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This work presents a full-wave analysis of stable frequency selective surfaces (FSSs) composed of periodic arrays of cross fractal
patch elements.The shapes of these patch elements are defined conforming to a fractal concept, where the generator fractal geometry
is successively subdivided into parts which are smaller copies of the previous ones (defined as fractal levels). The main objective of
this work is to investigate the performance of FSSs with cross fractal patch element geometries including their frequency response
and stability in relation to both the angle of incidence and polarization of the plane wave.The frequency response of FSS structures
is obtained using the wave concept iterative procedure (WCIP). This method is based on a wave concept formulation and the
boundary conditions for the FSS structure. Prototypes were manufactured and measured to verify the WCIP model accuracy. A
good agreement between WCIP and measured results was observed for the proposed cross fractal FSSs. In addition, these FSSs
exhibited good angular stability.

1. Introduction

Frequency selective surfaces (FSSs) are being designed for
many applications in modern communication systems. Typi-
cally, they are used as spatial filters of electromagnetic waves
and are composed of two-dimensional periodic arrays of
metallic patch or aperture elements, behaving like band-stop
or band-pass filters, respectively [1–4]. Therefore, FSSs are
used to reflect or transmit electromagnetic waves according
to their array geometry, resonant element type and shape, and
other structural parameters. Therefore, different FSS geome-
tries may be used depending upon the desired frequency
response.

Furthermore, each FSS element resonates and dispenses
energy around its resonance frequency, when there are
incident electromagnetic waves. Typically, FSSs with aperture
type elements are used to provide band-pass filter response
with incident wave transmission at resonant frequencies.
Similarly, FSSs with metallic patch type elements are used
to provide band-stop filter response with incident wave
reflection at resonant frequencies [5, 6].

The frequency response of a periodic FSS geometry
depends on the element shape and type, substrate parameters,
and array type and periodicity. Therefore, FSSs are used in
manymicrowave applications such as radomes, subreflectors,
antenna systems, absorbers, and ovens.

Recently, several papers were devoted to study improve-
ments on the performance of FSS geometries, such as polar-
ization independence, angular stability, and array element
size reduction [7–9]. Particularly, the use of fractal elements
in FSS designs has proved to be an effective method to
miniaturize FSS elements and to obtain good angular stability
(in relation to oblique incidence of the plane wave).

This work presents a full-wave analysis of periodic FSS
structures with cross fractal patch elements. This element
shape is based on a combination of circular and cross
dipole conductive patches. Prototypes of band-stop filters are
designed, fabricated, andmeasured for comparison purposes.

Moreover, this work aims to investigate the proposed
FSS geometry properties, regarding miniaturization, angular
stability, and polarization independence. An analysis of the
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Figure 1: Cross fractal FSS elements: (a) generator and (b) first fractal iteration.
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Figure 2: Photographs of FSS prototypes fabricated with cross fractal patch element geometries: (a) generator and (b) first fractal iteration.

array periodicity was carried out to verify its influence on the
FSS frequency response.

Theoretical results were obtained using an integral and
iterative method based on transversal wave concept (WCIP).
The WCIP method solves electromagnetic problems using
the concept of incident, reflected, and transmitted waves on a
circuit interface. Therefore, this method is suitable to analyze
planar microwave circuits [10], patch antennas, and FSSs [11–
16]. The WICP method uses FFT to reduce the required
computing time and provide both versatility and reliable
representation of the circuit structure.

WCIP results for the frequency behavior of the designed
FSS were obtained and compared to simulated results by
Ansoft HFSS and experimental results, for validation pur-
pose. Measured results were obtained using a vector network
analyzer (Agilent Technologies, model N5230A) and two
horn antennas. A good agreement between simulated and
measured results was verified.

2. FSS Design

The FSS elements used in this work are presented in Figure 1.
The generator is based on the combination of a circular

patch element, with diameter equal to 10mm, and a cross
dipole element, with length equal to 30mm and width
3mm, as shown in Figure 1(a). Figure 1(b) presents the fractal
geometry for the first fractal iteration, according to the cross
fractal formation rule.

Figure 2 depicts photographs of the fabricated FSS pro-
totypes. The design of FSS structures with cross fractal
geometries was developed taking into account the resonant
properties of the cross fractal elements. For example, the
autosimilarity, provided by the cross fractal element nature,
increases the electrical length traversed by the surface current
on the patch, resulting in lower resonant frequencies or
reduced sizes (if the frequency design requirement is main-
tained). Therefore, the proposed cross fractal patch geome-
tries can be used to decrease the FSS resonant frequency, to
provide multiband behavior, or to reduce the patch element
dimensions, and to develop FSS structures with angular
stability and independence of polarization.

3. WCIP Theoretical Formulation

The wave concept iterative procedure (WCIP) is an integral
and iterative method that consists in separating the FSS
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Figure 3: WCIP formulation at the circuit interface.

structure in interfaces with upper and lower homogeneous
media as shown in Figure 3. The boundary conditions at the
circuit surface are represented by a scattering parameter, ̂𝑆,
defined in the spatial domain. The propagation conditions
in the homogeneous media are described by the reflection
coefficient operator, ̂Γ, defined in the modal domain.

Basically, theWCIPmethod is described by two equations
that relate the incident ( ⃗𝐴

𝑖
) and reflected ( ⃗𝐵

𝑖
) waves at the

circuit interface. These equations are given in
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where ⃗𝐴
0
is a local electromagnetic wave source defined

throughout the space domain that focuses on the FSS
interface from one of the means. The relationship between
the incident and the reflected waves and the independent
variables, which are the tangential electric field 󳨀⇀𝐸
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where 𝑖 indicates medium 1 or 2 at the interface and𝑍
0𝑖
is the

characteristic impedance of medium 𝑖, given by
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; (3)

𝜇0 and 𝜀0 are the free space permeability and permittivity,
respectively, and 𝜀

𝑟𝑖
is the relative permittivity of medium 𝑖.

In the WCIP method, (1) are established in each point
at the discontinuity surface, which is divided in pixels. For
each pixel a different scattering operator is associated, and
this operator will consider the boundary conditions on this
particular point of the circuit surface. Different boundary
conditions can be considered such as those related to dielec-
tric, metal, source, or load pixel. For the FSS studied in this

work, we can identify two different cases for the scattering
operator. At metal pixels we use the operator shown in (4)
and at dielectric pixels we use the operator shown in (5):
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) , (4)
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where 𝜂 = √𝑍
01
/𝑍

02
and 𝑍

01
and 𝑍

02
are the characteristic

impedance of media 1 and 2, respectively. The source is
modeled as a distributed source defined in themodal domain
without changing the scattering parameter.

The reflection coefficient operator, ̂Γ, assigns the propaga-
tion boundary conditions on the upper and lower media and
takes into account the characteristics of the wave propagation
in the medium around the circuit interface. This operator
defines the relationships between the incident and reflected
waves in the media around the circuit interfaces. In addition,
it is defined in the modal domain, because the wave is
decomposed into TE

𝑚𝑛
and TM

𝑚𝑛
modes, which are taken

into account considering the reflection coefficients given by
(6) and (7), where 𝑚 = 1, 2, 3, . . ., and 𝑛 = 1, 2, 3, . . .,
respectively:
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𝑍0𝑖 is the characteristic impedance of medium 𝑖 and𝑌TE
𝑚𝑛,𝑖

and
𝑌

TM
𝑚𝑛,𝑖

are, respectively, the TE
𝑚𝑛

and TM
𝑚𝑛

modes equivalent
admittances for medium 𝑖. The link between the spatial
and modal domains is obtained using the Modal Fourier
Transform (FMT). Initially, the waves are described in the
spectral domain by the fast Fourier transform (FFT). Then,
they are decomposed into waves of TE

𝑚𝑛
and TM

𝑚𝑛
modes

passing them to the modal domain [14]. This procedure is
repeated until convergence is achieved.

4. Results and Discussion

The first step of this work is search the best value for the
array periodicity of the FSS geometry for a given frequency
band. In this case, a parametric study was performed on
the periodicity of FSS. Figures 4(a) and 4(b) show the
transmission coefficient as function of frequency, for different
values of the FSS array periodicity. We should search for
the best value of array periodicity to get a good frequency
response for the FSS geometry with the generator elements,
shown in Figure 2(a), in the WiMax frequency range.

Taking into account the results shown in Figure 4, we
chose those corresponding to an array periodicity, 𝑇, equal
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Figure 4: Simulation results for the transmission coefficient for different FSS array periodicity values: (a) FSS
1
(generator) and (b) FSS

2
(first

fractal iteration).
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Figure 5: Simulated results for the transmission coefficient for FSS
with cross fractal patch elements shown in Figure 2.

to 32mm (FSS
1
). In this particular case the FSS presents a

good frequency response in theWiMax frequency range, with
a resonant frequency equal to 3.2 GHz, a bandwidth (BW)
equal to 0.9GHz, and a transmission coefficient (𝑆

21
) equal

to −29.72 dB.
Figure 5 shows the results for the transmission coefficient

for the FSS geometries with cross fractal elements, shown in
Figure 2. We confirmed an inversely proportional relation-
ship between the FSS resonant frequencies and the fractal
level of the proposed FSS patch elements.The accuracy of the
WCIP method was verified by comparing simulated WCIP
and HFSS results.

Figure 6 presents simulated (WCIP and HFSS) and mea-
sured results for the transmission coefficient of the FSS
with generator elements (FSS

1
). The WCIP results for the

resonant frequency and bandwidth (for a −10 dB reference)
are 3.26GHz and 1.02GHz, respectively.Themeasured results
are in good agreement with the WCIP simulated ones,

presenting a relative error of 1.7% at the resonant frequency.
Themeasured bandwidth (BW) result is 1.03GHz, presenting
a relative error of 0.1% with respect to the WCIP result.

Figure 7 depicts the frequency response of the FSS with
cross fractal patch elements (FSS

2
). The curve shows that

the FSS has a first resonant frequency at 2.73GHz with
an insertion loss equal to −25.68 dB and a bandwidth of
650MHz. This FSS geometry presents a second resonance
at 9.77GHz with 𝑆

21
= −24.90 dB and a bandwidth BW =

910MHz. We verified that the FSS with cross fractal patch
elements (FSS

2
) exhibited a compression factor of 15.34%,

enabling a FSS patch element size reduction. Also, we verified
a dual band behavior in the considered frequency range.

The angular stability and independence of polarization
for the proposed FSS structures were investigated by varying
the plane wave incidence angle from 0∘ (normal incidence) to
60∘, with a 20∘ step, as shown in Figures 8 and 9.

Figure 8 showsmeasured results of the transmission coef-
ficient frequency behavior for the proposed FSS structures:
(a) FSS

1
and (b) FSS

2
and TE polarization. Figure 9 shows

measured results of the transmission coefficient frequency
behavior for the proposed FSS structures: (a) FSS

1
and (b)

FSS
2
and TM polarization.

Table 1 exhibits measured values for the proposed FSSs
first resonant frequency, 𝑓

𝑟
, and bandwidth, BW, in order

to compare their angular stability and polarization indepen-
dence performances.

According to measured results, the FSS with cross fractal
elements has a good angular stability with respect to the plane
wave incidence angle. In addition, the analyzed FSS

1
struc-

ture, with generator elements, presented high independence
in relation to the polarization plane wave incident, at the first
resonance, and a tuning possibility at the second resonance
band. However, the analyzed FSS

2
structure, with first fractal

iteration elements, presented high independence in relation
to the polarization planewave incident, at the first and second
resonance bands.
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Figure 6: Simulated and measured results of the transmission coefficient for the FSS with cross fractal patch elements (FSS
1
).
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Figure 7: Simulated and measured results of the transmission coefficient for the FSS with cross fractal patch elements (FSS
2
).
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Figure 8: Measured transmission coefficient concerning the plane wave incidence angle and TE polarization for the proposed FSS structures:
(a) FSS

1
and (b) FSS

2
.
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Figure 9:Measured transmission coefficient concerning the plane wave incidence angle and TMpolarization for the proposed FSS structures:
(a) FSS

1
and (b) FSS

2
.

Table 1: Measured results for FSS transmission coefficient frequency behaviors concerning the plane wave incidence angle and TE and TM
polarization.

𝜃

FSS1 FSS2
TE TM TE TM

𝑓

𝑟
(GHz) BW (GHz) 𝑓

𝑟
(GHz) BW (GHz) 𝑓

𝑟
(GHz) BW (GHz) 𝑓

𝑟
(GHz) BW (GHz)

0∘ 3.26 1.02 3.18 1.02 2.73 0.650 2.70 0.649
20∘ 3.28 1.25 3.24 1.22 2.69 0.900 2.71 0.953
40∘ 3.19 1.36 3.17 1.42 2.70 0.960 2.70 0.953
60∘ 3.24 2.09 3.17 2.11 2.73 1.14 2.72 1.15

5. Conclusions

In this work, we analyzed and designed FSSs with cross
fractal frequency selective surfaces. The FSS structures were
analyzed by theoretical and experimental investigation. Par-
ticularly, the proposed FSS geometries were analyzed through
the efficient and accurate WCIP method. Thereafter, HFSS
andmeasured results were obtained for comparison purpose.
It was shown that the proposed FSS geometries presented
excellent polarization stability, angular stability, and patch
elementminiaturization. In addition, the FSS designmethod-
ology described in this paper was validated by excellent
agreement observed between theoretical (WCIP), simulation
(HFSS), and measured results.
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