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1 Introduction
In recent years, the interest in the study of fractional differential equations has been grow-
ing rapidly. Fractional differential equations have arisen in mathematical models of sys-
tems and processes in various fields such as aerodynamics, acoustics, mechanics, electro-
magnetism, signal processing, control theory, robotics, population dynamics, finance, etc.
We refer a reader interested in the systematic development of the topic to the books
[1-7]. A variety of results on initial and boundary value problems of fractional differential
equations and inclusions can easily be found in the literature on the topic. For some recent
results, we can refer to [8—19] and references cited therein.
In this paper, we concentrate on the study of positive solutions to the boundary value
problems of fractional differential equations. More precisely, we consider the nonlinear
fractional differential equation

Dlu(t) +f(t,u(t)) =0, 1<q<2,0<t<l, (1.1)

subject to three-point multi-term fractional integral boundary conditions

u(0) =0, u(l) = Zai(l”"u)(n), 0<n<l, 1.2)
i=1
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where D7 is the standard Riemann-Liouville fractional derivative of order g, ¥ is the
Riemann-Liouville fractional integral of order p; >0, i =1,2,...,m, f : [0,1] x [0,00) —
[0,00) and «; > 0,i=1,2,...,m, are real constants such that Zl’zl %:5@ <1.

We mention that integral boundary conditions are encountered in various applications
such as population dynamics, blood flow models, chemical engineering, cellular systems,
heat transmission, plasma physics, thermoelasticity, etc. Nonlocal conditions come up
when values of the function on the boundary is connected to values inside the domain.

One of the most frequently used tools for proving the existence of positive solutions to
the integral equations and boundary value problems is the Krasnoselskii theorem on cone
expansion and compression and its norm-type version due to Guo and Lakshmikantham
[20]. The main idea is to construct a cone in a Banach space and a completely continuous
operator defined on this cone based on the corresponding Green’s function and then find
fixed points of the operator. See [9, 18] and references therein for recent development.

The rest of this paper is organized as follows. In Section 2 we present some necessary
basic knowledge and definitions for fractional calculus theory and give the corresponding
Green’s function of boundary value problem (1.1)-(1.2). Moreover, some properties of the
Green’s function are also proved. In Section 3 we use the properties of the corresponding
Green’s function and the Guo-Krasnoselskii fixed point theorem to show the existence of
at least one or two positive solutions of (1.1)-(1.2) under the condition that the nonlinear f
is either sublinear or superlinear. In Section 4 we prove the existence of at least three pos-
itive solutions via the Leggett-Williams fixed point theorem. Finally, illustrative examples

are presented in Section 5.

2 Preliminaries
In this section, we introduce some notations and definitions of fractional calculus [3, 4]

and present preliminary results needed in our proofs later.

Definition 2.1 The Riemann-Liouville fractional integral of order « > 0 of a function g :
(0,00) — R is defined by

(t _ s)rx—l

I"g(t)=/0 Wg(S)ds,

provided the right-hand side is point-wise defined on (0, co), where I is the gamma func-

tion.

Definition 2.2 The Riemann-Liouville fractional derivative of order @ > 0 of a continuous
function g : (0,00) — R is defined by

S S A 0 )
Dg(t)_l"(n—oz)<dt) /0 (t_s)aimlds, n-l<a<mn,

where n = [a] +1, [] denotes the integer part of a real number «, provided the right-hand

side is point-wise defined on (0, 00).

From the definition of the Riemann-Liouville fractional derivative, we can obtain the

following lemmas.
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Lemma 2.1 (see [4]) Let a > 0 and y € C(0,1) N L(0,1). Then the fractional differential
equation D*y(t) = 0 has a unique solution

Y(E) =t ot gt
wherec; € R,i=1,2,...,n,andn—-1<a<n.
Lemma 2.2 (see [4]) Let « > 0. Then for y € C(0,1) N L(0,1) it holds
I*Dy(t) = y(t) + c1t* ™+ ot + - 4, 7",
wherec; € R,i=1,2,...,nm,andn—-1<a<n.
The following property (Dirichlet’s formula) of the fractional calculus is well known [1]:

I'1Pu(t) ="*Put), te[0,1,uecL(0,1),y +8>1,

which has the form

/(t—s)y 1</ (s—7)u(r)dr ) F((y) (5)) /t( — )" u(s) ds.

For convenience we put

" onPi* 1710 (g)

Q:=1-
—~ T'(pi+q)

(2.1)

Lemma2.3 Let ) ", %<1 a;>0,p;>0,i=1,2,...,m,and h € C([0,1],R). The

unique solution u € AC([0,1],R) of the boundary value problem
Tu(t) + h(t) =0, t€(0,1),q€(1,2], (2.2)

m
w(0)=0,  u(l)=Y a("u)n), 0<n<l, (2.3)
i=1

is the integral equation

1
u(t):/ G(t,8)h(s) ds, (2.4)
0

where G(t,s) is the Green’s function given by

2 qtd!
e +Z o g, - (2.5)
where
|t <5 <r <,
868)= 1 g gt 0<t<s<l h

NC)RE
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and

P (1 - )1 - (n—spP*Y; 0<s<n<l,

2.7
nPira1(1 - 5)aL 0O<np<s<l. @7)

gi(n,s) = {

Proof Using Lemmas 2.1-2.2, problem (2.2)-(2.3) can be expressed as an equivalent inte-

gral equation

t (t _ S)q—l
I'(q)

u(t) = et 4 972 - / h(s)ds (2.8)
0

for c1, ¢o € R. The first condition of (2.3) implies that ¢, = 0. Taking the Riemann-Liouville

fractional integral of order p; > 0 for (2.8) and using Dirichlet’s formula, we get that

o - [ ( S(s=ryi

o T@) I'(q)

~ bt —s)pi-lsa ! ~ (t—spicl S (s—r)7t
‘CI/O PR /o ™) fo rig B

pi+q— 11" 1 t
t (q) / (¢ — sV n(s) ds.
“Tei+a) Twi+a)ls

h(r) dr) ds

The second condition of (2.3) yields

onPita- lr‘

(l—S)q !
/ h(s)ds—clz F(pl+q)

m ) n
-2 7“;‘; 7 /0 (n - )" (s) ds.

i=1

Then we have that

_ l ! (1 _S)q_l = i+q—-1
o = 9[/0 T s - Zl"(pl )/ (n—s) h(s)ds:|

Therefore, the unique solution of boundary value problem (2.2)-(2.3) is written as

tt-s)1!

1 ! ~1,4-1
+W/0 A=)t h(s)ds

1 & Q; K
— ! _Wita1pa-1p(6) ds.
sz;r(p,-w)/o (n-9) (5)ds

Hence, by taking into account (2.1), we have

_ t(t—s)q’1 Lol
u(t)——/ g h(s)ds + Ql"() )Tt h(s) ds

Spita- 1pa-1
F(pz+q)/ Hls)ds
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(1 -s)11ga1 1 (1 —s)1-1ga-l
[7 (s)ds - /7r(q) h(s) ds

ta-srhet (t-9)""
:/o T T fmh(s)ds

’ ZE h ( /0 L= ) h(s) ds - /0 (n - 5Y " i(s) ds>
1 m 1
/ g(t,$)h( S)dS+/ Z Q]f[(; g,(n,s)h(s)ds

i=1
1
= / G(t,s)h(s)ds
0

The proof is completed. O

Lemma 2.4 The Green’s function G(t,s) in (2.5) satisfies the following conditions:

(P1) G(t,s) is continuous on [0,1] x [0,1];

(Py) G(t,s) >0 forall0<s,t<1;

(P3) G(t s) <maxo<<1 G(t,s) <g(s,s) + Zl 1 Qr(p 7 g,(n,s)for all s,t € [0,1];
(

(

m it pivg(i-n)
Pa) o maxosizr Gltss)ds < 1l 2q + 25 AT g )

P5) mlnn<t<1 G(t S) = Zl 1 Qr(p,+q gl(n}s)fors € [O 1]

Proof 1t is easy to check that (P;) holds. To prove (P,), we will show that g(¢,s) > 0 and
gi(n,s)>0,i=1,2,...,m,forall0 <s,t <1.
Let ki(t,s) = t97 (1 —5)71 = (t = s)77! for 0 < s < ¢ < 1, then we have

kt,s)=@t—-s)i = (t-s) 1> (-5 = (t-95)7"=0

Let ky(t,s) = t971(1 — 5)77 for 0 < ¢ < s <1, then we get ky(t,s) > 0. Therefore, g(£,s) > 0
for all 0 <s,¢ < 1. Now, let ki(1,s) = n?i*471(1 - s)271 — (n — s)P*9L for 0 <s < n <1, then
we get
' NG
ky(n,s) = pP (L= g)T — it (1 - —)
n
> pPital(1 = 5)a7L — ppital(q — g)pita-l

= nﬁﬁq—l[(l -5l _(1- S)pi+q—1]

> 0.

Let ki(n,s) = n?*771(1 — s)77! for 0 < n < s < 1, then we have ki(n,s) > 0. Therefore,
ki(n,s),ki(n,s) > 0, i = 1,2,...,m, which implies that g;(,s) > 0, i = 1,2,...,m, for all
0<s<l1.

To prove (P3), we will show that g(¢,s) < g(s,s) for s,t € [0,1]. For 0 <s <t <1, by the
definition of ki (z,s), we have

%kl(t,s) (= DI (1= = (g = 1)(t — 52
= (=1 15— ) — (g — Dt - 97

Page 5 of 17
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<(@-DE-9)7*1-95) - (g-1)(t -9

= —s(g-D(t-s)12<0.
Hence, k1 (¢, 5) is decreasing with respect to ¢. Then we have g(¢,s) < g(s,s) for0 <s <t <1.
For 0 <t <s <1, by the definition of k(t, s), we have that k,(t, s) is increasing with respect

to t. Thus g(t,s) < g(s,s) for 0 <t <s < 1. Therefore, g(¢,s) < g(s,s) for 0 <s,£ <1.
From the above analysis, we have for 0 <s <1 that

" Oll‘lfq71
G(t,s) < max G(t,5) = max (g(t, s) + ; T pitg q)gi(n,S)>

m

o
<gls,s) + ; m&‘(ﬂ»ﬂ

To prove (P4), by direct integration, we have
1 1 m M
A (?Sltagxl G(tys) ds =< /0 g(S, S) + ; mgi(n,s) ds

_/lsql(l—s)”l1 s
- 0 I'(q)

m

1
_ % pitd-1(1 _ ¢)a-1 4
+§QF(P¢'+61)(/n (AR

"
+ f [ Q=T = (n — syt ds)
0

_T@ +Zm: anpitd! (pi+q(1—n)>
r2q < Qi+ \ qpi+q) )

To prove (Ps), from g(¢,s) > 0 and g;(n,s) > 0,i=1,2,...,m, forall 0 <s,t <1, we have

" Olit{'rl
G(t,s) = t, —— 4i\n,
nllltli'l (t,s) = nmml (g( S) + 12:1: Qr(pr + q)g (n 5))

q—l
> L, — &,
mm g( s) + m1n Z QF(pl g(n s)
an?™!
Z are T8
for 0 < s <1. This completes the proof. O

Let E = C([0,1], R) be the Banach space endowed with the supremum norm || - ||. Define
the cone P C E by

’P:{ueE:u(t)zO},

and the operator A : P — E by

1
Au(t) ::/ G(t,s)f(s,u(s))ds. (2.9)
0
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In view of Lemma 2.3, the positive solutions of problem (1.1)-(1.2) are given by the operator
equation u(t) = Au(z).

Lemma 2.5 Suppose that f : [0,1] x [0,00) — [0, 00) is continuous. The operator A : P —

P is completely continuous.

Proof Since G(t,s) > 0 for s,t € [0,1], we have Au(t) > 0 for all u € P. Hence, A : P — P.
For a constant R > 0, we define ® = {u € P : ||u| < R}.
Let

L= max [f(t, u)’. (2.10)

0<t<1,0<u<R

Then, for u € ®, from Lemma 2.4, one has

1
|Au(t)| = ’/0 G(t,s)f(s,u(s)) ds

1
< L/ G(t,s)ds
0

m

1 a;
< L/O (g(s,s) + ; m&‘(ﬂd)) ds
| T@ |~ e (piq-m) |
_L|:F(2q)+i2_1:QF(Pt+6I)< 4i +4) ﬂM

Therefore, ||Au|| <M, and so A(®) is uniformly bounded.
Now, we shall show that A(®) is equicontinuous. For u € ®, #1, £, € [0,1], £; < 5, we have

1
|Au(ty) — Aut)| < L / |Glt2,5) — Glt1, )] ds,
0

where L is defined by (2.10). Since G(t, s) is continuous on [0, 1] x [0, 1], therefore G(¢, s) is
uniformly continuous on [0,1] x [0, 1]. Hence, for any ¢ > 0, there exists a positive constant

1

O
- lital pig(1-n) ’
2 L + Zlml ?2112(17 +q) pq+(Z +q;7 )

whenever |£; — #;| < §, we have the following two cases.
Casel.§ <t <ty <1.
Therefore,

1
|Au(t;) - Au(t)| < L/ |G(t2,8) - G(t1,9)| ds
0
- L[fo 1|G(tz,s)—G(tl,s)|ds+/tl2|G(t2,S)—G(t1,s)]ds

1
+/ |G(t2,s)—G(t1,s)|ds:|
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G 1—tq (G .
|:/ 1-s)7 dS+ZQF(p, q)/g,(n,s)ds:|
(t’“—t"‘ m anPita! (pi+q(1—n)>
QF(pﬁq qpi +9q)

(g-D8LI 1§~ et (pi+q(1—n))
) [Hgﬂr(pﬁq) api+9)

Case2.0<H <6, ty<26.
Therefore,

1
’Au(tz) —Au(t1)| < L/O |G(t2,s)— G(tl,s)|ds

(6 L1 S et (pi+q(1—n)>
T T@ q+;ﬂl‘(pi+q) qpi+q)

L1 ¢~ et <m +q(1- n)>
=T [q ' 21: Qripi+a \ qpi+q

(25 qlL — o’ i+ q(l-n)
) +;9r<m+q>( 4+ q) )

Thus, A(®) is equicontinuous. In view of the Arzeld-Ascoli theorem, we have that A(®P) is

compact, i.e., A: P — P is a completely continuous operator. This completes the proof.
O

For convenience, we set
aiPit?4 (p; + q(1-n)
M=) ’ ,
= QUi+ \ qi+q)

I'(q) +Xm: amPita! (pi+q(1—n)>
"= Tag —~Qr(pi+q)\ api+q) )’

m
a:nPit2a-0(1 — n)a
As = Z in (1-n)
= QUpi+q)q
3 Existence of at least one or two positive solutions
For the main results of this section, we use the well-known Guo-Krasnoselskii fixed point

theorem.

Theorem 3.1 ([20]) Let E be a Banach space, and let P C E be a cone. Assume that Q;, Q2
are open subsets of E with 0 € Q, Qi CQ,andlet T:PN(Qw\Q)— Pbea completely
continuous operator such that:

() | Tull = llull, uc P N o, and || Tull < |ull, u € P N 3Qy; or

(i) | Tull < llull, u € PN o, and || Tull > ull, u € P N IQy.
Then T has a fixed point in P N (2 \ Q).
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Theorem 3.2 Letf: | x [0,00) — [0, 00) be a continuous function. Assume that there
exist constants r > ry > 0, o1 € (A7, 00) and py € (0, A3Y) such that:

(Hl) f(tr M) > Plrl,fOV (t’ 14) € [O; 1] X [0,)"1];
(Hy) f(t,u) < para, for (t,u) € [0,1] x [0,7,].

Then boundary value problem (1.1)-(1.2) has at least one positive solution u such that
< ||u|| < ry.

Proof We shall show that the first part of Theorem 3.1 is satisfied. By Lemma 2.5, the

operator A : P — P is completely continuous.

Let ®; = { € E: |u|| < 1}, then for any u € P N 9P, we have 0 < u(t) <r forall t €
[0,1]. From (Hy), it follows for ¢ € [n,1] that

1
(Au)(t) :/(; G(t,s)f(s,u(s)) ds

1
= / nrgtigl G(t, S)f(s' ”(S)) ds

lnq 1 1
_pmz ST f g(n,s)ds

= pin Z Lﬁ /1 a1 - )77 ds
2 o\,

/ ! i+q—1 q-1 pi+q-1
+ [lrera-grt - -opeas)
0

_ a4 (p+q(1-n)
_plrl[gm(pﬁq)( (i +q) )}

z = |ul,

which yields
|Au|| > lu|]| forue P Nod;. (3.1)

Let @, = {u € E: ||u|| < rp}, then for any u € P N 9d,, we have 0 < u(t) < r, for all
t € [0,1]. For ¢ € [0,1], assumption (H;) yields

1
(Au)(t) :/o G(t,s)f(s,u(s))ds

1
< / G(s,s)f (s, u(s)) ds
0
1 m o
< 027’2/0 (g(s,S) + ; Tpiia) q)gf(n,5)> ds

B F(q) ~~ an”™ ™ (pi+q(l-n)
i m[r(zq) +;QF(Pi+Q)< 4@+ q) )}

=ry=ul,
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one has
lAu|| < |lu|| foruePNod,. (3.2)

Therefore, from (3.1), (3.2) and the first part of Theorem 3.1, it follows that A has a fixed
point in P N (®, \ ®;) which is a positive solution of boundary value problem (1.1)-(1.2).
Hence, problem (1.1)-(1.2) has at least one positive solution u« such that

r < |lull <ra.
The proof is complete. d

Theorem 3.3 Let all the assumptions of Theorem 3.2 hold. In addition, assume that

(H3) 1imu—>oo maXe[o,1] @ =00.

Then boundary value problem (1.1)-(1.2) has at least two positive solutions u; and u; such
that

0 <r <|lurll <ra <lluall.

Proof 1t follows from Theorem 3.2 that there exists a positive solution u; such that r; <
lle1]] < ra. From (Hs), there exists r* > ry such that for any ¢ € [0,1] and for any M* €
(A7, 00),

ft,u)>M'u foru=>r*.

Let ®3 ={u € E: ||u|| < r*}. Then, for any u € P N dP3 and for ¢ € [n,1], we have

1
(ane) = [ Gle.sf (s, 0) ds

1
> min G(t, s)f(s, u(s)) ds

0 n=t=l

m

c(.nq—l 1 d
> M*r* E o (n,
=0T = QF(pﬁq)/o & 5)ds

| e 0?2 (g4 (1 - )
‘M’[meq)( i+ ) )}

i=1

> 1" = lull.
This implies that
lAul| = ||lull forueP Nods. (3.3)

It follows from (3.2), (3.3) and the second part of Theorem 3.1 that A has a fixed point in
PN(D3\ Dy).
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Therefore, we conclude that boundary value problem (1.1)-(1.2) has at least two positive
solutions such that

0<r <llmll <ry<llusl. 0
Similarly to the previous theorems, we can prove the following.

Theorem 3.4 Let f :[0,1] x [0,00) — [0,00) be a continuous function. Assume that there

exist constants 0 < ry < ry and p; € (AT}, 00), pa € (0, A3") such that:

(Ha) f(t,u) < pary for (¢, u) € [0,1] x [0,71];
(Hs) f(t,u) = pira for (t,u) € [0,1] x [0, 73];
f(txu) — 0

(H6) hmu—>oo maXee(o,1] “u

Then boundary value problem (1.1)-(1.2) has at least two positive solutions u; and u; such
that

0 <r <|lurll <ra <lluall.

Corollary 3.1 Assume that conditions (Hy)-(Hs) are satisfied. Then boundary value prob-

lem (1.1)-(1.2) has at least one positive solution u such that
r < |lull < ra.

4 Existence of at least three positive solutions
In this section we use the Leggett-Williams fixed point theorem to prove the existence of
at least three positive solutions.

Definition 4.1 A continuous mapping 6 : P — [0, +00) is said to be a nonnegative con-

tinuous concave functional on the cone P of a real Banach space E provided that
O(ru+ 1 —1)v) =210(u) + (1 -1)0(v)
forall #,v e P and A € [0,1].

Let a,b,d > 0 be constants. We define Py ={u e P: |ul| <d}, Pa={uecP:|ul <d)
and P(0,a,b) ={u P :0(u) > a,|ul <b}.

Theorem 4.1 ([21]) Let P be a cone in the real Banach space E and ¢ > 0 be a constant.
Assume that there exists a concave nonnegative continuous functional 0 on P with 0(u) <
lull for all u € P.. Let A : P, — P, be a completely continuous operator. Suppose that there
exist constants 0 <a < b <d < ¢ such that the following conditions hold:
(i) {ueP®,b,d):0(u)> b} #0 and 6(Au) > b for u € P(6,b,d);
(ii) |Aull < a foru <a;
(ili) 6(Au) > b for u € P(0,b,c) with ||Au| > d.
Then A has at least three fixed points u;, u, and us in P..
Furthermore, ||u1|| < a, b < 0(uy), a < ||\us|| with 6(u3) < b.
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We now prove the following result.

Theorem 4.2 Letf :[0,1] x [0,00) — [0, 00) be a continuous function. Suppose that there
exist constants 0 < a < b < ¢ such that the following assumptions hold:

(Hy) f(t,u) < AS'a for (t,u) € [0,1] x [0, al;
(Hs) f(t,u) > A3'D for (t,u) € [n,1] x [b,c];
(Ho) f(t,u) < A'c for (t,u) € [0,1] x [0, c].

Then boundary value problem (1.1)-(1.2) has at least three positive solutions u,, uy and us

with

1]l < a, b < min uy(t)
n<t<1

and
a<|uzll with min uz(t) <b.
n<t<1

Proof We will show that all the conditions of the Leggett-Williams fixed point theorem
are satisfied for the operator A defined by (2.9).

For u € P, we have ||u|| < c. From condition (Hy), we have £ (¢, u(t)) < Aj'cfort€0,1].
Therefore,

1
(o) = [ Gty (s.u09)

1
5/ G(s,s)f (s, u(s)) ds
0

m

o[t a
<A, C/o g(s,s) + Z mgi(ﬂrs) ds

i=1

o | T@ = a? T (pi+q(l-n)
" C[nzqﬁzmmw)( 4+ ) )]

i=1

=g

which implies ||Au|| < c. Hence, A : P, — P..
If u € P,, then condition (H;) yields

1 m .
(Au)(t) < Agla/() (g(s, s)+ Z m&'(ms)) ds

i=1

| T@ x> T (pi+q(l-n)
‘Az”[nzqﬁzszr(wq)( 4@+ 9) )}

i=1

Thus ||Au|| < a. Therefore, condition (ii) of Theorem 4.1 holds.

Define a concave nonnegative continuous functional & on P by 0(u) = minep, |u(t)|.
To check condition (i) of Theorem 4.1, we choose u(t) = (b + ¢)/2 for t € [0,1]. It is easy
to see that u(t) = (b + ¢)/2 € P(0,b,c) and 6(u) = 6((b + ¢)/2) > b; consequently, the set
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{u e P(0,b,c):0(u) > b} #0. Hence, if u € P(0,b,c), then b < u(t) < c for t € [,1]. From
condition (Hg), we have

0(Au) = min |(Au)(t)|

n<t<l

1
= f nrgtig G(t, S)f(S’ ”(S)) ds

am®?!

> A7 lbz QF(p, )/ gz(nts)ds

A i ammﬂ(q—l)(l —n)
Ule Qi+

=b.

Thus 0(Au) > b for all u € P(0, b, c). This shows that condition (i) of Theorem 4.1 is also
satisfied.

We finally show that condition (iii) of Theorem 4.1 also holds. Assume that u € P (0, b, c)
with ||Au|| > d, then we have b < u(t) < c for all ¢ € [n,1]. From (Hg) and Lemma 2.4, one
has

0(Au) = min ‘(Au )‘

n<t<1
S A lbz 2’ lgi(n,S)dS
Q' (p; + q)
- Aalb[i am;";z("‘”(l - n)"]
i i +a)q
=b.

So, condition (iii) of Theorem 4.1 is satisfied. Therefore, an application of Theorem 4.1
implies that boundary value problem (1.1)-(1.2) has at least three positive solutions #;, u;

and u3 such that

lu1]] < a, b < min |u2(t)| and a<|us|| with min |u3(t)| <b
n=<t<1 n<t<l
The proof is complete. d
5 Examples

In this section, we present some examples to illustrate our results.

Example 5.1 Consider the following three-point three-term fractional integral boundary

value problem:
Diu(t)+f(t,u)=0, te(0,1), (5.)

w0)=0,  ul)= ﬁ(z%u)<1> ¥ %(z%u)G) ¥ 2(1%)(%), (5.2)
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u(l—u)+6(1+¢t); 0<t<1;0<ucx<l,
6(1+8)et™ +sin®(um); 0<t<1;1<u<oo.

Setm=3,n=1/4,q=3/2, py=7/2, py =3/2, p3 =2/3, 1 = V3, a2 = /2, a3 = 2, and
we can show that

pi+q-1
Q=1- Z i (q)~o.590859.
I'(p; +

Through a simple calculation we can get

m

-y it (10 +q(1-1n)
—~ QL(pi+q)\ qpi+q)

) ~ (0.218023,

_T@ | XW: P! (pi +q(1-n)
'(2q) = Q(p;+q) \ qpi+q)

) ~ 0.879159.

Choose r1 =1, r, =14, p1 =5 and p; =1, then f(¢, u) satisfies
f(t,u)2625=,01r1, V(tru)e [0:1] X [Orl]

and

f(t,u) <13 <14 = pory,  V(t,u) €[0,1] x [0,14].

Thus, (H;) and (H;) hold. By Theorem 3.2, we have that boundary value problem (5.1)-

(5.2) has at least one positive solution u such that 1 < ||u|| < 14.

Example 5.2 Consider the following three-point four-term fractional integral boundary

value problem:

Diu(t)+f(t,u)=0, te(0,1), (5.3)
u(0) =0, (5.4)
(1) = 23 u)(2) + L)) + LVTw)(2) + L)), '

where

fltu) = u (5 —u) +2(L+ £2); 0<t<L0<u<1/2

41+ %) cos’(E) + = (w—3)% 0<t<1L1/2 <u<oo.

Here m = 4,1 =2/3,q =3/2, p1 = 1/2, py = /2, p3 = /T, ps = 5/6, a1 = 1/6, a3 = +/3/2,
az =1/2, ay = \/7/6, and we can show that

Pitq-1T
Q=1- Z ™G o s15010.
I'(pi+q)
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Through a simple calculation we can get

pi+2q-1) /). 1-
Ar= Z il (p’ + n)) ~ 0.351492,
— QUpi+q@) \ qi+q)

Ay =

I'(q) +Xm: ampitd (pﬁq(l—n)
FQ2q) “Z Qi+ \ qpi+q)

Choose r1 =1/2, r, =10, p; = 3 and p; = 1, then f (¢, u) satisfies

W

ft,u)=2>—-=pn, V(t,u) e€[0,1] x [0,1/2]

N

and
f(t,u) <9<10=pyry, V(tu)€[0,1] x [0,10],

and

t,
lim max S =

) ~ 0.873602.

u—00tel0,1] u u—00 te[0,1] u

Thus, (H;), (Hz) and (Hs) hold. By Theorem 3.3, we have that boundary value problem
(5.3)-(5.4) has at least two positive solutions u#; and u; such that 0 < 1/2 < ||11]] <10 < [Jus]|.

Example 5.3 Consider the following three-point five-term fractional integral boundary

value problem:

Diu(t)+f(tu)=0, te(0,1),
u(0) = 5
u(l) = 1(Izu)( )+ %(ﬁu)g%n%(mx%)
g<1m><5)+§(m)<§),

where
u(—u)+ 1t +1); 0<t<10=<u<3/4,
f(tu) = %(t+ 1) cos?(um) + 43(u — %)2; 0<t<1;3/4<u<5/4,
%(t+44)+sin2(u—%)n; 0<t<l;5/4<u<oc.

Set m=5,n=1/2,q=3/2, p1 =1/2, py =3/2, p3 =5/2, pa =712, ps = 9/2, a1 = 1/2,
oy = 4/3, a3 = /714, a4 = 5/6, a5 = +/3/2, and we can show that

anPitt 11“(61) o
Q=1- Z T 0.620434.

Through a simple calculation we can get

2=

_T(g Xm: anPitt! (p,»+q(1—n)

+ ~ 0.755575,
I'(29) Qrpi+q) \ qpi+q) )

i [4(1 + t2) cos®(um /2) + (1/95)(u — 1/2)?
lim max
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m

a;nPit2a-D(1 - n)e
A3_Z i (1-n)

= ~ (0.115052.
= QUpi+q)

Choose a = 3/4, b =5/4 and c = 10, then f (¢, u) satisfies

41
fltu) < o <0.992622~ Aj'a, V(tu)€[0,1] x [0,3/4]

and
89 o
flt,u) > ) >10.864653 ~ A3 b, V(t,u)e[1/2,1] x [5/4,10],
and
49 .
fltu) < Z <13.234954 = Aj ¢, Y(t,u) € [0,1] x [0,10].

Thus, (H7), (Hg) and (Hy) hold. By Theorem 4.2, we have that boundary value problem
(5.5)-(5.6) has at least three positive solutions u;, u; and us such that ||u;|| < 3/4, 5/4 <
ming g)<¢<1 U2(2) and 3/4 < ||lus|| with ming )<< u3(£) < 5/4.
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