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For nonparabolic dispersion law determined by the density of the energy states in a quantizingmagnetic field, the dependence of the
density of energy states on temperature in quantizingmagnetic fields is studied with the nonquadratic dispersion law. Experimental
results obtained for PbTe were analyzed using the suggested model. The continuous spectrum of the energy density of states at low
temperature is transformed into discrete Landau levels.

1. Introduction

In a study of the energy spectra of electrons in semiconduc-
tors, exceptional role was played by the application of quan-
tummagnetic fields. As shown by Landau, in his classic work,
the application of a magnetic field to a system of electrons
causes a profound restructuring of the energy spectrum of
electrons. It is accompanied by the appearance at certain
values of the energy density of states singularities.

In the works of [1, 2], the temperature dependence of the
density of states in quantizingmagnetic fields was considered
as the result of thermal broadening of the Landau levels. In
those works studies showed that the density of states of the
continuous spectrum measured at the temperature of liquid
nitrogen at low temperatures turns into discrete Landau
levels. Mathematical modeling of processes by using the
experimental values of the density of states of the continuous
spectrum makes it possible to calculate the discrete Landau
levels. However, these works are considered only in the quad-
ratic dispersion law. If the dispersion law is nonquadratic as,
for example, electrons in the III–V compounds and II–VI, the
effective mass is dependent on energy.

In the works of [3, 4], they determined the density of the
energy states in a strong magnetic field at a temperature of
liquid nitrogen. In these works the experimental results were

compared with the model Kane in narrow-gap semiconduc-
tors.The influence of temperature on the density of the energy
states in a quantizing magnetic field was not discussed.

The aim of this work is to determine the temperature
dependence of the density of energy states in a quantizing
magnetic field for the model Kane and the effect of temper-
ature of a sample on the results of treatment of experimental
data.

2. Determination of the Density of Energy
States in a Quantizing Magnetic Field for
the Kane Dispersion Law

In a magnetic field, the energy of free electrons with a quad-
ratic dispersion law, and in view of the spinal level, splitting
energy takes the following form [5, 6]:

𝐸 (𝑛, 𝑠, 𝑝𝑧) = ℏ𝜔𝑐𝑐 (𝑛 + 12) + 12𝑠𝑔𝜇𝐵𝐵 + 𝑝2𝑧2𝑚0 . (1)

Here, we have 𝜔𝑐𝑐 , the electron cyclotron frequency; 𝜇𝐵,
Bohr magneton; 𝐵, the magnetic field induction; 𝑠, the spin
quantum number, and 𝑔, a factor.
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In a magnetic field density of states for a parabolic band
is determined by the following expression:

𝑁𝐻 (𝐸,𝐻)
= 14𝜋2 (2𝑚

∗

ℏ2 )
3/2 ℏ𝜔𝐻∑

𝑛

{𝐸 − (𝑛 + 12) ℏ𝜔𝐻}
−1/2 . (2)

However, if the energy dependence of the wave vector is
not described by a quadratic form, such as for electrons in
InSb energy levels of the charge carriers in the magnetic field
are not equidistant, since cyclotronmass is determined by the
expression

𝑚𝑐 = ℏ22𝜋 𝜕𝑆𝜕𝐸 , (3)

and therefore the cyclotron frequency depends on 𝐸 and 𝑘𝑧.
Nonparabolicity conduction band in compounds III-IV

and II–VI is the result of interaction between the conduction
and valence bands. In magnetic field energy levels for the
three bands (apart from the heavy hole band that does not
interact with them) are cubic equation [7]:

𝐸𝑁± (𝐸𝑁± + 𝐸𝑔) (𝐸𝑁± + 𝐸𝑔 + Δ)
− 𝑃2 [𝑘2𝑧 + (2𝑁 + 1) 1𝐿2 ] (𝐸𝑁± + 𝐸𝑔 + 23Δ)
± 𝑃2Δ3𝐿2 = 0.

(4)

Here, 𝐸𝑁± is energy electrons in the conduction band in
view of spin in a quantizing magnetic field, 𝐸𝑔 is width band-
gap, Δ is the spin-orbit splitting, and 𝑃 is the matrix element.

In our works, we consider narrow-gap semiconductors
electrons that have a Kane dispersion law if the conditions
[8, 9] are as follows:

{{{{{
𝐸 (𝑝) − 𝐸𝐶 ≪ 𝐸𝑔 + 23Δ23Δ ≫ 𝐸𝑔

}}}}}
. (5)

From this condition of the cubic equation (4) reduced to
the square, the solution of these electrons of the conduction
band is given by

𝐸𝑁±
= −𝐸𝑔2
+ 12√𝐸2𝑔 + 4𝐸𝑔 [(𝑁 + 12) ℏ𝜔𝑐 + ℏ2𝑘2𝑧2𝑚𝑛 ± 𝑔0𝜇𝐵𝐻2 ].

(6)

Equation (6) is applicable only for narrow-gap semiconduc-
tors.

We now find the number of states with energies in the
interval between Landau levels.

We define the difference between the areas of the cross
sections of the two surfaces of constant energy, the energy of
which differs by

Δ𝑆 = 2𝜋𝑚𝑐ℏ2 Δ𝐸 = 2𝜋𝑚𝑐ℏ2 ℏ𝜔𝑐. (7)

The number of states per unit area in the plane of 𝑘𝑥𝑘𝑦
is quantized (𝐿𝑥𝐿𝑦/(2𝜋)2). Hence, the number of states
between two quantum orbits can be written as follows:

𝐿𝑥𝐿𝑦(2𝜋)2Δ𝑆 = 𝑚𝜔𝑐2𝜋ℏ 𝐿𝑥𝐿𝑦. (8)

From (6) we define 𝑘𝑧 without spin:
𝑘𝑧 = (2𝑚)1/2ℏ (𝐸2 + 𝐸𝑔 (𝐸 − (𝑁 + 1/2) ℏ𝜔𝑐)𝐸𝑔 )1/2 . (9)

We return now to the calculation of the density of states
with a nonparabolic dispersion law in a magnetic field. The
movement of free electrons along the z-axis is quantized by𝑘𝑧. That is,

𝑘𝑍 = 2𝜋𝐿𝑍𝑛𝑍. (10)

According to the expressions (9) and (10) the number of states
of the energy interval from (𝑁 + 1/2)ℏ𝜔𝑐 to 𝐸 is

𝑛𝑍 = (2𝑚)1/2𝜋ℏ ⋅ (𝐸2 + 𝐸𝑔 (𝐸 − (𝑁 + 1/2) ℏ𝜔𝑐)𝐸𝑔 )1/2 . (11)

The total number of bulk quantum states with energies less
than 𝐸, as well, is

𝑁(𝐸) = 𝐿𝑥𝐿𝑦𝐿𝑧𝑚3/2𝜋2ℏ3 ℏ𝜔𝑐
⋅ 𝑁max∑
𝑁=0

(𝐸2 + 𝐸𝑔 (𝐸 − (𝑁 + 1/2) ℏ𝜔𝑐)𝐸𝑔 )1/2 .
(12)

As a result, we define the energy density of states per unit
volume excluding spin Kane dispersion law in a magnetic
field:

𝑁𝑛𝑆 (𝐸,𝐻) = 𝑑𝑁 (𝐸)𝑑𝐸 = (𝑚)3/2(2)1/2 𝜋2ℏ3 ℏ𝜔𝑐2
⋅ 𝑁max∑
𝑁=0

(2𝐸/𝐸𝑔) + 1√(𝐸2/𝐸𝑔) + 𝐸 − (𝑁 + 1/2) ℏ𝜔𝑐 .
(13)

Here, 𝑁𝑛𝑆 (𝐸,𝐻) is the density of the energy states of a Kane
dispersion law in a quantizing magnetic field.

At 𝐸𝑔 → ∞ expression (13) goes into a parabolic dis-
persion law (2). In this expression, the temperature-induced
broadening of the energy levels is disregarded.
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Figure 1: Density of energy states in a high magnetic field 𝐵 = 2T
at a temperature 𝑇 = 1K as calculated using formula (14).

3. The Influence of Temperature on the
Density of States with Energy Kane
Dispersion Law in a Strong Magnetic Field

In the work of [10], the determination of the thermodynamic
density of states in a strong magnetic field was discussed.The
thermodynamic density of states of such a system is a set of
delta function peaks separated from each other on ℏ𝜔𝑐.

Thermal broadening of the levels in a magnetic field gives
rise to the smoothing of discrete levels. Thermal broadening
is to be taken into account using a derivative of the energy
distribution function of the Fermi-Dirac 𝑑𝑓0(𝐸, 𝜇, 𝑇)/𝑑𝐸. At
absolute zero of temperature, the 𝑑𝑓0(𝐸, 𝜇, 𝑇)/𝑑𝐸 function
transforms into the delta function of Dirac.

In order to take into account the temperature dependence
of the density of states, we expend𝑁𝑛𝑆 (𝐸,𝐻) into series with
respect to 𝑑𝑓0(𝐸, 𝜇, 𝑇)/𝑑𝐸 functions. We then obtain the
density of energy states depending on temperature [1]:

𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) = 𝑛∑
𝑖=1

𝑁𝑛𝐻 (𝐸𝑖, 𝐻) 𝑑𝑓0 (𝐸𝑖, 𝜇, 𝑇)𝑑𝐸 . (14)

Here,𝐻 is themagnetic field strength,𝜔𝑐 = 𝑒𝐻/𝑚∗𝑐 is the
cyclotron frequency, 𝑚∗ is the cyclotron effective mass, and𝑁𝑛𝐻(𝐸𝑖, 𝐻) is the density of states in a quantizing magnetic
field at the absolute zero of temperature.

The corresponding expression at 𝑇 → 0 transforms into
(13). In this case, the Landau levels are manifested sharply.
In this case, the Landau levels manifest themselves more dis-
tinctly. As the temperature is elevated, sharp increases in
the spectrum start to be smoothed (Figure 1) and, at 𝑘𝑇 ∼ℏ𝜔, oscillations in the density of states gradually disappear
at relatively high temperatures 𝑘𝑇 > ℏ𝜔, and 𝑁𝑛𝑆 (𝐸,𝐻, 𝑇)
transforms into the continuous density of states and will not
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Figure 2: Temperature dependence of the density of energy states
in a quantizing magnetic field is calculated using a model Kane.

be sensitive to a magnetic field. The quantity 𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) is
transformed into the density of states in the absence of a
magnetic field. This makes it possible to obtain the density
of states, which depends on temperature. In Figure 1, we
show the density of states in a magnetic field for InSb for the
following parameters [7]:

𝑚∗𝑛 = 170𝑚0,𝐸𝑔 (0) = 0, 234 eV,
𝐵 = 2𝑇

or ℏ𝜔𝑐 ≈ 1,5 ⋅ 10−3 eV.
(15)

At the temperature of 𝑇 = 1K, 𝑘𝑇 = 8, 6 ⋅10−5 eV (ℏ𝜔𝑐/𝑘𝑇) = 5, 7 ⋅ 102, 𝑘𝑇 ≪ ℏ𝜔𝑐. At such low
temperatures, the effect of thermal broadening is slight
and the density of states is not affected by the deviation
of 𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) from the ideal shape, which is supposedly
unaffected by temperature. In Figure 2, we show the function𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) for temperatures 1, 20, and 50K. As can be seen
from Figure 2, as temperature is increased, the sharp peaks
corresponding to Landau levels related to the quantization
of electron energy levels in the plane perpendicular to the
magnetic field are gradually smoothed. This brings about the
fact that, at a temperature of 𝑇 = 20K, 𝑘𝑇 ≈ ℏ𝜔𝑐, the peaks
of the Landau levels become insignificant. At a temperature
of 50K, the peaks of the Landau levels become practically
indistinguishable and coincide with the density of states in
the absence of a quantizing magnetic field.
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Figure 3: Determination of the change in the density of energy states with decreasing temperature in high magnetic fields using the Kane
model. (a) The experimental data (dots) for PbTe at𝐻 = 30 kOe [3, 4] and the theory of calculation (solid line) for 𝑇 = 77K. (b)The density
of the energy states of a nonparabolic dispersion law for three different values of the temperature in a magnetic field.

4. Comparison of Theory and Experiment

Let us consider the energy density of states of narrow-gap
semiconductors in a quantizing magnetic field. Figure 3(a)
shows the density of states at the temperature of measure-
ments 𝑇 = 77K and 𝐻 = 30 kOe (𝐵 = 3𝑇) PbTe
[3, 4]. Within experimental accuracy, the density of states is
continuous and steadily increasing the smooth function of
energy. In this figure, the oscillations of the density of states
are not observed. This indicates that ℏ𝜔𝑐 < 𝑘𝑇. Let us
expand this representation of the density of states in series
with respect to 𝑑𝑓0(𝐸, 𝜇, 𝑇)/𝑑𝐸 functions. In the expan-
sion, the initial term should be represented by the ideal𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) from formula (13) (Figure 3(a)).We will position
the 𝑁𝑛𝑆 (𝐸,𝐻, 𝑇) peaks according to the values of the energy
multiplied by ℏ𝜔𝑐; however, we consider the height of peaks
depending on energy. Then, choosing the coefficients in
the sum before 𝑁𝑛𝑆 (𝐸,𝐻, 𝑇), we fit the theoretical values of𝑁𝑠(𝐸,𝐻) to experimental ones with the adjustable parameter
being exactly the coefficient at 𝑁𝑠(𝐸0, 𝐻). Further on, we
will lower the temperature in formula (14). Starting with a
temperature close to 20K, the smooth curve starts to oscillate
and the Landau levels become distinct (Figure 3(b)). Thus, at
a temperature corresponding to 𝑘𝑇 ≪ ℏ𝜔𝑐, the Landau levels
start to distinctly stand out as separate peaks of𝑁𝑛𝑆 (𝐸,𝐻, 𝑇).
5. Conclusion

We developed a new method for determining the density of
the energy states in a quantizing magnetic field for the Kane
model. For a nonquadratic dispersion law, it was shown that
the density of states in a strong magnetic field at an increased
temperature coincides with the density of states in the sample

without a magnetic field. It is shown that the Landau levels
broaden due to the thermal effect as temperature is increased
and𝑁𝑠 is transformed into the density of states in the absence
of a magnetic field. With the help of suggested model, we
studied the experimental results for PbTe [3]. On the basis
of this model, we used data on the high temperature density
of states to calculate the low temperature density of states.
Simulation of the temperature dependence is possible to
determine the Landau levels in PbTe in broad temperature
spectra.
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