 0.

Proof. Since the proof of the formulae for ¢, (x) is identical to Titchmarshs proof of similar
results for ¢, (x) (see [27, Lemma 1.7 page 9-10]), we may formulate them without proving
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them here. Therefore we will prove only the formulas for ¢;) (x). Let a, # 0. Then according
to (3.3)

> ] +O(|slel’m),

11 (-0) = §° a;, cos
r

s’al, s 5 (3.7)
! (=0) = ——=sin|— [tl/r
¢}, (=0) - sm[r1 +(9<|s| e 1).
Substituting (3.7) into (3.2) (for k = 0), we get
2 ! 2 0
(x) = ne % Cos[i] cos [ﬂ] _8hR sin[ S] sm[sx]
P2l &1 Lt 2 611 1 2
S ) (3.8)
l X - y rMx+ry)/nry
s Sm[ ]q(y)m(y)dyw(lsle““ /),
S Jo ]
Multiplying (3.8) by |s|2e~Ifl((nx+72)/n172) and denoting
Fy(x) =|s|” -2 fltl((rlxwz)/ﬁrz)(’,z)t(x) (3.9)
we get
2/ 2 1
Fy(x) = |s| 2 Ml(rxer)/nir) llic 1P [i] cos [ﬂ] _rmp sin[ S] sm[sx]
51 1 g 6o r )
(3.10)
(I G (=) /) -1
+%J‘o sm[r—z]q(y)e F)L(y)dy+(9<|s| )
Denoting M () := maxo<x<1|Fy(x)| from the last formula, it follows that
Inilla| | rla| |yl M(A)I
M@) < + d + — (3.11)
W Toan sl J [N
for some M > 0. From this, it follows that M (1) = O(1) as A — oo, so
a1 (x) = O(JsPellnxsr/mr)), (3.12)

Substituting (3.12) into the integral on the right of (3.8) yields (3.4) for k = 0. The case k = 1
of (3.4) follows by applying the same procedure as in the case k = 0. The case a;, = 0 is proved
analogically. 0

Lemma 3.3. Let A = s?, Im s = t. Then the characteristic function w(\) has the following asymptotic
representations.
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Case 1. If #, #0 and a;, #0, then

() = s [T cos +O(jsfe ) (3.13)

S S
sin

Y2 [ s ] [ s

+ ——sin cos | —

b1 N r2
Case 2. If , #0 and a;, = 0, then

w(r) = a)fys [ n 1sm[s]sm[

r

r s 3 lH((ri+72) /rir2)
+ 5 cos[rl] COSLz” +(9<|s| e > (3.14)

Case 3. If #, = 0 and a;, #0, then

.y 4 gt _% 1 i
w(d) = fiays [ cos[ ]cos[rz] o sm[ ]sm[r2

+(9<|s|3e|”((“+r2)/’1’2)). (3.15)

Case 4. If #, = 0 and a, = 0, then

2Y2

w(\) = '1 '153 [E Sln[ ]Cos[ + —cos[ ]sm[
[g) 71

+(9<|s|2e'f'<<’1+r2>/”’2>). (3.16)

Proof. The proof is immediate by substituting (3.4) and (3.6) into the representation
w(A) = (AP + 1) gan(1) = (AP + B2) 9, (1)- (317)

Corollary 3.4. The eigenvalues of the problem (2.1)—(2.4) are bounded below.

Proof. Putting s = it (t > 0) in the above formulae, it follows that w(-t?) — o ast — oo.
Hence, w(1) #0 for A negative and sufficiently large. O

Now we can obtain the asymptotic approximation formula for the eigenvalues of the
considered problem (2.1)—(2.4). Since the eigenvalues coincide with the zeros of the entire
function w(\), it follows that they have no finite limit. Moreover, we know from Corollaries
2.2 and 3.4 that all eigenvalues are real and bounded below. Therefore, we may renumber
them as 1o < Ay < Ay, ..., listed according to their multiplicity.

Theorem 3.5. The eigenvalues A, = s3,n =0,1,2,..., of the problem (2.1)—(2.4) have the following
asymptotic representation for n — oo, wzth Y16211 — y261r2 =0.

Case 1. If #, #0 and a;, #0, then

_nn
Sy = p——— ——(n- 1)x+(9< ) (3.18)
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Case 2. If #, #0 and a;, = 0, then

_ nn 1 -1
Sy = P (n 2>JZ'+(9<11 ) (3.19)

Case 3. 1If , = 0 and a, #0, then

_ nn 1 1
Sy = p——— (n 2)m‘+(9<n ) (3.20)

Case 4. If f, = 0 and a;, = 0, then

nmufo(n4>. (3.21)
Proof. We will only consider the first case. From (3.13) we have

il 5
24 nS”
w(d) = zgirl

L[t S] N o(|S|4e|t|((r1+rz)/nrz)>_ (3.22)
rir

We will apply the well-known Rouche theorem, which asserts that if f(A) and g(\) are
analytic inside and on a closed contour C and |g(A)| < [f(A)] on C, then f(A) and f(X) + g(X)
have the same number of zeros inside C, provided that each zero is counted according to
its multiplicity. It follows that w(\) has the same number of zeros inside the contour as the
leading term in (3.22). If Ay < Ay < Ay, ..., are the zeros of w(A) and A, = s2, we have

. nn
" r+nr

(n—1)7 + bn, (3.23)

for sufficiently large n, where |6,| < or /4, for sufficiently large n. By putting in (3.22) we have
8, = O(n™1), so the proof is completed for Case 1. The proof for the other cases is similar. [

Then from (3.3)-(3.6) (for k = 0) and the above theorem, the asymptotic behavior of
the eigenfunctions

(Pl/\n (x), X € [_1/ 0)/
¢, (x) = (3.24)
(/’Zl\n (x), X € (0/ 1]/
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of (2.1)-(2.4) is given by, y16211 — 126112 = 0,

¢ ( -1
a, cos(%(x + 1)) +0(n™), x € [-1,0),

- if p,#0, a, #0,
Y14, (n-1)o > 1
|5 cos( P (nx+mn))+0(nt), xe(0,1],
—na, sin<M(x+1)> +0(nY),  xe[-1,0),
r+nr
g am1/2) if B, £0, b =0,
_hneg . n- T -1
"5 sm( P (r1x+r2)> +0(n?), x€(0,1],

1, () =1
( (Tz(n—l/Z)JZ'

a, Cos
r+mr

(x+ 1)) +0(n™), x € [-1,0),
if B, =0, a)#0,

n cos( (n - 1/Z)ﬂ-(nx + r2)> +0(n™), x€(0,1],
2

L &1 mn+r
-ra; sin( fonr (x+ 1)> +0(n™), x € [-1,0),
rt+nr .
e if B, =0, ay = 0.
nne nor i
s s1n<r1 o (rix + r2)> +0(n!), x€(0,1],
(3.25)

All these asymptotic formulae hold uniformly for x.

4. The Sampling Theorem

In this section we derive two sampling theorems associated with problem (2.1)-(2.4). For
convenience we may assume that the eigenvectors of A are real valued.

Theorem 4.1. Consider the boundary value problem (2.1)—(2.4), and let

(Pll\(x)/ X € [_1/0)/
pa(x) = (4.1)
(PZA(x)/ X € (011]1

be the solution defined above. Let g(-) € L*>(~1,1) and

0 1
F(\) = %f 1 g(x)p1a(x)dx + :—2 .[0 g(x) 2 (x)dx. (4.2)
17~ 2
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Then F(X) is an entire function of exponential type 2 that can be reconstructed from its values at the
points { A, };~ via the sampling formula

w())

A= L' (L)’ (43)

F(A) = > F(\y)
n=0

The series (4.3) converges absolutely on C and uniformly on compact subset of C. Here w(\) is the
entire function defined in (2.29).

Proof. Relation (4.2) can be rewritten as an inner product of H as follows

F() = (8(), ®1() )y =—f S+ f 2(X)gm (x)dx, (44)
where
g(x) pi(x)
g=| 0 |, ow=|r,@) |en (45)
0 R ($A)

Both g(-) and @, (-) can be expanded in terms of the orthogonal basis on eigenfunctions, that
is,

Pn(x) @, (x) = im (m)—2nl)_ (4.6)

B(x) = Zg( QI e, O

where g(n) and ®@, (n) are the fourier coefficients

1 (© 1 (!
g(n) = (8(), @u())y = —2I 8(X)¢p1a, (x)dx + —ZI 8(X) ¢y, (x)dx
/- 70 4.7)

= F(Ay).
Applying Parseval’s identity to (4.4) and using (4.7), we obtain

<(Dn()q))m()>H
F(\ n) 4.8
W= Z( TN e

Now we calculate @, (1) = (®,,(-), D, (-) Yy and ||®,, () |lg- Let A € C not be an eigenvalue and
n € N. To prove (4.3) we need to show that

(@) DL w(h)
D, A=t

n=0,1,2,.... (4.9)



Abstract and Applied Analysis 21

By the definition of the inner product of H, we have

1 (0 1 (!
(®4(), Do) )yt = —zf P (g, (dx + — f 22 (), (X)dx
o 270 (4.10)

1 / / 1 / /
+ ER—1 (p) R (p,) + ?Rl (p1) Ry (¢r,)-
Since

0 1
12 f 2(p11(x)) 1, (x)dx + 12 J 2(p21(x)) 2, (x)dox
ryJ-1 s Jo

0 1
= lz f p12(x)€ (1, (x) ) dox + lz f p21(2)€ (21, (x))dx + W (1, 14,5 -0) (41D
ry ) 5 Jo

- W (11, p11,;-1) = W (921, @215 +0) + W (@21, 9215 1),
then, from (2.20) and (2.24), (4.11) becomes
1 (° 1 (!
A=3| [ ou@on,@dr s [ puEpn @dx| = Wgapni1) - A= 1.
171 270
(4.12)

Thus

1 (° 1 (! W (21, 21,51
[ e x5 [ gueem, (- Woagil) _, (413)
Tl -1 rz 0 —An

From (2.48), (2.22), and (2.8), the Wronskian of ¢, and ¢;) at x = 1 will be

W (21, 921,;1) = o2 (1), (1) = ¢ (1)gpan, (1)
= I [xa1, (D21 (1) = o1, (Deg (1)]

= k' [(Bin + B @ (1) = (Bydn + o) 95, (1)] (4.14)
=k, [w () + (An = DR (1))

Relations (2.48) and R/ (y),) = y and the linearity of the boundary conditions yield

1 / / k;1 / ! - /
PR ()R, (p1,) = 7 R ()R (xn,) = Kk,'Ry (). (4.15)
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Substituting from (4.13), (4.14), (4.15), and R’ (¢,) = R';(¢y,) = —p into (4.10), we get

(@2(), 0, () )y = k! L (416)
A=A,
Letting A — 1, in (4.16) and since the zeros of w(\) are simple, we have
(D), @u()) e = 1D )l = Ky (M) (4.17)

Therefore from (4.16) and (4.17) we establish (4.9). Since A and n are arbitrary, then (4.3) is
proved with a pointwise convergence on C, since the case A = A, is trivial.

Now we investigate the convergence of (4.3). First we prove that it is absolutely
convergent on C. Using Cauchy-Schwarz’ inequality for A € C,

- 2, 1/2
S<Z|<g<->,ct>n<-)>H|2> <Z|<a>n<->,cm(-)>H|2> . (18)

= 0,0k = 10.0)h

°° w(l)
2, (X =)' (Ay)

n=0

F(An)

Since g(-), @, (-) € H, then both series in the right-hand side of (4.18) converge. Thus series
(4.3) converges absolutely on C. For uniform convergence let M C C be compact. Let A € M
and N > 0. Define on () to be

w(l)

N
on(\) := [F()) —%F(An)m . (4.19)

Using the same method developed above

aN(A>S< ) _|<g<->,®n(.)>n_|2>l/z< > I<®n(->/®x<->>nlz>1/2. (420)

S 12Ol S 12Ol
Therefore
z 180, @ ()ul”\ 1ol
on (D) < @)l ) FEmEL Y (421)
S 12Ol

Since [-1,1] x M is compact, then, cf., for example, [31, page 225], we can find a positive
constant Cps such that

@ ()lg <Cm, Yie M. (4.22)

Then

0 . . 2 1/2
oN()L)SCM< s M> (4.23)

s RN [ O]
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uniformly on M. In view of Parseval’s equality,

2\ 1/2
<Z M> .0 asN —oo. (424)

P [ MO

Thus on(A) — 0 uniformly on M. Hence (4.3) converges uniformly on M. Thus F(X) is
analytic on compact subsets of C and hence it is entire. From the relation

1 1
FOI< 5 [ ls@llpuldrs & [ 1sllonolax 425)

1

and the fact that ¢, (x) and ¢, (x) are entire function of exponential type 2, we conclude that
F (1) is also of exponential type 2. O

Remark 4.2. To see that expansion (4.3) is a Lagrange-type interpolation, we may replace w(\)
by the canonical product

H( - i), if none of the eigenvalues is zero;
By=qmL,
AH(l - A_>' if one of the eigenvalues, say Ay = 0.

—

(4.26)

From Hadamard’s factorization theorem, see [4], w(A) = h(L)w (L), where h()) is an entire
function with no zeros. Thus,

wl) RV

@)~ )@ () 427
and (4.2), (4.3) remain valid for the function F(1)/h(A). Hence
-3 h(M)io(1)
PO = 2P a0 1) (428)
We may redefine (4.2) by taking kernel ¢, (-)/h(1) = ¢, (:) to get
FW) w()
F(\) = ) ZF(A”)()L TWYTIME (4.29)

The next theorem is devoted to give interpolation sampling expansions associated
with problem (2.1)—(2.4) for integral transforms whose kernels defined in terms of Green’s
function. There are many results concerning the use of Green’s function in sampling theory,
cf., for example, [22, 32-34]. As we see in (2.60), Green’s function G(x, ¢, 1) of problem (2.1)—
(2.4) has simple poles at {1\, },-,. Define the function G(x, 1) to be G(x, A) := w(1)G(x, &, L),
where & € [-1,0) U (0, 1] is a fixed point and w(1) is the function defined in (2.29) or it is the
canonical product (4.26).
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Theorem 4.3. Let g(-) € L*(~1,1) and F() the integral transform

0 1
PO = [ Gl g+ [ Glx g
e 2

(4.30)

Then F(\) is an entire function of exponential type 2 which admits the sampling representation

w()

PO = 2P o ety

Series (4.31) converges absolutely on C and uniformly on compact subsets of C.

Proof. The integral transform (4.30) can be written as

E) =(G(, 1), 8())u

g(x) G(x, 1)
gx)=| 0 |, G(xA)=[ R,(G(x1) | eH.
0 R\ (G(x, 1))

Applying Parseval’s identity to (4.32) with respect to {®@,(-) },—,, we obtain

<g()rcD1’l()>H .

F4) = S G(,\), D, (-
(1) = 3G, @ =0

Let L #.4,. Since each @, (-) is an eigenvector of A, then
(M = A)Dy(x) = (X = Ly) Dy (x).

Thus

(M = A)" D, (x) = @, (x).

A=A,
From (2.59) and (4.36) we obtain

R’l ((P)Ln ) Rl—l ((P-)Ln)

1
= )L_)Ln Py, (50)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

1 1
o) =)+ - Gl b g e [ Gt Vg, (9

(4.37)
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Using R’ (py,) = —p, (2.48), and R;(x4,) = v, (4.37) becomes

Z,lz)t)‘l’x(éo) w(A)XA (60) + J G(x, &, Vo1, (x)dx + —f G(x, &, oy, (x)dx

(4.38)
- oo
Hence (4.38) can be rewritten as
1 ()t)
kel pu) + praCe) + 5 [ Gl D, (s G(x, D, (@dx = 250 g1, o).
i (4.39)
From the definition of G(-, 1), we have
0 1
(G 0,00 = [ Gl A, (x5 [ Gl g, ()
ry ) ry Jo
(4.40)
+ SRR, (p1) + RGO DR, (p).
From formula (2.60), we get
R (G(x, 1) = a@)R 1 (91),  Ri(G(x, 1)) = pa(€0) Ry (x2)- (4.41)

Combining (4.41), R";(¢1) = R ;(¢y,) = —p, R (x1) = Ri(xa,) = 7, and (2.48) together with
(4.40) yields

0 1
(GO, Ba)r = f Gl D, () + = fo G, M, (¥)dx + yk; a (80) + pya (o).
1 - 2

(4.42)
Substituting from (4.39) and (4.42) gives
(G, D = 125, ) (443)
As an element of H, G(-, A) has the eigenvectors expansion
@;
G ) = 3G, By ()
i=0 (1D () Il
(4.44)

L& W) @, (x)
210" e
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Taking the limit when A — A, in (4.32), we get

F(\y) = Aliirklrl(C;(vA),g(-)>H- (4.45)

The interchange of the limit and summation processes is justified by the uniform convergence
of the eigenvector expansion of G(x, 1) on [-1,1] on compact subsets of C, cf., (2.60), (3.3)—
(3.6), and (3.18)—(3.21). Making use of (4.44), we may rewrite (4.45) as

& w) (@i(-), 8())y
Flh) = Jlim Dy @) — o S
<(I’n(')/ g() >H )

Dy ()13

The interchange of the limit and summation is justified by the asymptotic behavior of ®;(x)
and w(A). If ¢y, (&) #0, then (4.46) gives

(4.46)
= w'(An) @, (o)

(8(), Pu()u _  F(ha) i)
1D, OF @ (), (o)

Combining (4.43), (4.47), and (4.34) we get (4.31) under the assumption that ¢, (&) #0 for
all n. If ¢y, (éo) = 0, for some n, the same expansion holds with F(1,) = 0. The convergence

properties as well as the analytic and growth properties can be established as in Theorem 4.1.
O

Now, we give an example exhibiting the obtained results.

Example 4.4. The boundary value problem,
-y'(x) +q(x)y(x) = \y(x), x€[-1,0)U(0,1],

Y1) =-1y(-1), y@)=y(), (4.48)
2y(-0) -y(+0) =0,  y'(-0)-2y'(+0) =0,

is special case of the problem (2.1)-(2.4) whena; =a, =1 =, =0, o= = =a; =1 =
Tz=1,}’1 =62=2,y2=61=1,and

-1, x€[-1,0),
mm={ (4.49)
-2, x€(0,1].

Then p = y =1 > 0. The solutions ¢, (-) and y,(-) are

( 2 32\
Pp11(x) = (2§M gZ)‘);m b+ 1) —cosgn(x+1), xe[-1,0),
1

2 52\ o
P1(x) = 4 por(x) = 2< (261, gﬁ) sin ¢ - cos §u> COS (o)X

+ (2§%)L - g%),) COS G11 + 614 Sin g1y
. 2001

singnx, x€(0,1],
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( 2§2 _ §2

X1 (x) = <cosg 21— —2—2sin gu> oS §11x

43}
2 2 52
Xa(x) = 1 +2 C— sin {p) + u—gu cos{yy )sinénx, x€[-1,0),
G1a G1a
2 _ 52

X21(x) = cos o (x —1) + 12 21 sin o) (x — 1), x € (0,1],

\ 21

(4.50)

where {1, := VA + 1 and {p) := VA + 2. Here the characteristic function is

w(A) = {Qu Cos g1y <—5 <2§%A - §§A>§2A cos {) + <§‘21)L - 882 - 4) sin §2A>

1
2810821

+sin §1J\< [—gi\ + 4(2@5 — €§A>2C21] Ccos §2A+ <2§i{ - §§A> <4 + 5@5) sin §2)L> }

(451)
By Theorem 4.1, the transform
FQ\) = fol 2(x) [ (26, - 5);“ Wbl et 1)]dx
f 2(x) [ ( (26, %) i 2L gu> €08 L1 x (4.52)
LG cosbu+dusindu gmx] dx
200,
has the following expansion:
°° A
o nzfu") (80 (e B o
W' (Ay) = e ém [sin i, (2g2 . (—1 +240 +34)% + 11A11> cos oy,
+(54+10410 + 5902 ~51") sin gy, ) s

+ {11, €OS C1), <§2An (—30 — 450 - 6A% + 5)L3> cos {2y,

+(~8+241+ 4107+ 130%) sin ¢y, )|
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The Green’s function has the following form:
G(x,¢, 1)

= —2§11§2)l {Qu cos §1y <—5<2§%)L - §§)‘>§u cos (o) + <§‘21)L -84 - 4) sin gn)

+sin Cu( [—C%A + 4<2C%)L - C§A>2§2A] cos o + (2&1 - C§A> (4 + 5§;).> sin sz) }

r 2 _ 2 i
< (2¢;, gu);:n oulx+1) cos iy (x + 1)>
2 0%
L cos Gox = M sin¢py ) cos &aé+2 = sin o + SO cosén Jsinéue |
2 3} o o
-1<x<¢<0,
< (283, gu);in Gue+1) cos i (¢ + 1)>
ca | b & |
Cos (o) — sindpy ) cosnx+2( 2= sin gy + cosar Jsindux|,
i Cm

_1S§Sx<01

2 2

- &) singn(é+1) —cosin (@ + 1)> [cos a(x—1) + 212—_% sing(x-1)],
21

gl)L

X

~1<¢<0,0<x<1,
2

_ 2 )
—cos {1y (x + 1)> [cos n(E-1)+ 2 12 Gl singn(¢-1)1,
21

-1<x<, 0<¢<1,

<(2c
<(2§ gm) s1n§u(x+1)

I:cosgz)t(x 1)+ 2 éz’\smg 2 (x - 1)]
20

(283, = &3,) €os G1a + Gua sin &1y
2801

o [2< (zgu - gz)t) sin g1y

n — cos §1)L> cos {nié +

sin §2A§:| ,

0<é¢<x<l],
2 2

280~ &
I:COSQZ)L((: 1)+ —= g L sin o1 (¢ - 1)]
21

[ < (261, - gﬁ) sindy - cos §1)L> oS G x + (26, - 6) sziu *eusinéu sin gz)ux]/

L O<x<¢<l.

(4.55)
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Taking ¢ € [-1,0) U (0, 1], the transform
0 1
F(\) = f G(x,1)g(x)dx + 4f G(x,1)g(x)dx. (4.56)
-1 0
has a sampling representation of the type.
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