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The Boolean function which has equal absolute spectral values under the nega-Hadamard transform is called negabent function.
In this paper, the special Boolean functions by concatenation are presented. We investigate their nega-Hadamard transforms, nega-
autocorrelation coeflicients, sum-of-squares indicators, and so on. We establish a new equivalent statement on f; || f, which is
negabent function. Based on them, the construction for generating the negabent functions by concatenation is given. Finally, the
function expressed as f(Ax@a)@b - x @ c is discussed. The nega-Hadamard transform and nega-autocorrelation coefficient of this
function are derived. By applying these results, some properties are obtained.

1. Introduction

Rothaus [1] introduced the class of bent functions which
play an important role in cryptography and error correcting
coding (where they are used to define optimum codes such
as the Kerdock codes). The bent functions are those Boolean
functions whose Hamming distance to the set of all affine
functions is maximum. Equivalently, their spectrum with
respect to the Walsh-Hadamard transform is flat (i.e., all
spectral values have the same absolute value). The Walsh-
Hadamard transform is an example of a unitary transfor-
mation on the space of all Boolean functions. Riera and
Parker [2] considered some generalized bent criteria for
Boolean functions by analyzing Boolean functions that have
a flat spectrum with respect to one or more transforms
chosen from a set of unitary transforms. The transforms
chosen by Riera and Parker are n-fold tensor products
of the identity mapping (}¢), Walsh-Hadamard transfor-
mation (1/v2) (1), and nega-Hadamard transformation
(1/v2) (1} i), wherei* = —1. Riera and Parker [2] mentioned
that this choice is motivated by local unitary transforms
that play an important role in the structural analysis of
pure n-qubit stabilizer quantum states. As in the case of
the Walsh-Hadamard transform, a Boolean function whose
nega-Hadamard magnitude spectrum is flat is said to be

negabent. Moreover, a Boolean function is called bent-
negabent if it is both bent and negabent. For instance, the 6-
variable function f(x) = (x; ® x, ® x,x, ® X,X3)X, ® (x5 &
XX, ®X,X3) X5 D (X, ®x3)x, is a cubic negabent function and
the 4-variable function g(y) = y,5, ® ¥,¥; ® y3, is bent-
negabent.

Negabent functions and bent-negabent functions have
been extensively studied during the last few years [3-11].
Parker and Pott [3] presented several constructions and
classifications on bent-negabent. Schmidt et al. [4] con-
structed a subclass of the Maiorana-McFarland class of bent
functions in which all functions are also negabent. Also, they
provided an upper bound on the algebraic degree of any bent-
negabent Boolean function from the Maiorana-McFarland
class. Sarkar [5] studied the symmetric negabent functions
and obtained that a symmetric function is negabent if and
only if it is affine. Stdnica et al. [6, 9] gave the detailed
study of some of properties of nega-Hadamard transform and
derived several results on negabentness of concatenations.
They pointed out that the algebraic degree of an n-variable
negabent function is at most [#/2]. In [7], Gangopadhyay and
Chaturvedi developed the technique of constructing bent-
negabent functions by using complete mapping polynomials.
Sarkar [8] considered negabent functions that have trace rep-
resentation and completely characterized negabent quadratic
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monomial functions. The necessary and sufficient condition
for a Maiorana-McFarland bent function to be a negabent
function was presented in [8]. Su et al. [10] gave necessary
and sufficient conditions for Boolean functions to be a
negabent function for both an even and an odd number of
variables and also determined the nega-Hadamard transform
distribution of negabent functions. Further, a method to
construct bent-negabent functions was provided. In [11],
Zhang et al. presented two methods for constructing bent-
negabent functions by using the indirect sum construction
(proposed by Carlet in 2004 [12]).

2. Definitions and Notations

In this section we introduce a few basic concepts and
notations. Let F, denote the finite field with two elements.
We denote by %, the set of all Boolean functions of n-
variable, that is, of all the functions from F] into F,. The set
of integers, real numbers, and complex numbers are denoted
by Z, R, and C, respectively. The addition over Z, R, and C
is denoted by +, ). The addition over Fj for alln > 1 is
denoted by @, €P;. The Hamming weight w#(x) of an element
x = (x,%y,...,%,) € Fj is the number of ones in x; that is,
wt(x) = Y, x;. We say that a Boolean function is balanced if
its truth table contains an equal number of 0’s and 1’s; that is,
if its Hamming weight equals wt(f) = 2""'. The Hamming
distance between two functions f(x) and g(x), denoted by
d(f, g), is the Hamming weight of f & g; that is, d(f,g) =
wt(f @ g).

Any Boolean function f(x) € %, where x = (x;,x5,...,
x,) € Fj,is generally represented by its algebraic normal form
(ANF):

f(xl’XZ""’xn) =@)‘u<nx?i>’ (1)
i=1

n
u€k)

where A, € F, and u = (u;,u,,...,u,) € F,. The algebraic
degree of f(x), denoted by deg(f), is the maximal value of
wt(u) such that A, # 0. A Boolean function is affine if there
exists no term of degree strictly greater than 1 in the ANF
and the set of all affine functions is denoted by A,,. An affine
function with constant term equal to zero is called a linear
function. Any liner function on F) is denoted by x - w =
X001 B X,0, & - - ®x,w,, where x, w € F). The nonlinearity of
an n-variable function f(x) is nl(f) = mingc, (d(f, g)), that
is, the distance from the set of all #n-variable affine functions.
Ifx = (x,%...,%,) € Fband y = (y,¥5,...,¥,) € B3,
we define the scalar (or inner) product, respectively, as the
intersection by

X Y=X)19X,),0 DX, Y, o
X%y = (X1 Y16X0 Y02 X Y) -
In this paper, we will use the well-known identity

wt (x @ y) = wt (x) +wt (y) — 2wt (x * y). (3)

The cardinality of the set A is denoted by |A|. If z = a+bi €
C, then |z] = Va? + b? denotes the absolute value of z and
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Z = a— bi denotes the complex conjugate of z, where i* = —1,
a,beR.

The Walsh-Hadamard transform of f € 9, at any point
w € F} is denoted by

Ty =2 )

n
x€F;

(4)

The nega-Hadamard transform of f € 93, atany pointw € F,
is the complex valued function:

‘/V%f (w) — 2—n/2 Z (_1)f(x)e;w.x iwt(x). (5)
x€F)
A function f € %, is a bent function if |# )] =1
for all w € F,. Similarly, f is called negabent function if
I/V%f(w)l = 1for all w € Fj. It is interesting to note that
all the affine functions (both odd and even) are negabent. If
f is both bent and negabent, we say that f is bent-negabent.
They will be interesting as they have extreme properties in
terms of two different Fourier transforms.
The nega-cross-correlation coeflicient of f and g at w is
denoted by

'/V(gf,g (w) = Z (_l)f(x)GBg(xeDw) (_1)w-x ‘ ©

x€F)
We define the nega-autocorrelation coefficient of f at w by

‘/ngf (w) _ Z (_1)f(x)€Bf(xeBw) (_1)w'x .

n
x€F}

7)

Note that /'€ \(w) = (-1 N'E 4 ¢(w). The functions
f and g are said to have complementary nega-autocorrelation
if for all nonzero u € F,

NG (u)+ NG, () =0. (8)

Definition 1. Let f(x),g(x) € AB,, and the sum-of-squares
indicator of the nega-cross-correlation between f(x) and
g(x) is defined by

Apg= Z /V(gi‘,y (@). )

"
w€eF]

If f = g, then A ;¢ is called the sum-of-squares indicator of
the nega-autocorrelation of f and denoted by A ; that is,

2
Ap= ) NG} (). (10)

w€eF)
Note that /G ((0) = 2" Thus, Ap = ¥ ,ep VE(w) 2
/V‘?g}(O) = 2" A Boolean function f(x) € A, is negabent if

and only if /€ ((w) = 0 forallw € F) —{0}. Hence, Ap> 22
where the equality holds if and only if f is negabent function.

3. Some Cryptographic Properties of
Boolean Functions by Concatenation

In this section, we will use concatenation of Boolean func-
tions. Let f,, f, € %B,_; and f(x) € 9B,. We denote the
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concatenation of f,, f, by f1 | f.So, f = f; || f, means
that in algebraic normal form

X)) = (1@ x,) fi (X, X5 05 %)

® x,, f5 (%1, X5, . ..

f (x5 %y, ..
(11)

’xnfl) .

The concatenation simply means that the truth tables of the
functions are merged. For f = f, | f,, the upper half part
of the truth table of f corresponds to f; and the lower half
partto f,. The concatenation of afine functions together with
certain nonlinear function has been used in several works
[13-15].

In [6, 9], the function h(x, y) = f |l g = fx)(1 & y)®
g(x) y was studied and the following result was obtained.

Theorem 2 (see [6, 9]). Suppose h € B, is expressed as

h(xy)=f®(ley)egx)y (12)

forall (x,y) € F, x F,, where f,g € B, Then the following
statements are equivalent.

(i) h is negabent.

(ii) f and g have complementary nega-autocorrelations
and V'€, (u) = 0 forall u € F) with wt(u) =
1(mod 2).

(iif) [V W) + |V H W) = 2 for allu € Fy and
./V%f(u)/./l/%g(u) is a real number whenever
| NI (NI G(w)] # 0.

In the following, we establish here a new equivalent
statement. Also, we give an alternate proof of Theorem 13
(6, 91.

Theorem 3. Let h € BB, be expressed as

h(xy)=f®(ley)egx)y (13)

for all (x,y) € F; x F,, where f,g € 3B,. Then the following
statements are equivalent.

(1) h is negabent.

) I!/V?ff(u)l2 + I,/Vﬁ’fg(u)l2 = 2 forallu € F, and
/V%f(u)//l/%’g(u) is a real number whenever
I/V%f(u)ll/lf%g(u)l #0.

(3) f and g are negabent functions and
(N[ (1), VI, (W)

if nis even, (14)

R I

where u € F.

Proof. We first show (1)=(2). By using the definition of the
nega-Hadamard transform, we compute that

NH ), (u,a)
1 i .
_ ?./V%f(u)+$./!/?/g(u), ifa=0, (15)
1 .
ﬁ/lf%’f(u)— %./V%g(u), ifa=1.
As his negabent, /%), (u,a) = 1, we have
i
I\/_/V%f(u)+ \/E./V%’g(u) =1,
. (16)
i
I\/_,/V%f(u) \/E./V%’g(u) =1
According to (5), set
NI (w)=2"" (a+bi),
NI () =272 (c + di), (17)
a,b,c,d € Z.
Hence,
|V s ()] = 27 (a2 + b?),
|77y )] = 2 (2 + @),
2 n/2 -n/2 (18)
(a-d)+ —(b+0)i|=1,
R 5
-n/2 -n/2
(a+d)+ —b-0)i|=1;
vz V2
that is,
(@a-dy+ b+ =2"",
(19)

(a+d)?+(b-c)*=2""".
From (19), we have
27" (@ + )+ 27" (P +d’) =2, ad=bc. (20)

Thus, |/ ((w)|* + |V I ,(w)|* = 2. Since ad = bc, suppose,
forallu € F), \ VA sW|N T j(u)] # 0; then

NH W) a+bi  (a+Dbi)(c-di)

./V%g(u) c+di (c+di)(c—di) @
_ (ac+bd)+ (bc—ad)i ac+bd cR
a c +d? 2+ d? '

We now show (2)=(3). By (2), since I/V%f(u)l2 +
|./V.7/g(u)|2 =2 forall u € F), then

27" (a2 e d2) =2 (22)



that is,

a+b*+F+db =2 (23)

Note that a, b, ¢c,d € Z. There are two cases to be consid-
ered: n even and n odd.

Case 1 (n is even). By applying Jacobis four-square theo-
rem, (14) has exactly 24 solutions, which are all variations
in + sign and order of (12"/2,12”/2,0, 0). Further, it is
straightforward to check that, among these 24 solutions,
the eight tuples (a,b,c,d), in the list below, are also satis-
tying NI ((u)| N FH g(u) which is a real number whenever
¥ @I T )| # 0,

(201D12, p=DI2 22 p1-DI2) | (5(a-1)/2 Y0D/2 i)z
(201112, gD/, _p(a-D/2 p-/2) (2012 oD/ pn-D/2 _pin-D/2)
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(a) b) C) d)

n/2 n/2 n/2 n/2 (24)
e {(£2"2,0,£2"2,0), (0, £2"7,0,£2"2)}.

Therefore,
(NI (1), Ny W) € {(£1,£1), (i, i)} (25)

So, I/V%f(u)l = Iﬂ/%g(u)l =1, where u € F,.

Case 2 (n is odd). Similarly, from Jacobis four-square
theorem, (14) has exactly 24 solutions, which are all
variations in + sign and order of (12("“)/2,0,0,0) or
(120702 4 o=D/2 o (=D/2 4 5(1=D12) Byrther, it is straight-
forward to check that, among these 24 solutions, the
eight tuples (a,b,c,d), in the list below, are also satisfy-
ing N/ f(u)//V H g(u) which is a real number whenever
NEFO WE N ET)

, _2(n—1)/2) ,

(_2(71—1)/2’ 2(n—1)/2’ 2(n—1)/2) _z(n—l)/Z) , (_2(71—1)/2, _2(71—1)/2’ 2(n—1)/2) 2(n—1)/2> ,

(_z(n—l)/Z’ z(nfl)/z, _z(nfl)/z) 2(n71)/2) , (_2(n—1)/2, _z(n—l)/z, _z(n—l)/z, _2(n—1)/2) )

Then,

(W% s (), VI, (w))

o o (27)
€ Kiljzl’iljzl)’(ilﬁl’ilﬁ >}

So, I/V?ff(u)l = I.A/%g(u)l =1, where u € Fj.
Summarizing Cases 1 and 2, we conclude that f and g are
negabent functions if (2) holds.
In the end, we show (3)=(1). According to (15), thanks to
(14), (1) holds. This completes the proof. O

In the following, for f = f, | f,, we discuss a connection
among A, A, Ap, and Ay . At first, according to the
proof of Theorem 3 and Corollary 2 in [6, 9], we have the
following.

Lemma 4 (see [6,9]). Let f(x,x,) = f1 |l f, € B,, x € Fg‘_l,
x, €F,, f1, f, € B,_,; then

NE s (0, w,)
s @)+ IE (@), if w,=0, (28)
NG 1 (@)= (DN, (w), if w,=1,

wherew € F) ', w, € F,.

To obtain a connection among A ¢, A4, Ay, and A, ¢,
the following lemma is needed.

(26)
Lemma55. Let f, g € B,. Then
ZF ,/V%f (a) = ZF NE; (@) Ny (@). (5
a€F) weF]

Proof. According to the definition of nega-autocorrelation
coefficient, we have

Y NE (@) N, (w)

w€eF)
_ Z Z (_1)f(x)e§f(x€3w)®w~x
w€eF) \ x€F)
. Z (_1)y(y)®g(y®w)®w~y> _ Z (_l)f(x)eag(y)
yeF; x,y€Fy

. Z (_1)f (x6w)@g(yDw)ow-(x&y)

w€eF)
Z (_ 1 )f(x)eg(y)ea(xey)‘x
x,yeF'z’

. Z (_ 1 )f(x@w)@g(xﬂ)weaxeay)@(xeaw)-(xe)y)

n
w€eF;



Mathematical Problems in Engineering

=YY (1) Wt e (xq )

x€F] yeF}

_ Z Z (_l)f(x)eag(x@zx)ezx-x ‘/V(gf)g (06)

a€F] xeF}
2
= Z NG, (@) =Dy,

n
a€F]

(30)

Remark 6. If we use Cauchy’s inequality

2
< zai@> < Yy &
to the sum on the right-hand side of (29), we get

Arg= Y /Vfgjﬂg (@ =) VC;(w) NE, ()

zxeF;’ wGF;‘
1/2 1/2
< NG NG (32)
<| Y IE](w) Y N ()
wEF;‘ weF;’

— A2p12 _ .
= 0PN = A

thatis, Ay, < /A (A . From Lemmas 4 and 5, we get the
following.

Theorem 7. Let f(x,x,) = f, | f, € B, x € Fy ', x, € F,,
fi> fr € By Then
Ap=RAp+Ap+40p
33
_2 Z (_l)wt(w) ‘/V%;l,fz (w) . ( )

n—1
wEF,

Proof. Applying (28) and (29), we have

Z NE s (w, w,)’

weFy ! w,€F,

- 3

weFI ! w, =0

)

weF; w,=1

Af =
(HE; (@) +HE, (@)
(# %5, 5, (@)

SCD"O N @) = Y N W)

n-1
wWEF;

+ Y /V%}z @ +2 ) NG (W) NE, ()

n—1 n—1
w€eF; wEF,

5
+2 ) /V%}bfz (@-2) (-1

weF; ™ weF; !

2

Ny g (@ = A+ Ay +4A, g
-2 ) ()T L ().

weFy!

(34)

Theorem 7 gives the relationshipamong A (, A ¢, A ; ,and
Ay, 1, Furthermore, we have A > A + A4, where the
equality holds if and only if /'€,  (w) = 0 forall w € B
By Lemma 4, we give a construction for generating negabent
functions. O

Corollary 8. Let f € B,_,. Theng € B, = f || f is negabent
if and only if f is also negabent functions, where the notation

f denotes the complement function of f; thatis, f = f & 1.

Proof. Using (15), for any w € F ', w, € F,, we have

N ;(0,w,)
) ?/V%f(w)—é/l/%f(w), if w, = 0, .
i . 35
— N (W) + —=NT (w), fw,=1,
ST @)+ SN (@)
_<L—L>/Vy/ (w)
Vi)
Hence
1 i
NH ()| =|—=F —=||NT(0)| = |NH ¢ (w)]. (36
7y @) = | 5 = |l @) = |4 @ o
Since f is negabent, |/ 7 (w)| = 1 for all w, € F,, complet-
ing the proof. O

There are many ways to construct bent functionsin %,,,,,
starting from bent functions in 9,, and 9%, (see [16, pages
81-96]). Concatenation under certain conditions produces
also bent functions of higher dimension (see [15]). In the
following, we mainly consider Boolean function

9 (6 X1 X12) = f1 ) | L) 1 f5(0) 1 £ ()
€A

n+2>

that is, the algebraic normal form of g(x, x,,,, x,,,,) is

9 (% X1, %p12) = f1 @ X1 (f1 @ f)
®x,, (f1© f3) (38)
®x, 1% (1@ 0@ fi@ f)),

where f; € %,,i=1,2,3,4,x € F}, x,.1, X, € F,. We first
establish an important technical formula.



Theorem 9. Let function g be defined as (37); then

NI (@) = % (Vo (W) +i(-1)" Wy (w)

(39)
. b adb
+i (-0 NHf, (w) - () NH [, w)],
+2
wherew = (u,a,b) € F,", u € F), a,b € F,.
Proof. Using (5), we have
NI 5 (w)
— 2_(”"'2)/2 Z (_1)g(x'xn+l>xn+2)$(x’xn+l’xn+2)'w
(x’xn+l’xn+2)EFg+z
. th(x)xnﬂ’xmz) — l
2
. 2*”/2 Z (_1)5(X,xn+1’xn+2)@V-'x@“xnﬂ@bxmz
(x,xn+1,xn+2)€F;‘*2
. iwt(x,an,xnn) — l
2
. 27"/2 Z Z (_1)9(x>xn+1>Xn+z)@”'x®axn+1@bxn+z
x€F; (xn+1>xn+2)€F%
(40)
. iwt(x,xnﬂ,xﬂ”) _ l . 2—n/2 Z (_1)f1(x)€Bu-x l.wt(x)
2 x€F)
+ Z (_l)fz(x)a)wxe)a iwt(x)+1 + Z (_1)f3 (x)®u-xdb
x€F} x€F}
. iwt(x)+1 + Z (_1)f4(x)eau-xe)a@b iwt(x)+2
x€F}
1 . . b
=S @ i) T ) i D)
NI () = (1) N, ()]
f3 fa :
This completes the proof. O

In (37),if f, = f, = f» f» = f5 = f> then we obtain the

following.

Corollary 10. Let f € B,. Theng e B, = f | f I f 1 f
is negabent if and only if f is also negabent functions.

Proof. According to (39), we have

_ (_1\a®b
/V%’g (u,a,b) = &

NI s (w)
DT

; NI f (W)
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—iNH ; (u), a=0,b=0,
N ¢ (1), a=0,b=1,
) NHpw), a=0b=1,
iNT ¢ (), a=1,b=1.

(41)

Thus, NI ;(u, a, b) € {./V%’f(u), J_ri/V%’f(u)} for all (u,a,
b) € F, x F, x F,. Hence, if g is negabent, then f is
also negabent. Conversely, if f is negabent, then g is also
negabent, completing the proof. O

4. Nega-Hadamard Transform and
Nega-Autocorrelation Coefficients of
a Class of Boolean Function

In this section, we mainly study the function g(x) € %,
expressed as

gx)=f(Axea)eb -xac, (42)
where f(x) € B,,a,b € F),c € F,,and Aisann xn
orthogonal matrix. Here we compute the nega-Hadamard
transform and nega-autocorrelation coeflicient of g.
Theorem 11. Let g € BB, with the same data as above; then

NI ()

(43)
= (~1)eACera D ygr (Ab o w) @ a),
HE (@) = ()W B (Ad). (44)
Proof. According to (5), we have
/V%g ((U) _ 2—n/2 Z (_1)f(Ax€Ba)€Bb~x€Bc€Bw-x iwt(x)
x€F]
(45)

_ (_1)c 2—n/2 z (_1)f(Ax€9a)eB(beBw)~x iwt(x).

"
x€F)

Setting y = Ax@®a, since A is orthogonal matrix, then ATA =
AAT = I, where AT is the transpose of A and I is the identity

matrix; then x = AT(y®a). Furthermore, when x ranges over
F}, so do Ax and Ax @ a. Thus

NI 5 (@) = (-1)°
g2 Z (-1) f(y@bew)-(AT y+ATa) iwt(AT(yGBa))
yeF;
_ (_l)cea(beaw)-ATa

L2 Z (-1) Fe(bow)ATy wi(A” (yoa)) (46)
yer;

_ (_ 1 )ceBA(beBw)-a

2 Z (-1) f()@AbBw)-y iwt(AT(ysBa))‘

yeE;
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wt (AT (yeaa)) = (AT (yeaa))TI(AT (yeaa))

=(yoa) AIAT (y®a)

(yea) I(yoa)=uwt(yea),

_ iwt(y)+wt(a)—2wt(y*u)

iwt(yeaa)
(47)

— iwt(y)ert(a)i—Zwt(y*a)
_ iwt(y)Jru)t(a) (_1)—wt(y*a)

_ iwt(y)ert(a) (_l)wt(y*a)

_ iwt(y)+wt(a) (_l)y-a ,

which implies that

NI g (w) = (_1)C®A(b®w)~a o2 Z (-1) F(n)@Abew)y
yeF;

_iwt(yeaa) _ (_l)ceBA(beaw)ﬂ

. 2—n/2 Z (_1)f(y)€BA(b$w)~y iwt(y)+wt(a) (_1)y~a

yeF; (48)

_ (_ 1 )caaA(béBw)a

. iwt(u)z—n/z Z (_1)f(y)eB(A(beBw)®a)-y iwt(y)

yer;

= (-1)@ACe D ygr (Abow)@a).
Thus (43) holds. Next we will compute (44). Set

hix)=gx)egxda)da-x
= f(Ax®a)eb-xoco f(A(xda)®a)®b
(xda)BcHa-x

= f(Ax®a)® f(Ax@ Aax®a)db-ad - x.
So by using (6), we get

./V(gg () = Z (_l)g(x)$g(xea)eaa-x

"
x€F)

Z (_ 1 )f(Axeaa)e;f(Axe)Aoceaa)eabueawx

(50)

n
x€F]

(_ 1 )b~(x Z (_ 1 )f(Axeaa)eaf(Axeaae)Aoc)eea'x )

"
x€F}

Setting y = Ax@a, as A is orthogonal matrix, then x = A”(y®
a) = ATy @ ATa. Therefore,

‘/V(gg ((X) _ (_l)b-tx Z (_1)f(y)ﬂaf(yﬂ)Aot)@ot-(ATy@ATa)
yer;

— (_1)(ATg®b)-oc Z (_l)f()’)@f()@Aa)@tx-ATy

yer;

(51)
= (_1)(ATaéBb)'(x Z (_l)f(y)ﬂ)f(yeAa)eAa.y
y€EF;
= ()W §E (Aa).
This completes the proof. 0

By Theorem 11, we can easily get the following results
proved in [6, 9, Theorem 1 (a) and (d)].

Corollary 12. Let f(x) € B,,; then one obtains the following.
(a) Consider /V?f?(w) =-N¥;(w), w € E).

b)If glx) = f(Ax & a), then /V%g(w) =
(—1)Aw'“i'”t(“)/1/%f(Aw ® a), where A is an n X n
orthogonal matrix, a € F).

It is known that if f(x) is a bent function in (42), then the
function g(x) is also bent, where A is an n x n nonsingular
matrix. The Boolean function f(x) € %, is a negabent
function if |/ # f(a))l = 1. Therefore, according to (43), we
get that if f(x) is a negabent function, then g is also negabent.
The following result summarizes this discussion.

Corollary 13. With the same data as in Theorem 3, then if
f(x) is bent-negabent, g(x) is also bent-negabent.

In (42), by choosing some special cases and Corollary 13,
we have the following.

Corollary 14. Let f(x) € 9B, be a bent-negabent function;
then one obtains the following.

(a) fi(x) = f(x ® w) is bent-negabent, where w € F,.

(b) fo(x) = f(x)®a-x&b is bent-negabent, where a € F,
beF,

Remark 15. Corollary 12 was mentioned in [3, Lemma 2], and
Corollary 10 was proved in [4, Theorem 2] by applying [3,
Lemma 2]. However, if we use Theorem 11, these results are
easily obtained.

5. Conclusion

In this paper, the special Boolean functions by concatenation
are presented. We investigate their nega-Hadamard trans-
forms, nega-autocorrelation coefficients, sum-of-squares
indicators, and so on. We establish a new equivalent state-
ment on f; || f, which is negabent function. Also, we give
an alternate proof of Theorem 13 [6, 9]. Based on them,



the construction for generating the negabent functions by
concatenation is given. Finally, the function expressed as
f(Ax ® a) ® b - x & c is discussed. The nega-Hadamard
transform and nega-autocorrelation coefficient of this
function are derived. By applying these results, some
properties are obtained. We hope that these results will be
helpful in further studying of Boolean functions.
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