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Characterizations of weight pairs are proved for which weighted exponential-logarithmic
integral inequalities are satisfied. The results given contain characterizations of weights
for which inequalities involving the Riemann-Liouville and Laplace type operators hold.
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1. Introduction. Consider the positive integral operator

(Kf)(x) =J0 k(x,Wfdy, x=0,f=0, k=0, (1.1)

where the kernel k satisfies

k(Ax,Ay) = A Yk(x,y), A>0, (1.2)
J:k(l,t)dtzl, (1.3)

exp(—JO k(l,t)logtdt) =(Cp < oo, (1.4)
k(t,x) <Crexp (JO k(x,y)logk(t,y)dy), (1.5)
s k(s,x) SCZJ:y’lk(y,s)k(y,x)dy, (1.6)

for some constants C; > 0, i = 0,1,2, and all s,t,x,y. It is further assumed that the
right-hand sides of (1.5) and (1.6) exist a.e. and are finite.

Let (Exf)(x) = exp(Klog f)(x), then it is well known (cf. [1, 2, 3, 4], and the ref-
erences therein) that for operators K whose kernel satisfies (1.2), (1.3), and (1.4), the
condition

[

sup [Zk(x,y)]w(x)dx =(C3< o, (1.7)
y>0J0 LX

where w(x) = u(x)exp(Klog(1l/v))(x), u,v weight functions, implies that the in-

equality

)

J:M(X)(Ekf) (x)dx < Cy JO v(x)f(x)dx (1.8)

is satisfied.
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For specific operators, largely of Hardy type, it was shown in [1, 3, 4] that (1.7) is
also necessary for (1.8). However, in these studies, it was implicitly assumed that Ey f
(and E, (1/v)) exists a.e. and is measurable whenever v f is integrable. Note, however,
(cf. [2]) that log f(t) may be two signed, or it may be undefined whenever f(t) = 0.
Moreover, Ex f may fail to exist even though v f is integrable. For example, if K is the
Hardy averaging operator

(Kf)(x) =x*1J0 Fdy, x=0, f=0, (1.9)

thatis, k(x,y) =x"'x0.x) (), thenwith f(v) = e~1>, (KIn f) (x) and hence (Ex f) (x)
fails to exist, although the right-hand side of (1.8) is finite if v(x) = x 2.

These pathological situations may be avoided by a slight extension of the Lebesgue
integral, so that in these cases Ej f takes the value zero.

In this paper, we give conditions on f (and v) which insures the measurability
and existence a.e. of Ey f. Moreover, we give necessary and sufficient conditions on
the weight functions u and v—namely (1.7)—for which the exponential-logarithmic
inequality (1.8) is satisfied. The novelty here is that (1.8) implies (1.7) for all operators
K whose kernel satisfy the easily verifiable conditions (1.2), (1.3), (1.4), (1.5), and (1.6).
These main results are proved in the next section. In Section 3, we illustrate the main
result by proving weight characterizations for the Riemann-Liouville operator with
index not less than one, and a Laplace transform type operator. These results seem
to be new.

As usual, we will take exp(—o) = 0, log0 = —o0, and expressions of the form 0 - co
are taken to be zero.

2. Main results. Following the arguments in [2], we define for real x
Ix[+ =max{0,x},  [x|-=max{0,—-x} (2.1

and agree that for the real measurable function f(x), the (extended) Lebesgue integral

[reoax=[ ool ax-[ 1560 ax 2.2)

exists, even if the second integral on the right is +co. In this case, the integral on the
left-hand side has assigned value —oo. The first integral on the right-hand side is not
permitted to have value +oo, so that under these conventions the integral exists if and
only if | f(x)|; is integrable.

In the next result, we establish the measurability and existence of Ey f for general
kernel k. The argument is similar to [2, Lemma 1] and is given here for completeness.

LEMMA 2.1. Assume that the kernel k satisfies (1.2) and (1.3). If f is a nonnegative
measurable function, such that |log f (t)|. /t is integrable on (0, ), then Ey f (x) exists
a.e. in [0,0) and is measurable.

PROOF. Fort € (-0, ), let g(t) = |log f(e!)|, and h(t) = e7tk(1,e"t). Then by
hypotheses

| lowlar=| logfel dt=| logfo)]. % <o, @3
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where y = ¢!, and by (1.3)
J lh(t)|dt:J e’tk(l,e’t)dt:J k(1,y)dy =1, (2.4)
. Co 0

where e~! = y. Since both h and g are integrable on (—co, ), its convolution exists
a.e., that is,

Jm gs—bh)dt = Jw [log f(e*") |, e "k(1,e7)dt

=J0 [log f(e*y) |, k(1,)dy

=J0 [log f(xy) |, k(1,y)dy (2.5)
* t\dt
-], Hosso k(1)

= J:k(x,t) |log f(t)|, dt

via obvious changes of variables and (1.2). Hence the last integral exists a.e. for
x € (0,) and is measurable. Thus

(Klog f)(x) =J:0 k(x,t)logf(t)dt x>0 (2.6)

exists a.e. with values in [— o0, 00) and is measurable. Hence Ej f (x) exists a.e. in [0, o)
as asserted. O

REMARK 2.2. In the same way, we show that

J:o k(x,t)logk(y,t)dt (2.7)

exists a.e. for fixed x and y, and is measurable, whenever |logk(y,t)|. /t is integrable.
Only now we define

gy(t) = [logk(y,e')|,, hy(t)=e'k(x,e"), te (-, ). (2.8)

The weight characterization for which (1.8) is satisfied is the following.

THEOREM 2.3. Suppose that u and v are positive measurable functions and that
[log(1/v(t))|./t is integrable. Let w(x) = u(x)exp(Klog(1l/v))(x), where K is the
operator (1.1) (with k satisfying (1.2), (1.3), (1.4), (1.5), and (1.6)). If f is nonnegative,
measurable on (0,0) such that |log f(t)|./t is integrable, then (1.8) is satisfied if
and only if (1.7) holds. Moreover, if C4 is the smallest constant satisfying (1.8), then
Cg/(C1C2) <Cy = Cp(Cs.

PROOF. Sincet !|log(1/v)|, and ¢t !|log f|. are integrable, w(x) and (Klog f) (x)
exist a.e. by Lemma 2.1. Moreover, since

qu(x)exp(Klogf)(X)dx = qu(x)exp [(Klogfv) + (Kloglﬂ (x)dx
0 0 v 2.9)
= JO w(x)exp(Klog fv)(x)dx
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and (Klog fv)(x) exists a.e., (1.8) has the equivalent form
me(x)exp(Klogg)(x)dx < C4jmg(x)dx (2.10)
0 0
on setting g = v f. Now by (1.2) and (1.4),
J w(x)exp(J k(x,y)logg(y)dy)dx
0 0
= Imw(x)exp (Im k(x,xt)(logg(xt))xdt) dx
0 0
= me(x) exp (Jw k(1,t)[log (tg(xt)) —logt] dt) dx
0 0
=Cy Jo w(x)exp (Jo k(1,t)log(tg(xt)) dt) dx

= © (2.11)
sCOJO w(x)L k(1,t)tg(xt)dtdx

N k(122 g XY
= COJO w(x) L k(l, x) xg(y) o dx
=G 9 | [Zkeen [wdxay
0 0 LX
< CoCs L g(y)dy,
via obvious changes of variables, Jensen’s inequality, and an interchange of order of
integration. Thus, (2.10), or equivalently (1.8), holds with C4 > CoCs.

To prove the converse, define for fixed t > 0, g;(x) = k(t,x). Since (1.5) is satis-
fied and the right-hand side of (1.5) exist, it follows that (Klogg;) (x) exists a.e. Also
applying (1.2) and (1.3) shows that

J gt(x)dxzj k(t,x)dx =1. (2.12)
0 0
Hence by (2.10) with g replaced by g,
J w(x)exp (Klogg:)(x)dx < Cj. (2.13)
0

Applying (1.5) and (2.13) yields
(Kw)(0) = [ kit 0w (x) dx
< Joww(x) (eXp JOOO k(x,y)logk(t,y)dy) dx (2.14)
= I:w(x)exp (Klogg:)(x)dx < C,Cy.
Now define K; by

(K1 h) (x) = xjo Yy k(y,)R() dy, 2.15)
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then by (1.7) the result follows if (K;w)(x) < C for some constant C and all x > 0.
But by (1.2) and (1.3),

(Ki1) (x) = J K(v,x) > dy = J k(l, i)xy’zdy - J k(L,s)ds=1  (2.16)
0 y 0 y 0
with s = x /7y, and since we have seen that (Kw)(t) < C;Cy, it suffices to show that

(Kiw)(x) < CH(Ky (Kw)) (x) (2.17)

is satisfied for some C!. For then, (Kyw)(x) < C1C;Cy. But by (1.6)
(K (Kw)) () = x [ k(2,207 (Kw)(v) dy

= XJO y*lk(y,X)jO k(y,s)w(s)dsdy
(2.18)

- j:wm E J:y-‘kw,x)k(y,s)dy] ds

1 (® X 1
> C_zjo w(s);k(s,x)ds = C—Z(Klw)(x),

so that (2.17) is satisfied with C' = C». Hence (1.7) is satisfied with C3 < C;C>Cy4, and
the result follows. a

3. Applications. If f and v satisfy the conditions of Theorem 2.3 and P; is the op-
erator defined by

(Psf)(x)=pBxF J: tA-1fydt, B>0,x>0, (3.1)
then
J:u(x)exp (Pglog f)(x)dx < CJ:Q v(x)f(x)dx (3.2)
if and only if
L d 3.3
ililg ) [W]w(x) X < 00, (3.3)

where w(x) = u(x)exp[Pglog(1/v)](x).

This follows from Theorem 2.3 provided that k(x,y) = Bx # ¥ 1x.x) ()) satis-
fies conditions (1.2), (1.3), (1.4), (1.5), and (1.6). However, straightforward calculations
show that these conditions are indeed satisfied. Since this result follows also from [1,
Theorem 2.2], we omit the details.

The next application concerns the Riemann-Liouville operator

(Inf) (x) = %J (x=2)*1f(dy, «=1,x>0, (3.4)
X 0
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COROLLARY 3.1. Suppose thatu and v are positive functions andt='|log(1/v(t))|.
is integrable. If f is nonnegative, measurable, and t~'|log f (t)|, is integrable, then

Loou(x) exp (Ixlog f)(x)dx < CJ: v(x)f(x)dx (3.5)

is satisfied if and only if
supay | x ¥ (x—-y)*w(x)dx = C3 < o, (3.6)
>0 y

where w(x) = u(x)exp(Iylog(l/v))(x).

PROOF. We need to show that the kernel k(x,y) = o/x%(x — ¥)* X0 () sat-
isfies (1.2), (1.3), (1.4), (1.5), and (1.6), for then the result follows from Theorem 2.3.
Clearly (1.2) and (1.3) are satisfied and since

[ee] 1
J k(l,t)log(t)dt:(xJ (1-t)*tlogtdt, «=1, (3.7)
0 0

converges, (1.4) also holds. To show that (1.5) is satisfied, we must show that for some
C] >0

« , * o _ x _
t—a(tfx)'X "Xon(x) <G eXPJO F(X*y)“ 'log (t—a(t*y)“ 1X(0,t>(3’)) dy (3.8)
holds. If v > t, log((x/t*) (t —¥)* 1 x(0.0)())) = —0, so the right-hand side of (3.8) is
zero. But since y < x, it follows that ¢ < x so the left-hand side of (3.8) is also zero
and the inequality holds in this case trivially. Now if 0 < v < t, then the right-hand
side of (3.8) is
G exp{i JX(X—y)‘*‘1 [logg +1og(t—y)“‘1] dy}
X% Jo tx
x o\ x¥ x(x—1) (* 1
= Cexp [F <logt—a> F] exp— o — JO (x=»)*tlog(t-y)dy (3.9

G x(x—1)

t« x« I
where
J—Jx(x— Y* log(t—y)d _ X% (t)—lr(x— )“—1 d
=, y g y)ay = x g « Jo y t—y Y
x* x* X dy x® x«
A L S A il —x)— 3.10
== logt x ooy logt + 0( [log(t—x)—logt] (3.10)

xO(
= ?log(t—x).

Substituting into (3.9) shows that (3.9) is not smaller than

Cix x(x—1) [ x& Crx _
I eXpT(Flog(t—x)) = a (t—x)%1 (3.11)

so that (3.8) and hence (1.5) is satisfied with C; = 1.
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Finally, we will show that (1.6) holds, that is, for some C» > 0

X _
W(S—X)a X 0,9 (%)

.y . p (3.12)
SCI —(y—s)x! s)— (v —x)x1 X) —=—
2] ya(y )5 X0 ( )y“ (v =x)"" X0 (%) >

is satisfied. But since x0,y) ($) = X(s,0) (), X0, (X) = X(x,00) (), and X (5,00) () X (x,00) ()
= X(max(s,x),) (), the term on the right-hand side in (3.12) is

Coo® JO Y2y =) (=) X X (max(s,x).00) (V) AV (3.13)
If x < s thisis

CZO(ZJ y720(71(y_s)0(—1(y_x)0<71dy
s
zCz(xz(sfx)""lJ y2e by —syx gy (3.14)
S

=C20(2(s—x)"“15“’“1j 2l -1 tdr  (y =st),
1

so that (3.12) and hence (1.6) holds with Co = (& [{" t=2"1(t = 1)®1dt) "1 If x > s,
(3.12) holds trivially. This proves the corollary. a

In the final result, we consider the operator

(Laf)(x) = W% f(y)ydy, a=1, x=0, (3.15)

1 o0
xT'(1+1/a) Jo ¢
where T is the Gamma function.

COROLLARY 3.2. Suppose that u,v,w, and f satisfy the conditions of Corollary 3.1.
Then

J:u(x)exp (Lalog f)(x)dx < CJ: v(x)f(x)dx, a=1, (3.16)

is satisfied if and only if
e~ r/x)®

sup w(x)dx < co. (3.17)

y J ®
yso I'(1+1/a) Jo x2
PROOF. The result follows from Theorem 2.3 if one shows that the kernel

_ 1 —(y/x)®
k(x,y) = xr(1+1/a)e (3.18)

satisfies conditions (1.2), (1.3), (1.4), (1.5), and (1.6). Clearly, (1.2) is satisfied and so is
(1.3) since by definition of the Gamma function

” _¥ © -y
Jo KLY = 10 ) Jo e dy

1 Jm —t¢l/a-1
= — e 't dt
al'(1+1/a) Jo (3.19)

~ (Q/a)f/a)
T OT(1+1/a)

=1.
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Moreover, since

e “logtdt (3.20)

N 1
L k(l,t)logtdt:m_[o

converges, then (1.4) holds.
To show that (1.5) is satisfied, we must show that for some C; >0

L e S Y LA P 3.21
S — <
Tl+1/a)° =t1exp Jo xT(+1/a) B\ira+1/a) )% 3.21)

holds. But the integral on the right-hand side is

1 _ L [T o (Y ‘
xI[(1+1/a) [log (tr(1+1/a))J Ay - J ()
1 1 1y xatl 1
_ S S 1) 1 3.22
xF(1+1/a)[log<tr(1+1/a))xr(l+a> taa r<1+a)] .22

~t0 (st ) - () = voe () - (5

and taking exponents, we obtain (3.21) with C; = 1.

Finally,
) Tk(y,9)k(y,x)dy > 7J 3o/ -(x/»)7? g4
Joy Ty [r(1+1/a) Y Y
(3.23)
s J -3 el kis,x)
F(1+1/a) 2F(1+1/a) s
so that (1.6) is also satisfied. This proves the result. 0

Note that for a = 1, Corollary 3.2 is [1, Theorem 2.6].
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