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Abstract Let 73,”!1 denote the space of polynomials on R? of total degree . In this
work, we introduce the space of polynomials an such that ’P,f C Q‘zin C Pgn and
which satisfy the following statement: Let & be any fixed univariate even polynomial
of degree n and A be a finite set in R%. Then every polynomial P from the space Q‘;n
may be represented by a linear combination of radial basis functions of the form
h(|lx + all), a € A, if and only if the set A is a uniqueness set for the space an.
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1 Introduction

Let R? be the real d-dimensional Euclidean space with norm ||x| = (Z?Zl xi2)1/ 2,
Denote by BY(a,r) = {x : ||x —a|| <r} the Euclidean ball with center a and radius r.
Let BY =B4(0, 1) and SY~! = {||x|| = 1} be the unit ball and sphere in the space R?,
respectively.

Let h(r) be a function defined on R_.. Consider the radial function A (||x||) on R¥.
Given a point a in R¢, we introduce the shifted radial function h, = h(||x 4 a||) with
center —a. Let A be a subset in R?. Denote by R(h, A) the class of functions of the
form A (||x + al|), where a runs over the set .A. Consider the class of functions

R(h, A) =span R(h, A)

formed by all possible finite linear combinations of functions from the set R(h, A).
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The problem of the representation of functions by linear combination of shifts
of radial basis functions is of current interest in different applications of nonlin-
ear approximation, including approximation by wave functions, learning theory, and
tomography. Results about density of the spaces formed by linear combinations of
shifts of fixed functions were obtained by Wiener (see Edwards [4]), Pinkus [11, 12],
Schwartz [15], Agranovsky and Quinto [1], and many others. A series of important
results on approximation by radial basis functions are obtained in [2, 8, 9, 13, 14].

Since a large class of functions may be approximated by polynomials, then the
problem of the representation of polynomials by shifts of radial basis polynomials is
closely connected with the above problems.

Let s = (s1,...,54) € 74 be any vector with nonnegative integer coordinates.
We set x° = xi” ~--x;§d and |s| =s1 + --- + s4. Consider the space Pl = span{x® :
s € Zi} of all polynomials on R?, i.e., linear combinations of a finite number of
monomials x*. If p(x) = )" ¢;x* is a polynomial from P4, then the total degree of
p is defined by deg p = max{|s| : ¢y # 0}. Denote by P,i’ the space of all polynomials

from P? of degree at most 1. The total dimension of P¢ equals D, = ("}).

2 Orthogonal System P of Polynomials on the Ball

In this section, we introduce the polynomial orthogonal basis P = { P;} on the ball
B¢ which we will use in proofs of the main results (for a more detailed exposition of
this basis, see [7]). For the construction of the basis P, we use work by [3, 5, 6, 10].
A series of applications of the basis P for approximation by ridge and radial functions
is contained in [6, 7].

First, we discuss some well-known results connected with orthogonal polynomi-
als, which we use in this present work.

1. The Gegenbauer polynomials: The Gegenbauer polynomials (see [16—18, 20])
are usually defined via the generating function

crn)t,

WK

(1—2tz+ zz)_'\ =

w-
Il

0

where |z] < 1, || < 1, and A > 0. The coefficients C,’}(t) are algebraic polynomi-
als of degree k and are termed the Gegenbauer polynomials associated with A. The
Gegenbauer polynomials possess the following properties:

(a) The family of polynomials {C,ﬁ}g<> is a complete orthogonal system for the
weighted space L>(Q, o), Q =[—1, 1], o3.(t) := (1 — t>)*~1/2, and

0, m#n,

Up,py, mM=n,

/ CL(CHt)oy. (1) dt = { 1)
Q

. 12
where we use the usual notation v, = %W and (a)g := 1, (a), :=
aa+1)---(a+n—1).
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Let d be a natural number. We set U, (t) = v, 2//22 C,f / 2(t). Then the family of poly-

nomials {Un}go is the complete orthonormal system in the weighted space L>(Q, o),
where o (1) = 0q/2(t) = (1 — t2)@=D/2,

(b) Let P,‘f be the set of all algebraic polynomials of total degree n in d real
variables. Let & be any point on the sphere SY~!. Then the polynomial U, (£ - x) is in
73,‘1’ and is orthogonal to Pr‘ffl in Ly(BY) (see [3, 10]), i.e.,

de Un(€ -x)p(x)dx =0, VYpeP? . )

(c) Foreach &, € S9! and n € Z., we have (see [10])

Un(1) @

[ vnte 0,0 dx =
B4

(d) For each polynomial p(x) € P, such that p(x) = (—1)" p(—x) forall x € RY,
we have ([10, 16])

202m)4 U, (1)
/ PEUn(E -mds =cup(n), wherec,=—="————"—". (4
gd—1 n+ g
2. An Orthogonal System of Polynomials on the Sphere: Let j be a nonneg-
ative integer number. Let ’H}}om be the subspace in 77]4 formed by all harmonic
homogeneous polynomials (i.e., the spherical harmonics) of degree j. We know

[16, 20] that the dimension /; of ’H?Dm equals [; = (d+j_l) — (d}'i?), Jj>2,and
lo =1, dim/; =d. It is easy to verify that the dimension /; = (1 + (LI—L2)' +
c(s,d))s(s + 1)---(s +d — 3), where 0 < c(s,d) <1 is some constant depend-
ing only on s and d. Let II; = {Y;y,...,Y;;;} be an orthonormal basis in the
space Hl}om (S~ of functions formed by restrictions of functions from H?Om to the
sphere S9=1. Then the set U?O:O II ; is an orthonormal basis in the space Lo(891y,

i.e., for any functions Y; x and Y}/ ;» from U?io I1 ;, the following holds:

Yjk, Yjrw) = /d 1 Yix@)Yj p(§)dE =8 jrdk s
-
where by d¢ we denote the normalized Lebesgue measure on S~
3. An Orthogonal System of Polynomials on the Ball: Consider the Hilbert

space La(S?~1) of complex-valued square-integrable functions 4 on the sphere S¢~!
with the inner product

(81,S2)=/Sdi1 s1()s2E) d&,  s1.s0€ L(S*7).

Also consider the Hilbert space L>(Q, o) of real functions on the segment Q =
[—1, 1] with the norm

1/2
||g||L2(@,g)=</Q |g(t>|za(z>dt) . where o(1) = (1—¢2) "2,
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Consider the system of normed Gegenbauer polynomials {U;(¢)},i =0, 1, ..., onthe
segment Q, forming a complete orthonormal system in the space L,(Q, o).
Introduce the set of triple indices

I={I:=G,j,k):i€Zy, je{0,....i}, j=i(mod2), k=1,....0;}, (5

where /; is the dimension of space H?Om of harmonic homogeneous polynomials of

degree j. For every index I = (i, j, k) from I, we construct the function on RY,
Pr = Pa) =y [ Ui 0@ de, ©)

where the coefficient v;; is the normalizing factor such that || Py||z, =1 and x - § =
x1€1 + -+ - + x4&4 is the inner product of the vectors x and &. From (6), we see that
the function P; is the polynomial on R? of total degree i. Consider the system of
polynomials

P={P}ar )

The system P is the complete orthonormal system of polynomials in the space L (B¢)
(see [7]). In particular, for any natural n, the finite subsystem of polynomials

P,={P: I=(,jk el i<n} ®)

in P forms ([7]) an orthogonal basis in the space 77,‘,1 of all polynomials on R? of total
degree n.

3 Main Results

In this paper, we introduce another subspace of polynomials, which is defined by the
following. Consider the subset of indices I, = {I = (i, j, k) €I: i + j <2n} in the
set I and the corresponding collection of polynomials from the system P,

Qu={Pr: I €l,}.

Definition Let an = span Qy, be the linear space of polynomials formed by the
linear span of polynomials from Q»,,.
It is obvious that for every natural n, we have

Py CQ3, CPs, ©)

Denote by S, the dimension of the space an. From (9), we have D, < §,, < D»,.
Since the collection of polynomials {P;};¢1, is the complete orthonormal system in
the space Q‘zin, then S, coincides with the cardinality of the set I,,.

Let & be any fixed univariate even polynomial of degree 2n. We show that every

polynomial p,, from the space an may be represented by the linear combination of
some S, shifts h(||x+a;|),i =1, ..., Sy, of the radial polynomial z(]|x||). Moreover,
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we show that the representation is valid for any collection of points ay, ..., as, from
R4 forming a uniqueness set for the space an.

Let n be any natural number. Let () = bont® + -+ + bg, by, # 0, be any uni-
variate even polynomial of degree 2n; that is, all coefficients b,, with m odd are equal
to zero.

A set of points A, ={ay, ..., as,} is said to be a h-basis set for the space Q‘zln if
R(h, Ap) = an; that is, every polynomial p from an can be represented as

p@ =cih(lx+alll) +--+cs,h(lx +as,l), ¢ €R.

A set of points A, is called a uniqueness set for the space Q‘zln if, for any two poly-
nomials p; and p, from an, the relations pi(a;) = p2(a;), i =1,...,S,, implies
the equality pj(a) = pa(a) forall a € R?.

Theorem 3.1 Let n be any natural number and h be any univariate even polynomial
of degree 2n. Then set A, is an h-basis set for the space an if and only if A, is the

uniqueness set for an.

Consider the Hilbert space Ly = L(B<) of complex functions on the ball B¢ with
inner product

o o) =/Bdf(x>%dx, fipreln.

Let f and G be a function and a subspace in L3, respectively. Denote by E(f, G) =
infgec || f — gll L, the distance of the function f from G. Let F be a function class in
Ly. By E(F,G) =supscpinfeeg || f — gllL,, we denote the deviation of the class F
from G. The following follows directly from Theorem 3.1 and the embedding (9).

Corollary 3.2 Let n be any even number, A, be a uniqueness set for an, and h
be any univariate even polynomial of degree n. Then for any function f from the
space Ly, the following inequality holds:

E(f,R(h, A)) =E(f, Q%)

Lets = (s1,...,54) € Zi and |s| =51 + - - - + s4. Introduce the differential operator
D* =351 /3%1x; ... 3%x,. Let r be any natural number. In the space L», we consider
the Sobolev class of functions

WE(BY) = {1 0wy =170, + max| D], <1},

Corollary 3.3 Let n be any even number, A, be an uniqueness set for an, and h be
any univariate even polynomial of degree n. Then the inequalities

cn " < E(Wzr (Bd), R(h, An)) <con " (10)

hold, where ¢y and ¢, depend only on r and d.
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The upper bound for E (W] (]Bd ), R(h, A,)) directly follows from Corollary 3.2 and
Jackson’s theorem. The lower bound follows from the estimate of the Kolmogorov
n-widths of the class W} (B?) (see [19]).

4 Moments of Radial Functions

In this section, we establish some auxiliary results which we will use in the proof
of the main theorem. Let f be a function from the space L(B¢). Denote by
M;(f) = (f, Pr) the I-moment of the function f. Let a be any point in R9 and s be
a natural number. Introduce the functions r(x) = ||x|| and 7, (x) = ||x +a]||. In the fol-
lowing lemma, we calculate the moments M, (rjy) of the shifted radial function rgs =
lx +all.

Given triple index I = (i, j, k) from I, we consider the normed Gegenbauer poly-
nomial U;(¢) on the segment Q = [—1, 1] of degree i and the spherical harmonic
Y; x(0) on the sphere S=1 of degree j.

Lemma 4.1 Let I = (i, j, k) be any triple index from I and a be any point from R?.
We write

ugi = (1", Ui)g :=/@rﬁU,-(z)a(z)dr (11)
and consider the function on R¢

Vijk@ = (@-0),Yx):= /SH (a-0)'Y;x(0)db. (12)

Then, for every natural s, the I-moment of the function rﬁ‘v equals

2s

2
My (rc%s) =V Z (;)MZsa,i Va,j,k(a),

a=0

where v depends only on 1,d, and s.

Proof Given s, we will use the equality

-1
llx||® = cS/ (x-0)°df, where cs = (/ (e-0)% d9> . (13)
§d-1 gd-1

and where by e we denote the point e = (0, ..., 0, 1). Equality (13) directly follows
from the homogeneity of the polynomials ||x 1%, (x - 6)%, and the invariance of the
measure d with respect to the rotation operator in R?.

For a fixed point 6 on S9-1, we consider the univariate polynomial wy(t) =
(t +a - 0)* of degree 2s. From (13), we have

Ilx —i—aIIZS:cS[ (x-@—}-a-@)zsdezcsf wp(x -0)do. (14)
§d-1 §d—1
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Using (14) and (6), we can represent the /-moment of the function rgs by the follow-
ing:

(ras, Pr)= [ llx+a|™Pr(x)dx
B4
=Csij/ P](X)de wy(x - 0)do
B4 gd—1

=cﬂ~,~/ dx/ Ui(x~s)ij<s)ds/ we(x - 6) d6,
]Bd Sd—l Sd—l

where c¢y;; = cyv;j. Therefore, we have

(rd. Pr) = csij /

Sd—1xgd—1

Yﬂ(é)déd@/];lwg(xﬂ) Ui(x-§)dx. (15)

Given 0, we decompose the function wg by the orthogonal system of Gegenbauer
polynomials {Uy}:

2s
we (1) =Y (wy, Ua)q Ua(1).

a=0

Then the last integral in (15) equals

2s
/Bd wo(x - 0) Ui (x - £)dx = Y (wp. Un)g /R Ua(x - 0) Ui(x -E)dx.  (16)

a=0
The following identity holds (see (3)):

Ui@-§)

/Bd Uy(x -0 Ui(x -&E)dx = U

Oai-

Therefore, from (16), we obtain

Ui0-§)
N Ui(x-&)dx = No—————.
dewo(x YUi(x - &) dx = (we, Ui)g U
Substitute this expression into (15):
2s Csij
P = Y; . . .
02 Pl = G s, Y@@, U Us(@ - §) g do
= i (wp. Uy) def Yk )Ui (0 - &) de
_U,-(l) gd-1 9. Zi)Q Sd—1 ik ! '

By (4), we have

L, 1@ - 61t = 1,6,
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Hence, we obtain
(rﬁf,P1)=v/d (0, U Y @) 6, (17)
o

where v = ¢,;;¢;/U;(1). The equality

2s

we(t) =t +a-0)% = Z (if)ﬂs—“(a .0)®
a=0

implies

2s

2s —a o
/Sd_l(wﬂ»Ui)QYj,k(G)dQZZ< >fsd_l((o)zs (a-0) ,Ui(.))QYj,k(e)de

o
a=0

2s
2
=2 (;) (@7 Ui@)g((@- 0", ¥).
a=0

Thus, we obtain from (17),

2s

2
=0 3 (3) @ gl ),

a=0

Lemma 4.1 is complete. g

5 The Proof of Theorem 3.1

Let n be any natural number and h(t) = Z?:o cstzs, t € R, be an univariate even
polynomial of degree 27. Given a point a from R¢, consider the polynomials g(x) =
h(|lx])) and g,(x) = g(x 4+ a). Let I be any index from the set I,. Calculate the
moments Mj(g,) of the function g,. Lemma 4.1 implies

n n 2s
' 2
Mi(ga)=Y csMi(ry)=v) > cs(;)uzs_a,iVa,j,k(a)-
s=0 s=0a=0

Set c5,o = Vey (%j) By properties of orthogonality of the polynomials U;, we have
from (11),

Uds—ai =/ 25U (Do () dt =0, 25 —a <.
Q

Analogously, by properties of orthogonality of spherical harmonics Y, we have
from (12),

Voo (@) = / (@-0)°T20)d6 =0, o <.
: §d—1 :
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Also, we see that Vy j x(a) =0if a # j (mod2). Thus,

n o 2s—i

Mj(gs) =v Z Z Cs,au2s7a,iva,j,k(a)-

—itia=j
s=5 J

Note (see (5)) that i = j (mod?2). Therefore, i + j is always an even number. Inter-
changing the order summation, we obtain

2n—i

M@w=2xzywmﬁm)mﬂm, (18)
o(:j s
where the index s runs over the set {4+, %t +1,... n}. Since Vy k(@) =0 if

o # j (mod2), then factually, @ runs only over the set { J,...,2n —1i}. Therefore, the
equality @ = j =i (mod?2) is always true; that is, o 4 i is always an even number.
Consider two collections of polynomials of the variable a:

M, = {M; jx(ga): G, j, k) €Ly} and V,={V;jr(a): @, j k) €L,}.
Lemma 5.1 The linear spans
IVI,, =spanM, and Vn =spanV,
of sets M, and V,, coincide.
Proof Let I = (i, j, k) € I, be any index. From (18), we see that
Mi(ga) € span{Va,j’k(a) raefj,...,2n— z}} € span{ wjk(@: (o, ). k)€l }

that is, ﬁn C /\7,1. We show that Vn C M,z. We fix j and k. The equality (18) we
rewrite as

2n—i
Miji(8a) =Y C'Vujr(a), where Cf = ¢y altdgai- (19)
oa=j N
We show that the functions Vy i for every a = j, ..., 2n belong to ﬁn. We use
induction on «. Let o« = j. We have from (19) with i =2n — j,
My ix(ga) = Cén_j Vi jk(a). (20)
Hence, V; ;i € M,,. Now assume Vi jk, ..., Viyp jk € M, with 8 > 0. Show that

Vitp+1,j,k also belongs to M We have from (A9 withi=2n—j—-p—1,

J+B+1
My jp1,jk(8a) = Z Cuej—p—1 Va,jk(@

a=j

Jj+B

_ZCZn j—B—1 alk(a)—‘rCZn ] ,3 1 I+/3+l/k(a)
a=j
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Then, taking into cons1derat1on that the functions V; k..., Vg ik and
Mo, j—p—1,jk(ga) belong to Mn, we obtain that V; g4q, gk also belongs to M

Thus, the functions V; ji(a), for all i > j, belong to M,,, that is, V - M
Lemma 5.1 is proved. g

Lemma 5.2 The spaces Vn and Q‘Zln coincide.

Proof The space Vn is the linear span of polynomials

Vijk@=(@-0"Yy), @ jkel,. 1)

Every polynomial 1,1, ..., t" is some linear combination of Gegenbauer polynomials
{Ui ()}!_,. Therefore, V,, - an. We now prove that an - V,,. We show that the
set V,, forms a linear basis in the space an. Indeed, consider the system of functions
Q>,, consisting of polynomials (6)

Piji(a)=(Ui(a-6),Yjx) = Zbi.a((a -0 Yjr), () k) €Ly, (22)

where b; ,, are the coefficients of the Gegenbauer polynomial U;. The system Qy, is
a linear basis in the space Q‘zin. On the other hand, from (21) and (22), we see that
P; jx €V, for every index (i, j, k) € I,. Thus, V, is a linear basis in Q‘zln. Il

Proof of Theorem 3.1 By Lemmas 5.1 and 5.2, the collection of functions of a-
variable M, = {M;(g,)}, I € I, forms a basis in the space an. Therefore, the
following obvious statement holds. 0

Proposition 5.3 A set A, ={ay,...,as,}, where S, = dim an, is a uniqueness set
for the space of polynomials an if and only if the square matrix

(Mr(g4))), 1€l j=1,....8,,

is nondegenerate.

Proof Assume that a set A, is a uniqueness set for the space an. We show that any
polynomial p from an may be represented by

px)=cih(llx +arll) +--- +es,h(lx +as,l). (23)

Using moments My (p) and M;(g,) of functions p and g, = h(r,), we can construct
the system of linear equations

Mi(p) =c1Mi(8a)) + -+~ +¢5,M1(8a5,). T €1y, (24)

with respect to the unknowns coefficients cy, .. ., cs,. By Proposition 5.3, the system
(24) has a unique solution; that is, the polynomial p may be represented by (23).
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Conversely, assume that every polynomial p from Q‘zln may be represented
by (23). Then the matrix (M; (ga_/.)), lel,, j=1,...,8,,is nondegenerate. Hence,

by Proposition 5.3, the set A, is a uniqueness set for the space Q‘zln. O
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