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1. Introduction

Consider a general periodically driven quantum hamiltonian system

H(t) = Hy + V(f) (1.1)

with period 7 acting in a separable Hilbert space <, and let U denote its Floquet operator, so
that if ¢ is the initial state (at time zero) of the system, then U}'¢ is this state at time m7. Typ-
ically, the unperturbed hamiltonian Hj is assumed to have purely point spectrum so that the
same is true for 770, What happens when Hj is perturbed by V ()? A natural physical ques-
tion is if the expectation values of the unperturbed energy Hj remain bounded when V (¢) #0.
This question is formulated based on many physical models, in particular on the Fermi
accelerator in which a particle can acquire unbounded energy from collisions with a heavy
periodically moving wall. Here quantum mechanics is considered and, more precisely, if

sup|(UF¢, HoUE¢)| (1.2)

meN

is finite or not, where ¢ € dom Hj C J, the domain of Hy.



2 Mathematical Problems in Engineering

Motivated by models with hamiltonians as above H(t) = Hyo+V (t), one is suggested to
probe quantum (in)stability through the behavior of an “abstract energy operator” which we
call a probe operator and will be represented by a positive, unbounded, self-adjoint operator
A:dom A CH — H and with discrete spectrum,

A(Pn = )Ln(/’nr (13)

0 <Ay < Ay, such that if UF¢ € dom A for all m € N, then, for each m, the expectation value
E?(m) = (U}¢, AUY¢) is finite. It is convenient to write E?(m) = +oo if U} does not belong
to dom A.

We say the system is A-dynamically stable when EgA(m) is a bounded function of time

m, and A-dynamically unstable otherwise (usually we say just (un)stable). If the function Eg‘(m)

is not bounded, one can ask about its asymptotic behavior, that is, how does E2(m) behave
as m goes to infinity? Usually this is a very difficult question and sometimes the temporal
average of E?(m) is considered, as we will do in this work.

Quantum systems governed by a time periodic hamiltonian have their dynamical
stability often characterized in terms of the spectral properties of the corresponding Floquet
operator. As in the autonomous case, the presence of continuous spectrum is a signature of
unstable quantum systems; this is a rigorous consequence of the famous RAGE theorem [1],
firstly proved for the autonomous case and then for time-periodic hamiltonians [2, 3]. At first
sight a Floquet operator with purely point spectrum would imply stability, but one should
be alerted by examples with purely point spectrum and dynamically unstable [4-6] in the
autonomous case and, recently, also a time-periodic model with energy instability [7] was
found.

Dynamical stability of time-dependent systems was studied, for example, in references
[2, 8-19]. In [14] it was proved that the applicability of the KAM method gives a uniform
bound at the expectation value of the energy for a class of time-periodic hamiltonians
considered in [20].

For hamiltonians H (t) = Hy + V (t), not necessarily periodic, with Hy a positive self-
adjoint operator whose spectrum consists of separated bands {0;}72; such that o; C [}, Aj],
upper bounds of the type

(U(t,0)¢s, HoU (t,0)gs) < cte t1+o)/na (1.4)

were obtained in [10] if the gaps Aj;1 — A; grow like j*, with a > 0, and if V (¢) is strongly
C" with n > [(1 + a)/2a] + 1. The proof is based on adiabatic techniques that require smooth
time dependence and therefore do not apply to kicked systems. In [11, 13] upper bounds
complementary to those of [10] described above are obtained.

In [2, 8,9, 15] stability results are obtained through topological properties of the orbits
&(t) = U(t,0)¢ for ¢ € H, while in [16-19] lower bounds for averages of the type

T
%Z (ume, Houre) > CTY (1.5)

m=1
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are obtained for periodic hamiltonians H(t) = Hy + V (t) through dimensional properties of
the spectral measure y; associated with U and ¢ (the exponent y depends on the measure
1e)-

In this work we study (in)stability of periodic time-dependent systems. As for tight-
binding models (see [21] and references therein) we consider the Laplace-like average of
(UFé, AUFE), that s,

0

> eI Uy, AURE), (1.6)

m=0

where A is a probe energy, ¢ is an element of dom A, and UF is the Floquet operator. The
main technical reason for working with this expression for the time average is that it can
be written in terms of (see Theorem 2.3) the eigenvalues of A, that is, Ag; = )L]-(p]-, and the
matrix elements (¢;, R;(UF)¢) of the resolvent operator R.(Ur) = (Uf - z1)" (with z =
e Eel/T) with respect to the orthonormal basis {¢;} of the Hilbert space (here 1 denotes the
identity operator). Lemma 2.2 relates the long run of Laplace-like average with the usual
Cesaro average. In Section 2 we shall prove this abstract results and present some applications
in Section 3.

Since our main results are for temporal Laplace averages of expectation values
of probe energies (see Section?2), in practice we will think of (in)stability in terms
of (un)boundedness of such averages. Note that unbounded Laplace averages imply
unboundedness of expectation values of probe energies themselves.

2. Average Energy and Green Functions

Consider a time-dependent hamiltonian H(t) with H(t + 7) = H(t) for all t € R, acting in
the separable Hilbert space . Suppose the existence of the propagators U(t,s), so that the
Floquet operator U = U(7,0) is at our disposal. Let A be a probe energy and .}, ¢; as in the
introduction. Also, {¢; }]921 is an orthonormal basis of J#.

The main interest is in the study of the expectation values, herein defined by

ume, AU™E), if U™ € dom A,
Eg‘(m)::{< FoAUES), ELEE € dom (2.1)

+00, if Uf'¢ € H \ dom A,

as function of time m € N. Another quantity of interest is the time dependence of the moment
of this probe energy, which takes values in [0, +oo] and is defined by

M (m) := Z;)‘J'HS"PU?Q ”. 2.2)
=

Our first remark is the equivalence of both concepts (under certain circumstances).
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Proposition 2.1. If U}'¢ € dom A for all m, then
Ef(m) = M{(m), Vm. (2.3)

This holds, in particular, if dom A is invariant under the time evolution U} and § € dom A.

Proof. Since dom A C dom A'/2 [1], one has U"¢ € dom A!/2, for all m, and so

Mgom = 3|4y e

(a2 )

Ms

.
1l
—_

| <‘/’ir Amu?§> |2

Ms

=1 (2.4)
2
e
= (AY2UpE, AV2URE)
= (Uy¢, AUT'E)
= E?(m)/
which is the stated result. O

We introduce the temporal Laplace average of E? (see also the appendix) by the
following function of T > 0, which also takes values in [0, +o0]:

L{N(T) = %gezm”E?(m). (2.5)

Under certain conditions, the next result shows that the upper * and lower = growth
exponents of this average, that is, roughly they are the best exponents so that for large T
there exist 0 < ¢1 < ¢ < oo with

aT? <LHT) < eT”, (26)

and the corresponding exponents for the temporal Cesaro average

1 T
C{NT) = T%E?(m) (2.7)
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are closely related; this follows at once by Lemma 2.2, which perhaps could be improved
to get equality also between lower exponents. Note that, although not indicated, these
exponents depend on the initial condition ¢.

Lemma 2.2. If (h(m));,_, is a nonnegative sequence and h(m) < Cm" for some C > 0 and n > 0,
then p; = B} and B, < B, where

log (S h-oh(m)) log (S h-oh(m))
P =limsup , B, = liminf ,
T—oo IOgT T—oo IOgT
(2.8)
- log(Xm-oe "/ Th(m)) e Jog(Soe ™ Th(m))
+ _ m _ m
Pa= lernjzp logT + Pa=liminf logT '

Proof. Note that for 0 < m < T we have 2 < e™?"/T < 1, and so

T T o
> h(m) < > e/ Th(m) <> e/ Th(m). (2.9)
m=0 m=0 m=0

Hence f; < f5;.
On the other hand, for each € > 0, denoting by [x] the smallest integer larger or equal
to x, one has

. Tl+e .
> e Thm) = Y e Thim)+ >, ™ Th(m)
m=0 m=0 m= [T1+e] +1
(2.10)
I’T“E] o
< Z h(m) +C Z e~ 2/ Ty,
m=0 m= [T1+e] +1
Now, for T large enough nT/2 < T'*¢ < [T'*¢]. Thus
> e Tmt < f e /T dr, (2.11)
m=[T1+] +1 [T
Therefore, for each ¢ > 0 and T large enough
- [THS] »
> e Thim) < > h(m)+ cf e /Ty dt
m=0 m=0 [T1+]
(2.12)

[T1+s‘| _
< D h(m)+Ce'T".

m=0
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Since e 2I°T" — Qas T — oo, it follows that

log 3oe 2"/ Th(m)

B = limsup

T— oo IOg T
T1+s
O 5 L
<limsup———"———
T—oo IOg T

log ZLT:;E] h(m) log [T"*¢]

= limsup

Too  10g [T log T (2.13)
 10g S homy 10g (74 1)
< limsup
T oo log[T1+€] logT
1+ eyt sup 28 Zo )
= —+ _—_—
S IP  og [T
<(1+e)p;.
As e > 0 was arbitrary, ) < ;. O

Recall that the Green functions Gi (j) associated with the operators A,Ur at & € H
and z € C,|z|#1, are defined by the matrices elements of the resolvent operator R, (Ur) =
(Up—z1)™" along the orthonormal basis {¢; }]f'il, that is,

G:(j) = (9, R-(UF)Z). (2.14)

Note that G2 (j) is always well defined since for |z| #1 that resolvent operator is bounded.
Theorem 2.3 is the main reason for considering the temporal averages L;:‘(T). It presents a
formula that translates the Laplace average of wavepackets at time T into an integral of the
Green functions over “energies” in the circle of radius e!/T in the complex plane (centered at
the origin). As T grows, the integration region approaches the unit circle where the spectrum
of Ur lives and R.(Ufr) takes singular values, so that (hopefully) A-(in)stability can be
quantitatively detected.

Theorem 2.3. Assume that U}'¢ € dom A for all m > 0. Then

2 .
Gi(j)| dE, z=e iEUT, (2.15)

A 1 1 2] 27T
LiT) = — 5 TZ;)L]"[O
]j=

Before the proof of this theorem, we underline that this formula, that is, the expression
on the right-hand side of (2.15), is a sum of positive terms and so it is well defined for all
¢ € H if we let it take values in [0, +oo]; hence, in principle it can happen that this formula is
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finite even for vectors U}'¢ not in the domain of A, where L?(T) = +oo. The general case, that
is, V¢ € H, can then be gathered in the following inequality:

2 .
G| dE, z=eET, (2.16)

A 1 1 [ee] 27T
L{(T) > T TZ})‘]‘J‘O
]:

so that lower bound estimates for this formula always imply lower bound estimates for the
Laplace average.

Proof of Theorem 2.3. First note that, by hypothesis, U"¢ € dom A!/? for each m € N. Denote
by u; the spectral measure of Ur associated with the pair (¢;,¢) and by ¥ the Fourier
transform ¥ : L*[0,27r] — 1*(Z). By the spectral theorem for unitary operators

27T
(oj, Upg) = JO e du;(E). (2.17)

For each j let a') = (a'/)(m)),,.; be the sequence

0 (m) v < (2.18)
A () = 2.18
e/ T[T e Emdy; (E'), i m>0.

Since a! € I'(Z)NI*(Z) and ¥ is a unitary operator, it follows that [|a? ||z = [|F ™ aP |20 2.
and also

i 1 * . )
(?‘151(7))(13) = — Z e Em (D) (12)
Va2,
1 0 iEm /T 27 i ,
= —\/27[ Zoe e . e dﬂj (E)
fova
1 2r [/ o (E=E')+i/T :
:_\/27‘7[ . Zelm i dﬂ,‘(E)
m=0
1 J‘Z]r d ( I)
- (F—F'47 ‘u] E
V2r)o 1—elE-E+/T) 019
LT dp;i(E")
V2r f o elEH/T) (grilE+i/T) _ g-iF')
1 2 dpy(E)
T /2 ei(E+/T) IO o iE _ goi(E+/T)
1
=~ Vo e i R URe)
1 .
- GE(j),

V2 elEe-1/T
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with z = e E*V/T Therefore

700 = |G|

and so

1
(02r] | 27e2/T

27 2
”9; 1,0) f |G§(])| dE.
0

From such relation it follows that

L{(T) = Z e 2T My (m)

mO

[ee] [ee] 2
= D0 X e Iy, upé)l

j=1 m=0

< 2& 7m/T 7iE'm l ’
IENIE f ()
=1 m=0
SN2 9
_]; iT ” ! 2(z)

=, 2
=27 [#a”

1.2[0,20r]

1 1 [eS) 20T ‘. 2
= —]Z.e-z/TT]Z_;“\J'J‘O |G| <k,

which is exactly the stated result.

(2.20)

(2.21)

(2.22)

O

Theorem 2.3 clearly remains true if the eigenvalues \; of A have finite multiplicity. In

this case, for each \; consider the corresponding orthonormal eigenvectors ¢;,, ...

one obtains

\ 1 1> k 21 y
LM = (B, e Rwnoras ),

with z as before.

,9j., and

(2.23)
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In case the initial condition is ¢ = ¢1, put 1](2) = R.(UFr)ep;. Thus, (U - z)q(z) = and
so Upn® = zn® + ¢,. Hence

<(p]', UFTI(Z)> = Z<(p]‘,1’l(z)> + 6]',1 (2.24)
and by denoting
G:(j) = GZ'(j), (2.25)

one concludes.

Lemma 2.4.

1 .
=, Upn D) -1), ifj=1,

— (g, Urn®), ifj>1.

G:(j) = (2.26)

— N

In Section 3 we discuss some Floquet operators that are known in literature and
analyze their Green functions through the equation

(UF - z1)n® = ¢,. (2.27)

3. Applications

This section is devoted to some applications of the formula obtained in Theorem 2.3. In
general it is not trivial to get expressions and/or bounds for the Green functions of Floquet
operators, and so one of the main goals of the applications that follow is to illustrate how to
approach the method we have just proposed.

3.1. Time-Independent Hamiltonians

As a first example and illustration of the formula proposed in Theorem 2.3, we consider the
special case of autonomous hamiltonians. In this case H(t) = Hj for all ¢, and we assume
that Hj is a positive, unbounded, self-adjoint operator and with simple discrete spectrum,
Hop; = xj¢j, so that {¢;}72; is an orthonormal basis of # and 0 < y1 < yo < y3 < -
with y; — oo. For g > 0 we can consider Hg as our abstract energy operator A, so that its

eigenvalues are \; = x? (since A and Hj have the same eigenfunctions, we are justified in

using the notation ¢; for the eigenfunctions of Hy). We take Ur = e” (time ¢ = 1) and for
ek

GE()) = G0y ReCH) = (Re(Ho)y 2) = e 6
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Since dom H{ is invariant under the time evolution e, then for z = e7Fe'/T and ¢ €
dom Hg we have

LI(T) = Lfo (T)

- Jre‘z/T TZXJI

)| aE

= (o8l (32)

1 1&
iy Xf
e Z/TT]; 0 |e”X7—z|

= ]l-e*Z/TTlel((P], | f

e~

Thus we need to calculate the integral I; := fo (dE/|ei - z|?). Let y be the closed path
in C given by y(E) = e’ with0 < E <21, a; = el/T iXi and p; = e71/Te'¥, then

20T dE
I = - -
=) e

20T dE
0 (e—ixj _ e—iEel/T)(ein _ eiEel/T)

27 dE
0 e2/T (efl/Te*in _ e—iE) (e—l/Tein _ eiE)
(3.3)

1 2 dE
e2/T ) e iEe-1/Tgix; (eE — a]-) (et - ﬂ])

1 r’f iedE
el/Tei i)y (e —aj) (e - f)

i J‘ dw
e ), (w=ap) (=)
As |a;| > 1 and |B;] < 1, f; is the unique pole in the interior of y. Thus, by using residues,

L=— ' ogi L - 27
Pl Tetn T (B —ay) T -1

(3.4)

and I; is independent of y;.
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Therefore by (3.2) it follows that

1 1& 2 2
q _ q . =
Lé(T) = Jre,z/TTjZlXjR(P]'g)l e2/T —1q

2 1 1 - 2
T 1495 35
e2/TT (e2/T - 1) IZZ;XJ [ (9, &)] (3.5)

“ eyl

Since (1 -e2/T) =2/T + O(1/T?), for large T it is found that

2
7

LI(T) = ||Hg/ 2 (3.6)
with (for ¢ € dom H{)
Tlijr;oLg(T) = (¢, Hg¢). 3.7)
Then we conclude that the function
No>mr— <e_iH°m§, ng_iH°m§> (3.8)

is bounded for ¢ € dom Hg , which is (of course) an expected result (see Proposition 2.1).

3.2. Lower-Bounded Green Functions

As a first theoretical application we get dynamical instability from some lower bounds of the
Green functions. See [21] for a similar result in the one-dimensional discrete Schrodinger
operators context; there, a relation to transfer matrices allows interesting applications to
nontrivial models, what is not available in the unitary setting yet (and it constitutes of
an important open problem). As before, A; denote the increasing sequence of positive
eigenvalues of the abstract energy operator A, the ones we use to probe (in)stability.

Let [-] denotes the integer part of a real number, and | - | indicates Lebesgue measure.

Theorem 3.1. Suppose that there exist K > 0 and a > 0 such that for each 2N > 0 large enough
there exists a nonempty Borel set J(N) C S such that

[e16] z%, N<j<2N (3.9)
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holds for all z = e E*VT with E € Jp(N) = {E" € S' : 3E' € J(N);|E" - E'| < 1/T} (the
(1/T)-neighborhood of J(IN)). Let 6 > 0O, then for T large enough such that N(T) = [T®], one has

L{(T) > cte Ago T 2072, (3.10)
Moreover, if \j > cte j¥, y >0, then

L{(T) > cte TO0205D2, (3.11)

Proof. By the formula in Theorem 2.3, or its more general version (2.16),
¢ _Jre*Z/Tszl 1, z\J

2N(T) 2
cte Z /\J‘ z(j)|2dE

> —
] N(T) 0
2N(T)
cte N
2 ANy > f z(])| dE
j=N(T)” Jr(N)
cte N g2 (3.12)
> —Ina D, 2,,(|]T( )l
=N N(T
cte 2
=—1J A
| T( )l N(T)N(T)za,l
cte
= 7 Ur(N)yro) ———
(e [T5]2u—1
> Cte)t T6(1 2a)— 2
and we have used that |J7(N)| > 1/T.If A; > ctej7, then
L{(T) 2 cte TOVTOU2072 = e TO0204D=2, (3.13)
The proof is complete. O

The above theorem becomes appealing when the exponent of T is greater than zero and
instability is obtained, for instance, when 6(y —2a + 1) > 2in case \; > cte j7. However, up to
now we have not yet been able to find explicit estimates in models of interest; in any event,
we think that the future applications will be useful, and so we point out some speculations.
First, note that it applies even if the set J(IN) is a single point! Nevertheless, we expect that
Theorem 3.1 will be applied to models whose Floquet operators have some kind of “fractal
spectrum” (usually singular continuous or uniformly Holder continuous spectral measures),
and, somehow, a should be related to dimensional properties of those spectra; indeed, this
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was our first motivation for the derivation of this result, and, in our opinion, such applications

are among the most interesting open problems left here.

3.3. Rank-One Kicked Perturbations

Now consider

H(t) = Ho +xPy > 6(t — n2x), (3.14)

with Hy as in Section 3.1, with eigenvectors {¢;}72; and y; the corresponding eigenvalues;
Py(-) = (¢, )¢ where k € R and ¢ is a normalized cyclic vector for Hy, in the sense that
l¢]l = 1 and the closed subspace spanned by { H"¢ : m € N} equals . Let

¢ = bjp;. (3.15)
7

In this case (see [22-24])
Ur = Up(1+aPy), (3.16)
with Uy = e and a = (e7>™ - 1). Note that ¢ € dom H{, Vg > 0, and so for ¢ € dom H/,

Urg =Uoé +a(d,é) Uod (3.17)

also belongs to dom H{; a simple iteration process shows that U"¢ € dom H{ for all m > 0,
and we are justified in using the formula in Theorem 2.3 to estimate Laplace averages.

We are interested in 7® = R,(Uf)y1. As |z|#]1, it follows that 7® belongs to the
Hilbert space, and so one can write

n® = ajp;. (3.18)
j:l

Note that a; = G.(j), and we have

uFTl(Z) — 211(2) = (Pl' (319)
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By the relation
uFT’[(Z) = qu(z) + aUOP¢TZ(Z)

aUop; + alo($, 7))

Mis

j=1
o . © ) (3.20)
= D aje Mg+ a(p,n') Y bre iy,
j=1 j=1
= > (a;+ al, )by e 2y,
i=1
and (3.19) it follows that
> (aj+a(g,12)b;)e 2, — 23 i = g, (3.21)
j=1 j=1
that is,
Z [a] (e—iZJl'Xj _ Z) + (l<¢, rl(Z) )b],e—iZJrX]] V=1, (322)
j=1
and we get the equations
a1 (7270~ 2) + a(p )b T =1,
(3.23)
a; (e‘Q”Xf - z) + a(d),q(z))bje‘iz”’ff =0 forj>1.
Thus
_1-a(¢,n®)be 20
T e (3.24)
gy
7 e~i27rXj _ 5 r ] :
For the trivial case &« = 0 or, equivalently, « € Z, one has
o = 1
P emi- g (3.25)

a;=0, j>1,
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and 7® = ¢, /(e72™X1 - z). In this case the analysis of Lgl (T) is reduced to

27T 27
f Iallsz=j af 2w (3.26)
0

0 |e 2T — Z|2 e?/T -1

as calculated in Section 3.1. Thus Lgl (T) = ||Hg 1|| for large T, as expected.
Returning to the general case a #0, note that

(1) = >bja;

j=1
T 1- a(d), rl(Z) >ble—i27rx1 o (_a)<¢, 11(2) >b]_e_i2ﬂ-xj
- b1< 271 — 5 " ngbf e 27X _ (3.27)
alb |ze_127")(]

_ _ ()
- e zZer1 <¢ >Z —127[)(] _

So
|b |2 —i27r X -
by a /
(2)
(p,n') = Fn 2 [1 Z i ] (3.28)
By denoting
=) a|b,|2€—i27rxj
T(Z) =1+ ?, (329)
= 27y _
by (3.24) we finally obtain the relations
~ 1 _albyfePmur(z)”
ay = e—iZ]rxl -z (e_izﬂ.xl _ Z)2
_ (3.30)
ab]-ble‘lz”XiT(z)_l .
aj=- j>1.

(e_iz-”Xl _ Z) (e—iZJz'x,- _ Z) 4
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3.3.1. A Harmonic Oscillator

Now we present an application of the above relations to a kicked harmonic oscillator with

. . . q _ H!
natural frequency equals to 1; we will write L; = L, °.

Proposition 3.2. Let Hy be a harmonic oscillator hamiltonian with appropriate parameters so that its
eigenvalues are integers j, j > 1, and Ur = Uo(1 + aPy) as aforementioned. Then for any x € R and
cyclic vector ¢ for Hy, there exists C > 0 so that, for T large enough,

Li(T)<C, (3.31)

where @y is the harmonic oscillator ground state. Hence one has H-dynamical stability.

Proof. We use the above notation; note that ¢; € dom HI, Vg > 0 and Theorem 2.3 can be
applied. In this case we have

Oo0¥|bj|2 a y l-z+a
T(z)_1+§1_z_1+1_z||¢|| = (3.32)

and so

1 alby|”
1-z (1-z)(e?™*-2z)’

a =
_ (3.33)
C[bjbl

(-2 (e )’

a; = ]>1

Now we evaluate I := g”laj|2dE. Forj>1land y(E) = €,0 < E <20,

27 27T
f |a;*dE = f
0 0

— 2
= |aPb; /B f

(ijl_?l

2
(1 _ Z) (e—i27nc _ Z) dE

27 AdE

0 |(1-e-iEel/T)(e-i27x — gmiEel/T) |2

(3.34)

— 2
L RRE wdw

et/ Term L (w = p1) (w = f2) (w = ) (w = Bu)
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where B = e¥/T, fo = eV/T, 3 = e!/Tei?™ , and s = e71/Te?™; only ff, and P4 are poles in the
interior of y. By residue, for j > 1,

- _ 2miafb b < p . b >
I eTerinan \ (By—B1) (Bo—P3) (B2 - Pa)  (Ba—P1) (Ba— B2) (Bs— fs)

—2 —2 .
27ralb;|[b | 2ralb;*|by| e~

- (e2/T = 1) (e-2mx — @2/T) (/T —1) (ei2rs — g2/T) (3.35)
2= 12
B 2.71'a|b]~| |b1' 1 eich
T (eT-1) \em /T - ei2mk _ p2/T )7
and forj=1
2 2 2
I - J‘ 1 a|b1.| AE
0o [1-z2 (1-z)(e?™ -z)
27
|, aas fo (T e
(3.36)
b
“all fo e
dE
21 4
b . . ,
et e
and evaluating the integrals we obtain
o2 2xbf 2@k 2ralby |
! (e2/T-1) (e/T-1) (e —e2/T) (e2/T —1)(e-i27x — 2/T)
' (3.37)
27 alby|* 1 ei2Tx
* (e2/T —1) \ e-27x — 2/T  ei2mk _ p2/T )7
and after inserting this in the expression of the average energy we get
2 alby*
L(T)=—" (11— - ——
o (T) (1-e2/D)T < b (e-27x — ¢2/T)
2
2lbn| (3.38)

T e 2/T (e27x — g2/T\T

2a|b1|2 1 pi2Tx ]
* (1-e2/T)T \ e-27x — e2/T " pi2mx _ g2/T (¢, Hy).
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Therefore, for large T there is a constant C(x, b;) > 0 so that
1
L, (T) < C(x, b1)<1 +(¢p, Hlp) + T)‘ (3.39)

This completes the proof. O

For harmonic oscillators with eigenvalues wj, w #1, the evaluations of the resulting
integrals are more intricate and were not carried out.

3.4. Kicked Perturbations by a V in 1>(S')
3.4.1. Kicked Linear Rotor

Consider

H(t) = wp + V(x) D ,6(t —n2r), (3.40)

nez

where p = —i(d/dx), w € R,and V € L2(SY). The Hilbert space is L2(SY); this model was
considered in [12, 25, 26] and references therein. The Floquet operator is

Ur = Uy = e 270Pe V), (3.41)

Denote ¢j(x) = e7*/v/2r, 0 < x < 2, and j € Z to be the eigenvectors of p?

whose eigenvalues are the square of integers j%; all eigenvalues have multiplicity 2 (the

corresponding eigenvectors are ¢; and ¢_;), except for the null eigenvalue which is simple.
Consider the case w = 1; then

1

-1
_ - 42
<(UF z) (PO>(x) \/E(e—iv(x)_z), (342)
and so
G2 (j) = (pj, R-(Ur) >_LI2”de (3.43)
z \U)= ‘P]/ z F)®¥o _ZJZ' 0 e‘iV(")—z . .
Denote I; := [7|G% (j)PdE. It follows that
27 20 —ijx 2
I = lzf f —C—dx| dE
@r)?)o |Jo eV —z
(3.44)

1 2 (27 201 dE
e xe'lY _ - dxdy.
()2 fo Jo < o (VO —2)(elVW) —E)) y



Mathematical Problems in Engineering

19

For x,y € S! fixed denote I, := gﬂ(dE/(e‘iV(x) -2)(eVW -Z)). If y(E) = ef,0 < E < 2o,

one has

27 dE
Ly = o (eV) — gmiEl/T) (gV(y) — iEel/T)

~ 27 AdE
- 0 e iEe-iV(x) (eiE _ eiV(x)el/T)el/T (e—l/TeiV(y) _ eiE)

- 11 J‘ dw
el/Te-iV(x) . (w - eV@el/T) (w - e VTV W) ’

and by residues

27T 3 27T
el/Te V() (e 1/TeiV(y) — giV(x)l/T) - (e2/T - e—iV(x)eiV(y))'

I =

Hence

20 (2
I = L " ”e—ijxeijy 20T
! (Zaz')2 0Jo (62/T — e iV(x) eiV(y))

) ) ..
= i Jre_ijx ” EIJydy dx
27 ), 0 (/T —eiVelVv)

1 (27 pifx 277 e'lvdy
_ _f L : , dx.

dxdy

(3.45)

(3.46)

(3.47)

The analytical evaluation of these integrals is not a simple task. As an illustration,

consider the particular potential V (x) = x; since by Cauchy’s integral formula

277 ijy 4 1 j-14
e
”—J=_T %:Q if >1
0 (6/ ewc_ely) i Y(w_e/ e:x)
and by residue theorem
2 elivdy 1 dw 27 <0
_— = - - = =, 1 S U,
o (e2/Teix — eiv) i)y (w-eTel*)  (p2/T vy J
it is found that
;=0 ifj>1,
1 (e 2 1 o 27
Ii=— A -dx = ‘ dx = ————, if j<O0.
T 7 2r), e (e2/Teix) ! e/T)(1-)) ’[0 e2/T)(1-j) J=

(3.48)

(3.49)

(3.50)
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Therefore, by (2.16) it follows that for any g > 0
2 1 1&. 2& ., .
Ly, (T) 2 WTZ]Z‘U,,» = TZ]% @/j, (3.51)
j=1 i=1

and we conclude that (see the appendix)
LZ? (m) > ctem® (3.52)

and also that the sequence m — (U o, p* U ¢o) is unbounded. This behavior is expected
since the spectrum of Ur is absolutely continuous in this case [25], but here we got the
result explicitly without passing through spectral arguments, although in a rather involved
way; indeed, a much simpler derivation is possible by direct calculating U} ¢y and the
corresponding expectation values.

For V(x) = kx with integer k > 2, similar results are obtained, that is

0, if j=1k 1>1,
hi= T /TZ(.711'_ =1k 150 (3:58)
and so
(T > %Zqiz%-@m’. (3.54)
=1

Therefore, we have the following lower bound for the Laplace average:
1 (m) > C(k,q) m™ (3.55)

(see appendix). The same is valid if V (x) = kx with k denoting any negative integer number.

3.4.2. Power-Kicked Systems
Due to the difficulty in evaluating the integrals in (3.47), in order to estimate Lzzq (T) in some

situations we take an alternative way.
Consider the Kicked models in L?(S') with Floquet operator

Ur=Uy = e—i27rwf(p)e—iV(x), (356)

corresponding to the hamiltonian

H(t) = wf (p) + V(x) D 6(t - 2orn), (3.57)

nez
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with p, V, ¢; as before and f(p) = pN for some N € N. Let ¥ : L*(S') — [2(Z) be the Fourier

transform. Then FUvF ! : I(Z) — [>(Z) and

?uv ?71 — gefiZerf(p) e*iV(x) qfl — ¢efi27rwf(p) ?71 gefiV(x) g—l ,

where Fe 27@f (P g1 is represented by a diagonal matrix D whose elements are

D(m,n) = e ?"wf0g,
and Fe V™1 is represented by a matrix W whose elements are
W(m,n) = (Fp)(m-n) = p(m -n),
where p(x) = (1/v/2x)e V™. Denote B = DW; so

—i2rwf(n) ~

B(m,n) =e p(m—n),

Uy = ¥'B¥.
Put 11(2) = R, (Uv)yo; then
val(z) _ Z’l(z) = ¢,
and using (3.62) we obtain
B?TZ(Z) _ Z?ﬂ(z) = F .
Thus, for each n € 7Z,
(BFn) () = (2F12) () = (Fypo) (m),

so that

e—iZerf(n)Zﬁ(n _ j)Gtgo (]) _ ZGfO (n) = 0.

jez

Tridiagonal Case

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

In order to deal with the above equations, we try to simplify them by supposing that V is

such that p(m — n) = 0if [m — n| > 1. Then, for each n € Z fixed (3.66) becomes

e 2 3 p(n = j)GL'(j) - 2GE' (n) = 6,

[n—j|<1

(3.67)
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and ¥ 'Uy¥ = Bis tridiagonal and has the structure

[ \
g(-1)p(0) g(-1)p(-1)

B p(1) p(0) p(-1) / (3.68)
gMp@) gM)p(0) g(M)p(-1)

§(2)p(1) g(2)p(0)

\ -/

—i2mw f (n) .

where g(n) = e

Now, a tridiagonal unitary operator U on [?(Z) is either unitarily equivalent to a
(bilateral) shift operator or an infinite direct sum of 2 x 2 and 1 x 1 unitary matrices, as
shown in [27, Lemma 3.1]. For proving this result it was only used that U is unitary and
Uey = akex-1 + Prex + yrek+1, where {ex} is the canonical basis of I?(Z), that is,

R
Pr-1 axk
u-= V-1 Pr Aka . (3.69)
Ye Pra

Yi+1 N
It then follows that for all k € Z

la” + 1Be” + Iykl* = 1,
Yee1Pr1 + Prte = 0, (3.70)

akﬁ =0.

Applying these relations to B = F~!Uy ¥ we obtain the following.

(i) If p(-1) #0, then p(1) = p(0) =0 and |p(-1)| = 1.

(ii) If p(1) #0, then p(-1) = p(0) =0 and [p(1)| = 1.

(ii) If p(0) #0, then p(1) = p(-1) = 0 and |p(0)| = 1.

The next step is to investigate these cases. If p(0) #0, it reduces to the autonomous case
H(t) = Hy previously considered.

The cases p(—1) #0 and p(1) #0 are similar, so we only discuss that p(1) #0. Forn € Z
fixed, (3.67) takes the form

e—iZﬂwf(n)ﬁ(l)G‘;’U (n-1)- ZGZO (n) = 6n0, (3.71)
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and so we can write G2’ (n) in terms of G°(0) and G£°(-1) for all n € Z. More precisely

e—i2:rrw (f(n)+~~+f(1)) ﬁ(l)n

Zn

GZO (Tl) = G(go (0)r n>1,

(3.72)

Zn—l

G(PO -1), n>2;
g2 (fnsDeef(-D) 51yl 7 e

GY'(-n) =

moreover, for n = 0 in (3.71) we obtain p(1)G?(-1) — zG¥"(0) = 1, and so for z = e Fe!/T and
T>1

1<|G2 (-1 + I=|GY ()|

- |Gf°(—1)| + el/T|GZ° (0)( (3.73)
<e(|cP -] +|c2)),

and there exists d > 0 so that
mnf +|ct o2 d>o. (3.74)

Therefore, by (2.16), for T > 1 one has

s — L7
w2 mp 2
1 1 s 1 27T
= re2/T fZ"zq< 2n/Tf
e o e 0

20T 2
+e2(n—1)/Tf |GZO(_1)| dE> (375)

0

2q ,-2n/T
En e
ﬂe‘Z/TT JO (

>d— Z(n +1)Me~ /T

nO

(n)| dE+f

n)| dE>

G%(0) |2dE

cr o +

G¥ (<1) |2)dE

so that, by the discussion at the end of the appendix,
Lh) (m) > C(m + 1), (3.76)

and (U ¢, p*1UV o) is unbounded. Hence we have instability.
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Pentadiagonal Case

Suppose now that V is such that p(m—mn) = 0if |m—n| > 2. Then for each n € Z fixed, equation
(3.66) becomes

ei2mwf(n) Z ﬁ(n _]-)Gtgo (]) _ ZGfO (1) = 60, (3.77)
n—jl<2

and ¥ 'Uy ¥ is pentadiagonal and has a structure similar to the corresponding operator in
the previous case, just adding the elements whose distance to the diagonal is 2. The elements
in the new upper diagonal are e 272f("5(~2), and those in the new lower diagonal are
e—i27rwf(n)ﬁ(2).

For not repeating the tridiagonal case we suppose that either p(2) or p(-2) is different
from zero. If U is a pentadiagonal unitary operator in I2(Z), that is, Uey = {xex— + axex—1 +
Prex + Yrek+1 + Okersa, one gets the matrix representation

(- )
Pr-2 ak-1 Gk

Y2 Pr1 ak Grn

u-= Ok-2 Y1 Pr Ak Gks2 . (3.78)
k-1 Yk Pre1 k2

Ok Y+ Pre2

From this we obtain the following relations, for each k € Z,

6kl + la + |Bl” + [ + 16 = 1,
Crk1 + 0Pt + PrYro1 + TkOko1 =0,
Br-16k1 + aryk + Cre1Prsr = 0, (3.79)
W10kt + Sk = 0,
ik = 0.

Suppose that p(2) #0. The case p(-2) #0 is similar. Then by the above relations we obtain
p(=2) = p(-1) = p(0) = p(1) =0, and so (3.77) becomes

e—iZyrwf(n)ﬁ(z)GZ’U (n-2) - ZGZO (n) = 6. (3.80)
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For n = 0 one gets ﬁ(Z)GZ” (-2) - zG2(0) =1 and analogously to the previous case
2 2
62 2| +|cr O zd>0, (3.81)

with z = e £el/T and T > 1. Since forn > 1

e—i2.7rw(f(2n)+f(2n—2)+~~+f(2))ﬁ(z)n
Zn
2 1GP(-2)
p(2)" L emi2mo(f(2n-D)++f(-2)

G?(2n) = G2(0),
(3.82)

G¥(-2n) =

we obtain

20T

> 1 1& 2T 2 \ 2
h(T) > WTZ(zn)zq U G? (2n)| dE+J‘ |Gi (—2n)| dE>
n=1 0

0

1 13 2n) L MG"’”O *dE
= e ) | |6t o)

27 2
+62(n—1)/TI |Gf° (=2) | dE> (3.83)
0

S 1 li(zn)qu—Zn/TJ‘ZI<|G<P0(O)|2+ |tho(_2)|2>dE
T e T T4 0 = =

2.2 ey
>d=N 2(n +1))%e 2T
>d= >0+ 1) e,

n=0
hence
L5 (1) > C@(m + 1)), (3.84)

and (U g0, p*1U o) is unbounded.

N-Diagonal Case
If V satisfies p(m — n) = 0 for |m — n| > N, we suppose that either p(IN) or p(—N) is different

from zero. In case p(N) #0, by unitarity and the structure of - 'Uy ¥ we obtain that p(N —
1) =---p(0) =p(-1) =--- = p(=N) =0, thus (3.66) becomes, for each n € Z,

e 2l 5(N)GE (n — N) - G2 (1) = 60, (3.85)
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and so

2 2
GP-N)| + |6l O] zd>0, (3.86)

with z = e £el/T, T > 1. Moreover, forn > 1

e—iZer(f(nN)+f((n—1)]\])+...+f(N))ﬁ(N)n

GI'(nN) = G2 (0),

ZTl

2" G (-N)
p(N)" L emi2ro(f=Nm=1)+-+f(-N)) |

(3.87)
G (-nN) =

Similarly to the previous cases we conclude that

(T > d%Z(N(n +1))2e2n/T, (3.88)
n=0

Therefore we can state the following result.

Theorem 3.3. For Kicked systems in L*(S') with

uV — efi2muf(p)e—iV(x) (389)

as in (3.56), one can obtain that FUyF" : 12(Z) — [2(Z) is represented by the matrix B with
elements B(m,n) = e~ 270 5(m — n), where p(x) = (2r)"/2e V&), If V satisfies p(m —n) = 0
for |m —n| > N € N* and either p(N) or p(—N) is different from zero, then V(x) = £Nx + 0, for
some 0 € R, and FUyF~" is unitarily equivalent to TN (the Nth power of T) where T is the bilateral
shift. Furthermore,

(T > d%i(N(n 1+ 1))2e 2T, (3.90)

n=0

Proof. 1t is enough to prove that FUy ¥ ! is unitarily equivalent to TV. Suppose that p(N) #0
(the case for p(—N) #0 is similar); then by the above discussion we obtain

( ) 0, if m#n+ N, ( )
B(m,n) = 391
e 2mwfm5(N), if m=n+N,

that is, Be, = e 27“fW 5(N)e,,n where {e,} is the canonical basis of I?(Z). Since |[p(N)| = 1,
write p(N) = e7. Let W be the unitary operator defined by

We, = e“’"en, nez, (3.92)



Mathematical Problems in Engineering 27

where 3, are elements in [0,2r). If 3, satisfies for alln € Z

Bpan — Oy = 201w f (n) + 6, (3.93)

it follows that W'BW = TN. Equation (3.93) is satisfied taking, for example, 8 = & = --- =
®n-1 = 0 and another &, obeying (3.93). O

Although Theorem 3.3 gives a nice illustration of the potential applications of our
expression for the Laplace average, since it is one of the few instances that such average can
be explicitly estimated from below, again it can be derived by more direct methods and one
can also conclude [25] that the spectrum of the corresponding Floquet operators is absolutely
continuous.

4. Conclusions

Although most of our applications of Theorem 2.3 give expected results (sometimes known
results that can be derived in simpler ways), we believe that that formula is interesting and
has a potential to be applied to more sophisticated models as the Fermi accelerator. The
difficulty is to get expressions or estimates for the Green functions, since calculating the
resolvent of an operator is not always an easy task; sometimes we have the expressions for
resolvent operators (e.g., for kicked systems), but the resulting integrals can be too involved.
We have not tried any numerical approach to formula (2.15), which might be useful for some
specific models.

In the case of one-dimensional discrete Schrodinger operators, where the hamiltonian
is Hy : I*(Z) — I?(Z) defined by

(Hyvé)(n) =é(n+1) +&(n-1) + V(n)é(n), (4.1)

V a bounded sequence, a similar formula can be handled in some cases by relating the
resolvent Rg,i/7(Hy) to transfer matrices. Then adequate upper bounds of such transfer
matrices, on some set of energies E, result in lower estimates for the corresponding Green
functions, and then transport properties are obtained for interesting models (see [21] and
references therein).

In [27] a class of Floquet operators displaying a pentadiagonal structure was
introduced; for these models there is a transfer matrix formalism. However, such transfer
matrices are too complicated, and analytical estimates seem far from trivial.

Anyway, the technique here is quite general; it asks no particular regularity of the
time-dependence and can be virtually applied to any time-periodic system as soon as the
time evolution is well posed. As already said, the chief difficulty is related to suitable
bounds of matrix elements of the resolvents of unitary (Floquet) operators, a task harder
than we initially envisaged. Herein we put forward for consideration the challenge of getting
additional applications for the formula (2.15) deduced for the Laplace averages, including an
application of Theorem 3.1 to physical models. It is also worth mentioning the question left
open in Lemma 2.2, that is, is it true that §; = p,?
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Appendix
Laplace Transform of Sequences

Let a = (an),cy be a sequence of positive real numbers. The Laplace transform of a, denoted
by fa, is the function defined by

fa(s) = > e a(n), (A1)
n=0

for s in a subset of R. It will also be denoted by f.(s) = £(a).
We say that the Laplace transform of a = (a,) exists if the series in (A.1) converges for
some s. For example, if a(n) = e, then the sum in (A.1) diverges for all s € R.

Examples

(1) For the constant sequence a(n) = 1 it follows that

= —Sn _ 1
fa(s) = %e =Y (A.2)

for s > 0. By using Taylor expansion, for small s one finds that 1/(1 -e™®) = 1/s.
(2) Since X7 0z" =1/(1 - 2z), for z € C, |z| < 1, it follows that

nz_o(n+k)(n+k—1)--~(n+1)z”:#, (A.3)

for k = 1,2,3,..., and z as above. Thus, the Laplace transform of a*(n) = (n + k)(n + k -
1)---(n+1)is

f[lzc (S) — %e—snak(n) = a_j:ﬁ, s> 0. (A4)

For small s, fX(s) = k!/s**1.

A sequence of complex numbers a = (a,) is said to be exponential of order oy (real) if
there exists M > 0 so that |a(n)| < Me®", Vn. That is, a(n) does not increase faster than %"
asn — oo. If a = (a,) is exponential of order oy > 0, then

fa(s) = Ze‘s"a(n) (A5)
n=0

is convergent for any s > 0y.
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Let U denote the set of positive sequences of exponential order cp. The Laplace
transform £ satisfies

L(ca) = cL(a), L(a+Db)=2L(a)+ L(), (A.6)

where c is a positive number, and a and b are sequences in U. Moreover, if a € U and £(a) =0,
then >,>” e *"a(n) = 0 and so a(n) = 0 for all n, that is, a = 0. Thus £ is injective on U.
The Laplace average (2.5) is related to the Laplace transform of Eg‘(n) by

2& L, 2 2
L{N(T) = Tz_éf TENn) = TfE?G). (A7)
If a(n) =1 for all n, then
2 _/2\ 2 1 2 1
Tf“<f> ST(—e2n) TT ! (A

for T large enough. If a(n) = (n+ k)(n+k —1)--- (n + 1) = n¥, then

2 /2 2 k! 2 Kk T\*
Tfa<f> T (1- e—Z/T)k+1 T (2/T)F! - k!<§> (A9)

for large T. Hence, if E{'(T) grows like T, then the same law holds for its average Laplace

transform. We have a restricted converse, that is, if L2 (1) grows with a positive power of n
then, by Lemma 2.2, its Cesaro average is unbounded (with a rather similar behavior at large
times) and so is Eg‘(n). These properties are repeatedly used in the text.

One should be aware that there are special situations of unbounded positive sequences
a(n) with bounded average Laplace transforms (so that 7 = B = 0); an explicit example is
a(n®) =nand a(n) =0 for n¢ {k* : k € N}. The same phenomenon is well known for Cesaro
averages, and, by Lemma 2.2, such phenomena are connected.
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