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We study the existence and uniqueness of the positive solution for the fractional differential system involving the Riemann-Stieltjes
integral boundary conditions -@ x(t) = f(t, y(t)), — 95}/(1‘) = g(t,x(t)), t € (0,1), x(0) = ¥(0) = 0, x(1) = .[01 x(s)dA(s), and
y(1) = _[01 y(s)dB(s), where 1 < «, < 2, and D} and 9? are the standard Riemann-Liouville derivatives, A and B are functions

of bounded variation, and _fol 9? x(s)dA(s) and IOI QZf; y(s)dB(s) denote the Riemann-Stieltjes integral. Our results are based on a
generalized fixed point theorem for weakly contractive mappings in partially ordered sets.

1. Introduction

Mathematical model is an important tool designed to
describe the operation of the economy of a country or a
region. Because fractional operators are non-local, they are
more suitable for constructing models possessing memory
effect with the long time periods, and then fractional dif-
ferential equations possess large advantage in describing
economic phenomena over the time periods. In this paper, we
focus on a fractional model arising from economy. Assuming
that f,g : [0,1] x [0,+00) — [0,+00) are continuous
and nondecreasing with respect to the second variable on
[0, +00), we discuss the existence and uniqueness of positive
solutions for the following system of fractional differential
equation with nonlocal Riemann-Stieltjes integral boundary
conditions:

-Dixt) = f(tLy®),

2Py =gt x), te1),

1
£0) =y =0, x(= | x©daw,

1
y(n:j y(s)dB(s),

0

@

where 1 < a, f < 2, and @Y and D" are the standard
Riemann-Liouville derivatives, A and B are functions of
bounded variation, and jol 95 x(s)dA(s)and f; 9? y(s)dB(s)
denote the Riemann-Stieltjes integral.

Boundary value problems with integral boundary con-
ditions constitute a very interesting and important class of
problems. The idea of using a Riemann-Stieltjes integral
with a signed measure is due to Webb and Infante in [1,
2]. The papers [1-3] contain several new ideas and give
a unified approach to many BVPs. This implies that the
Riemann-Stieltjes integral boundary value problem is a more
generalized case which includes multipoints, integral bound-
ary conditions and many nonlocal boundary conditions,
as special cases. For some recent work on boundary value
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problems of fractional differential equation, we refer the
reader to some recent papers (see [1-14]).

Recently, motivated by [1-3], Hao et al. [4] studied the
existence of positive solutions for the nth-order singular
nonlocal boundary value problem

@) +alt) fltx () =0, 0<t<]I,

1 (2)
®0)=0, 0<k<n-2, x(l)zjx(s)dA(s),
0

where a may be singular att = 0,1 and f also may be singular
at x = 0, but there is no singularity at ¢ = 0, 1. The existence
of positive solutions of the BVP (2) is obtained by means of
the fixed point index theory in cones. In [5], Zhang and Han
considered the existence of positive solutions of the following
singular fractional differential equation:

Dixt)+ ftx() =0, 0<t<l,n-l<a<n,

1 (3)
Py=0, 0<k<n-2 x(l):Jx(s)dA(s),
0

where & > 2, and dA(s) can be a signed measure. Some
growth conditions were adopted to guarantee that (3) has a
unique positive solution. Recently, by using a new fixed point
theorem for weakly contractive mappings in partially ordered
sets, Tao et al. [6] considered the existence and uniqueness of
positive solution for the following problem:

~x(t) = f(Lx(1),-DPx(®), te(0,1),

2Px(0)= D% (0) = 0, @)
1
PP x(1) =J DPx (s)dA(s),
0

where2 < « 3,0 < f < l,anda — 8 > 2, and 9, is the
standard Riemann-Liouville derivative.

Motivated by the above work, in this paper, we study the
existence and uniqueness of positive solution for the system
of fractional differential equations with nonlocal Riemann-
Stieltjes boundary integral conditions. Our main tool is the
fixed point theorem for weakly contractive mappings in
partially ordered sets, which is obtained by papers [6, 15].

2. Preliminaries and Lemmas

Definition 1 (see [16-18]). The Riemann-Liouville fractional
integral of order &« > 0 of a function x : (0,+c0) — R is
given by

I“x(t) = ﬁ L (t—s) " "x(s)ds (5)

provided that the right-hand side is pointwise defined on
(0, +00).
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Definition 2 (see [16-18]). The Riemann-Liouville fractional
derivative of order « > 0 of a function x : (0,+0c0) — R is

given by
1 <i >n Jt (t-s)"*'x(s)ds, (6)
0

Lo = o\ ar

where n = [«a] + 1, [«] denotes the integer part of number
a, provided that the right-hand side is pointwise defined on
(0, +00).

Lemma 3 (see [16-18]). (1) Ifx € L'(0,1), v > o > 0, then

I'I’x(t)=1""x (1), DIx(t) =T""x(t),

(7)
DIIx(t) = x(t).
(2)Ifv>0,0 >0, then
v,o-1 _ F(O') o-v-1
2t = F(a—v)t ’ ®

(3) If a > 0 and f(x) is integrable, then
D (t) = f(x) +x* +ox* 2+ o x*", (9)

where ¢; € R(i = 1,2,...,n), n is the smallest integer greater

than or equal to «.

Lemma 4 (see [19]). Given h € L'(0,1). Then, the problems
Dix(t)+h(t)=0, te(0,1),

x(0)=0, x(1)=0,

Dy +h(t)=0, te(©01), y©=0 y1)=0
(10)

have the unique solution

1 1
x(t) = Jo Gy (t,s)h(s)ds, y(t) = L Gg (t,s)h(s)ds,

(11)
where G 4(t, s) and Gg(t, s) are given by
t(1-3s)]%L, t<s,
GA(l‘)S)ZL . . 1 1
L) [[f(1-9)]""=(@t-9)*", s<t,
p (12)
1 [ -9, t<s,
Gp(t,s) = —— f1 p1
L) (1 =91 = -9, s<t,
which are the Green function of the BVP (10), respectively.
It follows from Lemma 3 that the linear problems
Dix(t)=0, 0<t<l, x(0)=0 x(1)=1,
(13)

PPyt)=0, 0<t<l, y(0)=0, y(1)=1

have the unique solutions t*~* and t#7!, respectively. Letting

1 1
o = J A, B J #4B() (4
0 0
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and defining

1

G, (s) = L G(t,s)dA(t),

1

Zy (s) = J G(t,5)dB (1)
' 15)

as in [3-5], we can get that the Green functions for nonlocal
BVP (1) are given by

ta—l
H,(t,s) =

4 (t,5) - o
P

1-%

Ga(s)+Gultss),
(16)

Hg(t,s) = Zp(s)+Gg(t,s).
To ensure the nonnegativity of Green functions, we use
the following elementary assumption in this paper.

(HO) A, B are increasing functions of bounded variation
such that & ,(s) > 0, E5(s) = 0 fors € [0,1] and
0< d, B < 1,where o/, RB are defined by (14).

Lemma5. Let 1 < «, 8 < 2, and let (HO) hold; then H ,(t, s)
and Hg(t, s) satisfy

1 *
OSHA(t,S)Sm= ,

) (17)
0 < Hjp(t,s) < :

TRy

The main tool of this paper is the following fixed point theo-
rem, which was firstly obtained by Harjani and Sadarangani
[15] and was improved by Tao et al. [6].

Lemma 6 (see [6]). Let (X, >) be a partially ordered set, and
suppose that there exists a metric d in X such that (X,d) is
a complete metric space. Assume that X satisfies the following
condition: if x,, is a nondecreasing sequence in X such that
x, — x, thenx, < xforalln e N.LetT : X — X bea
nondecreasing mapping, and there exists a constant A € (0, 1)
such that

d(Tx,Ty) < A (x, y) -y (Ad (x. ),

where y : [0,+00) — [0, +00) is a nondecreasing function. If
there exists x € X with x, < Tx,, then T has a fixed point.

for x>y, (18)

If the space (X, <) satisfies the following condition:
for x, y € X, there exists z € X
(19)
which is comparable to x and y,

then we have the following theorem; see [6, 15].

Lemma 7. Adding condition (19) to the hypotheses of
Lemma 6, one obtains uniqueness of the fixed point of T.

Now, we mean by C[0, 1] the Banach space of all contin-
uous functions on [0, 1] with the usual ||x|| = max,,|x()].

Note that this space can be equipped with a partial order given
by

xyeCl0,1], x<ye=x({t)<y(®)),

for t € [0,1].

It has been proved in [20, 21] that (C[0, 1], <) with the classic
metric given by

d(x,y) = max{lx(®) - y (0]} (21)

satisfies the following condition.

If x,, is a nondecreasing sequence in X such that x,, —
x, then x,, < x for all n € N. Moreover, for x, y € C[0,1],
the function max{x, y} is continuousin [0, 1], and (C[0, 1], <)
satisfies condition (19).

Next, define a subcone of C[0, 1] as follows:

P={xeC[0,1]: x(t) > 0}. (22)

Note that P is a closed set of C[0, 1]; P is a complete metric
space.

Clearly, (x, y) is a solution of system (1) if and only if
(x,y) € C[0,1] x C[0,1] is a solution of the following
nonlinear integral system of equations:

1
x(t) = L Hy (t,s) f (s, y(s))ds,

(23)
1

y(t) = J Hg (t,5) g (s, x (s)) ds.

0

Consequently, system (23) is equivalent to the following
integral equation:

1 Hg (s,7) g (1,x (7)) dT) ds.

(24)

1
x(t) = J HA(t,s)f<s,J

0 0

Thus, for x € P, define the operator T by

1

1
H,(t,s) f <s, L Hg (s, 1) g (1,x (1)) dT) ds.
(25)

0= [

0

Then from the assumption on f, g, and Lemma 5, we have
T(P) c P.
3. Main Results
Now, define the class of functions 2,
L ={¢p|¢:[0,+00) — [0,+00)
is differential and nondecreasing,
(26)
and y (x) = x — ¢ (x) satisfies

¥ : [0,+00) — [0, +00) is nondecreasing} .



Remark 8. The standard function ¢ € X; for example, ¢(x) =
arctan x, ¢(x) = (1/2)x, ¢(x) = In(1 + x), ¢(x) = x/(1 + x),
and so forth.

Remark 9. Clearly, given that ¢,,¢, € &, then ¢,(¢$,(x)) €
Z.

Theorem 10. Suppose that (HO) holds, and there exist two
functions ¢,, ¢, € X and constants p,, p,, 0,, and 0, which

satisfy

0<p <, 0<p,<B 7,
(27)
0<0,<p, "B, 0<6,<1
such that
ftx) = f(tx,) < pihy (6, (3, - x3)), (28)

gt ) - gt y,) < pr (0, (1 - 12))

for xy, x5, 1, ¥, € [0,+00) with x; > x,, y; = y,. Then,
problem (1) has a unique nonnegative solution.

Proof. To prove that the problem (1) has a unique nonnegative
solution, it is sufficient to check that the hypotheses of
Lemma 6 are satisfied.

By the monotonicity of f and g, we know that the
operator T is nondecreasing. Now, denote

¢ (x) = ¢, (¢, (x)). (29)
Then, ¢ € . Forany u > v € P, from (27) and (28), we have
d(Tu,Tv)

= max |[Tu(t) - Tv(t)]|
te(0,1]

1
= maxj H, (t,s)
te[0,1] Jo

<[ (s j Hy (5,7) g (0 (1) e )

1
-f (s,J Hg (s, T)g(T,V(T))dT)] ds

0

< max {Jl H, (t,s)

x [P1¢1 (91 Jl Hg (s, 7)

0

x (g (t,u (1))

——

< 'SZ{*Pl(pl (93*91/32‘/’2 (92 (u(m)-v (T)))

< "¢y (¢, (0,d (u,v))) < ¢ (6,d (u,v)).
(30)
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Since ¢ € ', which implies that y/(x) = x —¢(x), and v :
[0,+00) — [0,+00) is nondecreasing. Thus, for u > v, we
find v and 6, such that

d(Tu,Tv) < ¢ (6,d (u,v))
=0,d (u,v) — (6,d (u,v) — ¢ (0,d (u,v))) (31)
=0,d (u,v) -y (0,d (u,v)).

Finally, taking into account the zero function, 0 <
(T0)(t), by Lemma 6, problem (1) has a unique nonnegative
solution. O

In the following, we consider the positive solution of
the problem (1). A positive solution (x, y) of the problem
(1) means a solution of the problem (1) satisfying x(t) > 0,
y(t) >0 for t € (0,1).

Theorem 11. Suppose that there exists t € [0,1] such that
f(&0)#0 and g(t,0) +0, and the assumptions of Theorem 10
also hold; then, the unique solution of (1) is positive.

Proof. It follows from Theorem 10 that the problem (1) has
a unique nonnegative solution. We prove that it is also a
positive solution of the problem (1).

Otherwise, there exists 0 < t* < 1 such that x(t*) = 0;
that is;

*(t) = | Hol9) f
(32)

X (s, Jl Hjy (s, T)g(T,X(T))dT) ds=0.

0

Then,

1

0=x(") = [ Ho(9) 7

0

X <s, Jl Hg (s, 7) g (1, x (1)) d‘[) ds (33)
0

> JIHA (t,5) f (5,0) ds > 0.
0

Consequently,

IIHA(t*,s)f(s,O)ds=O. (34)
0

Note that H(t*,s) > 0, s € (0, 1); then, we have
f(s,0)=0,

In addition, it follows from f(£,0)#0, € [0,1] that
f(&0) > 0, and by the continuity of f, we can find a set
Q ¢ [0,1] such that € Q and f(¢,0) > 0 forany t € Q,
where ¢(Q) > 0 and u(-) stands for the Lebesgue measure,
which contradicts with (35). Consequently, we have x(t) > 0,
t € (0, 1). In the same way, we also have

a.e. (0,1). (35)

1

y() = J- Hg (t,s) g (s, x (s))ds (36)

0
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and y(t) > 0, € (0,1). Hence, the problem (1) has a unique
positive solution. O

Example 12. Consider the following boundary value problem
with fractional order & = 1.5, f = 1.2:

t
—gg‘sx (t) = t*sint + L,
100(1+ y (1))
1
-2y (t) =te' + ﬁx(t), 0<t<l1,
(37)

1
xO =y =0, ()= x(©dA,

0
1

Y= | y© B,
0
where

r 1
0, te 0,5),

Alt)=4-, te

, LE

N = O\ =

(38)

L

e [od).

13
B(t)=49=, te —,—),
() i

3
, te€ —,1].
L 4

W= N =

The BVP (37) becomes the 4-point BVP with coeflicients:

y (1)

~Dx(t) = sint + —2—t—,
- x(®) - 100 (1 + y (t))

1
~D2yt)=te + —x(t), 0<t<l1,
;) 300 (t)

+(5)+5G)

6
1

w5 (2)bG)

By Theorem 11, the BVP (37) has a unique positive solution.

(39)

X =y©0=0, x(1)=

Proof. Obviously, « = 1.5, # = 1.2, and

1 0.5 0.5
M:J S dA () = 1(1) +1<%> ~ 03684 < 1,

0 6\3 3\3
1 1 1 0.2 1 3 0.2

%:J tO'ZdB(t):—<—> +—<—> ~08171 < 1,
0 2\4 6\4

A =(1-d)T(0.5) = 1.1195,

B =(1-B)T(0.2) = 0.8397.
(40)

By simple calculation, we know that & ,(s) > 0, &5(s) > 0,
and A(s), B(s) are all increasing. So, (HO) holds.
Take

2 . u
t,u)=t"sint+ ————,
ACL) 100 (1 + u)

1
t
gtu)=te + —u,
300 (41)

(t,u) € [0,1] x [0, +00),

1
$, (x) = %, ¢ () = 5x.

Then, for any x; > x,, y; = y,,
ftx) = ftx,) =

X1 _ o)
100 (1 +x;) 100(1-x,)

)
100 (1 + x; — x,)

IN

1 X] — X, 1
100 1+ (1/2) (x; —x,) 300

IN

% Y=
1+(1/3) (y, - »)

1 (1/2) (x; = x3)
— X
50 1+ (1/2) (x; — x,)

= 5_10‘/’1 (% (% —x2)>,

1
gt.y)-gt.y,)= 300 (1= 22)
171 /1
< | == _
‘2[50(2(y1 yl))]’
(42)
where
L 1952 gt L 08397 - !
pr=p <l = , p=5<0. = ,
1 _ w1 1
91=§<1.6794=p2193 o B=<L
(43)

Thus, ¢,,¢, € ', and all of the conditions of Theorem 10 are
satisfied.

On the other hand, f(7/6,0) = 72 /3640, g(1/2,0) =
(1/2)e'/? #0, and by Theorem 11, the BVP (37) has a unique
positive solution. O
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