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By establishing a new proper variational framework and using the critical point theory, we
establish some new existence criteria to guarantee that the 2nth-order nonlinear difference
equation containing both advance and retardation with p-Laplacian A" (r(t — n)¢, (A"u(t - 1))) +
qe,(u(t)) = f(t,u(t +mn),...,u(t),..., u(t—n)), n € Z(3), t € Z, has infinitely many homoclinic
orbits, where ¢, (s) is p-Laplacian operator; ¢,(s) = |s|’ 5(1 < p < ) 1, g, f are nonperiodic in
t. Our conditions on the potential are rather relaxed, and some existing results in the literature are
improved.

1. Introduction

In this paper, we shall be concerned with the existence of homoclinic orbits of the nonlinear
difference equation

A" (r(t = n)pp(A"u(t = 1)) + q(t)pp (u(t))

(1.1)
=f(t,u(t+n),...,u(t),..., u(t-n)), neZ@), telZ,

where A is the forward difference operator defined by Au(t) = u(t + 1) — u(t), A%u(t) =
A(Au(t)). ¢p(s) is p-Laplacian operator ¢,(s) = Is|P2s(1 < p < o). As usual, we say that
a solution u(t) of (1.1) is homoclinic (to 0) if u(t) — 0ast — 4oco. In addition, if u(t) #0, then
u(t) is called a nontrivial homoclinic solution. It is well known that homoclinic orbits play an
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important role in analyzing the chaos of dynamical systems; we refer the interested reader to
[1-15].

We may think of (1.1) as being a discrete analogue of the 2nth-order differential equa-
tion

[r(t)(pp <x(")>] w +q(t)pp(x) = f(t,x(t+n),...,x(t),...,x(t-n)) =0, teR. (1.2)

If p = 2, (1.1) reduces to the following equation:

AM(r(t —n)A"u(t —n)) + g(t)u(t) = f(t,u(t+n),...,ut),...,u(t-n)), neZ@), teZ.
(1.3)

Recently, Chen and Tang [2] applied the critical point theory to prove the existence of homo-
clinic solutions for (1.3).

In some recent papers [1, 2, 8, 9, 16-18], the authors studied the existence of periodic
and homoclinic solutions of second-order nonlinear difference equation by using the critical
point theory. These papers show that the critical point method is an effective approach
to the study of periodic solutions of second-order difference equations. Compared to one-
order or second-order difference equations, the study of higher-order equations has received
considerably less attention (see, e.g., [2, 3, 19-21] and references contained therein). But to
the best knowledge of the authors, results on existence of homoclinic solutions of (1.1) have
not been found in the literature.

Motivated by the recent papers [2, 5, 14, 22], the aim of this paper is to consider prob-
lem (1.1) in a more general sense. More exactly our results represent the extensions to equa-
tions with p-Laplacian. Throughout the paper, for a function G, we let Gi(x1,x2,...,X;, ...,
xy) denote the partial derivative of G on the i variable.

2. Main Results

Theorem 2.1. Assume that q and F satisfy the following assumptions:

(r) Foreveryt € Z, r(t) > 0;
(q) For every t € Z, q(t) > 0, and limy _, 1, g (t) = +o0;

(F1) There exists a functional F(t,x,(t),...,xo(t)) which is continuously differentiable in the
variable from x,, to xg for every t € Z and satisfy

0
ZF£+n+i(t+ i, Xnsiseoor Xi) = f(E Xn, Xn-1, -, X0, X1, -+, Xon),
i=—n

n _ n _ 2.1
| f(t 2, Xp, .o X0, 0,0, X)) | = o<_Z ;| 1>, as 3 |xi|P — 2.1)
i=—n 1=—n
n n
Pt ol =0 Sl ), as 5l —0
i=—n i=—n

uniformly int € Z\ J, where ] is defined in (F2);
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(F2) F(t,xp,...,x0) = W(t,xo) — H(t,xy,...,x0), for every t € Z, W, H are continuously
differentiable in xq and x,,...,xo, respectively. Moreover, there is a bounded set | C 7Z
such that

H(t, xn/ cery xo) 2 Or (22)

(F3) There is a constant y > p such that

0 < uW(t,x0) < Wy (t, x0)x0, V(t x0) € Zx (R {0}); (2.3)

(F4) H(t,0,...,0) =0, and there is a constant Q € (p, u) such that

0
Z Hy, it X, .., x0)x_i S QH(t, xy,..., x0); (2.4)

i=—n

(F5) There exists a constant b > 0 such that

H(t, xp,...,x0) <by®, forteZ, y>1, (2.5)

where y = (S0 olxiP) 7.
(F6) F(t,~xp,...,—x0) = F(t,xn,...,x0), forall (t,x,,...,%0) € Z x R™1L,
Then (1.1) possesses an unbounded sequence of homoclinic solutions.

Theorem 2.2. Assume that r, q, and F satisfy (r), (), (F1), (F3)—(F5) and the following assumption:

(F2') F(t,xyu,...,x0) = W(t,x0) — H(t, xy,...,x0), for every t € Z, W, H are continuously
differentiable in xo and xy, . .., xo, respectively, and

|F(t,xn,...,x0)| =0(y") asy—0, (2.6)

where y = (Zf:0|xl~|P)l/p uniformly in t € Z.
Then (1.1) possesses an unbounded sequence of homoclinic solutions.
Theorem 2.3. Assume that r, q, and F satisfy (r), (g), (F1) and satisfy the following assumptions:

(F7) Forany t € Z,

P(t/ Xny-- -/xO) 2 F(t,xo) > 0/ (27)
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(F8) For any r > O, there exist a = a(r), b = b(r) > 0, and v < p such that

1
p+ - . >F(t,xn,...,xo)
< a+b(Sholxl’)”’”

(2.8)
0 n 1/p
< Z F£+n+i(t/ Xpyee- /xo)x—i/ Vt e Z/ <Z|xi|p> >r;
i=—n i=0
(F9) Forany t € Z
lim [s”’minF(t, sx)] = +00. (2.9)
5—+00 |x|]=1

Then there exists an unbounded sequence of homoclinic solutions for (1.1).

3. Preliminaries

To apply critical point theory to study the existence of homoclinic solutions of (1.1), we shall
state some basic notations and lemmas, which will be used in the proofs of our main results.
Let

S={{u(t) ey :ult) eR, t€Z},

(3.1)
E = {u €S: > [|r(t -DA"ut -1 + q(t)|u(t)|”] < +oo}
tez
and foru € E, let
1/p
|lu|| = {Z [|r(t - DA™ u(t-1)P + q(t)lu(t)lp] } . (3.2)
tez
Then E is a uniform convex Banach space with this norm.
Let I : E — Rbe defined by
1
I(u) = _“u”P _ZF(t/u(t+n)/'-'/u(t))’ (33)
P tez

If (g) and (F1) hold, then I € C'(E,R) and one can easily check that

(I'(w),0) = 3 [r(t = DA™t - D2 a"(E = 1) + gt o (t)
tez (3.4)

—f(),u(t+mn),...u(t),...u(t-n)v(t)], Yu,veE.
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By using
Nma—1)=§]-nk<n>ua+n—k—1x (3.5)
k=0 k

we can compute the partial derivative as

ol(u)

() A”(r(t - ), (A"u(t - 1)) + qt)e,(u(t)) - ft,u(t+mn),..., u(t),..., u(t-n)).

(3.6)

So, the critical points of I in E are the solutions of (1.1) with u(+o0) = 0.

Lemma 3.1 (see [12]). Let E be a real Banach space and I € C'(E,R) satisfy (PS)-condition with I
even. Suppose that I satisfies the following conditions:

(i) I1(0) =0;
(ii) There exist constants p, a > 0 such that I|sp,(0) > &;

(iii) For each finite dimensional subspace E' C E, there is v = r(E') > 0 such that I(u) < 0 for
u € E'\ B,(0), where B,(0) is an open ball in E of radius r centered at 0.

Then 1 possesses an unbounded sequence of critical values.

Lemma 3.2. Foru € E,
Pllullbs < Bllull}, < llull?, (3.7)

where B = infyezq(t).

Lemma 3.3. Assume that (F3) holds. Then for every (t,x) € Z xR, s7*W (¢, sx) is nondecreasing on
(0, +00).

The proof of Lemmas 3.2 and 3.3 is routine and so we omit it.

4. Proofs of Theorems
Proof of Theorem 2.1. It is clear that I(0) = 0. Our proof is devided into three steps.

Step 1 (PS Condition).
Assume that {1}y C E is a sequence such that {I(uy) } ey is bounded and I' (ug) — 0
as k — +oo. Then there exists a constant ¢ > 0 such that

[(u)l <c, ]I ()

 <gc  forkeN. (4.1)
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From (2.2), (2.3), (2.4), (4.1), (F3), and (F4), we obtain
pe + pellugl| > pI(u) - §<I'<uk>,uk>

= S P - p 3 [ Wt (6) ~ W G D)6
Q tez ¢

+p > H(t,u(t+n),...,u(t))

teZ

0
PSS HY, (i), () ()

Qtel i=—n (42)
_9-p p [ ‘
= L llukll” = p 3 | Wt u(t)) = =Wy (t, ue (1)) ()
Q nez Q
+p D H(t u(t+n),..., u(b)
teZ
p 0
— = Y Hy (bt + ), g () ug (- i)
QicZi=—n
> Plur, keN.
By (4.2), there exists a constant A > 0 such that
|[uk]| < A for k € N. (4.3)

It can be assumed that u; — 1o in E. For any given number £ > 0, by (F1), we can choose
¢ > 0 such that

|f(tut+mn), ... u(t),..., u(t-n))|

(4.4)
<elPl forteZ\J, (u(t+n),...,u(t),..., u(t-n))eR"?,
where & = (S Ju(t +)")/ < ¢.
Since g(t) — oo, we can also choose an integer IT > max{|k| : k € J} such that
P
a(t) > % 1211 (45)
By (4.2) and (4.4), we have
(O = (O W) € —L el < =L for 2T, keN.  (46)
q(t) T (2n+1)Ar T 2n+1 - ’
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Since ux — u in E, it is easy to verify that uy (t) converges to uy(t) pointwise for all t € Z, that
is

klim ui(t) = uo(t), VteZ. 4.7)
Hence, we have by (4.6) and (4.7)

luo(H)]” <

>T1. 4.8
] for [t| > T1 (4.8)

It follows from (4.7) and the continuity of f(t,u(t + 1),...,u(t),...,u(t — n)) on u(t + 1),
... u(t),..., u(t —n) that there exists ko € N such that

I
Z|f(t,uk(t+n),...,uk(t),...,uk(t—n))—f(t,uo(t+n),...,uo(t),...,uo(t—n))|<g
t=—T1

(4.9)
for k > ko.
On the other hand, it follows from (F1), (2.4), (4.2), (4.4), (4.6), and (4.8) that
S ftuelt+n), . uet), ... ue(t —n) = f(tug(t+n),...,uo(t), ..., uo(t—n))|
|t|>T1
X [uk(t) —uo(t)|
< Z <|f(t,uk(t+n),...,uk(t),...,uk(t—n))|
|¢[>TT
+|f<tf“0<t+">f--~fuo<f>f~--/uo<t—n>>|> x (| (B)] + o (1))
(4.10)

<e, [< Enliuk<t+i>|*"1> . <§;|uo<t+i>|P-l>]<|uk<t>| +Jug (1))

[|>TT i=-n

< @n+1)e, (P + luo@OP ™) (ue®)] + o (1))
teZ

< (4n+2)e Y (lux(OF + luo(t)[P)
teZ

< (4n’+2)£(AP + o).

Since ¢ is arbitrary, combining (4.9) with (4.10), we get

Z|f(t,uk(t+n),...,uk(t),...,uk(t—n)) — ftug(t+n),...,uo(t),..., up(t—n))|
tez (4.11)
|ug(£) —up(t)] — 0 as k — oo.
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Using the Holder’s inequality
ac +bd < (a? +bP)V/P (T + a1/, (4.12)

where a, b, ¢, d are nonnegative numbers and 1/p +1/qg =1, p > 1, it follows from (3.3) and
(3.4) that

(I'(ux) = I'(uo), ux — uo)

= 3Jr(t = 1) A (t = 1P (A g (= 1), Amuge(t = 1) = Amug(t - 1))

teZ,
+ > q(O) [ ()P (e (1), ux (£) — uo (£))

teZ
= Dr(t=1) A ug(t = )P (A" ug(t = 1), A"uge (£~ 1) — A"ug(t - 1))

teZ,
= > q®)luo (1) (uo (m), u (t) — (1))

teZ
=D (ftu(t+n), . ux(t),... ux(t —n))

teZ

—f(t,up(t+mn),..., up(t),..., up(t — n)), ux(n) — up(n))
= [kl + lluoll” = D Ir(t = 1) Amuge(t = )P (A" (t = 1), A"u(t - 1))
Nnez

= > a®) e (B)P 7 (uie(t), uo (1))

teZ
= DlrE= 1) A ug(t = )PP (A ug(t - 1), Ay (£ - 1))

teZ
= 1) luo(B)P 7 (uo(t), u(t))

teZ
=D N(ftuk(t+m), . ue(t), ..., u(t — )

teZ,

—f(t,up(t+mn),..., uo(t),..., uo(t —n)), ux(n) — up(n))
1/p 1/q
> [luiell” + lluolP - <Z|r(t— 1) A"ug (t - 1>|"> <Z|r(t— 1) A"u(t ~ 1>|”>
teZ teZ
1/p 1/q
—<Zq(t>|uo<t)|"> <Zq<t>|uk<t>|">
teZ teZ

1/p 1/q
- (Zlf(t - DA u(t - l)|p> <Z|T(f — 1A uo(t - l)|p>

teZ teZ
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1/p 1/q
—<Zq(t>|uk<t>|f’> <2q<t>|uo<t>|”>

teZ teZ

=D (ftu(t+m), . uk(t),. .. uk(t —n))

teZ

—f(t,ug(t+mn),...,up(t),..., up(t —n)), ux(t) — uo(t))

1/p
2 [[uxllP + [[uoll” - <Z [Ir(t = 1) A"uo(t - I + Q(t)|uo(t)|p]>

teZ

1/q
- <Z [Ir(t=1)A"u(t - )P + q(t)luk(t>l”]>

teZ

1/p
- <Z [Ir(t = 1) A"ux(n - 1)|" + q(t)luk(t)l’”]>

teZ

1/q
: <Z[Ir(t -DA"ug(n -1 + q(t)luo(f)l”]>

teZ

=D N(ftur(t+m), . ue(t), ... u(t =)

teZ
—ftug(t+m),...,up(t),..., uo(t —n)), ur(t) —up(t))

-1 -1
= [luxll? + [luoll” = lluollllux P~ — [k [l 2eo]l”

=D N(ftup(t+m), . u(t), ... ue(t =)

teZ
~F(tuo(t+m), g (), . ot = m)), i(t) — o (1))
= (el = aaolIP™ ) (e = o)
- Z(f(t,uk(t+ n),...,ux(t),..., ux(t —n)

teZ

—f(t,ug(t+mn),...,up(t), ..., up(t —n)), ux(t) — uo(t)).

Since I'(ux) — 0as k — +oo and ux — ug in E, it follows from (4.11) and (4.13) that

(I'(u) = I'(uo), ux —ug) — 0 as k — oo,

(4.13)

(4.14)

which yields that |luk|| — ||u|| as k — +oo. By the uniform convexity of E and the fact that
ur — up in E, it follows from the Kadec-Klee property that ux — ug in E. Hence, I satisfies

(PS)-condition.
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Step 2 (Condition (ii) of Lemma 3.1).
By (F1), there exists 1 € (0,1) such that

- n n 1/p
|F(t, u(t+n),.. ,u(t))|_4 p Z|u(t+l)|p forteZ\J, <Z|u(t+i)|’”> <1.

i=0

Set

M =sup{W(tu)| te], ueR, |u/=1},

(4.15)

(4.16)

and & = min{(B/ (4pM + 1)) ¥ P, 5} If lu|| = B'/P6 := p, then by Lemma 3.2, [u(t)| <6 <7 <1

for t € Z. By (4.16) and Lemma 3.2, we have

Swituwys > w(t i ol

te] teJu(t) #0

<MD Jub)

te]

< M&P Y Ju(t))
te]

M6 H=p
g

Zq(tnu(tn"

Pl

Set a = 67 /2p. Hence, from (3.3), (4.15), (4.17), (q), (F1), and (F2), we have

I(u) = %Hu”” = D F(tu(t+n),... u(t)

teZ
= %||u||” = Y F(t,u(t+n),...,u(t)) - > F(t,u(t+n),...,u(t))

teZ\J te]

1 2B n ,
2 EH”HP T Ipn+1) > <i§:(;|u(t+ l)|p> - > Wt u(t))

teZ\J te]

+ D H(t,u(t+n),...,u(t))

te]

1 p

> —|Jull’ - ZI u(t)l - Zq(t)lu(t)l”
14 teZ P te]

1

> —lull? - —Zq Olu®)F - —ZQ(f)Iu(f)l”

teZ te J

‘d

(4.17)
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1 1 1
> =l = -l = ol
14 P P

1
= P
25l

=a.

(4.18)

equation (4.18)shows that [ju|| = p implies that I(u) > a, that is, I satisfies assumption (ii) of
Lemma 3.1.

Step 3 (Condition (iii) of Lemma 3.1).

Let E' be a finite dimensional subspace of E. Assume that dim E' = m and uy, u, ..., Un,
is a base of E'.

Forany u € E', there exist \; € R,i=1,2,...,m such that

u(t) = i)qui(t) for t € Z. (4.19)
i-1
Let
el = Syl (420)
It is easy to verify that | - ||« defined by (4.20) is a norm of E'. Since all the norms of a finite

dimensional normed space are equivalent, so there exists a constant d > 0 such that

l[ull, < dl|ull,, forueFE" (4.21)

Assume that

lwi||=d, i=1,2,...,m. (4.22)
Since u; € E, by Lemma 3.2, we can choose an integer I'ly > 0 such that
i (£)] < % i=1,2,...,m, |f>TL, (4.23)

where 7 is given in (4.15). Set

0= {inui(t) thER, i=12,...,m; D |\ = 1} ={ueE :|ul, =d}. (4.24)
i=1 i=1
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Hence, for u € ©, let ty = to(u) € Z such that
[u(to)| = [l - (4.25)

Then, by (4.19)—(4.25), we have

m m
d=dY |l = Willluill = llull,
i=1 i=1
< dllull, = dlu(to)] (4.26)

<d)|Nillui(to), u€®.
i=1

This shows that |u(tg)| > 1 and there exists iy € {1,2,...,m} such that |u;,(t)| > 1/m, which,
together with (4.23), implies that |to| < IT;.
Set

T=min{W(t,x) : |t| <TI1y, |x| =1}. (4.27)

Since W(t,x) > O forallt € Z and x € R \ {0}, and W (¢, x) is continuous in x, so T > 0. It
follows from (4.27) and Lemma 3.3 that

I
> W(tu(t) > W(t, u(to))

Tl=—H1

u(to)
> W<to, m) |u(to) (4.28)

. [r‘ﬁgwao,m] lu(to)

>71 forue®.

For any u € E, it follows from (F5) that

I,
> H(tu(t+n),... u(t))

t=—TT;
= Z H(t,u(t+mn),...,u(t))
{teZ(—l‘h,Hl),(zgzom(m)lp)1/V>1}
" 2 H(t,u(t+mn),...,u(t))

{teZ(fl—h,H1)r(2?:o|”(t+i)|p)l/P } sl
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n o/p
<b D <Zlu(t +i)|’”>

{tez-mm,m), (Silugip) P>1} N0
I

+ Z max H(t,u(t+mn),...,u(t))
T (S olut+lP) <1

I
<+ )P u®)e + Y max  H(t,u(t+n),...,u(t))

tez T (St P) <1
I
< (n+ )PPl + max  H(t,u(t+n),...,u(t)

T (Sl ) <t
= My ||u||® + My,

(4.29)

where

1T
M=+ 1)Q/P+1p—o/rf b, M, = Z max H(t,u(t+mn),...,u(t)). (4.30)
T (S ()P ) <1

From (3.3), (3.7), (4.28), and (4.29), we have foru e @ and o > 1

I(ou) = %puunp - D' F(t,ou(t+mn),...,ou(t))
teZ

= TP~ 3, F(toutt+m,..ou) = 3 Fou(t+n),...,ou()

[¢]>TT, [{<ITy

IN

oP t, po? .
?||u||r’+ > %W—+1)|u(t+l)|p— > E(t,ou(t+n),...,ou(t))

[¢|>TT> [£|<ITy

IN

P P
%nun" + Zulp - S F(tout+n),...,oult)

4p =TT,
P P
= T ul + Z—||u||p - S Wou®)+ S H(t,oult+n),...,out))
P P IH<Tl, I<TT,

IN

oP oP
?Ilull” + @Ilull” +09(My[ul|]® + M) - 70"

P PoP
= (co)” L2 M;(co)® + Mo - Tot.
p p

(4.31)
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Since p > ¢ > p, we deduce that there is 0y = 0o(d, M1, M2, T) = 0o(E') > 1 such that
I(ou) <0 forue®, o> o0y. (4.32)
That is
I(u) <0 foru€kFE, |lul|>doo. (4.33)

This shows that (iii) of Lemma 3.1 holds. By Lemma 3.1, I possesses an unbounded sequence
{di} ken Of critical values with di = I(ux), where uy is such that I'(ux) = 0 for k = 1,2,.... If
{llttk ]|} key is bounded, then there exists B > 0 such that

lugl| < B for k e N. (4.34)

By a similar fashion for the proof of (4.15), for the given 7 in (4.15), there exists Il3 > 0 such
that

lur(t)| <n for |t| > 113, k e N. (4.35)

Thus, from (F2), (3.7), (4.34), and (4.35), we have

1
;—7||uk||p =di+ D F(tux(t+n),..., uk(t)

tez
13
=di+ > Ft,ux(t+n),...,uc(t)) + >, Ft,up(t+n), ..., uc(t))
|£>TTs t=—TI,
; (4.36)
p NP
>dy - ok (8 + D) - H(t,u(t+n),..., uk(t))
4P(n + 1) |t|>Zl_I3 % n:Zl_Ig
1 &
> dy — —|luxllP - max |H(tur(t+n),...,uc(t))l-
p n:z—l;h fux|<B/ /P
It follows that
5 &
dre < —||luk|lP + Z max |H(tux(t+n),...,ux(t))| < +oo. (4.37)
p 1, lucl<B/ /B
This contradicts the fact that {dy }cy is unbounded, and so {||uk||} ke is unbounded.
O

Proof of Theorem 2.2. In the proof of Theorem 2.1, the condition that H (¢, u(t+n),...,u(t)) >0
for (t,u(t+n),..., u(t)) € JxR™, y = (X% |u(t+1)[?)"/? < 1in (F1) is only used in the proofs
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of assumption (ii) of Lemma 3.1. Therefore, we only prove that assumption (ii) of Lemma 3.1
still holds using (F2’) instead of (F2). By (F2’), it follows that

_ 1/p
27p = : < :
|[F(t,u(t+mn),...,u(t))| < ) <§|u(t + 1)|p> forteZ, <§|u(t + 1)|”> <.
(4.38)

If |u|| = /P15 = p, then by Lemma 3.2, |u(t)| < 17 for t € Z. Set a = P /2p. Hence, from (3.3),
(4.38), and Lemma 3.2, we have

1) = Sl = S utt+ ). u(t)

teZ
1 2°7p 1
> ||l - ——— u(t+1)|P
Sl = 5 <ZO| (t+1)] >
1 1 (4.39)
> —|lull” - z—llull’”
p p
1
- yllP
a5l
=a.

equation (4.39) shows that ||u|| = p implies that I(u) > a, that is, assumption (ii) of Lemma 3.1
holds. The proof of Theorem 2.2 is completed. O

Proof of Theorem 2.3. We first show that I satisfies condition (C). Assume that {uy},ey C E is
a (C) sequence of I, that is, {I(ux)} ey is bounded and (1 + |luk|)||I'(uk)|| — O0as k — +oco.
Then it follows from (3.3) and (3.4) that

C1 > pI(u) — (I'(ur), ux )

0 (4.40)
= Z [Z Fy it u(t+n), .. we(0)ue(t — i) — pF(tu(t +n), .. .,uk(t))].

teZ Li=—n

It follows from (F8) that there exists 7 € (0,1) such that (4.15) holds. By (F7) and (F8), we
have

iFéwi(t,u(t +n),...,ult)u(t—i) > pF(t,ux(t +n),...,u(t)) >0, (4.41)

i=—n
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and for t € Z, 3L olu(t +1)[P > 1P, we have

n v/p
F(t,up(t+n),...,uc(t)) < [a + b<Z|u(t ¥ i)|P> ]

i=0
(4.42)

0
X [Z Fypeibui(t+m), . ue(8)ur(t — i) — pF(t, ux(t+ 1), . .. ,uk(t))].
It follows from (3.2), (3.3), (4.38), (4.40), (4.41), and (4.42) that

1||uk||P = I(ux) + D F(tux(t+n),...,u(t))
4 teZ

=I(ug) + Z F(t,ux(t+mn),...,u(t))
tez((Stoluct+il) " <n)
+ > F(t,u(t +n),...,u(t)
teZ((Z}‘:0|u(t+i)|P)l/ ">n)

2-P
< T + P 3 (£ + DIP
2p(n+1) ) N
tez((Siolutt+?) " <n)

n v/p
+ Z [a+b<2|u(t+i)|17> ]
tEZ((Z;lzolu(t+i)|p)1/P>rl> i=0

0
x [Z Fy (b ug(t+m), ... ue () ur(t — i) — pF(t ug(t + n),...,uk(t))]

i=—n

n v/p
<Cy+ %Hukﬂz +> [a + b<Z|u(t +i)|”> ]

teZ i=0
0
X [Z Fémﬁ(t,uk(t +n),...,u(t))ur(t—i) —pF(t, ux(t +n),.. .,uk(t))]
<G+ %IIukll” + (a+bllull2,) D (VW (n,uk(n)), uk(n)) — pW (n, u(n))]

teZ

1 v
<G+ E”uk”p +Ci(a+b(n+1)|lucl)

1
< Cat o lhull + Cifa+ b+ D"}, keN.
(4.43)

Since v < p, it follows from (4.43) that {|lux||}iey is bounded. Similar to the proof of
Theorem 2.1, we can prove that {u} has a convergent subsequence in E. Hence, I satisfies
condition (C).

It is obvious that I is even and I(0) = 0, and so assumption (i) of Lemma 3.1 holds.
The proof of assumption (ii) of Lemma 3.1 is the same as in the proof of Theorem 2.2.
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Finally, it remains to show that I satisfies assumption (iii) of Lemma 3.1. Let E’ be a
finite dimensional subspace of E. Since all norms of a finite dimensional normed space are
equivalent, so there is a constant d > 0 such that (4.21) holds. Assume that dim E' = m and
U1, U, ..., Uy are the bases of E' such that (4.22) holds. Let 7, IT;, and © be the same as in the
proof of Theorem 2.1. Then (4.23), (4.25), and (4.26) hold. For the IT; given in the proof of
Theorem 2.1. By (F9), there exists 0y = 0p(d, I1;) > 1 such that

s*”r‘nli_rllW(n, sx) > (2d)?  for s > %, n € Z(-I1y, Th). (4.44)
It follows from (F7), (F9), (3.3), and (4.44) that
oP
I(ou) = —|[ull’ - D F(t,ou(t+n),...,ou(t))
p tez

P
< %nun*’ — F(to, ou(to))

of )
< ?HHH —min F(to, olu(to)|x)

- (4.45)
<Y _ oy uo)r
< (do)? (do)?
=_M, ueo,o>op
We deduce that there is 0y = 0o(d,I1;) = 0p(E') > 1 such that
I(ou) <0 forue®,c>o0y. (4.46)
That is
I(u) <0 foruekE, |ul| >do. (4.47)

This shows that condition (iii) of Lemma 3.1 holds. By Lemma 3.1, I possesses an unbounded
sequence {di }ey Of critical values with di = I(ux), where uy is such that I'(ux) = 0 for
k=1,2,....Since

1
;”uk“p =di+ D F(tu(t+n),..., u(t) > di (4.48)

nez

and {dy } ey is unbounded, it follows that {||uk|| } ey is unbounded. The proof is complete. [
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5. Examples
In this section, we give some examples to illustrate our results.

Example 5.1. In (1.1), let g(t) — +oo as |t| — +oo and

n 5+3|t]) /2(4+|t])
Ftu(t+n),...,ut) = [|u(t)|4” - <Zu2(t+ i)> ] (5.1)
i=0
Letp = 2,//1 = 4, Q= 3/ ] = {_31_2;_11011/2/3} and

5+31t]) /2(4+]t])
Wt u(t)) = |u(t)|*", H(t,u(t+n),...,u(t) = <Zuz(t + 1)> . (5.2)

Then it is easy to verify that all conditions of Theorem 2.1 are satisfied. By Theorem 2.1, (1.1)
has a nontrivial homoclinic solution.

Example 5.2. In (1.1), let r(t) > 0, q(t) — +oo as || — +oo and

Qj/p
F(t,u(t+n),...,u(t)) <Zak|u(t)|”k Zb <Z|ut+1)|”> > (5.3)

where py > po >+ > iy > Q1> Q2> > Qm, > p, ak,bj>0,k=12,...,m;j=12,...,m
Let pt = pm,, ¢ = 01, and

my ny n Q]/p
W(tu(t) = D arlu(), H(tu(t+mn),...,u(t)) = > bj <Z|u(t + i)|”> ) (5.4)
k=1 =1 \i=0
Then it is easy to verify that all conditions of Theorem 2.2 are satisfied. By Theorem 2.2, (1.1)

has a nontrivial homoclinic solution.

Example 5.3. In (1.1), let

n n L/p
F(t,u(t+mn),...,u(t)) = q(t) > [u(t+i)f In [1 + <Z|u(t+i)|P> ] (5.5)
i=0 i=0

where g : Z — (0,00) such that g(t) — +oo as |[f| — +o0. Since

Z Fy ,(tut+n),. .. ult))u(t—i)

n n 1/p p+l/p
=) [PZIu(t +i)’In [1 + <Z|u(t +i)|”> ] (Ziolult + DI") ]
i=0 i=0

1+ (Sholuct +)P)"?
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1
> F(t,u(t+n),...,u(t
> <p+1+(2?_o|”(t+i)|p)l/p> (t, u(t+n) u(t))

>0, Y(tu(t+n),...,u(t)) € ZxR",

(5.6)

This shows that (F8) holds with a = b = v = 1. It is easy to verify that assumptions (q), (F1),
and (F7) of Theorem 2.3 are satisfied. By Theorem 2.3, (1.1) has an unbounded sequence of
homoclinic solutions.

Acknowledgment

This work is partially supported by Major Project of Science Research Fund of Education De-
partment in Hunan (no: 11A095).

References

[1] P. Chen and H. Fang, “Existence of periodic and subharmonic solutions for second-order p-Laplacian
difference equations,” Advances in Difference Equations, vol. 2007, Article ID 42530, 9 pages, 2007.

[2] P. Chen and X. Tang, “Existence of homoclinic orbits for 2nth-order nonlinear difference equations
containing both many advances and retardations,” Journal of Mathematical Analysis and Applications,
vol. 381, no. 2, pp. 485-505, 2011.

[3] P. Chen and X. H. Tang, “Existence of infinitely many homoclinic orbits for fourth-order difference
systems containing both advance and retardation,” Applied Mathematics and Computation, vol. 217, no.
9, pp. 4408-4415, 2011.

[4] P. Chen and L. Xiao, “Existence of homoclinic orbit for second-order nonlinear difference equation,”
Electronic Journal of Qualitative Theory of Differential Equations, vol. 72, pp. 1-14, 2010.

[5] P. Chen and X. H. Tang, “Existence of homoclinic solutions for the second-order discrete p-Laplacian
systems,” Taiwanese Journal of Mathematics, vol. 15, no. 5, pp. 2123-2143, 2011.

[6] P.Chen and X. H. Tang, “New existence of homoclinic orbits for a second-order Hamiltonian system,”
Computers & Mathematics with Applications, vol. 62, no. 1, pp. 131-141, 2011.

[7] M. Izydorek and J. Janczewska, “Homoclinic solutions for a class of the second order Hamiltonian
systems,” Journal of Differential Equations, vol. 219, no. 2, pp. 375-389, 2005.

[8] M. Ma and Z. Guo, “Homoclinic orbits and subharmonics for nonlinear second order difference equa-
tions,” Nonlinear Analysis. Theory, Methods & Applications, vol. 67, no. 6, pp. 1737-1745, 2007.

[9] M. Ma and Z. Guo, “Homoclinic orbits for second order self-adjoint difference equations,” Journal of
Mathematical Analysis and Applications, vol. 323, no. 1, pp. 513-521, 2006.

[10] W. Omana and M. Willem, “Homoclinic orbits for a class of Hamiltonian systems,” Differential and
Integral Equations, vol. 5, no. 5, pp. 1115-1120, 1992.

[11] Z. Q. Ou and C. L. Tang, “Existence of homoclinic orbits for the second order Hamiltonian systems,”
Journal of Mathematical Analysis and Applications, vol. 291, no. 1, pp. 203-213, 2004.

[12] P. H. Rabinowitz, “Homoclinic orbits for a class of Hamiltonian systems,” Proceedings of the Royal
Society of Edinburgh, vol. 114, no. 1-2, pp. 33-38, 1990.

[13] P. H. Rabinowitz and K. Tanaka, “Some results on connecting orbits for a class of Hamiltonian sys-
tems,” Mathematische Zeitschrift, vol. 206, no. 3, pp. 473-499, 1991.

[14] X. H. Tang and X. Lin, “Existence of infinitely many homoclinic orbits in discrete Hamiltonian sys-
tems,” Journal of Mathematical Analysis and Applications, vol. 354, no. 2, pp. 539-549, 2009.

[15] J. Yu, H. Shi, and Z. Guo, “Homoclinic orbits for nonlinear difference equations containing both ad-
vance and retardation,” Journal of Mathematical Analysis and Applications, vol. 352, no. 2, pp. 799-806,
2009.

[16] Z. Guo and J. Yu, “Periodic and subharmonic solutions for superquadratic discrete Hamiltonian sys-
tems,” Nonlinear Analysis. Theory, Methods & Applications, vol. 55, no. 7-8, pp. 969-983, 2003.



20 Abstract and Applied Analysis

[17] Z. Guo and J. Yu, “The existence of periodic and subharmonic solutions of subquadratic second order
difference equations,” Journal of the London Mathematical Society, vol. 68, no. 2, pp. 419-430, 2003.

[18] J.Rodriguez and D. L. Etheridge, “Periodic solutions of nonlinear second-order difference equations,”
Advances in Difference Equations, vol. 2005, no. 2, pp. 173-192, 2005.

[19] R. P. Agarwal, Difference Equations and Inequalities, vol. 228, Marcel Dekker, New York, NY, USA, 2nd
edition, 2000.

[20] C.D. Ahlbrandt and A. Peterson, “The (n,1)-disconjugacy of a 2nth order linear difference equation,”
Computers & Mathematics with Applications, vol. 28, no. 1-3, pp. 1-9, 1994.

[21] Z. Zhou, ]. Yu, and Z. Guo, “Periodic solutions of higher-dimensional discrete systems,” Proceedings
of the Royal Society of Edinburgh, vol. 134, no. 5, pp. 1013-1022, 2004.

[22] D. Smets and M. Willem, “Solitary waves with prescribed speed on infinite lattices,” Journal of Func-
tional Analysis, vol. 149, no. 1, pp. 266-275, 1997.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




