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Abstract

In this paper, we investigate the existence and uniqueness of solutions to the coupled
system of nonlinear fractional differential equations

{Dgl% ()= Aa (O (v (1), y2 (1)),
7Dg$y2(l“) = A2a,(0)gly; (1), y> (1)),

where D‘& is the standard Riemann-Liouville fractional derivative of order v, t € (0, 1),
v,V € (n—1,nlforn>3and neN,and Ay, A, > 0, with the multi-point boundary
value conditions:yﬁ’)(o) =0 :y(z’)(O), 0<i<n-2; Do‘iyw M) = ng b,»D0’3+y1 &
DOﬁJz(]) =y’ be§+yz(§;), wheren-2<B<n-10<& <& < <€pn <,
bi>06=1,2,....m=2with p; =" 6" P <1,and py = "2 b P <1,
Our analysis relies on the Banach contraction principle and Krasnoselskii's fixed point
theorem.

MSC: 26A33;34B18;34B27
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1 Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbi-
trary non-integer order. The first definition of fractional derivative was introduced at the
end of the nineteenth century by Liouville and Riemann, but the concept of non-integer
derivative and integral, as a generalization of the traditional integer order differential and
integral calculus, was mentioned already in 1695 by Leibniz and L'Hospital. With the help
of fractional calculus, we can describe natural phenomena and mathematical models more
accurately. The fractional differential equations play an important role in various fields of
engineering, physics, economics and biological sciences, etc. (see [1-4] for example). In
consequence, the subject of fractional differential equations is gaining much importance
and attention. For more details on basic theory of fractional differential equations, one
can see the monographs of Diethelm [1], Kilbas et al. [2], Miller and Ross [3], Podlubny
[4] and Tarasov [5], and the papers [6—13] and the references therein.
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As is known to all, the initial and boundary value problems for nonlinear fractional dif-
ferential equations arise from the study of models of control, porous media, electrochem-
istry, viscoelasticity, electromagnetics, etc. Recently, the existence and uniqueness of solu-
tions of initial and boundary value problems for nonlinear fractional equations have been
extensively studied (see [14—20]), and some are coupled systems of nonlinear fractional
differential equations (see [8, 14, 17, 21, 22]).

In [15], Mophou studied the mild solutions to impulsive fractional differential equations

DYx(t) = Ax(t) + f(t,x(2)), tel=[0,T],t#t,
x(0) =x9 € X,
Ax|p—y = L(x(t7)), k=1,2,...,m,

where 0 < « < 1, the operator A : D(A) C X — X is a generator of Cy-semigroup (7'(¢)):>0
on a Banach space X, DY is the Caputo fractional derivative, f : I x X — X is a given
continuous function, Iy : X — X, 0 =ty <ty <+ < by < b1 = T, A=y = 2(E]) — 2(27).
Some existence and uniqueness results for the equations were established by means of
Krasnoselskii’s fixed point theorem.

By using the same fixed point theorem, Goodrich [23] considered the existence of a
positive solution to the following system of differential equations of fractional order:

—D(];Lyl(t) = M ()f (11(8), y2(1)),

1
—Dg%yz(t) = Azﬂz(t)g(yl(t)iyZ(t)L ( )

where Dy, is the standard Riemann-Liouville fractional derivative of order v, ¢ € (0,1),
v, € (m—1,n] for n >3 and n € N, and Ay, A, > 0, with the following boundary value
conditions:

yW0)=0=3"0), 0<i<n-2,

(D n(®)],,=0=[D§2®)], ., 1<a<n-2

under the assumptions that a1, a,, f, ¢ are nonnegative and continuous.
Very recently, Sun et al. [14] considered the coupled system of multi-term nonlinear
fractional differential equations

Du(t) = f(t,v(t), DPrv(t),..., DPNv(t)), D*'y(0)=0, i=1,2,...,m,
Dﬁv(t) :g(tr u(t),Dplu(t),'“,DpNu(t)), D(T_jv(o) =0, ] =1, 21-”,”2;

wheret € (0,1, a>B1>B>-->Bn>0,0>p1> 03> pn>0,n =[] +1, 1 =[0] +1,
Bgrpg <land g € {1,2,...,N}. By using the Schauder fixed point theorem and the Banach
contraction principle, some results of existence and uniqueness of solutions for the cou-
pled system are obtained.

However, to our knowledge, there are few works that deal with multi-point boundary
value problems for a coupled system of nonlinear fractional differential equations. The
purpose of this article is to investigate the solutions for the coupled system of nonlinear
fractional differential equations (1) with the multi-point boundary conditions:

#0)=0=500), 0<i<n-2, 2)
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m-2

D) =) biDyy (&), (3)
i=1

Dj.y2(1 Z biD}y. y5(8), (4)

i=1

where n —2<B<n—-1,0<& <& < <&u0a<,b;>0(=12,...,m—2) with p; :=
S P <1 and py = Y biE TP <L

Motivated by the above-mentioned works and recent works on coupled systems of frac-
tional differential equations, we consider the existence and uniqueness of solutions of cou-
pled system (1)-(4) by means of the Banach contraction principle and Krasnoselskii’s fixed
point theorem. In our paper, we do not suppose that a5, a5, f, g are nonnegative.

With this context in mind, the outline of this paper is as follows. In Section 2 we recall
certain results from the theory of continuous fractional calculus. In Section 3 we provide
some conditions under which problem (1)-(4) will have a unique solution or at least one
solution.

2 Preliminaries
For the convenience of the reader, we present here some definitions, lemmas and basic

results that will be used in the proofs of our theorems.

Definition 2.1 (see [4]) Let v > 0 with v € R. Suppose that y: [a, +00) — R. Then the vth
Riemann-Liouville fractional integral is defined to be

D ly(t) = ﬁ / y(s)(t —s)" "' ds,

whenever the right-hand side is defined. Similarly, with v > 0 and v € R, we define the vth
Riemann-Liouville fractional derivative to be

vy L o)
Dud®):= 1, —v)dt”/ =gy ®

where n € N is the unique positive integer satisfyingn -1 <v<nand ¢ > a.

Lemma 2.2 (see [23]) Leta € R. Then D"DS, y(t) = Dijt*y(¢), for each n € Ny, where y(t) is
assumed to be sufficiently regular so that both sides of the equality are well defined. More-
over, if B € (—00,0] and y € [0, +o0), then DZ+D5+y(t) = Dgfﬁy(t).

Lemma 2.3 (see [23]) The general solution to D). y(t) = 0, where n —1<v <n and v > 0,

is the function y(t) = c;t" ™ + cot"2 + - - - + c,t"™", where c; € R for each i.
Lemma 2.4 Let h € C"([0,1]) be given. Then the unique solution to problem —Dy.y(t) =

h(t) together with the boundary conditions y(0) = 0 and Dg+ y(1) = ZZIZ b,»D§+ y(&;), where
n-2<B<n-land0<i<n-2,is

1
»e) = /0 Glt,5)h(s) ds, 5)
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where
-1 v-1 _A_ -2 —B—
—% + m[(l—s)” b I—Zimzl bi(& —s)" b 1];
s<té&_ 1<s<&,i=12,..m-1,
Glts)=] S3hs<s=h (©)

m[(l —s) P~ ZZIz bi(& —s)" P71,
t<s,&.1<s<&,i=12,..m-1,

is the Green function for this problem, where p = Zln:z biéivf’g L <land & =0,&,1=1
Proof We know that the general solution to our problem is
y(t) = at" ™+ ept” 4+ cut" " — Dl h(t),

we immediately observe that the boundary value condition y(i) (0)=0,0 <i<n-2,implies
that ¢, = ¢3 = --- = ¢, = 0. On the other hand, Dg+y(1) = ZZIZ biDg+y(§‘i) implies that

1

1 .
_F(v——ﬂ)/o 1-y3) h(s)ds+clr

I'(v)
(v-8)

m2 1 & r'(v) e
_ (- L u-B-1 v—f-1
_;b,( F(v—ﬁ),/o (& —-s) h(S)dS+Clr(V—ﬂ)§i )

That is to say,

1 1 vope1 m-2 & vp
C1=m|:/o 1-s9) h(S)dS—iXI:bifo (& —s) h(s)ds:|,

Therefore, the unique solution is

t (t _ S)v—l
y(t) = —/(; T0) h(s)ds

e ' v-p-1 S E v-p-1
+ Fd-p) [/O (1-5)"""h(s)ds - lzl:b,»/o (& —3) h(s)dsj|
1
= / G(t,s)h(s) ds.
0
The proof is complete. .

3 Main results
This section deals with the existence and uniqueness of solutions to problem (1)-(4).
Let E represent the Banach space of C[0,1] when equipped with the usual supremum

norm || - ||. Then put X := E x E, where X is equipped with the norm

1692 = Iyl + Iyl
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for (y1,y2) € X. Observe that X is also a Banach space (see [24]). In addition, define two
operators 11, T, : X — E by

1
(T:01,92)) (0) = fo Gi(t,)an(5)f (5,1(5),925)) ds

and

1
(T2(1,92))(8) = Ay /o Ga(t,8)ax(s)g(s,y1(s), y2(s)) ds,

where Gi(t,s) is the Green function of Lemma 2.4 with v replaced by v; and p replaced
by p1, and likewise, Gy (¢, s) is the Green function of Lemma 2.4 with v replaced by v, and
p replaced by p,. Now, we define an operator S: X — X by

(SO1,92)) @) = ((T101,72)) (0), (T2(01,72)) (£))
1
= (M/O Gi(t,$)ar(s)f (5, 31(5), y2(s)) ds,

1
)»2/ Gz(t,S)ﬂz(s)g(S,ﬂ(S),yz(S))d5)~ (7)
0

We claim that whenever (y1,y2) € X is a fixed point of the operator defined in (7), it follows
that y;(¢) and y,(t) solve problem (1)-(4). We shall look for fixed points of the operator S,
seeing as these fixed points coincide with solutions of problem (1)-(4).

To establish the main results, we need the following assumptions:

(Hi) f,2:10,1] x R x R— Rand a3,a; : [0,1] — R;

(Hy) f, g, a1, a; are continuous;

(H3) there exist positive functions L (£) and Ly(¢) such that

|y ()| (£:31(8),72(0)) —f (£ m1(2), w2 (8)) | < La(2) || (1 — a1, 92 —
’ﬂz(t)} : !g(t,yl(t),yz(t)) —g(t, uy (t), u2(t))’ <L) || O —u1, 2 — uz)H

for all £ € [0,1] and (y1,2), (41, u2) € X.
Further, we set

D;' = max{ sup Dyt Li(£)

, sup | Dyi2Ly(t)
te[0,1]

te[0,1]
D—(u—ﬁ)L(l) maX{’D vi=Ap 1( vz 2 (1)‘},
D PL(E) = max{| D" P L&) DR P L)), i=1,2,.,m -2,

(Ha4) The parameters X;, A, satisfy A1, Ao < A, where
1 r s B
Azmin<1|:DZV+I‘(v(ll;l(l ) (ZbD L&)+ DAL )>:| )
1| (g — Xz -
E[DL”+ SO pz) (ZbD L) + D (1))} }
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(Hs) The parameters A;, A satisfy A1, A2 < A, where

-1
- min{ - -B(£) + DB
A_mm{ [F(vl)(l pl)<ZbD ML) + D Lu))} ,
-1
1 Vo — 8 4 oep)
|:F(V2)(1 Pz)(ZbD PL(&) +D L(l)):| ]

(Hg) There exists u € L}([0,1],R*) such that

a1 Of (1@, 9:0)] <1®),  |aa®Og(t.n(t), ()| < @),
Y(t,91,92) € [0,1] x X.

We are ready to state the existence and uniqueness result.

Theorem 3.1 Suppose that conditions (H;)-(Ha) are satisfied. Then the boundary value
problem (1)-(4) has a unique solution.

Proof Let us set

M = max{ sup ‘al(t)f(t,O, 0)

, sup [ax(0)g(6,0,0)|}
te(0,1] te(0,1]

and choose

M M - vi-p
e ma"{“l[rm 0 T - ) - B) (Zlb K 1)]

M M =
big> " :
“[rmn) T 05— P (21 = ”)”

Now, we show that S(2,) C 2,, where @, = {(y1,¥2) € X : [|(1,¥2)|| <r}, and S is a contrac-
tion. In fact, for all (y1,y2) € €2,, we obtain

” Tl()/l,y2) ”

t _ -1
_/0 %Alﬂl(Sy(Syyl(s)’yZ(s)) dS

max
te[0,1]

™ -1

1
+ m |:/0 (1 _ S)Vl—ﬁ—l}\.lﬂl(s)_f(s,yl (S);yZ(S)) ds

m-2 &i
- b /0 (& = 9" P an () (8, 71(9),72(5)) dS}
i=1

t _ u-l
| -

tvl—l

1
_ -p-1
O [ | =9 o (519,29 s
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m-2 &
+Y b /0 & = )P 0 |aa ) (s, yl(s),yz(s))|ds:|}
i=1

t (t _ )vl—l
sggd -T%B—MM@MV@ﬁ@MMm—ﬂ&QWHV@meﬂ

tvl—l

1
*Fa- [/ (=9 a9 (75169 209) ~f15,0,0)
+ [f(s,(), 0)|) ds

m=2 &
b [ 69 @] 5.0169269) /600 ¢ [15,0,0)) ds} }
i=1

< max t (t_s)v}_l)» (L (S)H(y )H +M) ds
o1 Jo  T(vn) 1 Ly2

tul—l

1
T T)a-p) [/0 (L= )" A (L8] 0n,92) | + M) ds
+Zb / (& - B- 1)\1(L1 H()/byz)” +M)d5i|}

M (v — Bt
< max { A [ DG L) + ———— |+ M
te[0,1] C(v +1) (w1 - p1)

m-2 v 7,3
(v M l.l (v M
X |:§ bi<D0£ ! ﬂ)Ll(Ei)”"' 1.,(‘)15_7/3_'_1)> +D0£ ! ﬂ)Ll(l)f+ 7i“
i=1

Fv-g+1)

) . (v —B)
T +1)) " T - p)

m=2 vi-p
X |:Z b; <D_(”_ﬁ)L(Ei)r + L) + DV PLQ)r+

=y Py -B+1)

<M (DZ”r+

M
Fv-B+1)

v i -(v—p)
<M |:DL ]"(1)1)(1 o) (Zb D L(%‘l) +D L(l))]r
1 1 _
=P
+ X1M|:F(V1 +1) + C(v)(1 - p1)v1 — B) (; biETT + 1>j|

r
r=-,
2

=<

N

r+

SN

that is to say, || T1(y1, y2)Il < 3.
Then, for (y1,72), (u1, u2) € X and for each ¢ € [0,1], we obtain

| T:01,32) = T, 0) |

< max /th |ax(s)] - [£(5,91(5),y2(5)) = £ (5, 11(5), wa(s)) | ds
_L‘E[O,l] o F(l)l) 1|41 fyl Y2 y 11 y U2

tvl—l 1
_ -p-1
+nmm—m{A“ 9T )
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X |f (5, 71(5), y2(5)) = f (s, u1(), ua(s)) | s

m-2 &
+Y b, /O (& =9 @ (9)] - [ (5,2105),32(9)) = f (5, 21(5), a(9)) | ds} }
i=1

(v —
<MD" || on = w1,y - wo) | + /\1%

m-2
X |:Z biD" " PL(E) + D_(Vl_ﬁ)L(l):| 61 = 1,32 — ) |
i=1
- 1
=2 H O —u1, 2 — Mz)”~

That is to say, | T1(y1, y2) — Ti(ur, w2) | < 31101 = 1,32 — w2)|l = 110, 32) = (g, ).
Hence, we find that T : Q, — By and T is a contraction, where Br={yeB:|yl = 3}
Similarly, we have T5 : Q, — B% and T, is a contraction. Consequently, for any (y1,y2) €
Q,,
||5()/1,y2)|| = “(Tl()’l,yz), Tz()’l,yz)) ” =

+-<r,

SN
NN

i.e., S(2,) C Q,. And, for (y1,¥), (11, u3) € R, and for each ¢ € [0,1],

1 1
I1SO1,y2) = S(ur, u2) | < 5 61 = w1, 2 = wa)| = 3 161, 92) = (1, ) |-

So, S: Q, — Q, and S is a contraction. Thus, the conclusion of the theorem follows from

the contraction mapping principle. O

Our next result is based on the following well-known fixed point theorem due to Kras-

noselskii.

Lemma 3.2 (Krasnoselskii [25]) Let K be a closed convex and nonempty subset of a Banach
space E. Let T, S be the operators such that:
(i) Tx + Sy € K whenever x,y € K;
(i) T is compact and continuous;
(ili) S isa contraction mapping.
Then there exists z € K such that z = Tz + Sz.

Now we are ready to state and prove the following existence result.

Theorem 3.3 Suppose that conditions (Hy)-(Hs), (Hs), (Hg) are satisfied. Then there exists
at least one solution of the boundary value problem (1)-(4).

Proof Let us fix

1 1 1 s
r= ma"{ih”“ ”L‘[r(vl D Tona-pn - A (;b"éi ”)}’

X . 1 m-2 -
A2l [r(vz 1) T)1—p2)(vs - B) (,2_1: e 1)} }
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and consider @, = {(y1,52) € X : ||(91,92)|| < r}. We define the operators Q; and Q, on £,
as

T, 92) == Qi y2) + Qa(1,92),

where
t(+_ -1
(QuOrLy2)(@0) = —/0 %Mm(sv’(&ﬁ(ﬂ,yz(ﬂ) ds,

(Qa(y1,72))(0) =

m[/ a- S)Vl B~ 1)\1611 S)f(s y1(S) yZ(S)) S

m=2 &
-3 b / &= 9" @ 6)f (5,31(5),92(6)) ds}.
i=1 0
For all (y1,y2), (101, u3) € 2, we find that

1Qu01,32) + Qa(uar, wo) ||

1 vi-B
S”“”L‘M[r(ml) P A (Zb i )}

=

NI\

Thus, Q1()1,2) + Qa(u1,up) € Q% for all (y1,2), (u1, uz) € Q. From assumption (Hs), we
have

F( m-2 ; o1
||Qz(y1,yz) — Qa(u, MZ)H <A F(U];E—lpl |:ZbD L&) + DM L(l):|

X H O —wu1,y2 - Mz)”

= % || O —wu1, 2 — Mz)H

% || (71»}’2) - (ul; uZ)Hr

where (y1,2), (11, u2) € X, t € [0,1]. So, Q; is a contraction mapping. We next consider
the operator Q;. Evidently, the continuity of f implies that the operator Q; is continuous.

Also, Q; is uniformly bounded on €2, as

II/LIIL1

<2r.
(1 +1)

”Ql()’l,yz || =

Now, we show that Q;(y1,2)(¢) is equicontinuous. In fact, since ay, f are bounded on the

compact set [0,1] and [0,1] x £2,, respectively, we can define

M, = max{ sup |a1(t)f(t,y1, sup |a2(t)g(t,y1,
(ty1,92)€[0,1]x Q2 (£91,92)€[0,1]x Q2
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and we have, for any 4,1, € [0,1],

| Q1 72)(82) — Qi(y1,32)(11) |

_ 2 (ty —s)"1
= ‘_/0 Tvl)klal(s)f(s,yl(s),yz(s)) ds

15} (tl _S)Vl_l

[ a0

= _/tl (t2 =) = (=)
0

oo haar(s)f (s,1(s), 92(5)) ds

ty -l
+/[‘1 %Mm(s)f(s,yl(s),h(s)) ds

<A M
=T (w)
M
-y 1
F(\)l + 1)
Ml V1
C(v +1)"2

ftl ((tz B U S)vrl) ds + /tz (ty—s)""'ds
0

5]

|-((l —t)" —55") = 1y" + (82 — 1) |

=\ -t

’

which is independent of (y;,y,). Therefore, Q; is equicontinuous on €2,. Hence, by the
Arzela-Ascoli theorem, Q; is compact on €2,. Similarly, we set

To(y1,y2) := Pi(y1,32) + Po(y1,92),

where

t(f_ oy2-1
(P11, 92)) () = - ) %kzaz(S)g(s,yl(S),yz(S)) ds,

vo—1

1
(P2(y1,72))(2) = m |:/0 (1- S)Uz_ﬁ_lkzaz(S)g(s,yl(s),yz(s)) ds

m—2 &
- Z bi/o (& = 9" P haaz(s)g(s,21(5),2(9)) d5:|'
i=1

And we can obtain a similar conclusion to the operator T;. Now, we let

AWy y2) = (Qu01,22), P01, 92)), B(y1,y2) := (Q2(1,52), P2(31,52)).

Therefore, we have

SO1,92) = (101, 92), Ta (1, 92))

(Qi1,72) + Qa(1,92), P01, ¥2) + P2 (31, 92))
(Quw2) PL(y1,92)) + (Qa(y1,32), P2 (91, 72))
A(y,y2) + B, p2)-

In view of the proof above, we get the following.
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(I) For all (y1,2), (11, ) € 2,, we find that

|AG1,y2) + B(ur, ua) | = | Qi 32) + Qa(ur, w2) || + | Pr(yr, y2) + Pa(ur, o) || < r.

Thus, A(y1,y2) + B(uy, uz) € @, for all (y1,¥2), (w1, u2) € Q.
(II) For ()/1,3’2), (ul» u2) € X! te [0’1]1

||B()’1,)/2) — B(u, u2)H = ||Q2()’1,)/2) — Qx(u, uz)” + ||P2(J/1,y2) = Py (u1, up) ”
= %” On —u1,y2 — ua) ” = %“ 1, 2) = (1, u2) ”

So, B is a contraction mapping.
(III) The continuity of Q; and P; implies that the operator A is continuous. Also, A is
uniformly bounded on €2, as

[AG122)| = | Qo 22) | + P11 y2)|| < 4r.

Moreover, for any £, £, € [0,1],

|A(r1,32)(82) = A1, 92)(81)]
[(Qi(1,92)(82) = Qi 2)(81), Py (31, 32)(82) — Pr(yn, ¥2) (1)) |

< |Qi01,22)(2) — Qi 32)(81)| + | Pr1,32) (£2) = Py(y1,32)(81) |
<A L
=M (v +1)

A

&' =6 + Ao 2 - 12|,

M
I'(vy +1) |
which is independent of (y;,7;). Therefore, A is equicontinuous on €2,. Hence, by the
Arzela-Ascoli theorem, A is compact on ;.

Thus all the assumptions of Lemma 3.2 are satisfied, so S(y1,¥,) = A(y1,¥2) + B(y1,y2) has
at least one fixed point. Hence, we obtain that (1)-(4) has at least one solution. O

4 Conclusions

There are few works that deal with multi-point boundary value problems for a coupled
system of nonlinear fractional differential equations. In this article, we study multi-point
boundary value problems for a coupled system of nonlinear fractional differential equa-
tions (1)-(4). By using Green’s function, the Banach contraction principle and Krasnosel-
skii’s fixed point theorem, we establish some new existence, uniqueness theorems of solu-
tions for multi-point boundary value problems for a coupled system of nonlinear fractional
differential equations (1)-(4).
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