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This paper investigates the existence of solutions for a class of variable exponent integrodifferential
system with multipoint and integral boundary value condition in half line. When the nonlinearity
term f satisfies sub-(p~ — 1) growth condition or general growth condition, we give the existence

of solutions and nonnegative solutions via Leray-Schauder degree at nonresonance, respectively.
Moreover, the existence of solutions for the problem at resonance has been discussed.

1. Introduction

In this paper, we consider the existence of solutions for the following variable exponent inte-
grodifferential system

~Apu+6f <t, u, (w(t))/ POy, S(u),T(u)) =0, te(0,+w), (1.1)

with the following nonlinear multipoint and integral boundary value condition

+o0 m-2
u(+o0) = f e(uldt+er,  lim w®)|uw | (1) = Y aco@) W[ 7w @) + e,
0 — 400 e}

(1.2)
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where u : [0,+00) — RY; Sand T are linear operators defined by

S0 = [ gts,us)ds, TwO =[x nuts)ds (13)

where ¢ € C(D,R), y € C(D,R), D = {(s,t) € [0,40) x [0,+0)}; [4 lg(s,t)|ds and
j'0+°° |x (s, t)|ds are uniformly bounded with t; p € C([0, +o0),R), p(t) > 1, lim;_, .,p(t) exists
and lim; ., p(t) > 1; =Appu = —(w @)D’ is called the weighted p(t)-Laplacian;
w € C([0,+o0), R) satisfies 0 < w(t), for all t € (0,+o0), and (w(t)) /PO e L1(0,+00); 0 <
< <épo<+o0,a; 20, (i=1,....m—-2)and 0 < Zﬁ]zai <1; e € L'(0,+0) is non-
negative, o = jgoo e(tydtand o € [0,1]; e1,e; €RN; Gisa positive parameter.

If ¥ %a; < 1and o < 1, we say the problem is nonresonant; but if 3;*a; € [0,1] and
o =1, we say the problem is resonant.

The study of differential equations and variational problems with variable exponent
growth conditions is a new and interesting topic. Many results have been obtained on these
problems, for example, [1-23]. We refer to [3, 19, 23], for the applied background on these
problems. If w(t) = 1 and p(t) = p (a constant), —A,; becomes the well-known p-Lap-
lacian. If p(t) is a general function, —A, ;) represents a nonhomogeneity and possesses more
nonlinearity, and thus —A, is more complicated than —A,. For example, if Q C R" is a
bounded domain, the Rayleigh quotient

~ 1/p(x)|Vul’dx
Apy = inf bl ) ) (1.4)
uew, " @\(0) o (1/p(x))|ulP™dx

is zero in general, and only under some special conditions A, > 0 (see [9, 16-18]), but the
fact that A, > 0 is very important in the study of p-Laplacian problems.

Integral boundary conditions for evolution problems have been applied variously in
chemical engineering, thermoelasticity, underground water flow, and population dynamics.
There are many papers on the differential equations with integral boundary value conditions,
for example, [24-29]. On the existence of solutions for p(x)-Laplacian systems boundary
value problems, we refer to [2, 4,7, 8, 10-12, 20-22]. In [20], the present author deals with the
existence and asymptotic behavior of solutions for (1.1) with the following linear boundary
value conditions

m-2

u(0) = o) +eo,  lim u(t) = f;wea)u(t)dt, (15)
i=1

when 0 < 37 %; < 1and 0 < fg *e(t) < 1. But results on the existence of solutions for vari-
able exponent integrodifferential systems with nonlinear boundary value conditions are rare.
In this paper, when p(t) is a general function, we investigate the existence of solutions and
nonnegative solutions for variable exponent integrodifferential systems with nonlinear multi-
point and integral boundary value conditions, when the problem is at nonresonance. More-
over, we discuss the existence of solutions for the problem at resonance. Since the nonlinear
multipoint boundary value condition is on the derivative of solution u, we meet more diffi-
culties than [20].
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Let N > 1and J = [0, +0), the function f = (f1,..., fN) : J x RN x RN x RN x RN —
RY is assumed to be Caratheodory, by this we mean,

(i) for almost every t € J, the function f(¢,,-,-,-) is continuous;
(ii) for each (x,y,z, w) € RN xRN x RN x RN, the function f(-, x, v, z, w) is measurable
on J;

(iii) for each R > 0, there is a fr € L'(J, R) such that, for almost every t € J and every
(x,y,z,w) € RN xRN x RN x RN with x| <R, |[y| <R, |z| <R, |w| < R, one has

|f(tx,y,z,w)| < Br(®). (1.6)

Throughout the paper, we denote

w(O) |u’|p(0)_2ul(0) — thn(}w(t) |u/ |p(t)—2 /(t)
(1.7)
ZU(+OO) |u’|P(+oo)72u/(+oo) = thm w(t)|u1|p(t)72u,(t)'
—+00

The inner product in RN will be denoted by (-, -), |-| will denote the absolute value and
the Euclidean norm on RN. Let AC(0, +o0) denote the space of absolutely continuous func-
tions on the interval (0, +c0). For N > 1, we set C = C(J,RN), C! = {u € C | v’ € C((0,+0),
RN), Timy o (t)/ POV () exists}. For any u(t) = (u!(t),...,uN(t)) € C, we denote |ui|, =
SUPyc (0, 1on) [ (B)], [l2ello = (S [210)"2, and lully = [lullo+ o)) POV, Spaces C and C!
will be equipped with the norm || - ||, and || - ||;, respectively. Then, (C,|| - [lo) and (C%, | - [l1)
are Banach spaces. Denote L' = L!(J,RN) with the norm [|u[|;: = [Z~ (f5° ui|dt)?]2.

We say a functionu : | — RY isasolution of (1.1) if u € C! with w(t)lu’lp(t)_2u’ absolu-
tely continuous on (0, +o0), which satisfies (1.1) a.e. on J.

In this paper, we always use C; to denote positive constants, if it cannot lead to con-
fusion. Denote

=infz(t), z'=supz(t), forany ze C(J,R). (1.8)
te] i

We say f satisfies sub-(p~ — 1) growth condition, if f satisfies

f(t,%,y,2,w)

e+ |y [+l ol = +oo (|x| + |y | + |z] + |w]

)q(t)—l =0, fort € J uniformly, (1.9)

where g(t) € C(J,R) and 1 < g~ < g* < p~. We say f satisfies general growth condition, if f
does not satisfy sub-(p~ — 1) growth condition.
We will discuss the existence of solutions of (1.1)-(1.2) in the following three cases.
Case (1) Zz 1 lxl € [0/1)/ o€ [0/1)/
Case (ii): X3/ 2a; € [0,1), c=1;
Case (iii): X" =1, o= 1.
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This paper is divided into five sections. In the second section, we present some pre-
liminary and give the operator equations which have the same solutions of (1.1)-(1.2) in the
three cases, respectively. In the third section, we will discuss the existence of solutions of
(1.1)-(1.2) when Z;’i{zai € [0,1), o0 € [0,1), and we give the existence of nonnegative solu-
tions. In the fourth section, we will discuss the existence of solutions of (1.1)-(1.2) when
Zgzai € [0,1), o = 1. In the fifth section, we will discuss the existence of solutions of (1.1)-
(1.2) when 3" %a; =1, 0 = 1.

2. Preliminary
For any (t,x) € J x RN, denote ¢(t, x) = |x[P""*x. Obviously, ¢ has the following properties.
Lemma 2.1 (see [7]). ¢ is a continuous function and satisfies the following.

(i) Forany t € [0, +o0), ¢(t,-) is strictly monotone, that is

(p(t,x1) = p(t, x2),x1 — x2) >0, for any x1,x2 € RN, x; #x,. (2.1)

(ii) There exists a function 3 : [0, +o0) — [0,+00), P(s) — +ooass — +oo, such that

(p(t,x),x) > B(Ix)|x|, VxeRN. (2.2)

It is well known that ¢(t,) is a homeomorphism from RN to RN for any fixed t €
[0, +o0). For any ¢ € J, denote by ¢! (¢, ) the inverse operator of ¢(t, -), then

o Nt x) = x| Z POV EOD oy  for x e RN\ {0}, ¢ (t,0) = 0. (2.3)

It is clear that ¢~!(¢,-) is continuous and sends bounded sets into bounded sets.
Let us now consider the following problem with boundary value condition (1.2)

(wt)p(t,u(#))) = g(b), te(0,+), (24)

where g € L.
If u is a solution of (2.4) with (1.2), by integrating (2.4) from 0 to ¢, we find that

t
w(t)p(t,u'(t)) = w(0)p(0,4/(0)) + jo g(s)ds. (2.5)
Define operator F : L! — C as

F@ﬂﬂzﬂg@ﬁ& Vte ], VgeLl. (2.6)
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By solving for #' in (2.5) and integrating, we find that
w(t) = u(0) + F{o™ [t, ((t) ™ (w(0)p(0,u'(0) + F(g))| } ), te. (2.7)

In the following, we will give the operator equations which have the same solutions
of (1.1)-(1.2) in three cases, respectively.

2.1. Case (i): 3] 2a; €10,1), o €[0,1)

We denote p = w(0)¢(0,4'(0)) in (2.7). It is easy to see that p is dependent on g(-), then we
find that

() =u(©) + F{o' [t ) (p+ F(g))| } ), te. (2.8)
The boundary value condition (1.2) implies that

goo {e(t) fé o r, () (p+ F(g) (r))]dr}dt +e

u(0) = o
J°° ¢! [r, (w(r) " (p+F(g) (r))]dr (2.9)
- 1-0 ’
m +00
a; s)ds — J s)ds+ey ).
P= Z i<2 509) . 86 2>
For fixed h € L!, we define p : L! — RN as
p(h) = < o [ har -j h(t)dt + e2> (2.10)
1- Z " 121:
Lemma 2.2. p: L' — RN is continuous and sends bounded sets of L' to bounded sets of RN. More-
over,
2N
h)| < ———— - (J|hllp + |ez)- 2.11
lp(h)| s (IRl + leal) (211)

Proof. Since p(-) consists of continuous operators, it is continuous. It is easy to see that

2N
lp(h)| < 12—,,1,20( (Al + leal)- (2.12)
= 2im1 i

This completes the proof. O
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It is clear that p(-) is continuous and sends bounded sets of L! to bounded sets of RY,
and hence it is a compact continuous mapping.
If u is a solution of (2.4) with (1.2), we find that

u(t) =u©) + F{o' [, w®) (o + F)] } ), te,

0 {e(t) fé ot r, () (p+ F(g) (r))]dr}dt +e

u(0) = - (2.13)

o707t [r @) (p+ F(2) ()] dr
1-0 '

We denote

K(h)(®) := (K o h)(t) = P{qu [t, (w(t) " (p(h) + P(h))] }(t), Vit € (0, +00). (2.14)

Wessay asetU C L' be equi-integrable, if there exists a nonnegative p, € L'(J,R), such
that

|h(t)] < p«(t) a.e.in J, for any h € U. (2.15)

Lemma 2.3. The operator K is continuous and sends equi-integrable sets in L' to relatively compact
sets in CL.

Proof. It is easy to check that K (h)(t) € C1, for all h € L. Since (w(t))™/ P ¢ L! and

K(h)'(t) = ¢ [t, w ()" (p(h) + F(h))], Vt € [0, +o0), (2.16)

it is easy to check that K is a continuous operator from L! to C'.
Let now U be an equi-integrable set in L!, then there exists a nonnegative p. € L'(J,R),
such that

|h(t)] < p«(t) a.e.in J, for any h € U. (2.17)

We want to show that K(U) C C! is a compact set.
Let {u,} be a sequence in K(U), then there exists a sequence {h,} C U such that
u, = K(hy). Since h,(t) = (hL(t),..., kY (t)), where hi(t) € L'(J,R) (i=1,...,N), we have

K] < ()], Vi=1,...,N, (2.18)
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then for any t;,t, € J with t; < t;, we have

t N b 2 N o 2
h, (t)dt =\Z< h’,,(t)dt> < Z( |h;(t)|dt>
t i=1 t i=1 i
(2.19)
N / b 2 t
S\Z< mmw>swjmmwu
i=1 ty Bl
which together with (2.17) implies
t ty
|F(hn)(t1) = F(hy) ()| = || ha(B)dt = |  hy(t)dt
0 0
(2.20)

tr
Iy (£)dt

ty

ty 5}
<N [ rawiae <N [ pcoya.

ty t

Hence, the sequence {F(h,)} is uniformly bounded. According to the absolute conti-
nuity of Lebesgue integral, for any ¢ > 0, there exists a 6 > 0 such thatif 0 < #; —t, < §, then
we have 0 < N fttf p«(t)dt < . Thus, (2.20) means that {F(h,)} is equicontinuous.

Denote Q,, = [0, m]. Obviously, { F(h,)} is uniformly bounded and equicontinuous on
Q,, form =1,2,.... By Ascoli-Arzela Theorem, there exists a subsequence {F (hizl)) }of {F(h,)}
being convergent in C(€21), we may assume F(hff)) — v1(+) in C(€1). Since {F(h,(ql))} is uni-
formly bounded and equicontinuous on £2,, there exists a subsequence {F (hf))} of {F (hff))}
such that {F (h,(f))} is convergent in C(£2;), we may assume F (hff)) — vy(+) in C(Q,). Obvi-
ously, vy (t) = v1(t), for any t € Q. Repeating the process, we get a subsequence {F (h,(qmm)}
of {(F(h{™)} such that {F(h{""")} is convergent in C(Q.1), we may assume F(h{""") —
U1 (+) In C(Qyp41). Obviously, Uy (t) = vy (t) for any t € L,,. Select the diagonal element, we
can see that {F (hil"))} is a subsequence of {F(h,)} which satisfies that {F (h;"))} is convergent
in C(Q,) (m=1,2,...)and F(h{") — v,,(-) in C(Q,) (m =1,2,...). Thus, we get a function
v which is defined on [0, +o0) such that v(t) = v,,(t) for any t € Q,,, and F(hgl")) — ov()in
C(Q,) (m=1,2,...).

From (2.20), it is easy to see that for any n = 1,2,..., lim;_,F(h,)(t) exists (we de-

note the limit by F (hfzn))(+oo)), and, for any ¢ > 0, there exists an integer R, > 0 such that
;Eoo p«(H)dt < /N, and then

+00
|F<h£,"’)(+oo) - F(h,,)(t)| < NI p.(hdt<e, Vt>R., Vn=1,2,.... (2.21)
R

Since {F(hy)} is uniformly bounded, then {F (hff))(+oo)} is bounded. By choosing a
subsequence, we may assume that

lim F (hf;”) (+0) = b. (2.22)
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We claim that lim;_, ,v(t) = b. In fact, for any ¢t > R,, from (2.21), we have
lo(t) - b| < |v(t) - F(hf{”) (t)l + |F<hf{’)> (t) - F(hf{”) (+oo)| + |F(h,‘f>> (+00) — b|

(2.23)
< |v(t) - F(h;”))(t)| +e+ 'P(hi{”)(m) - b|.

Since lim,, _, o, F(h{") () = v(t) and lim,, _, o F (h\]") (+c0) = b, letting n — oo, the above
inequality implies

lo(t) —b| <e, Vt>R.. (2.24)
Thus,
limo(t) =b = lim F(hff’)(m). (2.25)

Next, we will prove that F (hﬁ,")) tend to v uniformly.
Suppose t > R,. From (2.21) and (2.24), we have

)F(hiﬁ)(t) - v(t)) < |F(h;">>(t) - F(hi,">)(+oo)| + |F<h§;’>)(+oo) - b| +1b-o()|
(2.26)
<et |F(h,$"’)(+oo) - b| be=2e+ |F(h;"’)(+oo) - b|.

From (2.22), there exists a N7 > 0 such that |F(h,(1"))(+oo) —b| < e for n > Nj. Thus, for
any t > R,,

'F<hf,”>> (t) - v(t)| <3¢, VYn>Ni. (2.27)

Suppose t € [0, R,]. Since F(h;")) — vin C([0, R.]), there exists a N, > 0 such that
|P(h${”>(t) - v(t)| <e Vn> N (2.28)

Thus,

|F(h;">)(t) - v(t)| <3¢, Vte[0,+o0), Vn> Ni+ Na. (2.29)

This means that F(h") tend to v uniformly, that is, F(h{") tend to v in C.

According to the bounded continuous of the operator p, we can choose a subsequence
of {p(h,) + F(h,)} (which we still denote {p(h,) + F(h,)}) which is convergent in C, then
w(t)p(t, K(hy)' (1)) = p(hy) + F(hy,) is convergent in C.
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Since

K(hn) () = F{g7'[t, o(#) ™ (p(hn) + F1)| } (0, ¥t € [0,+00), (2.30)

it follows from the continuity of ¢! and the integrability of w(t)""/?~ in L! that K (h,) is
convergent in C. Thus, {u,} is convergent in C'. This completes the proof. O

Let us define P: C! — Clas

1 +o0o
P(h) = — q e(t) K (h) (t)dt — K(h)(+o0) + e1>. (2.31)

0
It is easy to see that P is compact continuous.

Throughout the paper, we denote Ny (u) : [0,+00) x C! — L! the Nemytskii operator
associated to f defined by

Ny(u)(t) = f<t,u(t), (w(t))l/(’”(t)_l)u’(t),S(u)(t),T(u)(t)), a.e. on J. (2.32)

Lemma 2.4. In the Case (i), u is a solution of (1.1)-(1.2) if and only if u is a solution of the following
abstract equation:

u=P(6N¢(u)) + K(6Nf(u)). (2.33)

Proof. If u is a solution of (1.1)-(1.2), by integrating (1.1) from 0 to ¢, we find that

w(t)p(tu'(t)) = p(6Ns(u)) + F(6Nf(u))(t), Vte (0,+0), (2.34)
which implies that

u(t) =u(0) + F{o [t, (®) " (p(6N; () + F(6N;w) (0)| } 1), vt € [0,+0). (235)

+0o0o

o e(tu(t)dt + e, we have

From u(+o0) =

o7 e® fyo [r ) (o + F(6N,(w))]dr fdt + e
1-0

379! [r o) (o + F(GN; ) |ar

1-0

u(0) =
(2.36)

= P(5N(w)).

So we have

u=P(6N¢(u)) + K(6N¢(u)). (2.37)
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Conversely, if u is a solution of (2.33), we have

u(0) = P(6Ns(u)) + K (6N 4 (1)) (0)
= P(6Ny(w))

1

"1 (fo e()K (h)(Bdt — K (h)(+o0) + el),

which implies that

+00

(1-0)u(0) + K(h)(+0) = J e(t)(u(t) —u(0))dt + e,

0

then

u(+o0) = J:w e(Hu(t)dt + e;.

From (2.33), we can obtain
w(t)p(t,u'(t)) = p(6Nf(u)) + F(6Nf(u))(t).
It follows from the condition of the mapping p that

w(+0)p(+o0,u' (+00)) = p(6Nf(u)) + F(6Nf (1)) (+0)

= m-2
1-300"a \ix

+ f - 6N (u)(t)dt,
0

and then

2

<1 )
i=1

zxi>w(+oo)<p(+oo, ' (+0))

(2.38)

(2.39)

(2.40)

(2.41)

1 m-2 é,‘ +00
<Zaif SN (u)(t)dt - f SNy (u)(t)dt + e2>
0 0

(2.42)

m=2 g +00 m-2 +o0
= Zaif 5Nf(u)(t)dt—f ONy(u)(t)dt + e + <l - Zui> f ON(u)(t)dt
i-1 0 0 i=1 0
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-2 (:i m-2 +00
= Za,f SNy(u)(t)dt - > a f SNy (u)(t)dt + e
-1 0 i=1 0

5'43

(gz)‘l)(éuu (él)) Zazw(+°°)(P(+°° u (+°°)) + e,

Il
—_

thus

Jim zo(t) w0 () = S aw @l @) e
i=1

From (2.40) and (2.44), we obtain (1.2).
From (2.41), we have

(wt)p(t,u')) = 6Ns(u)(t).
Hence, u is a solution of (1.1)-(1.2). This completes the proof.

2.2, Case (ii): 3] 2q; € [0,1), c=1

11

(2.43)

(2.44)

(2.45)

We denote p; = w(0)p(0,1/(0)) in (2.7). It is easy to see that p; is dependent on g(-), and we

have
u(t) = u(©0) + F{g™ [t, o) (o1 + F(g)] &), te .
The boundary value condition (1.2) implies that
[{e foo o7 1 ) (o1 + F() ()] ar i - ex =0,

m-2 i +00
L= Z (Za fo g(t)dt—J‘O g(t)dt+e2>.

For fixed h € L', we define p; : L' — RN as

pi(h) = - Z,1a1<zal h(t)dt—j h(t)dt+e2>

i=1

(2.46)

(2.47)

(2.48)
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Similar to Lemma 2.2, we have the following.

Lemma 2.5. p; : L' — RY is continuous and sends bounded sets of L' to bounded sets of RN. More-
over,

2N

lp1(h)] < m ~(IAllpx + lezl). (2.49)
i=1 i

It is clear that p; (-) is continuous and sends bounded sets of L! to bounded sets of RY,
and, hence, it is a compact continuous mapping.
Let us define

P :Ct— (!, u — u(0),
©:L' RN,  h+— JO {e(t) L o7 [r, () (o1 () + F(h)(r))]dr}dt —el,

Ki(h)(t) = (Ky o ) (t) = F{g™ [t w(®) ™ (1 (h) + ()] } (1), Wt € [0,+0).
(2.50)

Lemma 2.6. The operator K1 is continuous and sends equi-integrable sets in L! to relatively compact
sets in CL.

Proof. Similar to the proof of Lemma 2.3, we omit it here. O

Lemma 2.7. In Case (ii), u is a solution of (1.1)-(1.2) if and only if u is a solution of the following ab-
stract equation:

1= Piu+O(6Ns(u)) + K1 (6N (w)). (2.51)
Proof. Tf u is a solution of (1.1)-(1.2), by integrating (1.1) from 0 to £, we find that
w(t)p(t,u'(t)) = p1(6Nf(u)) + F(6N¢(u))(t), Vte (0,+0), (2.52)
which implies that
u(t) = u(0) + F{q)"l [t, (w () (p1 (6N () + F(6N (1)) (t))] }(t), Vt e [0,+00). (2.53)

From o =1 and u(+o0) = Jw e(t)u(t)dt + e1, we obtain

Lm{e(t) ft * |7, () (o1 (5N () + F(6Nf(u))(t))]dr}dt —e1 = O(6N;(u)) =0,
(2.54)

then

u=Pu+0O(6Ns(u)) +Ki(6Ns(u)). (2.55)
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Conversely, if u is a solution of (2.51), then
u(0) = Piu+©O(6Nf(u)) + K1 (6Nf(u))(0) = u(0) + ©(6Nf(u)). (2.56)

Thus, ©(6Nf(u)) = 0, and we have

JM {e(t) J‘JrOo ¢! [r, (w(r))™ (p1(6Nf(u)) + F(6N{(u)) (r))] dr }dt
0 0

257
- fom {e(t) f; ot [r, (w(r)) " (p1 (6N (1)) + F (6N (u)) (r))]dr}dt +ei, =
then
Lm {e(t) (u(+o0) — u(0)) }dt = J:o{e(t)(u(t) —u(0))}dt + ;. (2.58)
Thus,
u(+00) = Lm e(tyu(t)dt + . (2.59)
Similar to the proof of Lemma 2.4, we can have
lim w(?) o [P0 (1) = rgaiw(éi) o/ |72 (&) + e (2.60)
From (2.59) and (2.60), we obtain (1.2).
From (2.51), we have
w(t)p(t, 1/ () = p1 (6Ns(u)) + F(SNf(w)) (t), (2.61)
then
(w(t)p(t,u)) = 6N (u)(t). (2.62)
Hence, u is a solution of (1.1)-(1.2). This completes the proof. O

2.3. Case (iii): Z;ﬁ{zai =1, 0=1

We denote p, = w(0)¢(0,u'(0)) in (2.7). It is easy to see that p, is dependent on g(-), then we
find that

w(t) =u(0) + F{o [t () (o2 + F(2))] J(), teT. (2.63)



14 Journal of Applied Mathematics

The boundary value condition (1.2) implies that

+oo

fo {e(t) f:oo ¢! [r, (w(r)) " (p2 + F(g) (r))]dr}dt -e1 =0,

(2.64)
m-2 +00
Zaij g(t)dt — e, =0.
i=1 §i
For fixed h € L', we denote
+oo +oo
An(p2) = I {e(t) f o [r, (w(r)) " (pa + F(h)(r))]dr}dt -e. (2.65)
0 t
Throughout the paper, we denote
+00o +o0
Ey = f e(t) f (w(r)) VPOV gr dp. (2.66)
0 t
Lemma 2.8. The function Ay (-) has the following properties.
(i) For any fixed h € L', the equation
An(p2) =0 (2.67)

has a unique solution py(h) € RN,

(i) The function py : L' — RN, defined in (i), is continuous and sends bounded sets to bound-
ed sets. Moreover,

E:+1
E

P’ .
) [l + 2™, (2.68)
#

lp2(h)] < 3N<

. #
where the notation MP ~! means

, MPL M >,
MP = i (2.69)
M, M<1
Proof. (i) From Lemma 2.1, it is immediate that
(An(x) = An(y),x—y) >0, forx#y, (2.70)

and, hence, if (2.67) has a solution, then it is unique.
Let ty = 3N((E4 + 1)/E¢)" [|Ikll, + 2Nler[”"™]. Since (w(#)) /PO € L1(0,+o0)
and h € L', if |p2| > to, it is easy to see that there exists an i € {1,..., N} such that the
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ith component p}, of p, satisfies |p5| > |pa|/N > 3((Es + 1)/E)" [|hlly + 2N|el|”#_1]. Thus,
(P, + hi(t)) keeps sign on J and

e 1) 2 o] - 2 222 oY g woniep ], vees @)

Obviously, |p2 + h(t)| < 4|p2|/3 < 2N|ph + Hi(t)|, then

1/(p(t)-1) E# +1
ZNE#

|p2 + h(t)l(z_l”(t))/(l”(t)_l) |p12 + hl(t)|

h’()l lel, Vte] (2.72)

1
2N 1P
Thus, the ith component A} (p2) of Ay (p2) is nonzero and keeps sign, and then we have

+oo +00
f {e(t) f ¢! [r, (w(r)) ™ (ps + F(h) (r))] dr}dt — e1#0. (2.73)
0 t
Let us consider the equation
Mp(p2) +(1-V)p2=0, Ae]0,1]. (2.74)

It is easy to see that all the solutions of (2.74) belong to b(tg+1) = {x € RN | |x| < to+1}.
So, we have

dp [An(p2), bty +1),0] = dp[I, bty +1),0] # (2.75)

and it means the existence of solutions of Ap(p2) =
In this way, we define a function p,(h) : L' — RN, which satisfies

An(pa(h)) = 0. (2.76)
(ii) By the proof of (i), we also obtain p, sends bounded sets to bounded sets, and

E#+1

lpati] <3N (22 ) (17l + 2Nleat]. @77)

It only remains to prove the continuity of p,. Let {u,} be a convergent sequence in L!
and u, — uwasn — +oo. Since {p>(u,)} is a bounded sequence, then it contains a convergent
subsequence {p, (un].) }. Let pz(unj) — popasj — +oo.Since Aunj (p2(un],)) =0, letting j — +oo,
we have A, (po) = 0. From (i), we get py = p2(u), it means that p; is continuous. This completes
the proof. O

It is clear that p,(-) is continuous and sends bounded sets of L! to bounded sets of RY,
and, hence, it is a compact continuous mapping.
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Let us define

P:Cl—C, u—s u(0), (2.78)
m-2 +00
Q:L' —RN,  h+— Zaif h(t)dt — e, (2.79)
i=1 &i
m-2 +o0
Q :L'—1L!, h—s 7(t) <Zai h(t)dt — ez>, (2.80)
i=1 &i

where 7 € ([0, +00),R) and satisfies 0 < 7(t) < 1, t € ], 37 _fgw T(t)dt = 1. We denote
Ky : L' — Clas

Ka(h)(8) = F{o™ [t, @(®) " (p2((1 - Q1) + F((I - QOYM)| } (), Ve [0,+00).  (281)

Similar to Lemmas 2.3 and 2.7, we have the following

Lemma 2.9. The operator K5 is continuous and sends equi-integrable sets in L! to relatively compact
sets in CL.

Lemma 2.10. In Case (iii), u is a solution of (1.1)-(1.2) if and only if u is a solution of the following
abstract equation:

u=Pu+Q(6Nys(u)) + K2(6Ns(u)). (2.82)

3. Existence of Solutions in Case (i)

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
for (1.1)-(1.2) when Z;’i{zai € [0,1), o € [0,1). Moreover, we give the existence of non-
negative solutions.

Theorem 3.1. In Case (i), if f satisfies sub-(p~ —1) growth condition, then problem (1.1)-(1.2) has at
least a solution for any fixed parameter 6.

Proof. Denote Wr(u,\) := P(A6Nf(u)) + K(AONyf(u)), where Nf(u) is defined in (2.32). We
know that (1.1)-(1.2) has the same solution of

u="%e(ul), (3.1)

when A = 1.

It is easy to see that the operator P is compact continuous. According to Lemmas 2.2
and 2.3, we can see that ¥¢(, -) is compact continuous from C'x[0,1]to C.

We claim that all the solutions of (3.1) are uniformly bounded for A € [0, 1]. In fact, if
it is false, we can find a sequence of solutions {(u,, 1,)} for (3.1) such that ||u,|l; — +oo as
n — +ooand ||u,ll; >1foranyn=1,2,....
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From Lemma 2.2, we have

|p(.)Ln6Nf(un))| < C1<||Nf(un)”L1 + |62|>
(3.2)

< Coflunl ",
then we have
|0 (L6 N (1)) + F(Au8Nf (1)) | < |p(AnBNf (1)) | + |F(AaSNf (14))| < Callua]|7 . (3.3)
From (3.1), we have
w1, ()]"" 1, (1) = p(LN (un)) + F(LuONy (), VE€ J, (3.4)
then
w ()], ()" < |p(AubNy ()| + |F (LN ()] < Calluen] . (35)
Denote a = (g* —1)/(p™ — 1), from the above inequality, we have

o) "D 1)]| < Callunlls. (3.6)

It follows from (2.36) and (3.3) that

qg--1

[ (0)] < Cs|luy|lf, where a = et (3.7)
Foranyj=1,...,N, wehave
. : b
0] = b+ [ (1) (rar
0
X t N\ 3.8
< |wh@)| + f (@) 0D sup |ty 00 (i) @lar| P
0 te(0,4+00)
< [Co + CaE]|lunlly < Crllunllt,
which implies that
uﬁ;ogcguun“?, j=1,...,N,n=12,.... (3.9)
Thus,
lunlly < Collunlli, n=12,.... (3.10)

It follows from (3.6) and (3.10) that {||u,]; } is bounded.
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Thus, we can choose a large enough Ry > 0 such that all the solutions of (3.1) belong

to B(Ry) = {u € C' | [lull; < Ro}. Thus, the Leray-Schauder degree dis[I - ¥ (-, 1), B(Ro), 0] is
well defined for each A € [0,1], and

dis[T - W(, 1), B(Ry),0] = dis[I — ¥4 (,0), B(Ro), 0]. (3.11)
Let

o7 {e® oo 1 ) p()]dr ft - ;7 7 [r, ((r) T p(0)|dr + ey
l-o (3.12)

Uy =
+ f o7 [t 0(®) 7 p(0)]at,
0

where p(0) is defined in (2.10), thus 1, is the unique solution of u = ¥ (1, 0).
It is easy to see that u is a solution of u = ¥¢(u,0) if and only if u is a solution of the
following system

—Ap(t)u =0, te (O, +oo),

u(+o0) = J:OO e(yu(t)dt + e, (D)

m-2
. -2 -2
Lim w7 () = Yo @) | "4 @) + ea.
i=1

Obviously, system (I ) possesses a unique solution 1. Note that 1y € B(Rg), we have

dis[T =% (-, 1), B(Ry),0] = dis[T - ¥s(-,0), B(R),0] #0. (3.13)

Therefore, (1.1)-(1.2) has at least one solution when Z;ﬁfai € [0,1), o € [0,1). This
completes the proof. O

Denote

: N
Q= {u eCl| max<|u’) + (w(t))l/(r’(t)fl) <u1>
1<i<N 0

0) < g}, 0= m (3.14)

Assume the following

(A1) Let positive constant € such that uy € Q,, |P(0)| < 6, and |p(0)| < (1/N(2E + 2))
infyesle/2(E + 1)|p(t)’1, where uy is defined in (3.12) and p(:) is defined in (2.10).

It is easy to see that Q. is an open bounded domain in C'. We have the following.
Theorem 3.2. In the Case (i), assume that f satisfies general growth condition and (A1) is satisfied,

then the problem (1.1)-(1.2) has at least one solution on Q. when the positive parameter & is small
enough.
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Proof. Denote W¢(u, ) = P(AON(u)) + K(A0N(u)). According to Lemma 2.4, u is a solution
of

—Apu+ A6 f(t, u, (w(t) POy Su), T(u)) =0, te(0,+0), (3.15)

with (1.2) if and only if u is a solution of the following abstract equation
u="Ys(u,l). (3.16)
From Lemmas 2.2 and 2.3, we can see that ¥¢(-, ) is compact continuous from C! x
[0,1] to C!. According to Leray-Schauder’s degree theory, we only need to prove that
(1°) u = ¥¢(u, L) has no solution on 08, for any A € [0, 1),
(2°) dis[I - q‘f(', 0),Q.,0]#0,

then we can conclude that the system (1.1)-(1.2) has a solution on Q..
(1°) If there exists a A € [0,1) and u € 0L, is a solution of (3.15) with (1.2), then (A, u)
satisfies

w(t)(t, i () = p(ASNf(w)) + ASF (N5 () (t), Yt € (0,+00). (3.17)

Since u € 0Q,, there exists an i such that |u|, + |(w(t))" POV () |; = &.
(i) Suppose that [u], > 26, then |(w(t))" POV ()| < £ - 20 = 6/E. On the other
hand, for any t,#' € J, we have

+oo
<[ oy o
0

(w(r))"/ P (ui>,(r) dr < 6.

|ui(t) —ui(t’)| = Ut (ui>l(r)dr

(3.18)

This implies that [/ (t)| > 6 for each t € J.

Note that u € Q,, then |f(t,u, (w(t))l/(p(t)_l)u’,S(u),T(u))| < Pe.e(t) (where C, := N +
SUp,e; fgoo lgs(s, £)|ds + sup,, fgw Ix(s,t)|ds), holding |F(N(u))| < fgoo Bc.e(t)dt. Since P(-) is
continuous, when 0 < 6 is small enough, from (A;), we have

u(0)] = |P(ASN ()| <. (3.19)

It is a contradiction to |u/(t)| > 6 forany t € J.
(i) Suppose that [u], < 26, then 8/E < |(w(t))" *O (u)'|y < . This implies that

(w(ty))Y Pt~ <ui>,(t2) for some t; € J. (3.20)

s __ &
2(E+1)
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Since u € Q_E, it is easy to see that

\ (w(t2) "V (1)
(w(tz))l/(P(tz)—l) <u1> (tZ) > € — N€ 2 (321)
2(E+1) N(E+2) NQE +2)
Combining (3.17) and (3.21), we have
le/2(E + 1)|P®) AN da gy (p(E)-1
< -
N@E+2)  ~ N@E+2)“® () &2 S NeErp v ®)l
(3.22)
< w(ty)|u (8) |77 (ui) (t)| < |p(A6N})| + A|SF(N/) (82)].
Since u € Q. and f is Caratheodory, it is easy to see that
| £ (£, o)V PO, S(u), Tw) ) | < fe.c (1), (3.23)
thus
+00
|6F(N¢(u))| <6 f Pe.e(t)dt. (3.24)
0
From Lemma 2.2, p(:) is continuous, then we have
|p(A6Nf¢(u))| — |p(0)] as & — 0. (3.25)
When 0 < 6 is small enough, from (A;) and (3.22), we can conclude that
le/2(E +1)[P")! 1 e PO
N@E+2) < [POONS @)+ MOF(N; )W < Gapyinf |55
(3.26)

It is a contradiction.

Summarizing this argument, for each A € [0, 1), the problem (3.15) with (1.2) has no
solution on 0Q;.

(2°) Since ug (where u is defined in (3.12)) is the unique solution of u = ¥¢(u,0), and
(A1) holds ug € ., we can see that the Leray-Schauder degree

dis[T-%4(-,0),Q.,0] #0. (3.27)

This completes the proof. O

In the following, we will deal with the existence of nonnegative solutions of (1.1)-(1.2)
when 37 %a; € [0,1), o € [0,1). For any x = (x',...,xN) € RN, the notation x > 0 (x > 0)
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means x/ > 0 (x/ > 0) forany j = 1,...,N. For any x,y € RV, the notation x > y means
x —y >0 and the notation x > y means x — y > 0.

Theorem 3.3. In Case (i), we assume

(1% 6f(t,x,y,z,w) >0, Y(t,x,y,z,w) € ] x RN x RN x RN x RN,
(2°) e1 >0,
(3%) er <0.

Then, all the solutions of (1.1)-(1.2) are nonnegative.

Proof. If u is a solution of (1.1)-(1.2), then
t
w(t)p(t ' (1)) = p(6Nf (1)) + f 5f (ru, () PV, S(w), T(w))dr, Vi€ (328)
0

It follows from (2.10), (1°), and (3°) that

w(t)p(t,u'(t))
= p(6Ns(w)) + F(6Ny(u))(t)

m-2
% < > aiF(6Nf(u)) (&) — F(6Nf(w)) (+0) + e2> +F(6Nf(w))(t)

i=1

2

1 < -
m-2 -
1- Zi:1 o i=1

a; Jm ONy(u)(r)dr - <1 - mz—Zai> J‘JrOO ONy(u)(r)dr + e2>
&i i=1

t

(3.29)

Thus, #/'(t) < 0 for any t € J. Holding u(t) is decreasing, namely, u(t;) > u(t,) for any
t,t) € ]Wlth t < t.
According to the boundary value condition (1.2) and condition (2°), we have

+00 +00
u(+o0) = f e(u(t)dt + e > f e(t)u(+oo)dt + e1 = ou(+w0) + ey, (3.30)
0 0
then
u(+oo) >~ >0 (3.31)
) 2 1 o - . .
Thus, all the solutions of (1.1)-(1.2) are nonnegative. The proof is completed. O

Corollary 3.4. In Case (i), we assume

(1% 6f(t,x,y,z,w) >0, Y(t,x,y,z,w) € ] x RN x RN x RN x RN with x, z,w > 0,
(2°) (s, t) >0, x(s,t) >0, V(s,t) € D,
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(3%) e1 20,
(4% ey <0.

Then, we have the following.
(a) On the conditions of Theorem 3.1, then (1.1)-(1.2) has at least a nonnegative solution u.
(b) On the conditions of Theorem 3.2, then (1.1)-(1.2) has at least a nonnegative solution u.

Proof. (a) Define

L(u) = (L*<u1>,...,L*<uN>>, (3.32)
where
{t, t>0,
L.(t) = (3.33)
0, t<0.
Denote

ft,u,0,Sw), T(w) = f(t L(w),v,S(L(w), T(L(w))), VY(tuv)e] xRN xRN, (3.34)

then fN (t,u,v,S(u), T(u)) satisfies Caratheodory condition and fN (t,u,v,5(u), T(u)) > 0 for
any (t,u,v) € | x RN x RN,
Obviously, we have

(A2) Timyyjsjo]  +oo (F (£, 1,0, S (1), T (1)) / (u + [0])"@) = 0, for ¢ € J uniformly,

where gq(t) e C(J,R),and 1 < g~ <g* <p".
Then, f(t,-,-,-,-) satisfies sub-(p~ — 1) growth condition.
Let us consider the existence of solutions of the following system:

~Apwu+ 6 (1 u, (wE)YPOVU, S(u), T(w)) =0, te (0,+00), (3.35)

with boundary value condition (1.2). According to Theorem 3.1, (3.35) with (1.2) has at least
a solution u. From Theorem 3.3, we can see that u is nonnegative. Thus, u is a nonnegative
solution of (1.1)-(1.2).

(b) It is similar to the proof of (a).

This completes the proof. O

4. Existence of Solutions in Case (ii)

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions
for (1.1)-(1.2) when 37 %a; € [0,1), o = 1.

Theorem 4.1. Assume that Q is an open bounded set in C' such that the following conditions
hold.
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(1°) For each A € (0, 1), the problem

23

(oo (1 22 ) =67 (0 o), S0, 7)), 1€ @),

u(+o0) = Lm e(Hu(t)dt + \%ey,

tim w0 (6“0 = Saw@rp(s, “E) v

i=1

has no solution on 0L2.
(2°) The equation

_ +00 +00 4 (w(r))—l ~
w(a) = .[0 {e(t) L 10 [ s al< 2 1 f 6f(s,a,0,5(a),T(a))ds <1

(4.1)

m-2
i=1

x I+w 6f(s,a,0, S(a),T(a))ds+ez>] dr}dt=0

has no solution on 9Q NRN.
(3) The Brouwer degree dg[w, QNRN,0] #0.

Then, problems (1.1)-(1.2) have a solution on Q.

(4.2)

Proof. For any A € (0,1], itis easy to have problem (4.1) can be written in the equivalent form

u=®s(u,\) = Piu+0,(6Ns(u) + Ky (6N (u)),

where
p:Cl—C, u—s u(0),

@)L : Ll —>RN,

m-2
h+— f {e(t)J‘ -1 [r (w(r,))l . < ;al , h(s)ds - (1 - 2 ai>
X I+w h(s)ds + e2>] dr}dt - \ey,

Ki()(t) = F{ag™ [t, o) (pi () + F()) [ }(0), ¥t € [0, +00),

where p} () = w(0)p(0,/(0)/1) = p1 ().

(4.3)

(4.4)
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It is easy to see that the operator P; is compact continuous. According to Lemmas 2.5
and 2.6, we can conclude that @ is continuous and compact from C 1x[0,1] to C!. We assume
that for A = 1, (4.3) does not have a solution on 0Q, otherwise we complete the proof. Now
from hypothesis (1°), it follows that (4.3) has no solutions for (u, 1) € 9Q x (0, 1].

For A € [0,1], if u is a solution of (4.3), we have

O, (6Nf(u)) =0. (4.5)

Thus, for A = 0, it follows from (4.3) and (4.4) that

u=Ds(u,0) = Plu+0Oy(6N¢(u)), (4.6)

it holds u = d, a constant.
Therefore, when A = 0, by (4.5),

+o0 - = +oo m-2
f {e(t)J‘ [ (w(”) < Zal 6f(s,d,0,5(d),T(d))ds - (1 - (x,->
i=1 &

1 az i=1

x fm 6f(s,d,0,S(d), T(d))ds + e2>]dr}dt =0,
(4.7)

which together with hypothesis (2% implies that u = d ¢ 0Q. Thus, we have proved that (4.3)
has no solution (#, 1) on 0Q x [0,1], then we get that for each A € [0, 1], the Leray-Schauder
degree dis[I-®f(-,1),Q,0] is well defined, and, from the properties of that degree, we have

dis[1 - @7 (-,1),Q,0] = dus[I - ©f(-,0),2,0]. (4.8)
Now, it is clear that problem

u==®a¢(ul) (4.9)

is equivalent to problem (1.1)-(1.2), and (4.8) tells us that problem (4.9) will have a solution
if we can show that

dis[I - @y (-,0),9,0] #0. (4.10)
Since
@ (u,0) = Piu+0Oo(Ngs(u)) + K)(Nss(u)), (4.11)
then

u—D(u,0) =u—Pu-0y(Nss(u)) - K} (Nss(w)). (4.12)
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From (4.4), we have K? (Nsf(u)) = 0. By the properties of the Leray-Schauder degree,
we have

dis[T - ®4(-,0),Q,0] = (-1)Ndj [(u, QNRY, o], (4.13)

where the function w is defined in (4.2) and dp denotes the Brouwer degree. Since by hypo-
thesis (3%), this last degree is different from zero. This completes the proof. O

Our next theorem is a consequence of Theorem 4.1. As an application of Theorem 4.1,
let us consider the following equation with (1.2):

(w®|u'["u) = g(tu, w(E)" POV, S(w), T(w))
(4.14)

+b(tu, ()P0, S(u), T(w)),

where b : | x RN x RN x RN x RN — RN is Caratheodory, g = (g',...,g") :J x RN x RN x
RN x RN — RN is continuous and Caratheodory, and, for any fixed yo € RN \ {0}, if v} #0,
then (£, 0,0, S(y0), T(yo)) #0, forall t € J, foralli=1,...,N.

Theorem 4.2. Assume that the following conditions hold:

(1°) g(t, kx, ky, kz, kw) = k10-1g(t, x,y,z,w) forall k > 0and all (t,x,y,z,w) € ] xRN x
RN x RN x RN, where q(t) € C(J,R) satisfies1 <q~ < q* <p~,

(2%) Ty o)zl feo] — +o0 (B(E X, Y, 2,w0) / (Jx] + |y + |2] + lw|)TD71) = 0, for t € | uniformly,
3%) for large enough Ry > 0, the equation

+00 +oo - - +00 m=2
“’g(a):zfo {e(t).[t (P—ll: (@) <Za, g(s,a,O,,S(a),T(a))ds—<1—Zai>

1- Zzlal i=1 &

x I*“ ¢(s,a,0,S(a), T(a))ds + ez>] dr}dt =0
(4.15)

has no solution on 0B(Ry) N RN, where B(Ry) = {u € CY|u|l; < Ry},

(4%) the Brouwer degree dp [wg,b(Ro),0] #0 for large enough Ry > 0, where b(Rp) = {x € RN
| [x] < Ro}-

Then, problem (4.14) with (1.2) has at least one solution.

Proof. Denote
Ny, 0) = £t u, ()P0, Sw), T(w), 1)

= g(tu, ()" POV, S(u), T(w)) + Wb(t 1, () "0, Sw), T(w)).
(4.16)
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At first, we consider the following problem

(w(t)tp(t, ”T(t)» = Nf(w,\), te(0,+0),

u(+00) = J:w e(t)u(t)dt + \ey, (4.17)

lim w(t)go(t ”—(t)> S 2111 w(&) (gl,” (§1)> e

i=1

For any A € (0,1], it is easy to have problem (4.17) can be written in the equivalent
form

u=®s(u,\) = Pru+0,(Ns(u, L) + K} (Nf(u, L)), (4.18)

where ©, and K {‘ are defined in Theorem 4.1.

We claim that all the solutions of (4.17) are uniformly bounded for A € (0, 1]. In fact, if
it is false, we can find a sequence of solutions {(u,, A,)} for (4.17) such that ||u,|l; — +oo as
n — +ooand ||u,lly >1 foranyn=1,2,....

Since (u,, A,,) are solutions of (4.17), we have

+oo -1 (w(r))” +oo ) _m_z |
J {e(t>j [f 11a1< Eljaf N (un, \n)ds <1 Ella>
><J'+oo Nf(un,)tn)ds+ez>]dr}dt_)tnel (4.19)

=0, Vte(0,+o0).

It follows from Lemma 2.5 that

N 2N
|37 (N (1, A)) | < e (IN it A s + leat)
o u, (w(t 1/(”(t)_1)u’n S(u,) T(un
< Cylfunl] gt ,( ) , ( ), (tn) +o(D)|
llnlly lltnlly loenlly ™ Nlunlly .
(4.20)

where 0(1) means the function which is uniformly convergent to 0 (as n — +o0). According
to the property of g and (4.20), then there exists a positive constant C, such that

|Pf" (Nf(un,)tn))I <Collull] 7, VEE (0, +00), (4.21)
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then we have

|p?" (Nf(unr/\n))| + | F(Nf(ttn, An))| < Calluall? ', ¥t € (0, +00). (4.22)

From (4.18), we have

w(t)(p<t, ui(t)) = p{‘” (Nf(un, An)) + F(Nf(un, \y)), te], (4.23)
then
u, (1) PO 1 71
w®)| 2 <ol (N 4n)) |+ [F (N, A) | < Galluwall] . (424)

Denote a = (g -1)/(p™ — 1), then

@) *ODu )| < AaCallunlf < Collunllf- (4.25)

Since a € (0, 1), from (4.25), we have

Jim Wl _ 4 (4.26)
n—+o0 ||yl
Denote p, = (lugly/lunllo, uzlo/ Nunllo, - - [y 1o/ tnlly), then p, € RN and |p,| =

1(n=12,...),then {u,} possesses a convergent subsequence (which denoted by p,), and
then there exists a vector po = (g, 413, ..., ui’) € RN such that

|no| =1, lim p, = po. (4.27)

n—+oo

Without loss of generality, we assume that y, > 0. Since u, € C(J,R), there exist 77}, €
(0, +00) such that

i i 1 i . _
i, (71 z<1—;> |, i=12. N, n=12,., (4.28)
and, then, from (4.25), we have
t ) +00
0< bt~ ()| = |, () rr| < Calalt [ oty PO Var a29)
H 0

Since ||uy|l1 — +oo (asn — +o0), @ € (0,1), and y(l) > (0, we have

1 +co
lim —c5||un||$j (w(t)) VPOV gs = 0. (4.30)

= |y (1) | 0
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From (4.26)—(4.30), we have

im (1) =1, forte€ J uniformly. (4.31)
n~>+oou}l(7/l}1)
So we get
" t 1/(p(H-1) / t
un(t) _ ., i (w(®) n(t) =0, fort€ J uniformly, (4.32)
n—+oo|[utn|y n—+oo l[24nlly

where p, € RN satisfies |p.| =1, |pl] = pj).
We denote

= [l {g" [s, . + 0(1),0(1), S (o + 0(1)), T (e + 0(1)] +0(1)}, where s € J.

(4.33)
Since /4(1) #0, from (4.19) and (4.32), we have
+00 - m=2 m-2
f {e(t)J‘ 1[ (w(r)) ( a; glds - <1 - Zai>
pIn al i=1 i=1
(4.34)
X J g,}ds + ez>]dr}dt - A,e1 =0.
Since g'(s, ps, 0, S(us), T(ux)) #0, according to the continuity of g!, we have
+00 m—=2
j {e(t)J 1[r (’w(r)) < Zai glds - <1 - ai>
i1 2a; i=1 gi i=1
(4.35)

+00
xf g,}ds + ez>]dr}dt —Ane1 0,

and it is a contradiction to (4.34). This implies that there exists a big enough Ry > 0 such that
all the solutions of (4.18) when A € (0,1] belongs to B(Ry).
For A € [0,1], if u is a solution of (4.18), we have

@J\(Nf(u, )L)) =0. (4.36)

For A =0, f = g, from (4.18), we have

u=Dy(u,0) =Pu+6y(g), (4.37)

it holds u = d, a constant.
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Therefore, when A = 0, we have

j {e(t)f 1[ (w(r))’ < Zal mg(s,d,O,S(d),T(d))ds— <1 —m_zai>
St \ S i=1

z

x J‘+°° g(s,d,0,5(d), T(d))ds + ez>] dr}dt =0,
(4.38)

which together with hypothesis (3°) implies that u = d  OB(Ry). Thus, we have proved that
(4.18) has no solution (u, A) on 0B(Ry) x [0,1], then we get that the Leray-Schauder degree
dis[I - @f(-, 1), B(Ro),0] is well defined for each A € [0, 1], which implies that

dLS [I - (Df(r 1)/ B(RO)/ 0] = dLS [I - (Dg('/ O)/ B(RO)/ O] . (439)
Now it is clear that problem
u=®r(u,l) (4.40)

is equivalent to problem (4.14) with (1.2), and (4.39) tells us that problem (4.40) will have a
solution if we can show that

dis[I - D, (-,0), B(Ry), 0] #0. (4.41)
Since
D, (1,0) = Pyu+0y(g), (4.42)
then
U - g (u,0) = u - Pru—0y(g). (4.43)

By the properties of the Leray-Schauder degree, we have
dis[I - @g(-,0), B(Ry),0] = (-1)Vdp [wg, b(Ro), 0], (4.44)

where the function wy is defined in (4.15) and dg denotes the Brouwer degree. By hypothesis
(4%), this last degree is different from zero. This completes the proof. O

Corollary 4.3. If b: ] x RN x RN x RN x RN — RN is Caratheodory, which satisfies the con-
ditions of Theorem 4.2, g(t,u,v,S(u),T(w)) = BE(u"u + [0/ %0 + |S@)["D2S(u) +
IT ()| " 7T (u)), where B(t) € L'(J,R), B(t),q(t) € C(J,R) are positive functions, and satisfies
1<q <q"<p and (s, t)and x(s,t)are nonnegative, then (4.14) with (1.2) has at least one solu-
tion.
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Proof. Since
g(t,u,0,Sw), T(w)) = (&) (1ul 2w+ [0]" 20 +[S@)" S w) + [T@) [>T (w)), (445)

then

wge(a)

) (w(r)™ [ " (1 5.
—J {e(t)f @ [ 1a,< i;al«[‘; g(s,a,0,5(a), T(a))ds <1 i=1al>

X fm g(s,a,0,5(a), T(a))ds + ez>] dr}dt

:I {e(t)f 1[r (ul(r))I . <‘t§0¥i J—;w ﬁ(s)<|a|q(s)—2a+ |S(a)|‘7(s)‘25(a)
+T (@) T (a) ) ds - <1 i mZ_Zuf>
i=1
. J-+oo B(s) <|a|‘1(5)—2a " |S(a)|q(s)—25(a)

+ |T(a)|‘7(s)_2T(a)>ds + ez>]dr}dt,
(4.46)

then it is easy to say that wg(a) = 0 has only one solution in RY, and
dgp [wg, b(Ro),O] = dB[I,b(RO), 0] #0, (4.47)

and, according to Theorem 4.2, we get that (4.14) with (1.2) has at least a solution. This com-
pletes the proof. O

In the following, let us consider
-(w(t) |u'|”‘”‘2u')' + f(t, u, (w(t)) POy, S(u),T(u),6> =0, te(0,+0),  (448)

where
£t @) PO, Sw), T(w), 6)

(4.49)
= g((tu, (w®)PO VU, Sw), Tw)) + 6h(tu, (w®) POV, Sw), Tw)),

where g, h: ] x RN x RN x RN x RN — RN are Caratheodory.
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We have the following.

Theorem 4.4. We assume that conditions of (1°), (3°), and (4°) of Theorem 4.2 are satisfied, then pro-
blem (4.48) with (1.2) has at least one solution when the parameter 6 is small enough.

Proof. Denote
frs(tw, o) POV, S(u), Tw))

(4.50)
- g(t, u, (w(t))Y POy S(u),T(u)> + mh(t, u, (w(t)Y POy S(u), T(u)).

Let us consider the existence of solutions of the following
~(w® ) + fro (b, @) POV, S), T@)) =0, (0 +w),  (451)

with (1.2).
We know that (4.51) with (1.2) has the same solution of

u=Ws(u,A) = Plu+©O(Ng,(u)) + Ki(Ny,; (u)), (4.52)

where Ny, (u) is defined in (2.32).

Obviously, fo = g. So W5(u,0) = @4 (u,1). From the proof of Theorem 4.2, we can see
that all the solutions of u = ¥s(u,0) are uniformly bounded, then there exists a large enough
Ry > 0 such that all the solutions of u = ¥5(u,0) belong to B(Ry) = {u € C' | ||u]l; < Ro}. Since
Ws(u,0) is compact continuous from C! to C!, we have

ueéEfR0>”” - Ws(u,0)[; > 0. (4.53)

Since g, h are Caratheodory, we have

|p1 (N (1)) — p1 (Ng,(u))| — 0, for (u,1) € B(Ry) x [0,1] uniformly, as 6 — 0,

||F(Ny, () = F(Ny,(w))||, — 0, for (u,1) € B(Rg) x [0,1] uniformly, as 6 — 0,

| Ki(Ng, () = Ki(Ng,(w) ||, — 0, for (u,1) € B(Ro) x [0,1] uniformly, as 6 — 0,

|P1(Ng,(u)) —Pi(Nyg(u))| — 0, for (u,1) € B(Ro) x [0,1] uniformly, as 6 — 0.
(4.54)

Thus,

[Ws(u,A) = ¥o(u,\)||; — 0 for (u, 1) € B(Ry) x [0,1] uniformly, as 6 — 0. (4.55)



32 Journal of Applied Mathematics

Obviously, Wo(u, A) = Ws(u,0) = Wo(u,0). Therefore,

[Ws(u,A) — ¥s(u,0)|; — 0 for (u,1) € B(Ry) x [0,1] uniformly, as 6 — 0. (4.56)

Thus, when 6 is small enough, from (4.53), we can conclude
Y
(u, A)eaB(RU 01]”u 5(u, )‘)“1

> inf lu-¥swO)l - sup  [¥s(u,0) = ¥s(u L) >0.
u€e (u,\)€B(Ro)x[0,1]

(4.57)

Thus u = Ws(u, A) has no solution on 0B(Ry) for any A € [0,1], when 6 is small enough.
It means that the Leray-Schauder degree dis[I — Ws(:, 1), B(Ro),0] is well defined for any
A€ [0,1] and

dis[I = Ws(u, 1), B(Ro),0] = duis[I - ¥5(u,0), B(Ro), 0]. (4.58)
From the proof of Theorem 4.2, we can see that the right hand side is nonzero, then

(4.48) with (1.2) has at least one solution, when & is small enough. This completes the
proof. O

5. Existence of Solutions in Case (iii)

In this section, we will apply Leray-Schauder’s degree to deal with the existence of solutions

for (1.1)-(1.2) when >/} Zai=1, 0=1.

Theorem 5.1. Assume that Q is an open bounded set in C* such that the following conditions hold.
(1°) For each X € (0, 1), the problem

(w(t)|u'|”‘”‘2u')' - )L6f<t,u, () PODy S, T(u)) te (0,+o0),

u(+o0) = f e(Hu(t)dt + Ley,

0 (5.1)
Lim ()| () = Za w(@) |/ [P (&) + dey,
has no solution on 0Q.
(2°) The equation
m-2 +o0
w*(a) = sz,-f 6f(t,a,0,S(a),T(a))dt—e;=0 (5.2)
i=1 &

has no solution on 9Q N RN,
(3°) The Brouwer degree dg[w*, QN RN, 0] #0.

Then, problems (1.1)-(1.2) have a solution on Q.
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Proof. Let us consider the following problem:

w(t) | [PP2u) = A6Nsw) + (1 - N)Q* (6N (1)), Vt€ (0, +0),
o' 5 7))

u(+o0) = JO ” e(t)u(t)dt + Leq, (5.3)

m-2
lim w®)|u [P (1) = Y aw @) |u [P (&) + e,
— 400 i1

where Q and Q* are defined in (2.79) and (2.80), respectively.
For any A € (0,1], observe that, if u is a solution to (5.1) or u is a solution to (5.3), we
have necessarily

Q(Nsf(u)) =0, Q*(Nss(u)) =0. (5.4)

It means that (5.1) and (5.3) have the same solutions for A € (0, 1].
We denote N (+,-) : C! x ] — L' defined by

N1, 1) = ANay () + (1 - )Q" (N (), (5.5)
where Ngr(u) is defined by (2.32). Let

@ (1, 4) = P+ Qu(N (1, 1)) + K3 (N (1, 1))

(5.6)
= Pyu+ Q(Nss(u)) + Ky (N (1, 1)),
where
p,:Ct— (!, u— u(0),
m-2 +o0
Qi :L' —RN,  h+—s Zaij h(t)dt — \ey,
i=1 &i
(5.7)

+00

i=1 &i

Qi:L'— 1L, h— 7(t) <m§ai h(t)dt - Ae2>,
K (h)(t) := F{(p‘l [t, (w(t)™ (pg((l ~ Q)R +F((I- Q;)h))] }(t), Vt € [0, +o0),

where p; satisfies

f:o {e(t) fm ot [r, (w(r))™ <pg + F(h) (r)>] dr}dt —le; =0, (5.8)
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and the fixed point of (I)} (u,1) is a solution for (5.3). Also problem (5.3) can be written in the
equivalent form

u =05 (u,1). (5.9)

Since f is Caratheodory, it is easy to see that N (:,-) is continuous and sends bounded
sets into equi-integrable sets. It is easy to see that P, is compact continuous. According to
Lemmas 2.8 and 2.9, we can conclude that @}(‘, ) is continuous and compact from C! x [0,1]

to C'. We assume that for A = 1, (5.9) does not have a solution on 0L, otherwise we complete
the proof. Now, from hypothesis (1°), it follows that (5.9) has no solutions for (u,1) € 0Q x
(0,1]. For A =0, (5.3) is equivalent to the problem

<w(t)|urlp(t)—2u/>' _ Q*(6Nf(u)),

u(+o0) = JO e(Hu(b)dt, (5.10)

m-2
. -2 i)—2
tim ()| [P (1) = Y a0 @) |w [P ).
i=1

If u is a solution to this problem, we must have

m-2 +00 m-2 +00
Zaif Q" (6N(w))dt = Za,f 6 f(t, u, (w(t)Y <P“>*1>u',5(u),:r(u))dt —er=0.
i=1 &i i=1 &i
(5.11)
Hence,
w(t)|u’|p(t>72u’ =c, (5.12)

where ¢ € RN is a constant.
It is easy to see that (1)’ keeps the same sign of . From u(+c0) = [y~ e(t)u(t)dt, we
have fgw e(t)(u(+oo) —u(t))dt = 0. From the continuity of u, there exist t; € (0, +o0), such that

(1) (t;) =0, i=1,...,N.Hence, ' =0, it holds u = d, a constant. Thus, by (5.11), we have
m-2 +00
S f 6£(t,d,0,S(d), T(d))dt - e; = 0, (5.13)
i=1 &i

which together with hypothesis (2°) implies that u = d ¢ 0Q. Thus, we have proved that
(5.9) has no solution (1, 1) on 0Q x [0, 1], then we get that the Leray-Schauder degree d;s[I -
(I)} (1), Q,0] is well defined for A € [0,1], and from the properties of that degree, we have

dis [1 —®3(,1),Q, o] = dis [1 - ®3(-,0),Q, 0]. (5.14)
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Now it is clear that problem

u= CD}(u,l) (5.15)

is equivalent to the problem (1.1)-(1.2), and (5.14) tells us that problem (5.15) will have a so-
lution if we can show that

dis [1 - ®5(,0),9, o] £0. (5.16)
Since
@} (1,0) = Pou+Q(Nes(u)) + K3(Q"(Nas(w))), (5.17)
then
u = ®%(u,0) = u - Pou~-Q(Nss(u)) - K3(0). (5.18)

Similar to Lemma 2.8, we have

|p%(Q* (Nﬁf(”)))| < 3N<Eg ! >,,+1 [IIQ* (Nes ()|, + |)Lel|r”‘-1]. (5.19)

Thus, p)(0) = 0, then K3(0) = 0. From (5.18), we have
u— @5 (u,0) =u—Pou—Q(Nss(u)). (5.20)
By the properties of the Leray-Schauder degree, we have
dis [I - ®3(,0),2, 0] = (-1)Ndy [w*,Q n RN,O], (5.21)

where the function w* is defined in (5.2) and dg denotes the Brouwer degree. By hypothesis
(3Y), this last degree is different from zero. This completes the proof. O

Our next theorem is a consequence of Theorem 5.1. As an application of Theorem 5.1.
Let us consider the following equation with (1.2)

<w(t) |u,|p<t>—zul>’ _ g(t, ", (w(t))l/(p(t)_l)u',S(u),T(u))
(5.22)

+b(tu, )P0V, S(u), Tw)),

where b : J x RN x RN x RN x RN — RN is Caratheodory, g = (g},...,g") : J x RN x RN x
RN xRN — RN is continuous and Caratheodory, and, for any fixed yo € RN \ {0}, if 3] #0,
then gi(t,yo, 0,S(o0), T(yo)) #0, forallt € J, foralli=1,...,N.
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Theorem 5.2. Assume that the following conditions hold.

(1°) g(t, kx, ky, kz, kw) = k10-1¢(t, x,y,z,w) forall k > 0 and all (t,x,y, z,w) € ] x RN x
RN x RN x RN, where q(t) € C(J,R) satisfies 1 <q~ < q* <p~,

(2%) limpr o zpefeo] — 400 (Bt X, Y, 2,0) / (|| + |y| + |2] + [w])TO™) = 0, for t € ] uniformly,
(3%) for large enough Ry > 0, the equation

-2 +00
wi(a) = ;m L_ g(t,a,0,5(a),T(a))dt—e; =0, (5.23)

has no solution on 0B(Ro) N RN, where B(Ry) = {u € CY|ull: < Ro},

(4%) the Brouwer degree dp [wz,, b(Ry), 0] #0 for large enough Ry > 0, where b(Ry) = {x € RN
| [x] < Ro}-

Then, problem (5.22) with (1.2) has at least one solution.

Proof. Denote

Ny, 1) = f(tu, o) PO, S(u), T(u), 1)

- g(t, u, (w(t)) POy, S(u),T(u)) + )Lb(f, u, (w(t) POy, S(u),T(u)).
(5.24)

At first, we consider the following problem
(Ol P2) = F(tw o) "0V, Sw), Tw),1), teO+0).  (525)

According to Lemma 2.10, we know problem (5.25) with (1.2) has the same solution
of

u=®s(u,\) = Pu+Q(Ns(u,1)) + Kr(Nys(u,L)). (5.26)

Similar to the proof of Theorem 4.2, we obtain that all the solutions of (5.26) are
uniformly bounded for A € [0, 1]. Then, there exists a big enough Ry > 0 such that all the so-
lutions of (5.26) belong to B(Ry), and then we have

dis[T - By (,1), B(Ro), 0] = dus [ - By (-, 0), B(Ro), 0]. (527)

If we prove that dis[I - 0 7(+,0), B(Ro), 0] #0, then we obtain the existence of solutions
for (5.22) with (1.2).
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Now, we consider the following equation

(w0 [P7u) = ANg(u) + (1- Q" Ng(w), € (0,+00),

U(+00) = fm e(H)u(t)dt + e,

. (5.28)

m-2

. -2 i)—2
Lim wt) [P0 () = Y aw(@) [ P9 (&) + e,
*® i=1

where Ng(u) = g(t,u, (w(t)" POV, S(u), T (u)).
We denote G(+,-) : C! x ] — L! defined by

G(u, 1) = ANg(u) + (1 - 1)Q"(Ng(u)). (5.29)
Similar to the proof of Theorem 5.1, we know that (5.28) has the same solution of
u =% (u,\) = Pu+Q(Ng(u) + K3 (G(u, 1)). (5.30)

Similar to the discussions of Theorem 4.2, we can obtain that all the solutions of (5.28)
are uniformly bounded for each A € (0,1]. When A = 0, similar to the proof of Theorem 5.1,
we can prove that (5.28) has no solution on 0B(Ry). Then, we get that the Leray-Schauder
degree dis[I - CD;(-, 1), B(Ry),0] is well defined for A € [0,1], which implies that

dis|I = @4 (1), B(Ry), 0] = dis [T - D} (-, 0), B(Ro), 0]. (5.31)

Now it is clear that @ (1, 1) = ®f(1,0). So dis[I - D%(-,1), B(Ry),0] = dis[I - Dy(-,0),
B(Ry),0]. If we prove that dig[l — (DZ,(-,O),B(RO),O] #0, then we obtain the existence of
solutions for (5.22) with (1.2). Similar to the proof of Theorem 5.1, we have

dis|I = @ (,0), B(Ry), 0] = (<1)diw}, b(Ry), 0]- (5.32)

According to hypothesis (4°), this last degree is different from zero. We obtain that
(5.22) with (1.2) has at least one solution. This completes the proof. O

Similar to Corollary 4.3 and Theorem 4.4, we have the following.

Corollary 5.3. If b: | x RN x RN x RN x RN — RN is Caratheodory, which satisfies the condi-
tions of Theorem 5.2, g(t,u,v,S(u),T(w)) = PE)(ul""u + 107920 + |S(w)|["72S(u) +
|T(u)|q(t)_2T(u)), where B(t) € L1(J,R), B(t),q(t) € C(J,R) are positive functions, and satisfies 1 <
q <q"<p”, g(s,t)and x(s,t) are nonnegative, then (5.22) with (1.2) has at least one solution.

Theorem 5.4. We assume that conditions of (1°), (3°), and (4°) of Theorem 5.2 are satisfied, then pro-
blem (4.48) with (1.2) has at least one solution when the parameter 6 is small enough.
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6. Examples

Example 6.1. Consider the following problem

~Appyu— e[l Pu-Sw)(t) - (t+1)* =0, te(0,+w),

+00 (H-2 m-2 (@)-2 (51)
Jlim u(t) :J e tu(t)dt, Jim w(t)|u [PV (1) = Dl aiw (@) | [P (&),
— +00 0 — +00 i-1

where p(t) = 6 + e'sint, g(t) =3+ 2 cost, S(u)(t) = [ e (sin st + 1)u(s)ds.
Obviously, e~t|u|™u+S(u) (t) + (t+1) 2 is Caratheodory, g(t) < 4 < 5 < p(t), S %a; <
1, the conditions of Corollary 4.3 are satisfied, then (S; ) has a solution.

Example 6.2. Consider the following problem:

= Apre+ £ (L u, ®) POV, S@w)) + 5h(tw, (w(E) /O, Sw)) + e

=0, te€(0,+0), (S2)

+00 m-2
lim u(t) = j ePuBdt,  lim wl)|u' [P () = Y agw (@) |[u' [P (@),
0 — +00

t—+co P
where h is Caratheodory and

f(t, u, (w(t))l/(r’(t)—l)u"s(u)> — e*flulq(t)*zu + e*fw(t)(q(t)‘l)/(lﬂ(t)—l) Iullq(t)_2ul +Su)(#),

o

p(t) =7 +3"cos3t, q(t) =4+ e *sin2t, S(u)(t) = f e (cos st + 1)u(s)ds.
0
6.1)

Obviously, e~t|u|"2u + etz (t) 1D/ PO [/ |99y + S(u)(¢) is Caratheodory, g(t) <
5<6<p(t), X" %a; < 1, the conditions of Theorem 3.2 are satisfied, then (S, ) has a solution
when 6 is small enough.
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