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We consider the higher-order nonlinear difference equation x,.1 = (p+qxu—k) /(1 + Xy +7x,_k), n =
0,1,... with the parameters, and the initial conditions x_g, ..., xo are nonnegative real numbers.
We investigate the periodic character, invariant intervals, and the global asymptotic stability of
all positive solutions of the above-mentioned equation. In particular, our results solve the open
problem introduced by Kulenovi¢ and Ladas in their monograph (see Kulenovi¢ and Ladas, 2002).

1. Introduction and Preliminaries

Our aim in this paper is to investigate the global behavior of solutions of the following
nonlinear difference equation:

P+ 4%nk

P ———— =0,1,..., .
1+ x, + 17Xk " (1.1)

Xn+l =

where the parameters p, g, r and the initial conditions x_g,...,xy are nonnegative real
numbers, k € {1,2,...}.
In 2002, Kulenovi¢ and Ladas [1] proposed the following open problem.

Open Problem 1. Assume thatp, q,r € [0,00) and k € {2,3,...}. Investigate the global behavior
of all positive solutions of (1.1).
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Consider the difference equation

A+ yYXp

m, 71=0,1,... (12)

Xn+1 =

with a,y, A,B,C € (0,00), and the initial conditions x_;,x( are nonnegative real numbers.
Note that, the authors [1, 2] investigated this equation and studied (1.2).
In this paper, we will consider the above open problem. Actually, we will investigate
the global asymptotic stability and the invariant interval for all positive solutions of (1.1).
For the global behavior of solutions of some related equations, see [3-9]. Other related
results can be found in [10-19]. For the sake of convenience, we recall some definitions and
theorems which will be useful in the sequel.

Definition 1.1. Let I be some interval of real numbers and let
formt —1 (1.3)

be a continuously differential function. Then for every set of initial conditions y_¢,...,y-1,
Yo € I, the difference equation

yn+1 = f(yn/ yrlfl/ e /yn—k)/ n= 0/ 1/ crcy (14)

has a unique solution {y,},. .
A point y is called an equilibrium point of (1.4) if

v=f@y....9), (1.5)
that is,
Yo=Yy forn>0 (1.6)

is a solution of (1.4), or equivalently ¥ is a fixed point of f.
Definition 1.2. Let y be an equilibrium point of (1.4).

(i) The equilibrium ¥ is called locally stable (or stable) if for every € > 0, there exists
6 > Osuch that forall y_g, ..., y-1,yo € I with Zfﬂk lyi—y| < 6, wehave |y, —y| <e
foralln > k.

(ii) The equilibrium ¥ of (1.4) is called locally asymptotically stable (asymptotic stable)
if it is locally stable, and if there exists y > 0 such that forall y_y, ..., y-1, yo € I with
S0 lyi -yl <y, we have lim,, _ v, = 7.

(iii) The equilibrium ¥ of (1.4) is called a global attractor if for every y_i, ..., y-1,y0 € I,

we have lim, _, .y, = V.

(iv) The equilibrium ¥ of (1.4) is globally asymptotically stable if it is locally stable and
is a global attractor.
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(v) The equilibrium y of (1.4) is called unstable if it is not stable.

(vi) The equilibrium y of (1.4) is called a source, or a repeller, if there exists r > 0 such
that for all y_x, ..., y-1,y0 € I with =0, |y; — 9| < y, there exists N > 1 such that
lyn -yl >

An interval | C I is called an invariant interval for (1.4) if
Yikoo Yo E€E] =y, €] VYn>0. (1.7)

That is, every solution of (1.4) with initial conditions in J remains in J.
The linearized equation associated with (1.4) about the equilibrium ¥ is

k af _ _
ynﬂzza(y,...,y)ynﬂ-, n=0,1,.... (1.8)
i=0 i
Its characteristic equation is
)Lk+1 — i% (y y))tk_l (1 9)
Ly, e . .

Theorem 1.3 (see [20]). Assume that f isa C' function and let yj be an equilibrium of (1.4). Then
the following statements are true:

(i) If all the roots of (1.9) lie in the open unit disk |A| < 1, then the equilibrium y of (1.4) is
asymptotically stable.

(ii) If at least one root of (1.9) has absolute value greater than one, then the equilibrium y of
(1.4) is unstable.

Theorem 1.4 (see [20]). Assume that P,Q € Rand k € {1,2,...}. Then
IP|+1Q| <1 (1.10)
is a sufficient condition for the asymptotic stability of the difference equation
Yni1 = PYn + Qyu-k, n=0,1,.... (1.11)

Lemma 1.5 (see [4]). Let p > 2 be a positive integer and assume that every positive solution of
equation

a+ Pxp + yXn_k
= ’ =0,1,... 1.12
A Bx, + Crp (1.12)

is periodic with period p. If C > 0, then A = B = 0.
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Lemma 1.6 (see [21]). Consider the difference equation

yn+1 = f(yn/yn—k)/ n= 0/ 1/' M (113)

where k € {1,2,...}. Let I = [a, b] be some interval of real numbers and assume that

f:[a,b] x [a,b] — [a,b] (1.14)

is a continuous function satisfying the following properties:

(a) f(u,v) is nonincreasing in u and nondecreasing in v,

(b) if (m, M) € [a,b] x [a,b] is a solution of the system

m= f(M,m), M = f(m, M), (1.15)

then m = M.

Then (1.13) has a unique equilibrium y € [a, b], and every solution of (1.13) converges to .

Lemma 1.7 (see [21]). Consider the difference equation

Yne1 = f(]/m ]/n—k>/ n= 0/ 1/ ey (116)

where k € {1,2,...}. Let I = [a, b] be some interval of real numbers, and assume that

f:la,b] x [a,b] — [a,b] (1.17)

is a continuous function satisfying the following properties:

(a) f(u,v) is nonincreasing in each of its arquments,

(b) if (m, M) € [a,b] x [a,b] is a solution of the system
m= f(M, M), M = f(m,m), (1.18)

then m = M.

Then (1.16) has a unique equilibrium y € [a, b, and every solution of (1.16) converges to .
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2. The Special Case pgr =0

If the parameters pqr = 0, then (1.1) contains the following several equations. We now assume
that all their parameters are positive

dXn—k

xn+1:m, n=0,1,..., (2.1)
x"“:m’ n=01,..., 2.2)
xp1=0, n=0,1,..., (2.3)
xn+1:1+xn, n=0,1,..., (2.4)
xml:f’i”;’;, n=01,..., (2.5)
xn+1:pl++q—2:14(, n=0,1,.... (2.6)

Equation (2.2) was studied in [19], where it is shown that the unique positive
equilibrium is a global attractor. Equation (2.3) is trivial. Equation (2.4) is the Riccati equation
[1]. Equation (2.5) can be reduces to (2.6), which was discussed in [22], and they showed that
the unique positive equilibrium of (2.6) is globally asymptotically stable when g < 1. So, here
we only consider (2.1).

Clearly, x = 0 is always an equilibrium of (2.1) and when g > 1, (2.1) also possesses
the unique positive equilibrium x = (g - 1) /(1 +r).

The linearized equation associated with (2.1) about the zero equilibrium is

Zn+1 — 42Zn-k = 0. (2.7)
The linearized equation associated with (2.1) about the positive equilibrium is

x -rx
Zp+1 t ——Zy — q_ —Z, = 0. (2.8)
1+x+rx l+x+rx

From this and by Theorem 1.4, we have the following result.

Theorem 2.1. (a) Assume that q < 1. Then x = 0 of (2.1) is locally asymptotically stable.
(b) Assume that q > 1 and r > 1. Then the unique positive equilibrium x = (q—1)/(1+7r) of
(2.1) is locally asymptotically stable.

Theorem 2.2. Assume that q > 1 and r > 1. Then the unique positive equilibrium x of (2.1) is
globally asymptotically stable.

Proof. By Theorem 2.1, the positive equilibrium of (2.1) is locally asymptotically stable. It
suffices to show that x is a global attractor.
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Let

9y
l+x+ry

f(xy) = for x,y € (0, ), (2.9)

then f(x,y) is nonincreasing in x and nondecreasing in y. So

0< f(x,y) < g for x,y € (0, o). (2.10)
From
_am M 2.11
T+Mtrm 1+m+rM @11)
we have m = M.
Hence by Lemma 1.6 the proof is complete. O

In the following sections we assume that all parameters in (1.1) are positive.

3. Local Stability and Period-Two Solutions

The equilibria of (1.1) are the solutions of the equation

p+qx (3.1)

X = —.
l+x+rx

So (1.1) possesses the unique positive equilibrium

q—1+\/(q—1)2+4p(r+1)' (3.2)

x= 2(r+1)

The linearized equation associated with (1.1) about the positive equilibrium is

x q-rx
_ 33
T+x+rx " Znk = 0. (3.3)

Zp+1 T+ - p— —
" l+x+7rx

By Theorem 1.4, it is sufficient to show that in

x

1. 34
T+x+rx < (34)

‘ qg-rx

1+x+rx
Thus

|g-rx| <1+7rx. (3.5)



Discrete Dynamics in Nature and Society 7

If g — rx < 0, then we have rx — g < 1 + rXx, and it clearly holds.

If g—rx >0, then we have g —rx <1+ rx, and

qg-1<2rx. (3.6)

If g < 1, the inequality (3.6) obviously holds. Suppose g > 1, then we can get

q—1<r\/(q—1)2+4p(r+1),

(3.7)
(g-1) <r2(q-1)* +4pr2(r +1),
from which it follows that
(r-1)(g-1)"+4pr*>0. (3.8)
So we have the following result.
Theorem 3.1. Assume that
either g<lorgq>1, (r-1)(q- l)2 +4pr® > 0. (3.9)

Then the positive equilibrium x of (1.1) is locally asymptotically stable.

Theorem 3.2. (a) Assume that k is odd. Then (1.1) has a nonnegative prime period-two solution if
and only if

g>1, (r=1)(g-1)>+4pr* <0. (3.10)

Further when (3.10) holds, the period-two solution is “unique” and the value of ¢1 and ¢, are the
positive roots of the quadratic equation

-1
p 9= P o (3.11)
r 1-r

(b) Assume that k is even. Equation (1.1) has no nonnegative prime period-two solution.

Proof. (a) Assume that k is odd, then x;.+1 = x,,—. Let
e P, P2, 1, o, - (3.12)
be a nonnegative prime period-two solution of (1.1). Then ¢, ¢, satisfy the following system:

__P+qd __P+q¢
¢1 = Txdo+rgr’ ¢ = T+ +rdn (3.13)
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Substituting the above two equations, we obtain

(¢1-¢2) <¢1 + ¢~ g) 0. (3.14)

Thus

prga= L (315)

r

Adding them and using the above equations, we can get
__P
b1y = T, (3.16)
Clearly, in this case the discriminant of (3.11) is positive, that is

_ (r-1)(g- 1)2 +4pr? 0 (3.17)

A
r2(r-1) !

and so ¢1, ¢, are the positive roots of (3.11).
(b) Assume that k is even, then x, = x,_. If there exist distinctive nonnegative real
number ¢; and ¢, such that

e P, P2, 1, ¢, (3.18)

is a prime period-two solution of (1.1) and ¢1, ¢, satisfy the following system:

b = %, b = %, (3.19)
which is equivalent to
prt¢igatrpipp=p+aps,  pat+Prp2+r1d2=p+qhr. (3.20)
Subtracting these two equation, we can get
(p1—¢2)(g+1) =0. (3.21)
Then ¢; = ¢,. This contradicts the hypothesis that ¢; # ¢».
The proof is complete. O

Further, applying Lemma 1.5, we have the following result about the period solutions.

Theorem 3.3. There is no integer p > 2 such that every positive solution of (1.1) is periodic with
period p.
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4. Boundedness and Invariant Interval

In this section, we will investigate the boundedness and invariant interval of (1.1).

Theorem 4.1. Every solution of (1.1) is bounded from above and from below by positive constants.

Proof. Let {x,},._, be a solution of (1.1). Clearly, if the solution is bounded from above by a
constant M, then

P
> S — > —
Xpsl > TG +0) Vn > -k, (4.1)

and so it is also bounded from below. Now for the sake of contradiction assume that the
solution is not bounded from above. Then there exists a subsequences {xy,,+1},-o such that

lim 7,y =00, lim xp,,41 = 00, (4.2)
and also
Xy, +1 = mMax{x, : n < n,} form>0. (4.3)
From (1.1) we see that
Xn+1 <P+ qgxn_x forn>0, (4.4)
and so
Jim x40 = im x, = c0. (4.5)

Hence, for sufficiently large m,

p + qxnm_k p + [(q - 1) - xnm - rxnm_k] xnm_k
0< SR A L e v, S VR 0,
= X = Xk = 770 Xp,, + X,k Yk 1+ xp,, +1Xn,k <
(4.6)
which is a contradiction. The proof is complete. O
Let
p+4qv
= . 4.7
fu,o) l+u+ro (47)

Then the following statements are true.

Lemma 4.2. (a) Assume that pr < q. Then f(u, v) is decreasing in u for each v and increasing in v
for each u.
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(b) Assume that pr > q. Then f(u,v) is decreasing in u for each v and decreasing in v for
u € [0, (pr —q)/q), and increasing in v for u € [(pr — q)/q, ).

Proof. The proofs of (a) and (b) are simple and will be omitted. O

Lemma 4.3. Equation (1.1) possesses the following invariant intervals:

(a) [0,q9/7r], when pr < g;

)
(b) [(pr—q)/q,q/7], when q <pr <q+q*/7;
(c) [0,p], when pr = q + q*/7;
(d) [q/7, (pr - q)/q), when q+g*/r < pr < pq +q;
(e) [q/r,pl, when pr > pq +q.

Proof. (a) Set g(x) = (p + gx)/(1 +rx), so g(x) is increasing for x and g(gq/r) < q/r. Using
(1.1) we see that when x_, ..., x_1,x0 € [0,q/r], then

IN
REIES]

X1 (4.8)

PHax—k  _PFq%-k _ (q)

T l4xg+rae - l4rxog -

The proof follows by induction.

(b) Using the monotonic character of the function f(u,v) which is described by
Lemma 4.2(b) and the condition that g < pr < g + qz/r, when x_,...,x_1,x0 € [(pr -
q)/q,q/r], we can get

pr—q qpr—q __pPraxk  _ Pr-q9.9\_4
4 §f<r’—q )le T+ g 17y f(xo,JC—k)Sf<—q ’r> - (4.9)

The proof follows by induction.

(c) Seth(x) = (p+gx)/(1+p+rx), g(x) = (p+gx)/(1+rx), then h(x) is increasing for
x and g(x) is decreasing for x when pr = g + qz/r, we see that when x_, ..., x_1,x0 € [0,p],
then

p+qx_i > p+qx_i > h(0) = 14 >0,
1+p

X1 = Z
l+xo+rx — 1+p+rxy

P PTAE o) =p.

(4.10)

X1 = >
T+xg+rx, ~ 1+rx_g

The proof follows by induction.

(d) Using the monotonic character of the function f(u,v) which is described by
Lemma 4.2(b) and the condition g+4°/r < pr < pg+q, whenx_y, ..., x_1,x € [q/7, (pr—q) /4],
we obtain

q pr—q pr—q p+gx-k q 49 Pr+‘72 pr—4q
— = _— < = = < - - = .
r f( g " q )_x1 1+ x0+7rx_k f(Xo, %) _f<r'r> r+(r+1)g < q

(4.11)

The proof follows by induction.
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(e) In view of the condition pr > pq + q, we can get (pr —q)/q > p > q/r. By using

the monotonic character of the function f(u, v) which is described by Lemma 4.2(b) and the
condition pr > pg + q, when x_g, ..., x_1,x9 € [q/1,p], we have

+ +qgx_ r+q°
g<M:f(plp)le—ka:f(xolx_k)Sf<g,g> —u<p‘

“1l+p+pr Cl+xp+rx Cr+q+gr
(4.12)
The proof follows by induction.
The proof is complete. O
5. Semicycles Analysis
Let {x,},._, be a positive solution of (1.1). Then we have the following equations:
R O St I . Y 1)
r v 1+x,+ 71X,k
Xps1 —p = _PXnt (pr - q)xnfk, forn>0, (5.2)
1+x,+1rX,_k
Xni1 = prq_ 1
_Waq)(q+q*/r—pr) + ((pr—a)/4)(a/r —xa) + (r/9) (q+ /T —pr)Xnic .
1+, + X,k ! =
(5.3)

o —T = r(x q/r) (X = xp-k) +X(X - x ), forn >0, (5.4)
1+x,+rx,_k

Xn+2 — Xnp

X1k (q/1 = xn)(rxp-ic + xn + 1) + (g + 1) X0k (pr/ (g +7) = %) + (P — X — x3)
a (1 + xp + 7Xp-k) (1 + 7Xpi1-k) + P + GXnk !

for n > 0.
(5.5)

If pr = q + q*/r, then the unique positive equilibrium is X = g/r, and (5.1) and (5.5)
change into

Xy — 1 = gq/r——xn, for n >0, (5.6)
r rl+x,+rx,_k

Xn+2 — Xn

g/ 1=2) (P X1 kXn k+TXnXps1 k+ T X1k + (Pr?/ Q) Xk +X0 + /7 + 1) tor n>0
- (1 +xn + rxp-k) (1 + rXpe1-k) + P + GXn—k ! =
(5.7)
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The following lemma is straightforward consequences of identities (5.1)—(5.7).

Lemma 5.1. Assume that pr < q and let {x,},;._, be a solution of (1.1). Then the following
statements are true:

(i) x, < g/rforalln>1;

(ii

(iid

)
) if for some N > 0, xn_x < X and xn > X, then xn+1 < X;
) if for some N >0, xn_k > X and xn < X, then Xxn41 > X;

(iv)0<x<qg/r.
Lemma 5.2. Assume that q < pr < q + q*/r and let {x,}5 _, be a solution of (1.1). Then the
following statements are true:

(i) if for some N > 0, xn < q/7, then xn4+1 > (pr —q)/q;
(ii) if for some N > 0, xn < (pr — q)/q, then xn+1 > q/7;
(iii) if for some N >0, xn = (pr — q)/q, then xn1 = q/7;
(iv) if for some N >0, xn > (pr — q)/q, then xn41 < q/7;
(v) if forsome N >0, (pr —q)/q < xn < q/r, then (pr —q)/q < x, < q/7 forn > N;
(vi) if for some N >0, xn—k < X, and xn > X, then xn.1 < X;
(vii) if for some N >0, xn—k > X, and xn < X, then xn.1 > X;
(viii) if for some N >0, xn < (pr — q)/q, then xn12 > XN;
(ix) if for some N >0, xn > q/r, then xn42 < XN;
x) (pr—q)/qg<x<q/r.

Lemma 5.3. Assume that pr = g + q*/r and let {x,}5._ be a solution of (1.1). Then the following
statements are true:

(i) if for some N >0, xn > q/ 1, then xn+1 < q/71;
(ii) if for some N >0, xn = q/r, then xn.1 = q/7;
(iii) if for some N >0, xn < q/r1, then xn.+1 > q/7;
(iv) if for some N > 0, xn > X, then xn41 < X;
(v) if for some N > 0, xn < X, then xn.+1 > X;
(vi) if for some N >0, xn > q/ 1, then xni2 < XN;
(vii) 1ffor some N >0, xy < q/7, then Xxn42 > XN;
)

(viii) x =

Lemma 5.4. Assume that g+ g*/r < pr < pq + q and let {x,}>2_, be a solution of (1.1). Then the
following statements are true:

(i) if for some N > 0, xn > q /7, then xn.+1 < (pr —q)/q;
(ii) if for some N > 0, xn < (pr — q)/q, then xn+1 > q/7;
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(iii) if for some N > 0, xn = (pr — q)/q, then xn41 = q/7;
(iv) if for some N >0, xn > (pr — q)/q, then xn41 < q/7;
(v) if forsome N >0, q/r <xn < (pr—q)/q, then q/r < x, < (pr —q)/q forn > N;
(vi) if for some N > 0, xn—x < X and xn < X, then xn11 > X;
(vii) if for some N >0, xn_k > X and xn > X, then xn41 < X;
(viii) if for some N >0, xn < (pr —q)/q, then xn.1 > q/7;
(ix) if for some N >0, xn < q/1, then xn+2 > XN
(x) if for some N >0, xy > (pr — q)/q, then xn.2 < xXN;
(xi) g/r<x<(pr-q)/q.

Lemma 5.5. Assume that pr > pq + q and let {x,};._; be a solution of (1.1). Then the following
statements are true:

(i
(ii

(iii) if for some N >0, q/r < xn < p, then q/r < x, <p forn > N;

) xp <pforalln>1;

) if for some N >0, xn < p, then xn41 > q/1;
(iv) if for some N > 0, xn—-k < X and xn < X, then xni1 > X;
(v) if for some N > 0, xn_x > X and xn > X, then xn.1 < X;
(vi) if for some N >0, xn < q/r, then xn+2 > XN;

(vii) if for some N >0, xn > p, then xn42 < XN;

(viii) g/r <X <p.

The following results are consequences of Lemmas 5.1-5.5.

Theorem 5.6. Let {x,},._, be a nontrivial solution of (1.1) and X is the unique positive equilibrium
point of (1.1). Then the following statements are true.

(a) Assume that pr < q. Then except possibly for the first semicycle, every oscillatory solution
of (1.1) has semicycles of length at most k.

(b) Assume that g < pr < q + q*/r. Then, except possibly for the first semicycle, every
oscillatory solution of (1.1) which lies in the invariant interval [(pr — q)/q,q/r] has
semicycles of length at most k.

(c) Assume that pr = q+q*/r. Then after the first semicycle, every oscillatory solution of (1.1)
about the equilibrium point x with semicycle of length one.

(d) Assume that g + g*/r < pr < pq + q. Then, except possibly for the first semicycle, every
oscillatory solution of (1.1) which lies in the invariant interval [q/r, (pr — q)/q] has
semicycles that is either of length at least k — 1, or of length at most k + 1.

(e) Assume that pr > pq + q. Then, except possibly for the first semicycle, every oscillatory
solution of (1.1) which lies in the invariant interval [q/r, p] has semicycles that is either
of length at least k — 1, or of length at most k + 1.
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6. Global Stability
In this section, we will investigate global stability of the positive equilibrium point x of (1.1).

Theorem 6.1. Assume that (3.9) holds and let {x,};._; be a positive solution of (1.1). Then every
solution of (1.1) eventually enters the invariant interval

(@) [0,9/r]ifpr<gq;

[
(b) [(pr—q)/q,q/r1if g <pr <q+q*/r;
() [q/r,(pr=q)/ql if g+ q* /T <pr <pq+gq;
(d) [q/7,p]lif pr = pq +q.

Proof. (a) The proof is a direct consequence of Lemma 5.1.

(b) From Lemma 5.2(v) we know that if there exist an integer N such that xy € [(pr -
q)/q,9/7], then x,, € [(pr —q)/q,q/r] for n > N and the result follows. Now assume for the
sake of contradiction that all terms of {x,} never enter the invariant interval [(pr—q)/q,q/7]
for n > 0. Notice that Lemma 5.2(ii) implies that x,.1 > q/r for x, < (pr —q)/q. Further using
Lemma 5.2(viii) and (ix), we obtain that the subsequence {x2,},-, and {x241};, are both
monotonous. If one of them is decreasing, then it is bounded above by (pr — gq) /g, and if one
of them is decreasing, then it is bounded below by q/r. Thus lim,, _, , X2, and limy, _, xX2441
exist. Set

lim x5, = L, lim x7,41 = M, (6.1)
n—oo

then L < (pr —q)/qand M > q/r, or vice versa. From which it follows that

...,LM,L,M,... (6.2)

is a period-two solution of (1.1), which is a contradiction, since when (2.3) holds, (1.1) has no
period-two solution.

(c) The proof is similar to (b), so will be omitted.

(d) In view of Lemma 5.5(i) and (iii), we know that x,, < p for all n > 1 and [g/7, p]
is an invariant interval of (1.1). If there exist an integer N such that xy € [g/7,p], then
Xy € [q/1,p] for n > N, from which it follows that the result is true. Now assume for the sake
of contradiction that terms of {x,} never enter the invariant interval [q/7, p], then they all lie
in the interval [0, q/r]. Noticing that x; < q/r and pr > pg + q hold, we get

2 2
Xy — xy = p-xi+rxk(q/r-x) - x > p-q/r-(q/r) >0, (6.3)
14 x + 721k 14 X1 +7rx1_k
from which it follows by induction that the sequence {x,} is increasing in the interval [0, q/r].
Hence, lim,, _, . x,, exists and lim,,_, ,x, < q/r, which is a contradiction because (1.1) has no
equilibrium point in the interval [0, q/7].
The proof is complete. O

Theorem 6.2. Assume that (3.9) holds. Then the positive equilibrium X is a global attractor of (1.1).
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Proof. The proof is finished by considering the following five cases.

Case 1 (when pr < g). By Lemma 4.3(a) and Theorem 6.1(a), we know that (1.1) possesses an
invariant interval [0,g/r] and every solution of (1.1) eventually enters the interval [0, q/7].
Further, it is easy to see that f(u, v) decreases in u and increases in v in [0, q/7].

Finally observe that when (3.9) holds, the only solution of the system

p+qm p+gM

—m, — (6.4)
1+M+rm 1+m+rM

7

is m = M. Further, Lemma 5.1 implies that (1.1) has a unique equilibrium x € [0,q/7].
Thus, in view of Lemma 1.6, every solution of (1.1) converges to Xx. So the unique positive
equilibrium x is a global attractor of (1.1).

Case 2 (when g < pr < q + g*/r). By Lemma 4.3(b) and Theorem 6.1(b), we know that
(1.1) possesses an invariant interval [(pr — q)/q,q/r] and every solution of (1.1) eventually
enters the interval [(pr — q)/q,q/r]. Further, it is easy to see that f(u, v) decreases in u and
increases in v in [(pr—q)/q,q/r]. Then using the same argument in Case 1, (1.1) has a unique
equilibrium X € [(pr — q)/q,q/7r] and every solution of (1.1) converges to x. So the unique
positive equilibrium X is a global attractor of (1.1).

Case 3 (when pr = q + g*/r). In view of part (c) of Theorem 5.6, we know that, after
the first semicycle, the nontrivial solution oscillates about x with semicycles of length one.
Considering the subsequences {x2, },o and {x2,+1},—o, we have

Xon > g, Xops1 < g for n >0, (6.5)

or

Xop < g, Xopsl > g for n > 0. (6.6)

Let us consider Case 1. Case 2 can be handled in a similar way. In view of Theorem 4.1 and

Lemma 5.3, we know that {x,}._, is bounded and x,.1 = q/r if x, = q/r and

x1<x3<x5<~--<g<~--<x4<x2<x0. (6.7)
r

So lim,, _, oo x5, and lim,, _, o, X2,41 exist.

Let

L = lim xyp,, M = lim x2,41, (6.8)
n—oo

n— oo

then L > q/r,M < q/r.If L# M, then L, M is a period-two solution of (1.1). Furthermore,
the condition (3.9) holds. This contradicts Theorem 3.2. Thus L = M and lim,_, X, = q/7.
So x = g/r is a global attractor of (1.1).
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Case 4 (when g + q*/r < pr < pq + q). By Theorem 6.1(c), we know that every solution
of (1.1) eventually enters the interval [q/r, (pr — q)/q]. Furthermore, it is easy to see that
the function f(u,v) decreases in each of its arguments in the interval [gq/7, (pr — q)/q]. Let
m, M € [q/r, (pr — q)/q] is a solution of the system

_pram __ _praM (69)
1+m+rm ’ 1+ M+rM ’
that is, the solution of the system
p+qgm=M+mM +rmM, p+qM=m+mM +rmM. (6.10)

Then (m—M)(g+1) =0, which implies that m = M. Employing Lemma 1.7, we see that (1.1)
has a unique equilibrium x € [gq/r, (pr — q)/q] and every solution of (1.1) converges to Xx.
Thus the unique positive equilibrium X is a global attractor of (1.1).

Case 5. When pr > pg+q. By Theorem 6.1(d), we know that every solution of (1.1) eventually
enters the interval [q/r, p]. Further, it is clear to see that the function f(u, v) decreases in each
of its arguments in the interval [q/r, p]. Then, using the same argument as in Case 4, (1.1) has
a unique equilibrium x € [q/r, p] and every solution of (1.1) converges to x. Thus the unique
positive equilibrium x is a global attractor of (1.1).

The proof is complete. U

In view of Theorems 3.1 and 6.2, we have the following result, which solves Open
Problem 1 when conditions (3.9) holds.

Theorem 6.3. Assumed that (3.9) holds. Then the positive equilibrium of (1.1) is globally
asymptotically stable.
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