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Background
The theory of hypergeometric functions theaters significant and imposing role in the
study of the fractional calculus and the geometric function theory. It motivates the the-
ory of univalent functions, by attractive to current research after their utilization in the
proof of great famous problem in geometric function theory which is called by the Bie-
berbach’s conjecture. This theory has been developed with enriched many presentations
and simplification by protruding complex analysis.

Let H (/) be the class of all holomorphic functions ¢ (z) which are defined in the unit disk
U.Fora € Candn € N,weletH[a,n] ={p e HU) : ¢(z) = a+ a,z" + a,,+1z”+1 +---}
and A be the subclass of H (U{) consisting of functions of the form

P(2)=z+» az", (zell). (1)

n=2

For functions ¢ (z), given (1), and v (z) given by

Y (z) =z+anZ”, (z el). )

n=2
the Hadamard product (or convolution) of ¢ (z) and ¥ (z) is defined by

(P*xY)(z) =z+ Zﬂnbnz", (z eU).
n=2 3)
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For ¢ and ¢ be members of the function class H (if), the function ¢ is said to be sub-
ordinate to ¢, or ¢ is superordinate to ¢, if there is an analytic function 6(z) in U with
0(0) =0 and |0(z)| < 1 for all z € U, such that ¢(z) = ¢(0(2)). In this case, we write
¢ < ¢, or ¢(z) < ¢(z). Furthermore, if the function ¢ is univalent in I/, then we have the
following equivalence (Miller and Mocanu 2000):

¢(2) <) (zel) <= ¢0)=¢0), oU) C o).

Let ¢ : C> — C and let ¥ be univalent in z € U. If p is analytic in I/ and satisfies the
differential subordination ¢ (0 (2),zp’(z)) < ¥(z) then p is called a solution of the differ-
ential subordination. The univalent function 7 is called a dominant of the solutions of the
differential subordination, p < n. If p and ¢(p(2),zp'(2)) are univalent in U and satisfy
the differential superordination ¥ (z) < ¢ (p(z),zp’(z)) then p is called a solution of the
differential superordination. An analytic 5 is called subordinate of the solution of the dif-
ferential superordination if n < p (Miller and Mocanu 2003).

For real or complex numbers «, 8, y other than 0, —1, —2, ... the Gaussian hypergeo-
metric function is defined by de Branges (1985)

L = @u B, ep e+ DBB+D 2

where («),, is the Pochhammer symbol defined by

_F(OH—n)_{l, n=0

©@n =T T \e@+D)...@+n—1), n={L2..}

and achieved

@) n(@)n =@l + n— (9]
@) @1 =@+ Dy = (p +m)(O)n-

Let B(x, y) be the familiar Beta function defined by Srivastava et al. (2012, p. 8))

fio* A -0y ldo  (Rx) > 0;R(y) > 0)

LEre) -
r) (xy € CZg)

B(x,y) =

Here I' denotes the Euler’s Gamma function (see, e.g., Srivastava and Choi
2012, Section 1.1). Srivastava et al. (2014) BZ'b;K'“ (x,), introduced the extended Beta
function as follows
a,b; ! x—1 —1 p
By Hx,y) = /0 o1 -0o) F<zz; b; —M>da,
(K >0, >0, R(p) > 0, min{R(a), R(b)} > 0,R(x) > —R(ka), R(y) > —fR(;m)).

®)

The special case of (5) when p = 0 is seen to immediately reduce to the familiar beta
function B(x, y) (min {R(x), R(y)} > 0) (Srivastava and Choi 2012).
Agarwal et al. (2015) introduced the extended Gauss hypergeometric function as

follows
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X (@)n(B)n By B+ my — B+ m) 2"

Fye (e, Bs vszom) = =

picu (s By zom) }:0 D B+my —fB+m nl
(p =0, Rk) >0, R(u) >0, m < R(PB) < R©»), |z| <1). (6)

The special case of (6) p =0, m = 0 is noted to reduce to the ordinary Gauss hyper-
geometric function F(w, B; y; z) (Agarwal et al. 2015). Ibrahim et al. (2015b) introduced
a generalized Noor integral operator using a fractional hypergeometric function as
follows:

Qi Bizim) i A— A,

-1
Q) (Vi Bz Mg (2) = Q(zF,?’b;K’“(a,ﬁ; vz rn)) *¢(2), (zell)
Qo (Vs @, By 2 M) (2) (7)

e ¢ QBB +n—1y—B+m)
=z+
‘ Z (@) n-1(B)n—1 BZ’b;K’”(ﬂ +n—1y —B+m)

(® + Du-1an2",

n=2

where

_ BBy — B m)
B(B.y — B +m)

’

-1
(zFIZ'b”"“(a, B:v:z m))

:i Y)n—1 BB+n—1,y —B+m)
=1 (@)n-1(B)n-1 BZ’b;K’M(IB +n—1y—B+m)

(® +Dp12".

In view of (7), we get

z {Q}‘;K,M(J/; B z; M)¢(Z)}/
+1, . - . .
= (9 +1) Qe (Vi o Brzimp(2) — 9 Qp, (Vi @, B 2 M) (2). @)

In particular, we have
Qe (i, B2 0 (2) = Iy (e, B,7)$(2)

where the integral operator I, («, 8, ¥ )¢ (z) was investigate by Noor (2006).

Making use of the principle of subordination various subordination theorems involv-
ing certain operators for analytic functions in ¢/ were investigated by Miller and Mocanu
(2000) and Owa and Srivastava (2004). Further, Bulboaca (2002a, b) and Miller and
Mocanu (2003) extended the study to differential superordination as the dual problem
of differential subordination, later the study has been taken by many researchers such
as, Ali et al. (2005), Murugusundaramoorthy and Magesh (2006), and Shanmugam et al.
(2006), Magesh and Murugusundaramoorthy (2008), Mostafa and Aouf (2009), Aouf
and Mostafa (2010), Cho et al. (2011), Magesh (2011), Ibrahim et al. (2015a), and others.
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Related to the present investigation, we mention some of them in recent years. In Ibra-
him and Darus (2008), the first author applied a method based on the differential sub-
ordination and superordination in order to obtain results involving generalized Noor
integral operator utilizing the Fox- Wright function for a normalized analytic function
¢(2), z € U and is denoted by I;[(aj, Aj)1,4; (B Bj)1,p]¢ (2). Also they studied the suffi-
cient condition to satisfy

(2L [(etj, AP 1,qs (B B 1pld (2)]
DI [(aj, A1 (B B1ple (2)]

n(z) < < 1n2(2),
for some convex functions 17 and 7. with 11 (0) # 0 and 12(0) # 0.
Aouf and Seoudy (2013) investigated some subordination and superordination results
for certain p-valent functions in the open unit disc, which acted upon by a class of a lin-
m,l

ear operator denoted by Ip, é,s, ,(a1)é (2). Further, they studied the sufficient condition to
satisfy

Igé{s,ganmz)] " l 2

2 (e + 1))

n(z) < [ ] < n2(2),

for some convex functions 1 and 7. with 1(0) # 0 and 12(0) # 0.

Magesh et al. (2014) studied the subordination and superordination results of the lin-
ear operator denoted by ®O[a1](¢)(z). Also, they discussed the sufficient condition to
satisfy

< UZ(Z);

|:®[Ol1](¢ * CD)(Z)}“{ z Y
n(z) <

z Olay + 11(¢ * ¥(2))

for some convex functions 77 and 7y with 7;(0) #0 and n2(0) #0 and
Q@) =z+D ponind,W(z) =2+ > o, uyz" are analytic functions in U with
Jn= 0,0, >0 and A, = py.

Ibrahim et al. (2015b) investigated some differential subordination and superordina-
tion results regarding the generalized integral operator defined by (7). Moreover, we
investigate sufficient condition for a normalized analytic function ¢ (z), z € U to satisfy

Z[QﬁK,M(V; o, B; z; m)¢(Z)}/

© < 772(2)1
o [Qp;w(y; o, B; z; m)¢(Z)}

n(z) <

for some convex functions 1y and 1.

In this present paper, we study some differential subordination and superordination
results for new subclasses regarding the generalized integral operator defined by (7).
Moreover, we investigate sandwich results containing the given generalized integral
operator for certain a normalized analytic function ¢ (z),z € U such that (¢ * ®)(z) # 0
to satisfy

Q) v, Bz m)($ 5 D)(2)
z

ni(z) <

o Z ;
[Q;):K,u(y? o, B; z; m)(¢ * ©)(z) < 12(2),
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for some convex functions n; and nyand ®(2) =z + Y oy 4u2", W(2) =2+ Y ooy HnZ"
are analytic functions in U« with 4, > 0, u;, > 0 and 4, > w,.

Preliminaries
In order to prove our subordination and superordination results, we need to the follow-
ing lemmas in the sequel.

Definition 1 (Miller and Mocanu 2003) Let Q denote the set of functions ¢ that are

analytic and univalent on U/\E(¢), where £(¢) = {£ € AU : lim%_ ¢ (z) = 00}, is such that
z—>

min |¢'(§)| = p > 0for & € JU\E(P).

Lemma 1 (Miller and Mocanu 2000) Let p be univalent in the unit disk U and V and
let A be analytic in a domain D containing p(U) with ¢(w) # 0 when w € n(UA). Set
Q(2) :=zn'(2) A(n(z)) and Y (z) := W (p(2)) + Q(2). Suppose that

1. Q(z) is starlike univalent in U,
2. R(z¥'(2)/Q(2)) > 0 forz € U.

If p is analytic with p(0) = n(0), p(U) C D and
V(p(2) + 20 (2 A(p(2) < ¥(n(2) + 21 (2) A(n(2)),

then p(z) < n(z), and n(z) is the best dominant.

Lemma 2 (Bulboaca 2002a) Let n be convex univalent in the unit disk U and 11 and let A
be analytic in a domain D containing n(U). Suppose that

1. zn'(2) A(n(2)) is starlike univalent in U,
2. R{IT'(n(2))/A(n(2))}) > 0forz € U.

Ifp(2) € H[n(0),11 N Q with p(U) € D and 1 (p(z)) + zp'(z) A(p(2)) being univalent in
U and

M(n(2)) + 20’ (2) A(n(2)) < M(p(2)) + 20" (D) A(p(2)),

thenn(z) < p(2), and n(z) is the best subordinant.

Sandwich outcomes
By making use of Lemmas 1, we first prove the following subordination results.

Theorem 1 Let®, Ve A 1; € C(i=1,23), 43 #0,0,v e Candn(z) # 0 be univa-
lent in U such that zn'(z) /1(z) is starlike univalent in U and

i)[‘,‘{lJrizn(Z)Jrzn (@ zn'()

0, U.
/3 n'(2) n(z) } ” (zeth ©

If ¢ € Asatisfies the subordination
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o Vv

z
Qi (Vs @, Bs 2 m) (6 % ©)(2)
Quin i@ fizm@ 9@
Qo (Vi & B3 2 m) (@ % D) (2)

Qo (Vi & B2 m) (@ % ©)(2)
zZ

M+ Ay

+/130(@+1)[

Qo via iz m@ 0)@)
QL (vi o, Brzim)(¢ x ©)(2)

zn'(z)
n()

+vip+2) [1

<M+ Aan) + A3

then

< n(2),
(10)

lQﬁK,M(y; o, B; z; m)(¢ * D)(2)

z

z
leZK,M(J/; a, B; z; m) (¢ * ©)(2)
and 1 (z) is the best dominant.

Proof Our aim is to apply Lemma 1. Setting

o

Q) (Vs @, B2 m)(§ % D) (2)
z

z

[Qf;’;w(y; o, B; z; m) (¢ * ©)(z)

p(z) = [

Computation shows that

zp'(2)
p(2)

QUL (i, Bz m) (g x ©)(2) 1]

= +1 B
30 (9 )[Qﬁhu(y;a,ﬁ;z; m)(¢ * ®)(z)

Q2 (v Bz m)( % @)(z)]

+v(p+2)(1-
[ QL i Bz m) (@ x O)(@)

which yields the following subordination:

20 (@) <A1+ Aan(z) + 23 sl (Z)-
0(2) n(z)

M+ 2ap(2) + A3

By setting

)\.
V(w) =4 +Aho, Alw):= —3, T #0,
1)

it can be easily observed that W (w) is analytic in C and A (w) is analytic in C\{0} and that
A(w) # 0when w € C\{0}. Also, by letting

zn'(z)
n)

H(z) = ¥(n(2) + Q) = 71+ Aan(2) + 43

Qz) =z () A(n(2)) = 23

zn'(z)
n(z) '’

Page 6 of 12
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we find that Q(z) is starlike univalent in I/ and that

9%{229 (Z)} =i)%{1+)”277(z)+z'7 @ _ 2 (Z)} >0

Q2) 43 n'@ )
O
Corollary 1 Let the assumptions of Theorem 1 hold. Then the subordination
Q¥ (yia, Bz m) (¢ d)(z)]° QK'),+1 (vs o, By z; m) (¢ x P)(z)
R Y 1) | Eok -
1t Z TaoleE )[Q;‘fw(y;a,ﬂ;z; m (@ * ) (2)
+ <A+ ).277(2) + 23 zn (Z),
n(z)
implies
Qo (Vs Bz m) (@ % D)(2)]°
< 1(2),
z
and 1(z) is the best dominant.
Proof By lettingv = 0in Theorem 1, we have the required result. (|
Corollary 2 Let the assumptions of Theorem 1 hold. Then the subordination
' Qi (via, Bi 2 m)(d x ©)(@)
M+l | =5 z +u(p+2)|1- 220
Qe (Vi s Bz m)(¢ % ©)(2) Qe Vi e By 2 m) (¢ % ©)(2)
<+ dan@ + s L
1)
implies
v
‘ <n(z)
Qe (Vs @ B; 2z m)($ % ©)(2) ’

and 1 (z) is the best dominant.
Proof By letting o = 0in Theorem 1, we have the required result. O
Theorem 2 Letn(z) # 0 be convex univalent in the open unit disk U. Suppose that

%{?n(z)}zo, v,meC m#0, for zel, (11)

3

and that zn'(z) /n(2) is starlike univalent in U.

0 o
If Q;;K,u (v;0,B8:2:m) (pxP) (2) .
z Q) (730.B32,m) (9%0)(2)

v

€ H[1,1]1N Q, where ®, ® € A,
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o
z

Qo (Vi @, B 25 m) (@ % ©)(2)
Qe Bz m) (@ x D)) .
Qi (Vi s Bz m) (@ % @) (2)

Q) (5 @, B 2 m) (% D) (2)
z

M+ 2

+ 230 (p + 1) [

+v(p+2) [1 - Qe V3 3 23 m) (@ ®)(z)]

QrL (v, Bi 2 m) (¢ % ©)(2)
is univalent in / and the subordination

zn'(2)
n(2)
Qe (V3 @, B; 2 m)(§ % ) (2)
V4

/11 + )QT)(Z) + )~3

7 z

lQ;iiW(y; a, B; 2; m)(¢ * ©)(2)
Qinvie iz m@x 9@
Qo (V5 & B2 m) (% D) (2)

<A1+ 72

+/13(7(50+1)[

+v(p+2)|1-—

Qi (vi o, Br 2 m)(§ % ©)(2)
QL i przm)pxO)@) |

holds, then

v

, (12)

@ < [Q;iik,ﬂ(y;a,ﬁ;z; m) (¢ * P)(2)
n

z

’ z
Qv Bz m)($ % ©)(2)
and 7(z) is the best subordinant.

Proof Our aim is to apply Lemma 2. Setting

o

Qo (Vs @, Bs z m)($ % D) (2)
z

z

[Qik,,xy; a, B; z; m)($ * ©)(2)

p(z) = [

Computation shows that

zp'(2)
p(2)

o+l o o

Qe (Vi Bizim)(§x ®)(2)

+v(p +2) [1 Qi fizm @ ®)(z)]

Qi o Bz m) (@ % ©)(2)

which yields the following subordination:

e (&) <M+ 22p(2) + A3 ol (Z).
n(z) p(2)

M+ Aan(z) + 73
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, T #0,

S e

By setting

Nw) =1+ 14+ 2w,
it can be easily observed that I1(w) is analytic in C and A(w) is analytic in C\{0} and that

A(w) =
A(w) # 0 when w € C\{0}. Also, we obtain
' (n(2)) 22
——— 5 =R = 0
{ A0(@) } {zs ”(Z)} g
O

Then the relation (12) follows by an application of Lemma 2.

Corollary 1 Let the assumptions of Theorem 1 hold. Then the subordination
o

Qo (Vi @, B2 m) (@ % D)(2)
z

Qi Bizm(@x D))

Qo (Vi @, B2 m) (@ % ©)(2)

M+ Ay

+/A30(p +1)
zn'(z)
n(z) '’

implies
Qi fizm (@ d)(@)]°

n(z) <
V4

and 1 (z) is the best subordinant.
Proof By lettingv = 0in Theorem 1, we have the required result.

Corollary 3  Let the assumptions of Theorem 1 hold. Then the subordination
v

z
1+ A
AT Bz m$ 0@
Q2 (via, Br 2 m)(¢ + ©)(2)
+v(p+2) I_Q@H(. —
e (V3 0 B 2 m) (¢ * ©)(2)
<A1+ Aan(z) + A3 gl (Z);
1n(2)
implies
2 v
Qv Bz m)($ % O)z) |

n(z) <

and n(z) is the best subordinant.
Proof By letting o = 0in Theorem 1, we have the required result
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Combining Theorems 1 and 2, in order to get the following sandwich theorem.

Theorem 3 Let n1(z) #0, n2(z) #0 be convex unmivalent in the open unit disk
U, 4 eC(i=1,23),43#0,0,veC and let n2(z) satisfy (9) and n1(z) satisfy (11)
respectively. Suppose that and that zn)(z)/ni(2), i = 1,2, is starlike univalent in U. If

[Qﬁk,u(y;a,ﬂ:zzww*@(@] 7 [ .

v
- Q;':K,u(y;a,ﬂ;z;m)(¢>k®)(z)] € H[1,11N Q, where ®, ® € A,

o Vv

z
Q) (Vi @, B2 m) (@ % ©)(2)
Qipvi @iz m@x 9@
Qo (V5 &, B3 2 m) (@ % D) (2)

Qo (Vi & B2 m) (@ % D) (2)
zZ

M+ Ay

+/130(6’9+1)[

(e +2) [1 B Q2 (vi . Bz m) (9 ®)(z)]

QL (vi o, Br 2 m)(¢ x ©)(2)

is univalent in U and the subordination

zn(z)

n(z)

Q) (Vi Bz m)($ x D)(2)
z

A+ om(z) + A3

<M+ A

o z v
[Qﬁk,u(y; a, B; 2 m)(¢ * ©)(2)

Qe Vi B 2@ D)@
Qo (Vi @ B2 m) (@ % ©)(2)

+/130(60+1)[

+up+2)|1-

Q2 (vi o, Br 2 m)(¢ x ©)(2)
QL (vi o, Br 2 m)(¢ + ©)(2)

zn5(2)

< 21+ Jona(2) + A3 )
n2(2)

holds, then

Qe Vi, Bz m) (@ D) (2) |° z ’
m) < | 255 5 < m(2),
z Qe Vi@, Bi 22 m) (¢ % ©)(2)
and n1(2) is the best subordinant and ny(z) is the best dominant. O

Corollary 4 Let the assumptions of Theorem 3 hold and satisfy the subordination

Page 10 of 12
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1+ Az ; (A1 — By)z
14+ Bz (14 A12)(1 + Biz)
Qe Vi Bz m) (@ x D) (2)|° z
z Qe (v o B2 m)($ % ©)(2)

Qs (Vi Bizm) (@ x D))
Q) (Vi @, B2 m) (@ % ©)(2)

<M+ A

+ Aso(p +1)

Qe Bizm)($ 0)@)
Qb (v, Bz m) (¢ % 0)(2)
1+ Az (A2 — By)z

+v(p+2)1

<A1+ A s ,
L By T (1 + Asz)(1 + Baz)
Then
9] o v
1+Az Qpere,u (V3 0, B3 2 m) (¢ 5 D) (2) z
<
1+ Biz z Qv By 2z m)($ % ©)(2)
1+ Az
< 7’
14 Boz
and }i’gi; is the best subordinant and }i‘;ij is the best dominant.
Proof Setting n1(z) = }i‘;;; (-1<By1 <A1 <1) and )= }i‘;ig (-1 <B,
< Ay < 1)in Theorem 3. U
Conclusion

By the term of the extend fractional hypergeometric function, we defined a new frac-
tional integral operator in the open unit disk. This operator is a generalization of the well
known Noor integral operator. Based on this operator, many subclasses may introduce in
the geometric function theory. In this study, we concerned with a specific class of ana-
lytic function called of convolution type. This class imposed several well known classes.
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