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This paper mainly discusses the robust quadratic stability and stabilization of linear discrete-time stochastic systems with state delay
and uncertain parameters. By means of the linear matrix inequality (LMI) method, a sufficient condition is, respectively, obtained
for the stability and stabilizability of the considered system. Moreover, we design the robust H_, state feedback controllers such
that the system with admissible uncertainties is not only quadratically internally stable but also robust H,, controllable. A sufficient
condition for the existence of the desired robust H, controller is obtained. Finally, an example with simulations is given to verify

the effectiveness of our theoretical results.

1. Introduction

It is well known that stability and stabilization are very
important concepts in linear system theory. Due to a great
number of applications of stochastic systems in the realistic
world, the studies of stability and stabilization for stochastic
systems attract lots of researchers’ attention in recent years;
we refer the reader to the classic book [1] and the follow-
up books [2, 3], together with references [4-11] and the
references therein, which include robust stochastic stability
[4], exponential stabilization [6], mean-square stability, and
D-stability and D p-stability [8]. The stabilization of various
systems, including impulsive Markovian jump delay systems
[4], stochastic singular systems [10, 12, 13], uncertain stochas-
tic T-S fuzzy systems [14], and time-delay systems [6, 11, 15-
17], has been studied extensively. H,, control is one of the
most important robust control approaches when the system
is subject to the influence of external disturbance, which has
been shown to be effective in attenuating the disturbance.
The objective of standard H_, control requires designing a
controller to attenuate I*-gain from the external disturbance
to controlled output below a given level y > 0; see [18]. The
study of H, control of general linear discrete-time stochastic

systems with multiplicative noise seems to be first initiated
by [19]. Then, stochastic H, control and its applications have
been investigated extensively; see [14, 16, 20-24].

Because time-delay exists widely in practice and affects
the system stability, there have been many works concerning
the study in stability or H,, control of stochastic systems
[4, 6, 9, 11, 14-16, 22, 25]. Due to limitations of measure-
ment technique and tools, it is not easy to construct exact
mathematical models. Compared with the nominal stochastic
systems without uncertain terms investigated in [2, 5, 24], our
considered system allows the coefficient matrix to vary in a
certain range.

Discrete-time stochastic difference systems have attracted
a great deal of attention with the development of computer
technology in recent years. In our viewpoint, there are
at least two motivations to study discrete-time stochastic
systems, Firstly, discrete-time stochastic systems are ideal
mathematical models in practical modeling such as genetic
regulatory networks [23]. Secondly, discrete-time stochastic
systems provide a better approach to understand extensively
continuous-time stochastic It6 systems [2, 3, 26]. Therefore,
it is of significance to study the stabilization and H_, control
of discrete-time stochastic time-delay uncertain systems.



This paper will study quadratic stability, stabilization,
and robust state feedback H,, control for uncertain discrete-
time stochastic systems with state delay. The parameter
uncertainties are time varying and norm bounded. It can be
found that, up to now, many criteria for testing quadratic
stabilization and H_, control have been given in terms of
LMIs and algebraic Riccati equations by applying Lyapunov
function approach. One of our main contributions is to
study quadratic stability and stabilization via LMIs instead of
algebraic Riccati equations which is hardly solved. What we
have obtained extended the work of [15] about the quadratic
stability and stabilization of deterministic uncertain sys-
tems. Another contribution is to solve the state feedback
H_, control and present a state feedback H_, controller
design.

The paper is organized as follows. In Section 2 we
give some adequate preliminaries and useful definitions. In
Section 3, sufficient conditions for quadratic stability and
stabilization are given in terms of LMIs which is convenient
to compute by the MATLAB LMI toolbox. Section 4 designs a
state feedback H,, controller. Two numerical examples with
simulations are given in Section 5 to verify the efficiency of
the proposed results. Finally, we end this paper in Section 6
with a brief conclusion.

For convenience, the notations in this paper are quite
standard such as the following: we let " and Z™" represent
the set of all real n-dimensional vectors and m x n real
matrices. For symmetric matrices X and Y, X > Y (resp.,
X > Y) stands for the idea that the matrix X — Y is positive
semidefinite (resp., positive definite). I denotes the identity

matrix of appropriate dimensions and X” denotes the matrix

transpose of X. [|x]| = /Y22, |xx|? represents the Euclidean

norm or spectral norm of the vector x. = {kg, ko +
1,ky +2,...}, especially, /' = {1,2,...}, #/, =1{0,1,2,.. .},
and [y, T2] represents the set of integers between T, and T,
(inclusive). In symmetric block matrices, the symbol “*” is
used as an ellipsis for terms induced by symmetry. &(-) is the
expectation operator.

2. Preliminaries

Consider a class of uncertain linear discrete-time stochastic
systems with state delay described by

x(k+1)=(Ag+AA, (k) x (k) + (Agg + AAg, (k)

cx (k= d) + (By + ABy (k) u (k)

+ > {[Cy + AC, (k)] x (k)
i=1

(1
+[Cog + ACyy (k)] x (k — d)

+ [Dy + ADy (k)] u (k)} w; (k),
x(j) =¢(j) e ",

je{-d,-d+1,...,0}, ke,
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where x(k) € R" is the system state and u(k) € R" is
the control input, and {w(k)},, are independent white noise
process satisfying the following assumptions:

(H)) &lw] = 0, %[wkwj] = Skj, where J;; is a Kronecker
function defined by §;; = 0 for k # j while §;; = 1 for
k=j.

(H,) {w(k)} >, are defined on the filtered probability space
Q,F, F, P) with F,. = o{w(0),...,w(k)}. In
addition, {#F}icy, is an increasing sequence of o-
algebras with #, ¢ &.

Ay, Aygs By, Cy, Cyy> Dy are known real constant matri-
ces with compatible dimensions. AA(k), AAy,(k), AB,(k),
ACy(k), ADy(k), ACy,(k) are norm bounded and time-
varying uncertain parameter which are assumed to have the
following form:

[AAg (k) AAg (k) ABy (k) AC, (k) ACy, (k) AD, (k)]

2)
= EF (k) [Ga, Ga,, Gs, G, G, Gn,)»

where E,G, ,G, ,Gg,G¢ ,Ge ,Gp are constant matrices
0 0d 0 0 0d 0
and F(k) € #™" is the uncertain matrix satisfying

F'F(k)<I, ke, 3)

For the purpose of simplicity, throughout this paper, we write
system (1) in the following form:

x(k+1)
= Agpx (k) + Aggax (k — d) + Bypu (k)

+ 3 [Conix (k) + Cogpx (k — d) + Dopu (k)] w; (k).

x(j) = ¢ (j) € #,

where Agy, Agga> Boar Conr Coqn are bounded uncertain
system matrices with

€ [-d,0], ke ANy,

Aga = Ag+AAg (k) = Ay + EF (K) Gy,

Agap = Agg + AAgq (k) = Agg + EF (k) G4
By, = B, + ABy (k) = By + EF (k) Gy,
(5)

Coa = Co + AC, (k) = Cy + EF (k) G,

Coan = Coa + ACy (k) = Coq + EF (k) G¢,»

Dos = Dy + AD, (k) = Dy + EF (k) Gp,..

Below, we define robust quadratic stability and robust
quadratic stabilizability for the uncertain time-delay discrete-
time system (1), which generalize Definition 1 of [15] to
stochastic systems.

Definition 1. Uncertain discrete time-delay system (1) is said
to be robustly quadratically stable, if there exist matrices P >
0, Q > 0 and a scalar w > 0 such that, for all admissible
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uncertain terms and given initial condition x(j) = ¢(j) € &"
for j = 0,—1,...,—d, the unforced system of (1) (with u(k) =
0) satisfies

& (AV,) = 8V, - 8V, < —0& |x (k)| (6)

for x(k) € B> with (k) = (x(k)T, x(k - d)")T and

d
Vi=x(®) Px(k)+ Y x(k-j) Qc(k-j). (7)

i

Definition 2. Uncertain discrete time-delay system (1) is said
to be robustly quadratically stabilizable if there exists a matrix
K € R™" such that closed-loop system (1) with u(k) =
Kx(k), that is,

x(k+1)

= (Ags + BoaK) x (k) + Aggp (k) x (k - d) ®)

+ Y [(Con + DosK) x (k) + Cogpx (k = d)] w; (k) ,

i=1
is robustly quadratically stable for given x(j) = ¢(j) € R" for
j=0,-1,...,~d.
3. Robust Quadratic Stabilization

In this section, a sufficient condition about robust quadratic
stability and robust quadratic stabilization will be presented
via LMIs, respectively. First, we cite the following lemma
which is essential in proving our main results.

Lemma 3 (see [27]). Suppose that W = w7t F(k) satisfies
(2), and then for any real matrices W, M, and N of suitable
dimensions we have

W+MF(k)N+NFR) " M <0 9)
if and only if (iff), for some o > 0,
W +aMMT +a 'NTN <. (10)

Theorem 4. Consider uncertain discrete-time stochastic delay
system (1) with u(k) = 0. This system is robustly quadratically

oo [Ae (k)" PAgy (k) + sCop (k) PCyp (k) +Q — P

Agan ()T PAgy (k) + sCoys (k) PCyy (k)

By Definition 1, system (1) with u(k) =
quadratically stable, only if

0 is robustly

I1<o (15)
which is equivalent to

=11, +1I,

stable if there exist positive definite matrices X > 0, Y > 0 such
that the following LMI holds.

Ay Ay ATX $2CIX 0 0 ]
¥ A, AD X SPChx 0 o
* * -X 0 XE O
<0, (1)
* * * -X 0 XE
* * * * -I 0
| * * * * EEE B
where
T T
Ay =Y -X+G, Gy, +5G G,
T T
A, = GAodGAOd + SGC[]dGCOd’ (12)

_ T T
Ay =Y +G, Gy, +5Gg Ge,,-

Proof. From Definition 1, taking a Lyapunov function V; as
in the form of (7), if uncertain discrete time-delay stochastic
system (1) is quadratically stable, then, for all admissible
uncertainties of (1), there exist matrices P > 0, Q > 0 and
a scalar « > 0 such that &(AV,) associated with unforced
system (8) satisfies (6). In view of the assumption (H,), it is
easy to compute

EVirr — 8Vi = & {x ()" [Ags ()" PAG, (K)
+5Cop (k)" PCyp (k) +Q = P x (k) + x (k)"
: [AOA (k)" PA g (k) + sCoy (k)" PCoan (k)] x (k

—d)+x(k=d)" [Agas (k)" PAgy (K) )

+ 5Coan (k)" PCop (k)] x (k) + x (k — d)"
[Agan ()" PAggs (k) + sCogp (k)" PCogy (k)

T

_Q]x(k_d)}:[ x (k) x (k) ]

| o]
x(k-d) x(k-d)

where Ay, Ao Coa» and Cyy, are given in (5) and IT is
shown as

Aoa (k)T PA gy (k) +5Coy (k)T PCyap (k) ] (14)
Agan ()" PA s (k) + sCogp (k)" PCoyp (k) - Q .

sCon (k)" PCogp (k)

. [SCOA (k)T PCyy (k) + Q- P
sCoan (k)" PCyyp (k) - Q

sCodn (k)T PCy, (k)

Agp (R)T PAy (k) Agy (k)" PA gy, () } o
Agan (0" PAgy (k) Aggp ()" PAgs (k)]

(16)



Note that IT, can be rewritten as

Agy ()" P
Agan (k)" P

) =

] P [PAgs (k) PAgs (K)].  (17)

By Schur’s complement, it is easy to derive that II < 0 is
equivalent to

1y $Cop ()T PCogp (k) Agy (k)" P
Aggn TP, (18)
* * -P

=1« Usy

where
7y, = sCop (k)T PCyy (k) + Q- P, 1)
7yy = $Coun (k)T PCoyp (k) — Q.

Then, using the same way as in (16)—(19) yields
Q-P 0 Ay (k)P s2C, ()TP

—Q Ay ()T P $M2Cyuy, ()T P
* * -p 0 (20)

—~ *

II =

* * * -P
<0.
The above inequality can be rewritten as

0 O
diag (F (k), F (k
PE g (F (k), F (k)
0 PE
Ggo sl/ngo

12T (21

Gao Gua 00 Cod

51/2GCO sl/zGcod 00

T
Gaoa $

0 0

0 0

00 E'P o
-diag (F (k)T ,F (k)T <0,
g( ) 00 o E'p

where
T 1/2 T
Q-P o Alp clp
« —Q AL.p s'2Cl.p
I, = Q A o= (22)
* * -P 0

* * * -pP
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Because I1; is a symmetric matrix, applying Lemma 3, (21)
holds iff the following inequality holds:

0 0
o o|f[ooEP o

I; + -
PE 0 |loo o E'P
0 PE

T 12T
Gho s Gao
1| Ghou $MPGE Gao Gaa 00
0 0 sl/ZGCO sl/ZGCOd 00
0 0

+«

] (23)

Ay Ay, ATP SV2CTP
x A, AbP SMChp

= <0,
* * Ags 0
* * * A44
where
Ay =Q-P+a'GLGy + 50 GLyGeyps
1T 1T
Ay = GyugGaga + s GeyGooas
. . (24)
-1 -1
Ny =—Q+a GyupyGapq +5a GeyyGeooas
Ay =A, =—P+aPEE'P,
Take
P=a'X,
(25)
Q=aly

and then by substituting (25) into (23), for & > 0, we get

Ay Ay AlXx s'2Clx
A AT x s'2cT . x
22 od : od <o, (26)
+ % -X+XEE'X 0
% * -X + XEETX

where A, Ay,, A, are shown in (12).
Using the same method as in (16)-(20), (11)-(12) follow
immediately from the above inequality. O

Theorem 5. System (1) is robustly quadratically stabilizable if
there exist positive matrices X > 0,Y > 0, K € R " and a
scalar & > 0 with el — X' < 0 such that the following LMI
holds.
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(0, 0, (Ag+ByK)" s2(Cy+DyK)" 0
* 0Oy Agy s"2Chy 0
* % —el 0 E
* * * —el 0
* * * * -1
* * * * *
* * * * *

| * * * *

where
0, =Y-X,
T T
01, = (Gag + GpoK)" Gpa + (Geo + GpoK)™ Gepgs  (28)
T T
055 = =Y + G104G a0d + GoaGeoa.

Moreover, a quadratically stabilizing state feedback controller
is given by

u (k) = Kx (k). (29)

Proof. By Definition 2, using the same way as in the proof of
Theorem 4, the following inequality which has a similar form
to (11)-(12) can be obtained by taking u(k) = Kx(k)

[0, 0, (Ag+B,K) X s2(Co+DyK)'X 0 0]
* 0, Al x s'2Clx 0 o
* * -X 0 XE O
* % * -X 0 XE| (30)
* * * * -1 0
L * * * =] ]
<0,
where
- T
O =Y = X +(Gyp + GpK) (Gag + GpoK) (31
T
+(Geg + GpoK) ™ (Geo + GpoK) -
In order to eliminate the nonlinear quadratic terms
(A, +B,K)" X,
(32)
(Cy + DoK)" X,
pre- and postmultiplying
diag (1,1, X", I, 1,1) (33)

on both sides of (30) and considering X' > e, (27)-(28) can
be obtained easily. This theorem is proved. O

5
0 (Gyo+ GBOK)T s (Geo + GDOK)T-
0 0 0
0 0 0
E 0 0
<0, (27)
0 0 0
-1 0 0
* -I 0
* * -1 ]

Remark 6. Compared with the results about quadratic stabil-
ity and quadratic stabilizability of deterministic systems given
in [14], our two theorems not only extend the results of [14]
to stochastic systems, but also provide the corresponding LMI
criteria which can be easily tested by MATLAB LMI toolbox.

Remark 7. From these two theorems, we also can get the

result about quadratic stability with the given decay rate. Take
the function

x, (k) = x (k) €, (34)

and then, substituting (34) into (8), we obtain the following
new system:

xy (k+1) = (ZOA + BOAK) xy (k) + Aggpx, (k —d)

+ i [(EOA + ﬁoAK) x) (k) + Cogaxy (k - d)] (35)
i=1
-w; (k)
where
ZOA = eAAOA,
By, = €' By,
EOA = e’\COA,
(36)
EOA = e’\DOA,
Aoy = Qld+A Agiss
Coun = e(dH)ACOdA-

So system (1) is quadratically stabilizable with decay rate A if
system (35) is quadratically stabilizable.



4. State Feedback H_ Control

In this section we consider the state feedback discrete-
time H,, control problem for the following uncertain linear
stochastic system with state delay:

x(k+1)=[Ay+AAy (k)] x (k) + [Agy + AAy, (K)]

-x (k—d) + BE (k) + By + AB, (k)] u (k)

S

+ Z{[C0 + AC, (k)] x (k)

i=1
+ [C()d + ACod (k)] X (k - d) (37)

+[Dy + AD, (k)] u ()} w; (k) ,

x(j) = (j) € &,
je{-d,-d+1,...,0}, ke WV,

z (k) = Cx (k) + Du (k),

where z(k) € %" and E(k) € A7 are called the controlled
output and external disturbance, respectively. In addition,
the effect of the disturbance &(k) on the controlled output
z(k) is described by a perturbation operator & ¢ : § - z,
which maps any finite energy disturbance signal £ into the
corresponding finite energy output signal z of the closed-
loop system. The size of this linear operator, that is, | .,
measures the influence of the disturbances in the worst case.
We denote by I2 (4, ") the set of all nonanticipative square

summable %'-valued stochastic processes

y=1{:n
(38)

€ L? (Q, 9{21) , Vi is Fr g measurable}kgﬂo .
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I*-norm of y € I2 (W, &') is defined by

- 12
2
s, = ( S8 I ) R
k=0

Firstly, for system (37), we define the perturbed operator
& ¢ and its norm as follows.

Definition 8. The perturbed operator of system (37), & :
li(ﬂfo, R — llzu(./VO, R"), is defined as

G E(k) €y (W, RT) —
Cx (k) + Du (k), (40)

x(j)=0, j=0,-1,-2,...,~d

with its norm

llz )l v, )
%=l = sup TE®lser, o
(k) (N 5, R),E(K)#0,x(j)=0, €[, 0] 14 (k)”sz(AfO,W)

(X2, ElICx (K) + Du (W) "
(s ElE )"

= sup
Ek) €, (W 0, R0, (k) #0,x(})=0, j€[~d,0]

Next, we present the definition about stochastic robust H,
control.

Definition 9. For a certain level y > 0, u*(k) = Kx(k) is the
H_, control of the system (37), if

(i) system (37) is internally stabilizable when &(k) = 0;

(ii) the norm of the perturbed operator of system (37)
satisfies [| & || < y for all external disturbance Ek) €
(N o RT).

Besides, if u"(k) exists, then system (37) is called H_,
controllable in the disturbance attenuation. Furthermore, it
is called strongly robust H,, controllable if y = 1.

Theorem 10. Consider system (37). For the given y > 0 and
some B > 0 with P < f7'I and a > 0 if there exist P > 0,
Q > 0, and K € R™" satisfying the following LMI

[2P+Q+CTC hy, 0 sY2(Cy+DyK)" (A +B,K) K'DT hy, hyg ]
* hy, O s'2ct, AL, 0 0 0
* S| 0 B" 0 0 0
* * w ~pBI + «EE" 0 o 0 0 o 42)
* x ok * -BI+aEE" 0 0 0
x x % * * -1 0 0
* * * * * * -1 0
L * * % * * & =T
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where

~ T
hp=a [51/4 (Geo + GpoK)™ Geoa
T
+(Gag + GpoK) GAOd] ’
My = =Q+ ' (s GouGna + GhoaGaoa) (43)
By =o' (Gep + GoK)'

hyg = a (Gyo + GBOK)T >

then system (37) is robustly H controllable with a control law

u(k) = Kx(k).

Proof. By Theorem 5, when disturbance (k) = 0, it is easy
to test that system (37) is internally stabilizable with u* (k) =
Kx(k). Now we only need to show || & || < y. By Definition 1,

choose the Lyapunov function V;, = x(k) " Px(k) + Zj.lzl x(k -
j)TQx(k — j)with P > 0 and Q > 0 to be determined, and

then

%AVk = %VkJrl - ng = g

d
+ Y x(k+1- )" Qx(k+1-j)-x" (k) Px (k)
j=1

=

=& [x" (k+1)Px(k+1)+x" (k)(Q-P)x (k)

~x"(k-d)Qx (k-d)].

™)
—

(1

11

d (44)
—ZxT(k—j)Qx(k—j)]

Soin the case of x(j) = 0, j = 0,—1,...,—d, we have

k=0

k=0

(Ags + BoaK)" PAg ux (k= d) + x" (k)

(Aga + BOAK)T PBE (k) + x" (k-d)

: (COAK)T P (Cyp + DysK) x (k)

: AgdAP (Aga + BoaK) x (k) + x" (k-4d)

+&" (k) B'P (Agy + BoaK) x (k) + &' (k)

+ sxT (k) (Cop + DoaK)" PCoypx (k — d)

x' (k+1)Px(k+1)

+5x" (k= d)CL\P (Cop + DosK) x (k)

x (k)
x(k-d)

Iz )l ey = ¥ N6 Oz oy 0y = g {x"
(€"C+K"DDK) x (k) + AV — y*E" (k) E (k) }
+V (x(0)) ~ liminf &V (x (k)) < %i {x®)"

(Apa + BOAK)TP (Aga + BoaK) x (k) + x7 (k)

- AgaaPAganx (k = d) + x" (k — d) A, PBE (k)

-BTPA yypx (k — d) + ET (k) B'PBE (k) + sx” (k)

+sx" (k= d) Cogp PCopx (k — d) — x" (k) Px (k)

+x7 (k) (Q-P)x (k) - x* (k- d)Qx (k - d)

>

+x" (k) (C"C+ K"D'DK) x (k) = y¢" (k)
- x (k)

.g(k)}zgz x(k-d)| E
L e

where

—511 (Aoa + BOAK)T PAggn (Ags + BOAK)T PB 5% (Cop + DOAK)T P
* AgdAP Agan — Q Aj(;dAP B $ l/zconAP
* * B"PB -1 0

| * * * -P

(Agp + BouK) P (Agy + ByuK) - 2P +Q+C'C+ K'D'DK.

§ (k)

(45)

(46)



Obviously, it is easy to get that [| & || < y if & < 0. Then, we
need to eliminate the uncertainties. Using the same method
as in the proof of Theorem 4, we know that, for some « > 0,
a sufficient condition for £ < 0 can be got from the following
matrix inequality.

[T, T, 0 sY%(Cy+DyK)' P (Ay+ByK) P]
x* I, 0 s'*cl,p AL,P
% = 0 B'P
- (47)
* % * —P + aPEE" P 0
[« % o« % —P + aPEETP |
<0,
where
I, =2P+Q+C'C+K'D'DK +a's"* (Gg
+ GDOK)T (Geo + GpK) + a! (Gag + GBoK)T
(Ga + GoK),
(48)
-1 1/4 T
I =a [5 / (Geo + GpoK) Geoa
T
+(Gyo + GpoK) GAOd] >
“1( 1/4 T T
I, =-Q+«a (5 / GeoaGeooa + GAOdGAOd)'
Then, by pre- and postmultiplying
diag[I T I P' P7'] (49)
on both sides of (47), we have
- 1/2 T T
I T, 0 s'%(Cy+DyK)" (A, + ByK)
* I 0 s Chy Aba
* % —yZI 0 BT
B (50
* % * -P + «EE 0
R * * -P7!' + «EET |
<0.

For some constant § > 0 with P! > I, Theorem 10 is
concluded; that is, an H_ control of system (37) is obtained
by solving LMIs (42)-(43). This completes the proof. O

5. Simulation Example

In this section, we consider two simple examples with simula-
tions to illustrate the effectiveness of the proposed approach.

Example 11. Consider discrete-time stochastic system (1)
with the following parameters:

Mathematical Problems in Engineering

Lo
"o o8]
10.02 0
A=l ol
E
0 — -1 >
02 0
CO_ bl
0 04
: 01 0
“= 1o 02]
b _[0?
o7’
0.2 0]
E= )
[0 04
. 10.01 0]
A7 0 003)
[0.04 0 (51)
G = L 0 005]°
0.2
G, = 0.1]’
103 0
Ge, = Lo 01]’
0.1
G, = 10.7]’
0.1 0
G = L0 001]
FR) [cos (w (k)) 0 ]
- 0 sin (w (k)]
s=1

Using LMI toolbox to solve (11)-(12) in Theorem 4, we find out
that t_;, = 0.0086 > 0 which means that there is no feasible
solution and indicates that system (1) with u = 0 is unstable.
Figure 1 verifies the result. By solving LMI (27), a group of
feasible solutions with ¢, = —0.9649 < 0 are shown as ¢ =
16.7436 and

[22.1026 0.6519 ]

0.6519 20.0007
(52)

11.3608 —0.6710
~0.6710 13.2231]°
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FIGURE 1: State trajectories of the autonomous system.

100 120 140 160 180 200
t (sec)

0 20 40 60 80

FIGURE 2: State trajectories of the closed-loop system.

By Theorem 5, the system is mean-square stabilizable
which is verified by Figure 2. A robust stabilizing controller
is given by

u (k) = Kx (k) = [-0.092 —0.1344] x (k) . (53)

Example 12. Consider system (42) with the following param-

eters:
N (1.2 0
" lo 11)
A (0.2 0
“= 10 01]
5 1.3
0 — -1 >

9
102 0
COZ >
[0 04
1
B= ,
0.65
10.4 0.2
C= X
(0.1 08
0.8
D= :
1
c 0.1 0
““ 1o o02]
o _[02
oz’
02 0
E= )
0 04
01 0
%=1 0 s
04 0
Y4 =10 0s]
10.2
G, = 0.1]’
(03 0
Ge, = L0 01]’
0.1
G, = 107]’
0.1 0
“cu={0 01
[cos (w (k)) 0
F(k) = s
®) 0 sin (w (k))
s=1
(54)

For perturbed system (42), we take the external distur-
bance as &(k) = ¢™* and the certain level as y = 0.8. In
addition, according to Lemma 3, an appropriate « is given as
« = 4.9. Then, by the result of Theorem 10, using LMI toolbox
to solve (43) and (47), we find that t,;, = —0.1046, which

means we have got a group of feasible solutions with

1.7258 0.0320
~10.0320 1.8314)°

1.6581 —0.0480
-0.0480 1.5180 |’
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FIGURE 3: State trajectories of the closed-loop system.

z; and z,

0 2 4 6 8 10 12 14 16 18 20
t (sec)

FIGURE 4: Controlled output trajectories of the closed-loop system.

K = [-0.3281 —-0.2836],

B =3.0531.
(55)

The simulation results of state trajectories and controlled
output trajectories of system (42) are given in Figures 3 and 4
with the H, controller

u (k) = Kx (k) = [-0.3281 —0.2836] x (k).  (56)

This further verifies the effectiveness of Theorem 10.

6. Conclusion

In this paper, we have studied the robust quadratic sta-
bility, quadratic stabilization, and robust H,, state feed-
back control of discrete-time stochastic systems with state
delay and uncertain parameters. Based on LMI technique, a
sufficient condition about quadratic stability and quadratic

Mathematical Problems in Engineering

stabilization of our considered system is, respectively, given.
Moreover, an H_, state feedback controller is obtained by
solving two LMIs. Finally, we supply two simulation examples
to show the validity of the proposed results. It is expected to
solve the H output feedback control and H_ filtering in our
forthcoming work.
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