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ABSTRACT

In this paper, we introduce a new contraction called dualistic contrac-
tion of rational type and used it to obtain some fixed point results in
ordered dualistic partial metric spaces. These results generalize various
comparable results appeared in the literature. We provide an example
to show the usefulness of our results among corresponding fixed point
results proved in metric spaces.
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1. INTRODUCTION

Matthews [3] introduced the concept of partial metric space as a suitable
mathematical tool for program verification and proved an analogue of Banach
fixed point theorem in complete partial metric spaces. O’Neill [7] introduced
the notion of dualistic partial metric, which is more general than partial met-
ric and established a robust relationship between dualistic partial metric and
quasi metric. In [9], Oltra and Valero presented a Banach fixed point theorem
on complete dualistic partial metric spaces and in this way presented a gen-
eralization of famous Banach fixed point theorem. They also showed that the
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contractive condition in Banach fixed point theorem in complete dualistic par-
tial metric spaces cannot be replaced by the contractive condition of Banach
fixed point theorem for complete partial metric spaces. Later on, Nazam et al.
[4] established a fixed point theorem for Geraghty type contractions in ordered
dualistic partial metric spaces and applied this result to show the existence of
solution of integral equations .

Harjani et al. [1] extended Banach fixed point principle as follows:
Theorem 1.1 ([1]). Let M be complete ordered metric space and T : M — M
a continuous and non decreasing mapping satisfying,
ad(j,T(j)) - d(k, T(k)) ,

. + Bd(j, k),
4(7-F) b4

for all comparable j,k € M with j # k and 0 < a+ 3 < 1. Then T has a
unique fized point m* € M. Moreover, the Picard iterative sequence {T™(j)} nen
converges to m* for every j € M.

d(T (), T(k)) <

Isik and Tukroglu [2] presented an ordered partial metric space version of
Theorem 1.1, stated below:

Theorem 1.2 ([2]). Let M be complete ordered partial metric space and T :
M — M a continuous and non decreasing mapping satisfying,

‘ ad(j, T(5)) - d(k, T(k ,

A (), 7(ky) < CUPTOLARTE) | g5 ),
d(j, k)
for all comparable j, k € M with j # k and 0 < a+ 5 < 1. Then T has a

unique fized point m* € M. Moreover, the Picard iterative sequence {T™(5) }nen
converges to m* for every j € M.

In this paper, we obtain some fixed point theorems for dualistic contractions
of rational type. These results extend the comparable results in [2]. We give
examples to show that existing results in partial metric space cannot be applied
to obtain fixed points of mappings involved herein.

2. PRELIMINARIES

Following mathematical basics will be needed in the sequel. Throughout
this paper, we denote (0,00) by R, [0,00) by R, (—oc, +00) by R and set of
natural numbers by N.

Let T be a self mapping on a nonempty set M. An element m* € M is
called a fixed point of T if it remains invariant under the action of T". If jg is
a given point in M, then a sequence {j,} in M by j, = T(jn-1) = T"(Jo),
n € N is called sequence is called Picard iterative sequence with initial guess jo.

O’Neill [7] introduced the notion of a dualistic partial metric space as a gen-
eralization of partial metric space in order to expand the connections between
partial metrics and semantics via valuation spaces. According to O’Neill, a
dualistic partial metric can be defined as follow.
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Definition 2.1 ([7]). Let M be a nonempty set. A function D : M x M — R
is called a dualistic partial metric if for any j, k,l € M, the following conditions
hold:

(Dl) J :kﬁD(],j)ZD(k‘,k‘):D(],k)
(D2) D(j,7) < D(j, k).
(Ds) D(j,1) < D(j, k) + D(k,l) = D(k, k).

We observe that, as in the metric case, if D is a dualistic partial metric then
D(j,k) = 0 implies j = k. In case D(j,k) € R for all j,k € M, then D is
a partial metric on M. If (M, D) is a dualistic partial metric space, then the
function dp : M x M — R defined by

dD(]a k) = D(]v k) - D(]v])v
is a quasi metric on M such that 7(D) = 7(dp). In this case, d%(j,k) =
max{dp(j,k),dp(k,j)} defines a metric on M.

Remark 2.2. It is obvious that every partial metric is dualistic partial metric
but converse is not true. To support this comment, define Dy : R x R = R by

DV(]vk) :JVk :Sup{Jak} v]ak eR.

It is easy to check that D\, is a dualistic partial metric. Note that D\, is not a
partial metric, because Dy(—1,—2) = —1 ¢ RY. Nevertheless, the restriction
of Dy to Ry, DV|R§’ s a partial metric.

Example 2.3. If (M,d) is a metric space and ¢ € R is an arbitrary constant,
then D : M x M — R given by

D(j,k) =d(j, k) +c.
defines a dualistic partial metric on M.

Following [7], each dualistic partial metric D on M generates a Ty topology
7(D) on M. The elements of the topology 7(D) are open balls of the form
{Bp(j,€) : j € M,e> 0} where Bp(j,e) ={k € M : D(j,k) <e+ D(j,5)}-
A sequence {j,}nen in (M,D) converges to a point j € M if and only if

Definition 2.4 ([7]). Let (M, D) be a dualistic partial metric space, then

(1) A sequence {jntnen in (M, D) is called a Cauchy sequence if
limy, ;m—00 D(jn, jm) exists and is finite.

(2) A dualistic partial metric space (M, D) is said to be complete if every
Cauchy sequence {j, }nen in M converges, with respect to 7(D), to a
point j € M such that D(j,j) = limy, m—o00 D(jn, m)-

Following lemma will be helpful in the sequel.
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Lemma 2.5 ([7, 9]).
(1) A dualistic partial metric (M, D) is complete if and only if the metric
space (M, d3,) is complete.
(2) A sequence {j, }nen in M converges to a point j € M, with respect to
7(d%) if and only if limy, oo D(4, jn) = D(J,7) = limy—y00 D(Gns Jm)-
(3) If limy o0 jn = v such that D(v,v) = 0 then lim, oo D(jn, k) =
D(v, k) for every k € M.

Oltra and Valero ([6]) extended partial metric space version of the Banach
contraction principle to dualistic partial metric spaces.

Theorem 2.6 ([6]). Let (M, D) be a complete dualistic partial metric space
and T : M — M. If there exists a € [0, 1] such that

ID(T (), T (k)| < | D(5, k)l

for any j,k € M. Then T has a unique fixed point m* € M. Moreover,
D(m*,m*) =0 and for every j € M, the Picard iterative sequence {T"(j)}nen
converges with respect to 7(d3,) to m*.

3. THE RESULTS

In this section, we shall show that, the dualistic contractions of rational
type along with certain conditions have unique fixed point. We will support
obtained results by some concrete examples. We introduce the following,

Definition 3.1. Let (M, <, D) be an ordered dualistic partial metric space. A
self-mapping 71" defined on M is called dualistic contraction of rational type if
for any j, k € M, we have

D(j, k)

for all comparable j,k € M and 0 < o+ 5 < 1.

(3.1) ID(T(5), T(k))| < « +BID(, k),

We start with the following result.

Theorem 3.2. Let (M,=,D) be a complete ordered dualistic partial metric
space and T : M — M be a continuous and non decreasing dualistic contraction
of rational type. Then T has a fixed point m* in M provided there exists jo € M
such that jo < T(jo). Moreover, D(m*,m*) = 0.

Proof. Let jo be a given point € M and j, = T(jn—1) , » > 1 an iterative
sequence starting with jg. If there exists a positive integer r such that j, 11 = j,
then j, is a fixed point of T and D(j,,j.) = 0. Suppose that j, # j,i1 for
any n € N. As jo = T(jo) = j1, that is, jo < j; which further implies that
j1 =T(jo) 2 T(j1) = jo. Continuing this way, we obtain that

Jo=2J1 237223032 2 gn D ntte
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since jp, = Jnt1 by (3.1), we have

|D(]na jn+1)|

D(jnflvjn) . D(jnajnJrl)

< : . + BID(Gn-1,Jn)l;
D(]n—la]n) | ( ' )|
< O“D(jnvjn-‘rl” +/B|D(jn—17jn)|,
‘D(Jna.]n+1)| _a|D(j7laj7‘b+1)| < B‘D(.]n_hj’ﬂ”a
(1_a)|D(jnajn+1)| S ﬁ‘D(jnflvjn)L
o B . .
|D(]n7jn+l)| S (m)'D(]nfhjn”

Ifyz%,then0<7<1andwehave

Thus
(3.3)
|D(.jn7jn+1)| < 7|D(jn—17jn)| < ’72|D(jn—27]‘n—1)| <. < 7n|D(j07.jl)|'

As jp, = jn, for each n € N, by (3.1) we have

a|D(jn717]’n)‘2

Do jn)l = DT (1), TGl < 52

+ 5|D(jnflajn71)|

. . D(jnfhjn) 2
S D n—1,Jn— (O +
| (J 15J 1)|{ D(]n—la]n—l) B
DGn1.n 2
< (a+B)|DUn_1,jn1)l- Indeed‘ Un1,0n) |" _ 4

D(Jnflvjnfl)
Thus we obtain that

(3.4) D n)| < (a+ B)"[D (o, jo)l-

Now we show that {j, } is a Cauchy sequence in (M, d$,). Note that, dp (jn, jnt+1) =
D(jnajn+1) - D(]n,]n)7 that iS, dD(jnvjn-‘,-l) —+ D(]nyjn) — D(jnyjn-‘,—l) S
|D(jny jn+1)|- Thus, we have

"D (jo, j1)|-
"D (o, j1)| + (@ + B)"[D(jo, jo)]

Continuing this way, we obtain that

dD(jna jn—i—l) + D(]m]n)
dD(jnvjnJrl)

IAINCIA

dp (ntk—1sJn+k) < V"D (o, 51)| + (a + B)" T D(jo, jo)|
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Now
dp(jn,jntk) < dp(jnsJnt1) +dp(nt1, Jnt2) + -+ dp(Gnik—1, Jnik)-
< A" 4 TR D (o, 1)
+ {l@+8)" + (a+ )"+ + (a4 B)" Do, jo)-
Thus forn+k=m>n

. i) < - (a+B)" 0. o).
(3.5) dp(Jn; Jm) < 77 7|D(]0 Jl+ 1= @+ B |D(jos jo)|
Similarly, we have
o o o (a4 B)" o
. m»yJn < ) 1 - A\ ’ .
(3.6) dp (Jm, jn) - ,y|D(]1 jo)l + = (a+5) 1D (jos jo)|

On taking limit as n, m — oo, we have

lim dp(jm,jn) =0= lim dp(Jjn,Jjm) and hence lim d}(fm,Jn) =0,
n,1Mm—00

n,m— o0 n,Mm—00

we get that {j,} is a Cauchy sequence in (M,d$,). Since (M, D) is a complete
dualistic partial metric space, so by Lemma 2.5 (M,d3%) is also a complete
metric space. Thus, there exists m* in M such that lim, . d%(jn, m*) = 0,
again from Lemma 2.5, we get

(3.7)
nlglolodD(jn’m )=0 < D(m*,m ):nILH;OD(jn,m )= n,rlrllIEooD(]n“]n).

Now limy, 1m— 00 dp (Jm, jn) = 0 implies that limy, p— o0 [D(Gms Jn) —D (Gn, jn)] =
0 and hence limy, y—o00 D(jn;Jjm) = limy oo D(jn,jn). By (3.4), we have
limy,, 00 D(jn, jn) = 0. Consequently, lim,, p,— o0 D(jn, jm) = 0. Thus

(3.8) D(m*,m*) = lim D(j,,m*)=0.

n—r oo

Now

dp(m*,T(m*)) = D(m*, T(m*)) — D(m*,m*) = D(m*, T(m")).
implies that D(m*,T(m*)) > 0. Since T is continuous, for a given € > 0, There
exists 6 > 0such that T(Bp(m*,0)) C Bp(T(m*),€). Since limy,_,oc D(jpt+1,m*) =
D(m*,m*) = 0, so there exists r € N such that D(j,,m*) < D(m*,m*) +§
V' n > r, therefore {j,} C Bp(m*,§) ¥V n > r. This implies that T(j,) €
T(Bp(m*,6) € Bp(T(m"),€) and so D(T(jn),T(m")) < D(T(m*),T(m"))+e
V n > r. Now for any € > 0, we know that

—e+ D(T(m*), T(m")) < D(T(m*), T(m")) < D(jns1,T(m"))
Which yields that

|D(nt1, T(m*)) = D(T(m"), T(m"))| < e

That is D(T(m*),T(m*)) = lim,—eo D(jnt1,T(m*)), finally uniqueness of
limit in R implies

(389)  lim D(jusr. T(m)) = D(T(m*), T(m")) = Dm*, T(m")).
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Finally, we have D(T'(m™*), m*) = limy,— oo D(T'(jn); jn) = limy oo D(Jns1,Jn) =
0. This shows that D(m*,T(m*)) = 0. So from (3.8) and (3.9) we deduce that

D(m*, T(m")) = D(T(m"),T(m")) = D(m",m").

This leads us to conclude that m* = T'(m™*) and hence m* is a fixed point of T
O

In order to prove the uniqueness of fixed point of a mapping 7" in the above
theorem, we need an additional assumption.

Theorem 3.3. Let (M, D, <) be complete ordered dualistic partial metric space
and T : M — M a mapping which satisfy all conditions of theorem (3.2). Then
T has a unique fized point provided that for each fixed point m*, n* of T, there
exists w € M which is comparable to both m* and n*.

Proof. From theorem (3.2), it follows that the set of fixed points of T is
nonempty. To prove the uniqueness: Let n* be another fixed point of T, that
is, n* = T(n*) and D(n*,n*) = 0. If m* and n* are comparable (m* =< n*),
then we have,

D(m* )| = [D(T(m), T(n"))]
D(m*, T(m")) - D(n*, T(n")) -
< a‘ ot ‘+B|D(m,n)l-
R R R

That is, (1 — 8)|D(m*,n*)| < 0 which implies that |D(m*,n*)| < 0 and hence
D(m*,n*) =0 = D(m*,m*) = D(n*,n*). The result follows. Suppose that m*
and n* are incomparable, there exists w which is comparable to both m*, n*.
Without any loss of generality, we assume that m* < w, and n* < w. As T
is non decreasing, T(m*) < T(w) and T'(n*) < T(w) imply that T~ (m*) <
T 1(w) and T~ (n*) X T (w). Thus
DT~ (m*),T"(m*)) - D(T"" ! (w),T" (w))

D(T*=1(m*), T (w))

+ BIDIT (), T (w))].

That is, |[D(m*, T"(w))| < B|D(m*, T" 1 (w))|. Thus, lim,, o, D(m*, T"(w)) =
0.
Similarly, we can have lim,_, . D(n*,T™(w)) = 0. Note that

D(n*,m*) < Dn*,T"(w))+ D(T"(w),m") — D(T™(w), T"(w)),
< D", T"(w)) + D(T"(w),m*) = D(T"(w), m*) = D(m*, T"(w)) + D(m*, m").

[D(T"(m*), T"(w))| <

On taking limit as n — oo we obtain that D(n*,m*) < 0. Now dp(m*,m*) =
D(n*,m*)—D(n*,n*) implies that D(n*, m*) > 0. Hence D(n*, m*) = 0 which
gives that n* = m* (I
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Example 3.4. Let M = R2. Define Dy, : M x M — R by D\(j,k) = j1 V ki,
where j = (j1,72) and k = (k1,ks). Note that (M, D) is a complete dualistic
partial metric space. Let T : M — M be given by

T(j)==% forallje M.
In M, we define the relation > in the following way:
Jj =k if and only if j1 > k1, where j = (j1,J2) and k = (k1, k2).

Clearly, = is a partial order on M and T is continuous, non decreasing mapping
with respect to =. Moreover, T(—1,0) = (=1,0). We shall show that for all
j k€ M, (3.1) is satisfied. For this, note that

Do) 10 = |y (5.5)| = |2 sor a2
— - 15| <0
DG, TG) = Dy (5.2)] = {121 ¥

Dol = o (1)) = {13 ¥aso

k Bl ifk <0

= b — 2 =

D r®)=|o (k3) = {1 dRse
and | Dy (j, k)| = || for all j1 > k.

1 1
Nowfora:§,ﬁz§, If j1 <0, k1 <0, then

Dy(j,T(5)) - Dy (k, T(k
DU (). 7(0)| < o| PAETE) BB TR
holds if and only if 6|71 < |k1| + 6]J1]-

\ +BIDVG, )| for all = K

For if 3 >0, k1 > 0, then contractive condition

Dy (5,T(j)) - Dv(k,T(k))
D\/(j7 k)
holds if and only if j1 < %kl + j1-

DV(T(). T(k))] < a‘ L BIDVG R for all § = k

Finally, if j1 >0, k1 <0, then

Dy(4,T(j)) - Dv(k,T(k))
D\/ (.]a k)

holds if and only if 351 < |ki| + 3j1. Thus, all the conditions of Theorem 3.2

are satisfied. Moreover, (0,0) is a fixed point of T.

[DV(T(5), T(K))| <

|+5Dv<j,k>| ik

Remark 3.5. As every dualistic partial metric D is an extension of partial
metric p, therefore, Theorem 3.2 is an extension of Theorem 1.2.

There arises the following natural question:

Whether the contractive condition in the statement of Theorem 3.2 can be
replaced by the contractive condition in Theorem 1.2.

The following example provides a negative answer to the above question.
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Example 3.6. Define the mapping Ty : RT™ — R by
N 0 ifj>1
TO(J)—{ 5 ifj=1

Clearly, for any j, k € R, following contractive condition is satisfied

. OéD\/(j,T(j))D\/(k,T(k‘)) .
DV(TO(j)aTO(k:)) S OD\/(j,k) 0 +BD\/(.77k)

where Dy, is a complete dualistic partial metric on R. Here, T has no fixed
point. Thus a fixed point free mapping satisfies the contractive condition of
Theorem 1.2. On the other hand, for all 0 < oo + 3 < 1, we have

Dy(1,1)

Thus contractive condition of Theorem 3.2 does not hold.

5= [Dy(=5,-5)| = |Dv(To(1), To(1))| > « +B|Dy (1, 1)].

Theorem 3.2 remains true if we replace the continuity hypothesis by the
following property:
(H): If {jn} is a non decreasing sequence in M such that j, — v, then

(3.10) jn v forallm e N.

This statement is given as follows:

Theorem 3.7. Let (M,=,D) be a complete ordered dualistic partial metric
space and if,

(i) T: M — M be a non decreasing dualistic contraction of rational type.
(i) there exists jo € M such that jo =< T (jo)-
(ii) (H) holds.

Then T has a fixzed point m* in M. Moreover, D(m*, m*) = 0.

Proof. Following the proof of Theorem 3.2, we know that {j, } is non decreasing
sequence in M such that j, — m*. By (H), we have j, < m*. As T is non
decreasing, we have T(j,) < T(m*), that is, j,+1 < T(m*). Also, jo <X j1 =
T(m*) and j, = m* , n > 1 imply that

(3.11) m* X T(m").

From the proof of Theorem 3.2, we deduce that {T"(m*)} is non decreasing
sequence. Suppose that lim,_, ., T"(m*) = p for some p € M. Now jo < m*
gives T"(jo) < T"™(m*), that is, j, < T™(m*) for all n > 1. Thus we have

By (3.1), we have

[D(jnr1, T (™)) = [D(T(jn), T(T"(m")))],
« D(JnvjnJrl)D(Tn(m*)aTn+1(m*))
D(jn, T™(m*))

IN

+ BID(jn, T" (m"))].
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On taking limit as n approaches to plus infinity, we obtain that
|D(m™, p)| < BID(m*, p).

which implies that m* = . Thus limy, oo T™(m*) = p implies that lim,—, y o T"(m*) =
m*. Hence

(3.12) T(m*) = m*
From (3.11) and (3.12), it follows that m* = T'(m*). O

Some deductions are given below.

Corollary 3.8. Let (M,=,D) be a complete ordered dualistic partial metric
space and T : M — M be a non decreasing mapping such that,

(1)

. D@, T(5)) - D(k, T(K))
D), 7)) < o PLTU DT,
(2) there exists jo € M such that jo < T (jo).

where 0 < a < 1.

(3) either T is continuous or (H) holds.
Then T has a fized point m* in M. Moreover, D(m*, m*) = 0.

Proof. Set =0 in Theorem 3.2. g
The next deduction generalizes Theorem 2.6 presented by Valero in [6]

Corollary 3.9. Let (M,=,D) be a complete ordered dualistic partial metric
space and T : M — M be a non decreasing mapping such that,

(1) [D(T(5),T(k))| < BID(j, k)|, where 0 < 3 < 1.
(2) there exists jo € M such that jo < T(jo).

(3) either T is continuous or (H) holds.
Then T has a fized point m* in M. Moreover, D(m*, m*) = 0.

Proof. Set aw =0 in Theorem 3.2. O

Remark 3.10.

(1) If we set D(j, k) € Ry for all j,k € M in Corollary 3.8 and in Corollary
3.9, we obtain results in partial metric spaces.

(2) If we set D(j,k) € R{ for all j,k € M and D(j,j) = 0 for all j € M in
Corollary 3.8 and in Corollary 3.9, we obtain results in metric spaces.
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