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Abstract
In this paper we investigate the effects of thermal dispersion on non-Newtonian
power-law nanofluid flow over an impermeable vertical plate. We use a mathematical
model for the nanofluid that incorporates the effects of nanoparticle Brownian
motion and thermophoresis. The non-Newtonian nature of the fluid is modeled by
the power-law index n, and both cases of shear thinning and thickening are
investigated. The governing set of equations is solved numerically using the shooting
technique. The effects of physical and fluid parameters on the properties are
determined for both instances of aiding and opposing buoyancy force. We show, inter
alia, that for fixed thermal dispersion coefficient values, the fluid temperature within
the boundary layer decreases as the power-law index increases for both aiding and
opposing buoyancy case.

Keywords: non-Newtonian nanofluid; natural convection; thermal dispersion;
porous medium

1 Introduction
The study of a non-Newtonian power-law fluid model is important in simulating the rhe-
ological characteristics of numerous fluids such as used in food preparation, bio-chemical
and pharmaceutical industries. Many interesting applications of non-Newtonian power-
law fluids were presented by Shenoy []. Such non-Newtonian fluids may be important
in, for instance, the physiological transport of biological solutions, polymer melts, paints,
etc. (Ellahi et al. []). Rastogi and Poulikakos [] examined the problem of double diffu-
sion from a plate in a porous medium saturated with a non-Newtonian power-law fluid.
The effect of double dispersion on natural convection heat and mass transfer in a non-
Newtonian fluid saturated non-Darcy porousmediumwas studied by Kairi et al. []. They
observed that the heat transfer rate increases with the thermal dispersion effect for both
pseudoplastics and dilatant fluids.
In recent years, the study of convective heat transfer in nanofluids has received a lot of

attention. Nanofluids which are suspensions of solid nanoparticles in conventional liquids
like water, oil and ethylene glycol havemany potential applications in industry. Convection
in nanofluid flows in porous media has also received attention due to its potential appli-
cation in materials processing and solar energy collector devices. Nield and Kuznetsov []
extended the Cheng-Minkowycz problem for heat transfer in porousmedia to nanofluids.
Uddin et al. [] used the lie group analysis to study non-Newtonian nanofluid flow in a
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porous medium with internal heat generation. They investigated heat transfer rates and
showed that the rates decrease with increasing power-law index, particle Brownian mo-
tion, thermophoresis and fluid buoyancy. The boundary layer formed by a non-Newtonian
flow over a vertical plate in a porous medium saturated with a nanofluid was studied by
Hady et al. []. In their study, they found that the reduced Nusselt number increases with
the power-law index and the Lewis parameter. Gorla and Khan [] studied natural con-
vection in boundary layer flow over a vertical cylinder embedded in a porous medium
saturated with a nanofluid. Free convection in boundary layer flow over horizontal and
vertical plates was investigated by, among others, Gorla and Chamkha [, ].
In this article we investigate the effects of thermal dispersion on a non-Newtonian

power-lawnanofluid over an impermeable vertical plate. The effects of nanoparticle Brow-
nian motion and thermophoresis on the heat and mass transfer characteristics are ana-
lyzed. Numerical solutions are obtained using the shooting method.

2 Mathematical analysis
We consider the steady two-dimensional boundary layer of a non-Newtonian nanofluid
over a vertical impermeable wall embedded in a porous medium. The x-coordinate is
taken along the plate and y-coordinate is normal to it. Temperature T and nanoparti-
cle fraction C are taken as constant values Tw and Cw, respectively. The ambient values
of T and C are denoted by T∞ and C∞. The Oberbeck-Boussinesq approximation was
employed and homogeneity and local thermal equilibrium in the porous medium was as-
sumed. Using the standard boundary layer approximations, we can write the governing
equations as follows:
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αe = αm + γdu, αm =
k

(ρc)f
and τ =

ε(ρc)p
(ρc)f

. ()

The boundary conditions for equations ()-() are given in the form:

v = , T = Tw, C = Cw, at y = ,

u → , T → T∞, C → C∞, as y→ ∞.
()

Here u, v are velocity components in vertical (x) and horizontal (y) directions, n is the
power law index, K is the modified permeability of the porous medium, g is the gravita-
tional acceleration, β is the volumetric expansion of the base fluid, ρf is the density of the
base fluid, μ is the consistency index of the power law fluid, T is the local temperature,
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C is the nanoparticle volume fraction, ρp is the density of nanoparticle, αe is the effective
thermal diffusivity of the porous medium that can be written as αe = αm + γdu, αm is the
molecular thermal diffusivity, γdu represent the thermal diffusivity, γ is the mechanical
thermal dispersion coefficient. This value lies between / and / (see Kairi et al. []),
d is the pore diameter, τ is ratio of the effective heat capacity of the nanoparticle material
and the heat capacity of the fluid, DB is the Brownian motion coefficient, DT is the ther-
mophoretic diffusion coefficient, ε is the porosity of the porous medium, respectively, k is
the effective thermal conductivity of the porous medium, (ρc)f is the heat capacity of the
nanofluid and (ρc)p is the effective heat capacity of the nanoparticle material.
The modified permeability of the porous medium K of the non-Newtonian power law

fluid is defined as
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For n = , ct = /. Equation () is satisfied by introducing a stream function ψ(x, y) such
that
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The velocity components are given by
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The temperature and concentration are presented as

T = T∞ +�Tθ (η) and C = C∞ +�Cφ(η), ()

where θ (η) and φ(η) are the dimensionless temperature and dimensionless concentration.
On using equations () and (), equations (), (), () and () transform into the following
two-point boundary value problem:

n
(
f ′)n–f ′′ – θ ′ +Nrφ′ = , ()

θ ′′ +


f θ ′ + γRad

(
f ′θ ′′ + f ′′θ ′) +Nbθ ′φ′ +Ntθ ′ = , ()
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φ′′ +


Lef φ′ +

Nt
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θ ′′ = , ()

subject to the boundary conditions

f () = , f ′(∞)→ , ()

θ () = , θ (∞) → , ()

φ() = , φ(∞) → , ()

where the primes denote differentiation with respect to η. The non-dimensional constants
in equations ()-() are the buoyancy ratio parameter Nr, the coefficient of thermal dis-
persion γ , the pore diameter dependent Rayleigh number Rad , the Brownian motion pa-
rameter Nb, the thermophoresis parameter Nt and the Lewis number Le. These are de-
fined as
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3 Heat andmass transfer coefficients
The local heat flux at the vertical wall is given by

qw = –k
[

∂T
∂y

]
y=

. ()

The local Nusselt number is defined as

Nux =
xqw

k(Tw – T∞)
, ()

where k is the effective thermal conductivity of the porous medium, which is the sum of
the molecular thermal conductivity km and the dispersion thermal conductivity kd . Using
equation () in equation (), the dimensionless Nusselt number can be represented as

Nux = –Ra/x
[
 + γRadf ′()

]
θ ′(). ()

The mass flux at the vertical wall is given by
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]
y=

= –D(Cw –C∞)

x
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
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The local Sherwood is defined as

Shx =
xqm

D(Cw –C∞)
. ()

Using () in () the dimensionless Sherwood number is obtained as

Shx = –Ra/x φ′(). ()
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4 Numerical solution
The set of ordinary differential equations ()-() along with the boundary conditions
()-() form a two-point boundary value problem (BVP) that is solved using the shoot-
ing method. Coupled ordinary differential equations ()-() which are second-order in
f , θ and φ are reduced to a system of six simultaneous equations in six unknowns. In or-
der to numerically solve this system of equations, we require six initial conditions, but
one initial condition in each of f , θ and φ is known. However, the values of f ′, θ and φ

are known at η → ∞. By using these three conditions, we have to provide the unknown
initial conditions at η =  by using the shooting technique. Themain step in this method is
to choose an appropriate finite value of η → ∞. The solution procedure is repeated with
different values of η → ∞ until two successive values of f ′(), θ ′() and φ′() differ only
by a specified significant digit. The value of η may change for a different set of physical
parameters. Once the appropriate value of η is determined, the coupled boundary value
problem given by equations ()-() is solved numerically using the Runge-Kutta inte-
gration scheme. Equations ()-() can be written as

f ′′ =
θ ′ –Nrφ′

n(f ′)n–
, ()

θ ′′ =
–.f θ ′ – γRadf ′′θ ′ –Nbθ ′φ′ –Ntθ ′
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φ′′ = –.Lef φ′ –
Nt
Nb

θ ′′. ()

We define new variables

f = f , f = f ′, f = θ , f = θ ′, f = φ, f = φ′,

so that the three second-order coupled differential equations transform to six first-order
differential equations

f ′
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f ′
 = –.Leff –

Nt
Nb

f ′
, ()

where the primes denote differentiation with respect to η. The boundary conditions are

f() = , f(∞)→ , ()

f() = , f(∞) → , ()

f() = , f(∞) → . ()
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Table 1 Comparison ofNux/Ra1/2x for different values of power law index n

Exponent n Nux/Ra1/2x

Mohammadien and El-Amin [13] Present

0.5 - 0.37675
1 0.44390 0.44375
1.5 - 0.47635

Figure 1 Variation of velocity profiles with similarity variable η for (a) aiding buoyancy (Nr > 0) and
(b) opposing buoyancy (Nr < 0), when Rad = 1,Nb =Nt = 0.3, Le = 1.

Figure 2 Variation of temperature profiles with similarity variable η for (a) aiding buoyancy (Nr > 0)
and (b) opposing buoyancy (Nr < 0), when Rad = 1,Nb =Nt = 0.3, Le = 1.

5 Results and discussion
The results obtained here are accurate up to three decimal places and validation was done
by comparison of the Nusselt number with the results obtained by Mohammadien and
El-Amin [] in the absence of radiation and non-Darcy parameters. It is observed from
Table  that heat transfer rate increases with an increase in power-law index. The present
results are in good agrement with [] when n = , Nr = , γ = Rad = Nb = Nt = , Le = .
The effects of various physical and fluid parameters are shown in Figures -.

http://www.boundaryvalueproblems.com/content/2013/1/243
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Figure 3 Variation of concentration profiles with similarity variable η for (a) aiding buoyancy (Nr > 0)
and (b) opposing buoyancy (Nr < 0), when Rad = 1,Nb =Nt = 0.3, Le = 1.

Figure 4 Variation of velocity profiles with similarity variable η for (a) aiding buoyancy (Nr > 0) and
(b) opposing buoyancy (Nr < 0), when γ = 0.3, Rad = 1, Le = 1.

Figures - illustrate the effects of n and γ on velocity, temperature and nanoparticle vol-
ume fraction profiles, respectively for both aiding and opposing buoyancy cases. Velocity
profiles diminish with a decrease in the thermal dispersion coefficient for pseudoplastics
and dilatants in the aiding buoyancy case. The same trend is observed in the case of oppos-
ing buoyancy, but for the case of a dilatant, the decrease in the boundary layer thickness
is more significant compared to the case of aiding buoyancy.
The temperature profiles are shown in Figure . For a fixed coefficient of thermal disper-

sion, the thermal boundary layer thickness decreases with an increase in the power-law
index for both aiding and opposing buoyancy. These results are qualitatively similar to
those obtained by Kairi et al. [] in the case of a clear fluid. Thermal dispersion has the
effect of enhancing the temperature causing higher flow rates at the surface.
In Figure  the concentration profiles decrease as the thermal dispersion coefficient

increases for both aiding and opposing buoyancy cases. In the case of a pseudoplastic,
the concentration profiles decrease with an increase in the thermal dispersion coefficient

http://www.boundaryvalueproblems.com/content/2013/1/243
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Figure 5 Variation of temperature profiles with similarity variable η for (a) aiding buoyancy (Nr > 0)
and (b) opposing buoyancy (Nr < 0), when γ = 0.3, Rad = 1, Le = 1.

Figure 6 Variation of concentration profiles with similarity variable η for (a) aiding buoyancy (Nr > 0)
and (b) opposing buoyancy (Nr < 0), when γ = 0.3, Rad = 1, Le = 1.

more significantly in the case of opposing buoyancy compared to the case of aiding buoy-
ancy.
The variation in velocity, temperature and nanoparticle volume fractionwith the power-

law index, Brownian motion and thermophoresis parameters is shown in Figures -. We
observe that both the Brownian motion and the thermophoresis parameters increase the
fluid velocity and the temperature for both pseudoplastics and dilatants. The nanopar-
ticle Brownian motion enhances thermal conduction via direct heat transport or micro-
convection of fluid surrounding individual nanoparticles. For very small solid particles,
the Brownian motion is strong. Following earlier studies by Buongiorno [], Nield and
Kuznetsov [] and others, the thermophoresis parameter values have been selected to sim-
ulate realistic applications in heat exchangers, chemical engineering, porous media flows,
etc. For particular values of Brownianmotion and thermophoresis parameters, an increase
in the velocity boundary layer was observed for both aiding and opposing buoyancy cases.
The temperature and nanoparticle volume boundary layer thicknesses decrease as the

http://www.boundaryvalueproblems.com/content/2013/1/243
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Figure 7 Variation of (a) temperature and (b) concentration profiles with similarity variable η for
varying buoyancy (Nr), when n = 0.5, γ = 0.3, Rad = 1, Le = 1,Nt =Nb = 0.3.

Figure 8 Variation of (a) velocity and (b) temperature profiles with similarity variable η for varying
Rad , when n = 0.5, γ = 0.3,Nr = 0.1, Le = 1,Nt =Nb = 0.3.

power-law index increases. The effect of Brownian motion and thermophoresis param-
eters on the nanoparticle volume fraction profile is exactly opposite to the temperature
profile. Here we observe that the change in nanoparticle volume fraction profiles is less in
the case of dilatant fluids compared to pseudoplastics.
The effects of the buoyancy ratio parameter on the temperature and concentration pro-

files are shown in Figure . For Nr >  the thermal and concentration buoyancy forces act
in the same direction and for Nr <  the thermal buoyancy force acts in the opposite direc-
tion to the concentration buoyancy force. The buoyancy effect has a considerable utility
in chemical engineering designs of packed bed transport systems. In the case of aiding
buoyancy (Nr > ), an increase in buoyancy has the effect of increasing the induced flow
along the surface causing a reduction in the temperature and concentration profiles. The
opposite situation is observed in the case of opposing buoyancy flow.
Figures  and  show the impact of the pore diameter dependent Rayleigh number

Rad on velocity, temperature and nanoparticle volume fraction when all other parame-

http://www.boundaryvalueproblems.com/content/2013/1/243
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Figure 9 Variation of concentration profile with
similarity variable η for varying Rad , when n
= 0.5, γ = 0.3,Nr = 0.1, Le = 1,Nt =Nb = 0.3.

Figure 10 Variation of the heat transfer coefficient with (a)Nt and (b)Nb for varyingNr for fixed
values of γ = 0.3, Rad = 1, Le = 1.

ters are fixed. The pore diameter dependent Rayleigh number describes the relative in-
tensity of the buoyancy force. In the present study, we have considered values in the range
. ≤ Rad ≤ .. Figure  shows that an increase in Rad enhances the velocity bound-
ary layer thickness close to the wall, and has less impact far from that wall. The oppo-
site phenomenon is observed in the case of the thermal and nanoparticle volume fraction
boundary layer thicknesses.
The variation of the wall heat transfer coefficient with the buoyancy ratio parameter

is shown in Figure . It is interesting to note that an increase in the power law index
parameter enhances that heat transfer rate. The thermophoresis parameter Nt values were
selected so as to be physically realistic, and are the same as those used by Buongiorno
[]. The values of Nt = ., . were also used by Khan and Pop []. It can also be noted
that for some particular value of power-law index, heat transfer rate decreases with an
increase in thermophoresis parameter. Similar type of observation is also found in the
case of Brownian motion. The nanoparticle Brownian motion decelerates the flow while
promoting heat conduction. Figure  shows the effect of Rad on the heat transfer rate. The
change in the heat transfer rate far from the wall increases when the thermal dispersion
decreases. It is interesting to note that an increase in the parameter Rad causes a reduction
in the heat transfer rate. The effect of γ on the heat transfer rate is shown in Figure (b).

http://www.boundaryvalueproblems.com/content/2013/1/243
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Figure 11 Variation of the heat transfer coefficient with (a) Rad (γ = 0.3) and (b) γ (Rad = 1) for
varying n, with fixed values ofNr = 0.1, Le = 1,Nt =Nb = 0.1.

Figure 12 Variation of the mass transfer coefficient with (a) varyingNb and (b) varyingNt for varying
values of Le, with fixed values ofNr = 0.1, γ = 0.3, Rad = 1.

It is clear that up to a certain point, the heat transfer rate increases uniformly regardless
of the presence or absence of the thermal dispersion coefficient. Beyond a certain point,
the heat transfer rate decreases with an increase in the thermal dispersion coefficient.
The effects of the Lewis number on mass transfer for different values of the power-law

index, the Brownian motion and thermophoresis parameters are shown in Figure . The
Lewis number characterizes fluid flowswhere there is simultaneous heat andmass transfer
due to convection. The effect of an increase in the thermophoresis parameter is to reduce
mass transfer. The reverse trend is observed in the case of an increase in the Brownian
motion parameter.

6 Conclusions
We have presented a study of heat and mass transfer in non-Newtonian nanofluid flow
over an impermeable vertical wall in a porous medium. We have further considered the
cases of aiding and opposing buoyancy forces. We have presented numerical results for
heat and mass transfer rates for different nanoparticle Brownian motion, thermophore-

http://www.boundaryvalueproblems.com/content/2013/1/243
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sis and power-law index parameters. We have shown, inter alia, that an increase in both
Brownianmotion and thermophoresis parameters enhances the fluidmotion and the tem-
perature for both pseudoplastic and dilatant fluids. An increase in the thermophoresis
parameter has the effect of reducing the mass transfer rate.
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