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O metric which is the extension of a fuzzy metric. First, inspired by the ideas of Grabiec
Olan

(Fuzzy Sets Syst. 125:385-389, 1989), we define a new G-contraction of Banach type
with respect to this generalized fuzzy metric, which is a generalization of the
contraction of Banach type (introduced by M Grabiec). Next, inspired by the ideas of
Gregori and Sapena (Fuzzy Sets Syst. 125:245-252, 2002), we define a new
GV-contraction of Banach type with respect to this generalized fuzzy metric, which is
a generalization of the contraction of Banach type (introduced by V Gregori and

A Sapena). Moreover, we provide the condition guaranteeing the existence of a fixed
point for these single-valued contractions. Next, we show that the generalized
pseudodistance J: X x X — [0, 00) (introduced by Wtodarczyk and Plebaniak (Appl.
Math. Lett. 24:325-328, 2011)) may generate some generalized fuzzy metric N, on X.
The paper includes also the comparison of our results with those existing in the
literature.
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1 Introduction

A number of authors generalize Banach’s [1] and Caccioppoli’s [2] result and introduce the
new concepts of contractions of Banach and study the problem concerning the existence
of fixed points for such a type of contractions; see e.g. Burton [3], Rakotch [4], Geraghty
[5, 6], Matkowski [7-9], Walter [10], Dugundji [11], Taskovi¢ [12], Dugundji and Granas
[13], Browder [14], Krasnosel’skii et al. [15], Boyd and Wong [16], Mukherjea [17], Meir and
Keeler [18], Leader [19], Jachymski [20, 21], Jachymski and J6zwik [22], and many others
not mentioned in this paper.

In 1975, Kramosil and Michalek [23] introduced the concept of fuzzy metric spaces. It is
worth noticing that there exist at least five different concepts of a fuzzy metric space (see
Artico and Moresco [24], Deng [25], George and Veeramani [26], Erceg [27], Kaleva and
Seikkala [28], Kramosil and Michalek [23]).

In 1989, Grabiec [29] proved an analog of the Banach contraction theorem in fuzzy met-
ric spaces (in the sense of Kramosil and Michalek [23]). In his proof, he used a fuzzy version
of Cauchy sequence. It is worth noticing that in the literature in order to prove fixed point

theorems in fuzzy metric space, authors used two different types of Cauchy sequences. For
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details see [30]. The existence of fixed points for maps in fuzzy metric spaces was stud-
ied by many authors; see e.g. Gregori and Sapena [31], Mihet [32]. Fixed point theory for
contractive mappings in fuzzy metric spaces is closely related to the fixed point theory for
the same type of mappings in probabilistic metric spaces of Menger type; see Hadzi¢ [33],
Sehgal and Bharucha-Reid [34], Schweizer et al. [35], Tardiff [36], Schweizer and Sklar
[37], Qiu and Hong [38], Hong and Peng [39], Mohiuddine and Alotaibi [40], Wang et al.
[41], Hong [42], Saadati et al. [43], and many others not mentioned in this paper.

In this paper, in fuzzy metric spaces (in the sense of Kramosil and Michalek [23]), we
introduce the concept of a generalized fuzzy metric which is the extension of a fuzzy met-
ric. First, inspired by the ideas of Grabiec [29], we define a new G-contraction of Banach
type with respect to this generalized fuzzy metric, which is a generalization of a contrac-
tion of Banach type (introduced by M Grabiec). Next, inspired by the ideas of Gregori and
Sapena [31], we define a new GV-contraction of Banach type with respect to this general-
ized fuzzy metric, which is a generalization of a contraction of Banach type (introduced
by V Gregori and A Sapena). Moreover, we provide the condition guaranteeing the exis-
tence of a fixed point for these single-valued contractions. Next, we show that the gener-
alized pseudodistance J : X x X — [0, 00) (introduced by Wtodarczyk and Plebaniak [44])
may generate some generalized fuzzy metric N; on X. Moreover, if we put / = d, where
d: X x X — [0,00) is the usual metric, then N; is a fuzzy metric generated by d.

2 On fixed point theory in Kramosil and Michalek’s fuzzy metric spaces and
George and Veeramani’s fuzzy metric spaces

To begin with, we recall the concept of a fuzzy metric space, which was introduced by

Kramosil and Michalek [23] in 1975.

Definition 2.1 [23] The 3-tuple (X, M, %) is a fuzzy metric space if X is an arbitrary set,
* is a continuous t-norm, and M is a fuzzy set in X% x [0, 00) satisfying the following
conditions:

(M1) Viyex{M(x,7,0) = 0};

(M2) Vayex Vim0 [M(x,3,8) = 1} & x = y);

(M3) VayexVeolM(x,5,2) = M(y,x, 0);

(M4) Vi exVisso{M(x,z,t +5) = M(x,y,t) x M(y,2,5)};

(M5) M(x,y,-):[0,00) — [0,1] is left-continuous, for all x,y € X.

Then M is called a fuzzy metric on X.

Definition 2.2 (I) [29] A sequence (x,, : m € N) in X is Cauchy in Grabiec’s sense (we say
G-Cauchy) if

V,>0VPGN{ lim M, Xpaps t) = 1}.
m—> 00
(IT) [29] A sequence (x,, : m € N) in X is convergent to x € X if

Viso] lim M, 2,0) =1},
m— 00

Vt>0vs>03moeNvmzmo {M(xmjx; t) >1- 8}'
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Of course, since *: [0,1] x [0,1] — [0,1] is continuous, by (M4) it follows that the limit is
uniquely determined.

(III) [29] A fuzzy metric space in which every G-Cauchy sequence is convergent is called
complete in Grabiec’s sense (G-complete for short).

Some interesting observations on these definitions can be found in [45].
In 1989, Grabiec [29] established the following extension of Banach’s result in Kramosil
and Michalek’s fuzzy metric space.

Theorem 2.1 (Fuzzy Banach contraction theorem, Grabiec [29]) Let (X, M, *) be a G-
complete fuzzy metric space such that

Vgex| lim Mz, 3,0 =1},

Let T : X — X be a mapping satisfying
(G1) ke VryexVesolM(T (%), T(y), kt) = M(x,y,t)}.
Then T has a unique fixed point.

Next, we recall the concept of a fuzzy metric space, which was introduced by George
and Veeramani [26] in 1994,

Definition 2.3 [26] The 3-tuple (X, M, %) is a fuzzy metric space if X is an arbitrary set,
* is a continuous t-norm, and M is a fuzzy set on X2 x (0, 00) satisfying the following
conditions:

(M1) ViyexVeo{M(x,y,t) > 0};

(M2) Vipex{VesolM(x,y,8) =1} & x =y}

(M3) VayexViolM(x,y,t) = M(y,x,t)};

(M4) VaiyzexVissolM(x,2,t +5) > M(x,y,8) % M(3,2,9)};

(M5) M(x,y,-):(0,00) — [0,1] is continuous, for all x,y € X.

Then M is called a fuzzy metric on X.

Definition 2.4 (I) [26] Let (X, M, %) be a fuzzy metric space. The open ball B(x, r,t) for
t > 0 with center x € X and radius r, 0 < r < 1, is defined as

B(x,r,t) = {yeX:M(x,y,t)>1—r}.

The family {B(x,r,t) : x € X,0 <r < 1,t > 0} is a neighborhood’s system for a Hausdorff
topology on X, which we call induced by the fuzzy metric M.

(IT) [31] A sequence (x,, : m € N) in X is Cauchy in George and Veeramani’s sense (we
say GV-Cauchy) if

Vs>0vt>03m0€an,mzmg {M(xm Xm» t) >1- 8}'

(L) [31] A fuzzy metric space in which every GV-Cauchy sequence is convergent is
called complete in George and Veeramani’s sense (GV-complete for short).

In 2002, Gregori and Sapena [31] established the following extension of Banach’s result
in George and Veeramani’s fuzzy metric spaces.
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Theorem 2.2 (Fuzzy Banach contraction theorem, Gregori and Sapena [31]) Let (X, M, *)
be a GV-complete fuzzy metric space in which fuzzy contractive sequences, i.e.,

1

1
Frejo VoV N{—_lsk(i_l)},
€[0,1] V>0 Vime M (X315 Xias ) M (X Xima1, £)

are GV-Cauchy. Let T : X — X be a mapping satisfying

(G2) er(O,l)Vx,yEXVDO{m -1=< k(m -1}
Then T has a unique fixed point.

3 On generalized fuzzy metric and fixed point theory in Kramosil and
Michalek’s fuzzy metric spaces and George and Veeramani’s fuzzy metric
spaces

Now in Kramosil and Michalek’s fuzzy metric space we introduce the concept of a gener-

alized fuzzy metric on X. Next, we define a new kind of completeness of the space.

Definition 3.1 Let (X, M, %) be a fuzzy metric space. The map N is said to be a G-gener-
alized fuzzy metric on X if the following three conditions hold:

(N1) ViyzexVissofN(x,2,t +5) > N(x,9,t) * N(y,2,5)};

(N2) N(x,9,-):[0,00) — [0,1] is left-continuous, for all x,y € X;

(N3) for any sequences (x,, : m € N) and (y,,, : m € N) in X such that

v»ovpeN{ 1M N (S, Ko £) = 1} G.1)
m— 00
and
vbo{ M N, Yo £) = 1}, (3.2)
m— 00
we have
V»o[ lim M(Xp Yoo £) = 1}. (3.3)
m— 00

Remark 3.1 If (X, M, %) is a fuzzy metric space, then the fuzzy metric M is a G-generalized
fuzzy metric on X. However, there exists a G-generalized fuzzy metric on X which is not
a fuzzy metric on X (for details see Example 4.3).

Definition 3.2 (I) A sequence (x,, : m € N) in X is N-Cauchy in Grabiec’s sense (we say
N-G-Cauchy) if

V[>OVp€N{ lim N (%, Ximap, £) = 1}.
m— 00
(IT) A sequence (x,, : m € N) in X is N-convergent to x € X if
vbo[ lim N (% £) = 1}.
m— 00
(III) A fuzzy metric space is called N-G-complete if each N-G-Cauchy sequence (xy, :

m € N) in X is N-convergent to some x € X and
(NC) Vt>0{limm~>ooN(xm; X, t) = limy, 00 N(x, Xm» t) =1}.
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Now we prove the auxiliary lemma.

Lemma 3.1 Let (X, M, *) be a fuzzy metric space and let the map N be a G-generalized
fuzzy metric on X. Then for each x,y € X the following property holds:

{Vis0{N(xy,8) =1 AN, x,1) =1} = {x = y}}.
Proof Let x,y € X such that
Vio{N@,3,0) = 1 AN(y,x,8) =1} (3.4)

be arbitrary and fixed. By (N1) and (3.4), we get

Vis0 {N(x,x,t) > N(x,y, %) *N(y,x, %) =1%x1= 1}. (3.5)
Defining the sequences (x,, = x: m € N) and (y,, =y : m € N), from (3.5) and (3.4) we have
VisoVpert{ Tim Nt t) =1}
and
V,>o{ hm N (X, Vs £) 1}
Hence, the properties (3.1) and (3.2) hold. Therefore, by (N3), we see that
Viso lim M(omyt) =1
which, by the definition of the sequences (x,, = x: m € N) and (y,, =y : m € N), gives
Viso{M(x,y,t) =1}.
Hence, by (M2), we conclude that x = y. O

The main result of the paper is the following.

Theorem 3.1 Let (X, M, *) be a fuzzy metric space, and let N be a G-generalized fuzzy
metric on X such that

Vagex| lim N(x,5,8 =1}, (3.6)

Let T : X — X be an N-G-contraction of Banach type, i.e., T is a mapping satisfying

(B1) Fre0)Vayex VoI N(T(x), T(y), kt) = N(x,y,1)}.

We assume that a fuzzy metric space (X, M, x) is N-G-complete. Then T has a unique
fixed point w € X, and for each x € X, the sequence (x,, = T"(xo) : xo = x,m € N) is conver-

gent to w. Moreover, N(w,w,t) =1, forall t > 0.
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Proof The proof will be divided into four steps.
Step 1. We see that for each x € X the sequence (x,, = T (xo) : x9 = x, m € N) satisfies

t
EIke(0,1)\Vlt>0\vlmel\l {N(xrrnxrrﬁl’ kt) > N<x07x1: W) } (37)

Indeed, let xp = x € X be arbitrary and fixed and let (x,, = 7" (x¢) : m € N). Let k € (0,1) be
asin (B1), and let m € N and ¢ > 0 be arbitrary and fixed. From (B1) we obtain

N (X X1, kt) = N(T(xm—l), T (%), kt) > N(Xp-1,%m t)

t t
N T(xm—Z)r T(xm—l): k%) 2 N(xm—Zy Xm-15 z)

= N<T(xm—3)’ T(xm—Z)’kkiZ>

t
= N Xm-3Xm-2> ﬁ)

t
> ZN<x0yx1, W)

Consequently, the property (3.7) holds.
Step II. We see that for each x € X the sequence (x,, = T™(xo) : xo = x,m € N) is N-G-
Cauchy, i.e., it satisfies

Vt>0VpEN{W}EnOON(xm; Xm+ps t) = 1}~ (3.8)

Indeed, let xy = x € X be arbitrary and fixed and let (x,,, = 7" (x0) : m € N). Let m,p € N
and ¢ > 0 be arbitrary and fixed. Then by (N1) and (3.7) we calculate

t ) t
N(xm:merp) t) = N KX Xm+1» 1_9 *ook N xm+p—lrxm+pr}_a

¢ ®) ¢
>N xOrxlrW kook N xo'xl’pkmw—l :

Now, using (3.6) we obtain

r)iian(xm,xm+p, t)>1x% @, *1=1.
Thus (3.8) holds.

Step II1. Next we see that for each x € X the sequence (x,, = T™(xg) : xo = x,m € N) is
convergent to a fixed point of T.

Indeed, let xy = x € X be arbitrary and fixed and let (x,, = 7" (x¢) : m € N). By Step 1I
the sequence (x,, : m € N) is N-G-Cauchy in X. By the N-G-completeness of X (Def-
inition 3.2(III)), there exists w € X such that (x,, : m € N) is N-convergent to w (i.e.,
Vo {limy,— o0 N (%1, w, t) = 1}). Moreover, by (NC), we get

Vt>0{ lim N(x,,w,t) = lim N(w,x,,,t) = 1}. (3.9)

m—00 m— 00

Page 6 of 17
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Next, using (N1) and (B1) we calculate

V»OVWIGN{N(T(W),W, f) > N(T(w), (), %) *N(T(xm), W, %)

= N(T(w), T (%), %) * N(xm+1, w, é)

t t
> N<W1xm’ ﬁ) *N<xm+l! w, 5) };

which, by (3.9), gives

m— 00

t t
V»O{N(T(w), w,£) > lim N(w,xm,i> % lim N(xmﬂ,wi) =1*1:1}. (3.10)
m— 00

Similarly, using (N1) and (B1) we calculate

Y450V men {N(w, T(w),t) > N(w, T (%), é) * N(T(xm), T(w), %)

t

= N(W,xm+1, %) *N<T(xm)7 T(w), 5)

t t
= N<W1xm+1r E) *N<xm» w, ﬂ) }:

which, by (3.9), gives

t t
V»o{N(w, T(w),t) > lim N(w,xm+1, —) % lim N(xm,w,—> =1x1= 1}. (3.11)
m—>00 2 m—00 2k

Now, from (3.10), (3.11), and Lemma 3.1 we obtain w = T'(w), i.e., w is a fixed point of T
in X. Moreover, by (N1), (3.10), and (3.11), we obtain

t t

Vis0 {N(w, w,t) > N(w, T(w), E) *N(T(w), w, 5) =1x1= 1}. (3.12)
Now, if we define the sequence (y,, = w: m € N), then by (3.8) and (3.9) we have

Vt>0VpEN{ lim N(xm;xm+p: t) = 1}

m— 00

and

vbo[ lim N, Yo ?) = 1}.

m— 00

Therefore (3.1) and (3.2) hold, so by (N3) we have V.o {limy;— co M (X1, Y, £) = 1}, which
gives

VM{ lim M(x,,, w,t) = 1}.
m— 00

Step IV. Finally we see that w is a unique fixed point of T in X and N(w,w,t) =1, for all
t>0.
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Indeed, assume that T'(v) = v for some v € X. Then using (B1) we obtain

Vbo\fmeN{l >N, w,t) = N(T(v), T(w), t) > N(v, w, E) = N(T(v), T(w), E)

k k
t t
EN V;W»ﬁ ZEN V;W»k_m )

which, by (N2) and (3.6), gives

t
V,>0{1 >N, w,t) > lim N(v,w, —) = 1}.
M—> 00 km
Similarly, using (B1), (N3), and (3.6) we calculate V;.0{1 > N(w,v,t) > limy—.o.o N(w, v,
z7) = 1}. Hence,

Viso{N(v,w, ) =1 AN(w,v,8) =1}.

Next, applying Lemma 3.1, we get v = w, thus the fixed point of T is unique. Moreover, by
(3.12) we get Vi o{N(w,w,£) = 1}. O

Remark 3.2 It is worth noticing that in George and Veeramani’s fuzzy metric space
we may introduce the concept of a generalized fuzzy metric (in the sense of George-
Veeramani) on X (for short, GV-generalized fuzzy metric). Let (X, M, *) be a fuzzy metric
space. The map N is said to be a GV'-generalized fuzzy metric on X if the following three
conditions hold:

(NG\/l) vx,y,zEXVt,s>O {N(‘x7 z, t+ S) Z N(x;y; t) * N()/, z, S)}r
(Ngv2) N(x,9,):(0,00) — [0,1] is continuous, for all x,y € X;
(Ngv3) for any sequences (x,, : m € N) and (y,, : m € N) in X such that

V50150 mgeN Y nsmzmy {N(xn,xm, t)>1- 8} (3.13)
and

V150 Y50 moeN Vimzmo {N K yms 1) > 1 — £}, (3.14)
we have

V15050 Imo e Vimzmo { M@y Y 8) > 1 — £} (3.15)

Remark 3.3 Using similar considerations, we may introduce the concepts of N-Cauchy
sequences in George and Veeramani’s sense and N-GV-completeness. Precisely: (I) A se-
quence (x,, : m € N) in X is N-Cauchy in George and Veeramani’s sense (we say N-GV-
Cauchy) if

Vs>0vt>03moean>mzm0 {N(xm;xm t) >1- 8}-
(IT) A fuzzy metric space is called N-GV-complete, if each N-GV-Cauchy sequence (x,, :

m € N) in X is N-convergent to some x € X and V.o {limy,— 0o N (%, %, £) = lim,,,—, oo N (%,
Kpr ) = 1},
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Now using similar arguments to the corresponding ones appearing in Section 3 and in
the paper of Gregori and Sapena [31] we may conclude the following fixed point theorem
in George and Veeramani’s fuzzy metric space.

Theorem 3.2 Let (X, M, x) be a fuzzy metric space, and let N be a GV-generalized fuzzy
metric on X* x [0,00) such that N-fuzzy contractive sequences, i.e.,

1 1
3 VoV — 1<k|l———-1) ¢,
kO T0Tmelt { N(xm+17xm+2r t) - <N(xm: Xin+1s t) ) }

are N-GV-Cauchy. Let T : X — X be an N-GS-contraction of Banach type (in the sense of
Gregori and Sapena), i.e., a mapping satisfying

(B2) Fee(onVayexVeol yrmron — 1 = Kyays — -

We assume that a fuzzy metric space (X, M, ) is N-GV-complete. Then T has a unique
fixed point w € X, and for each x € X, the sequence (x,, = T"(xo) : xo = x,m € N), is conver-
gent to w. Moreover, N(w,w,t) =1, forall t > 0.

4 Examples illustrating Theorem 3.2 and some comparisons

Now, we will present some examples illustrating the concepts that have been introduced
so far. We will show a fundamental difference between Theorem 2.2 and Theorem 3.2.
Examples will show that Theorem 3.2 is the essential generalization of Theorem 2.2. First,
we recall an example of the standard fuzzy metric induced by the metric 4.

Example 4.1 [31, Definition 2.5] Let X be a metric space. Let * be the usual product on
[0,1]. Then the 3-tuple (X, M, *) where

(MD) Md(x’y’ t) = Tix’y)
is a George and Veeramani fuzzy metric space (standard fuzzy metric space), and M is

%y €X,

fuzzy metric on X.

Recently, in 2011, Wtodarczyk and Plebaniak introduced the concept of generalized
pseudodistances which, in a natural way, are extensions of metrics. For details see [44].
We recall the concept of a generalized pseudodistance.

Definition 4.1 Let X be a metric space with a metricd : X x X — [0,00). The map J : X x
X — [0, 00) is said to be a generalized pseudodistance on X if the following two conditions
hold:

(J1) VayzexUx,2) <J(x,9) + ] (1, 2)};

(J2) for any sequences (x,, : m € N) and (y,,, : m € N) in X such that

nlLrIgo supJ(x,, %) = 0 (4.1)
and
Tim TG ) = 0, (42)
we have
lim d(x,,,y) = 0. (4.3)

m— 00
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We recall also the following remark.

Remark 4.1 (A) If (X, d) is a metric space, then the metric d : X x X — [0,00) is a gen-
eralized pseudodistance on X. However, there exists a generalized pseudodistance on X
which is not a metric (see Example 4.2).

(B) From (J1) and (J2) it follows that if x # y, x,y € X, then

J(x%,9) >0V J(y,%) > 0.

Indeed, if J(x,y) = 0 and J(y,x) = 0, then J(x,x) = 0, since, by (J1), we get J(x,x) < J(x,y) +
J(»,x) =0+ 0 = 0. Now, defining x,, = x and y,, = y for m € N, we conclude that (4.1) and
(4.2) hold. Consequently, by (]2), we get (4.3), which implies d(x,y) = 0. However, since
x #y, we have d(x,7) # 0. Contradiction.

(C) From (B) it follows that if x # y, then

Vx,yEX{{](x’y) =0 /\](y’x) = O} = {x=)’}}

Now we introduce and use some particular kind of generalized pseudodistance to con-
struct the generalized fuzzy metrics.

Example 4.2 Let X be a metric space with metric d : X x X — [0,00). Let E C X be a
bounded and closed set, containing at least two different points, be arbitrary and fixed.
Let ¢,k > 0 be such that k > ¢ > §(E), where 8(E) = sup{d(x,y) : x,y € E} are arbitrary and
fixed. Define the map J: X x X — [0, 00) as follows:

dx,y) if{xy}NE={xy}
c ifx¢ EAy€eE;
k ifxe EAy¢E;
c+k if{x,y}NE=0.

J(x,y) = (4.4)

We can show that the map J is a generalized pseudodistance on X. Indeed, let x,y € X be
arbitrary and fixed. We consider the following four cases:

Case 1. 1f J(x,y) = d(x, ), then by (4.4) we obtain {x, y} € E, so by the triangle inequality
for d, we get d(x,y) < d(x,z) + d(z,y) (if z € E), and d(x,y) < ¢ < k = J(%,2) (if z ¢ E, since
¢ > 8(E)). In consequence, in both situations

J(x,y) =dx,y) <J(x,2) +](z,9).

Case 2. If J(x,y) = ¢, then by (4.4) we obtain x ¢ E and y € E, so by (4.4) J(x,2z) = c (if
ze€ E)and J(x,z) = ¢ + k (if z ¢ E). In consequence, in both situations

J(x%,9) = c <J(x,2) + J(z,9).

Case 3. If J(x,y) = k, then by (4.4) we obtain x € E and y ¢ E, so by (4.4), J(z,y) = k (if
z€ E) and J(z,y) = c + k (if z ¢ E). In consequence, in both situations

Jx,y) =k <J(x,2) +](z,9).
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Case 4. If J(x,y) = ¢ + k, then by (4.4) we obtain x ¢ E and y ¢ E, so by (4.4), J(x,2) = ¢,
J(z,y) =k (if z € E) and J(x,2) = J(z,y) = ¢ + k (if z ¢ E). In consequence, in both situations

Joe,y) =c+k <J(x,2) +](z,9).

Therefore, ¥y, .cx{/(x,y) <J(x,2) +J(z,9)}, i.e., the condition (J1) holds.
For proving that (J2) holds we assume that the sequences (u,, : m € N) and (v, : m € N)
in X satisfy (4.1) and (4.2). Then, in particular, (4.2) yields

V0<8<cam0 =mg (s)eNvmzmo {](Vm: um) < 8}' (4'5)

By (4.5) and (4.4), since ¢ < ¢, we conclude that
Y iz mo {Eﬂ (Vi i} = {Vm,um}}. (4.6)

From (4.6), (4.4), and (4.5), we get YococcTmgeNYmsmo {d(Vim, ) < €}. Therefore, the se-
quences (u,, : m € N) and (v,, : m € N) satisfy (4.3). Consequently, the property (J2) holds.

In the remaining part of the work, the generalized pseudodistance defined by (4.4) will
be called a generalized pseudodistance generated by d.

Example 4.3 Let (X, d) be astandard metric space. Let] : X x X — [0, 00) be a generalized
pseudodistance on X generated by d (i.e., defined in Example 4.2). Let * be a continuous
t-norm given by a x b = ab. Then the N; where
Ny, 1) = —— (4.7)
XY =T .
Ay T

x,y € X, is a GV-generalized fuzzy metric on X.

Part 1. We prove (Ngyl).

Let x,y,z € X be arbitrary and fixed. By (J1) we get

J(x,2) <J(x,9) +](,2). (4.8)

Assume that there exist £y > 0 and so > 0 such that N(x,y,¢y) * N(y,z,50) > N(x,z, to + 50)-
This, by (4.7), gives

lf() S0 t() + S0
. > .
to+J(xy) so+J(,2)  to+so+](x2)

Hence by a simple calculation we obtain a contradiction. In consequence (N1) and (Ngy1)
hold.

Part 11. We prove (Ngy2).

Let x,y € X be arbitrary and fixed. Then for [ = J(x,y) € [0, 00) we have

t
N}(x,y, t) = m, t €[0,00).

Thus, Nj(x,9,-) : (0,00) — [0,1] is continuous, for each x,y € X. In consequence (N2)
and (Ngv2) hold.

Page 11 of 17
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Part 111. Next we prove (Ngy3).
We assume that the sequences (x,,, : m € N) and (y,, : m € N) in X satisfy (3.13) and (3.14).
Then, in particular, (3.14) yields

Vl>0V0<g<1_ﬁ Hmo(S)ENVWlZWIO {N](xm:ym; £)>1- 8}« (4.9)
Since ¢ <1 - -£, by a simple calculation we have
t
l-g>—. (4.10)
t+c

Next, from (4.9) and (4.10) we obtain

t
V£>0VO<8<1_Z57 Elmo(a)eI\I\Vlnfzzmo {N](xm,ym, t) > —If s } (4.11)

__t St
t+] (Xpym) t+c’

80 £+ J (%, Ym) < t + ¢ and finally J (%, ym) < ¢, which, by (4.4), gives J (X, Vi) = AKX, Yin)-
Therefore Nj(x,;, Y t) = M (%5 Yis» £)-
Hence, using (4.9) we obtain

Now, let m > mgy. We obtain Nj(x,,, Y, t) > ;tc, next, by (4.7) we have

V£>0V0<g<l—i ng(é‘)eNvamo {Md(xm,ym, £)>1- 8}~
Consequently (3.15) holds. Hence (Ngy3) holds.

Example 4.4 Let (X, M ,*) be a standard fuzzy metric space, where X = [0,1], * be a
continuous t-norm given by a x b = ab. Let the closed set E = [0, %] CXandlet/]: X xX —
[0, 00) be given by

d(x,y) if{x,y} NE={x7y};

ifxé¢ EAy€e€E;
J(x,y) = ] 4 (4.12)
3 ifxeEAy&¢E;
5 if {x,y} NE =0.
Let Nj be defined by
Ny t) = ——— (4.13)
TP ) '
Let T': X — X be a single-valued map given by
0 forx € [0,1];
Tx)=43x-3 forxe(},2]; xeX. (4.14)
% forx e (%,l],

(A) By Example 4.2, ] is a generalized pseudodistance on X. Next, by Example 4.3, N is
a GV-generalized fuzzy metric on X.

(B) We observe that T is N;-GS-contraction of Banach type, i.e., T satisfies the condition
(B2). The proof will be divided into two steps.
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Step 1. First, we show that T satisfies the following conditions:
Jicto)Vayex {(T(x), T() < M (x,9)}. (4.15)

Indeed, let A = ¢ and let x,y € X be arbitrary and fixed. We consider the following two
cases:

Case 1. If {x,y} N E = {x,y} then by (4.12), J(x, y) = d(x, y). Moreover, since max{x, y} < %
thus by (4.14), T(x) = T(y) = 0 € E. Hence, by (4.12), we obtain

J(T(), T)) =J(0,0) = d(0,0) = 0 < id(x,y) — 3 (x,y). (4.16)

Case 2. 1f {x,y} N E # {x,y} then by (4.12), J(x,y) € {2,3,5}. Moreover, since

vx,yex{max{ (), T0)) < ;} (TG, TO)) NE = [T, TO)),

and by (4.12), J(T'(x), T(y)) = d(T (x), T(y)) < 8(E) = 3/8. Hence we obtain

J(T(x), T(y) = d(T(x), T(y)) <

1 1 .
7 2= 1 min{2,3,5} < AJ(x,%). (4.17)

OOIW
l\Jl'—‘

Concluding, from (4.16) and (4.17), we obtain (4.15).
Step II. We show that T satisfies the following conditions:

Fie0,)VayexVes0 { (4.18)

I k<;_1>}
N(T@x), T@),t) — \N®y1) '

Letk=A\= i. Let x,y € X, t > 0 be arbitrary and fixed. By (4.15) we know that J(T'(x),
)

T(y)) < MJ(x,y). Hence, we obtain the following chain of equivalences:

V(TG TG) =260}

N J(T(x), T(y)) < k](x»y)
t t
N t+J(Tx), T(y) lfk_t+](x’y)—1:|}
t | ¢
s ;_14{#_1“.
N{(T@), T@),t) — LN/p,8)

Hence, the condition (4.18) is true, and the map T is N;-GS-contraction of Banach type.

(C) Observe that T is not contraction of Banach type (in the sense of Gregori and
Sapena), i.e., T does not satisfy the condition (G2). Indeed, suppose that T is contrac-
tion of Banach type (in the sense of Gregori and Sapena). Then there exists ko € [0,1) such
that

- {;—1<k[¥—1“ (4.19)
t>0 VayeX Md(T(x),T(y),t) =10 Md(x,y,t) . .

In particular, for xy = 1/2 and yy = 3/4, by (4.14), we have T'(xy) = 0, T(yo) = 3/8. Hence
d(T (x0), T'(y0)) = 3/8. Moreover, d(x¢,o) = 1/4 and consequently, for each ¢ > 0, by (MD)
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and (4.19), we have

3/8 t+3/8 1 .
t ot - My(T(x), T(y),t)
1
k| ——— -1
= O[Md(x,yyt) }
t+1/4 1/4
gt Y _1=/<0/T.

Hence 3/2 < ky, which is impossible (recall &y € [0,1)).

(D) Now we see that (X, M, x) is GV-complete standard fuzzy metric space.

Indeed, we see that (X, d) is complete metric space, thus by [31, Result 4.3] we conclude
that the standard fuzzy metric space (X, My, *) is GV-complete.

(E) Next, we observe that the fuzzy metric space (X, M, x) is N-GV-complete.

Indeed, let (x,, : m € N) be a sequence such that (x,, : m € N) is N;-GV-Cauchy, i.e.,

Ves0V£50TmoeN Vs mzmg {N](xm; X t) >1 - 5}' (4.20)

Now, by (4.13) and (4.20) we have

t
Vs>0vt>03m0€an>mzm0 { m >1- 8}. (4.21)
mrvvnr

Hence, in particular, (4.21) yields

t

Hence by (4.12) we get

EImoel\l\71;’1>mzmo {{xm; xn} NE= {xmr xn}};
which gives V>, {% € E}. Moreover, by (4.20), after simple calculations we see that the
sequence (x,, : m € N) is GV-Cauchy. Now from (D) we obtain the result that there exists
x € X such that

v»o[ lim My (%, £) = 1]. (4.22)
m— 00

Now, from (4.22) and (MD) we know that lim,, . %, = x. Moreover, since E is a closed

set, we obtain x € E. Hence
HmoeNvmzmo {{xmr x} NE= {xmr x} })
which, by (4.12), gives

g Nz 1] s %) = J (2, %) = (o, %) }. (4.23)
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Finally, by (4.13) and (4.23) we have Nj(x,,, x,t) = thx) = m = Ny(x, %, t). Hence,
by (4.23) we obtain

. M 1 t
Voo Jim N1 = lim Ny 5,,) = lim

t
= lim ——— = lim My(x,x,,,t)=1;.
m—oo t +d(x,%,,) m—>o0 (%, %m, 7) }

Hence we find that (X, M, %) is N-GV-complete.
(F) Now we see that each N-fuzzy contractive sequence (x,, : m € N) is N-GV-Cauchy.
Indeed, let (x,, : m € N) be an N-fuzzy contractive sequence, i.e.,

1 1
3 v N v - - 1< k [ .
ke(0,1) V>0 W’GN{N(me,xmﬂ,t) - <N(xm,xm+1,f) )}

Hence,

t+](xm;1:xm+2) _1 §k<t+](9;m:xm) _1)},

Fie0,1)Ve50 VineN {
which gives

Jke0) V150V men i msts Xms2) < K Koy Xma1) )
Now, by (4.12),

i eNimo <aVm>mo (Xm € E} (4.24)
and

Fie0,1) V50 Vinzmy {d(xm+17xm+2) < kd(xmrxmﬂ)}-
Hence, the sequence (x,, : m € N) is contractive in (X, d), thus (by the completeness of
(X, d)) convergent. Consequently, (x,, : m € N) is Cauchy in X. Therefore (x,, : m € N) is
GV-Cauchy in (X, My, %), i.e.,

Ves0Y150Fm eNVmmzmy { Ma Ky Xy 1) > 1 = £} (4.25)

Now let £ > 0 and ¢ > 0 be arbitrary and fixed. Then there exists m, = max{m, m;} such
that, by (4.24) and (4.25), we obtain

Vismzmy {N](xmxmr t) = Mg(Xn, Xy ) > 1 - 8}'

Hence the sequence (x,, : m € N) is N-GV-Cauchy.

(G) Finally, we observe that all assumptions of Theorem 3.2 are satisfied. The point w = 0
is a fixed point of T in X. Moreover, for each x € X, the sequence (x,, = T"(xo) : 49 = x,m €
N) satisfies condition V,,>3{x,, = 0}. Hence, by (MD), we obtain V.o {lim,,—, cc M(x,, %, t) =
lim,;, 00 m = 1}. In consequence, for each x € X, the sequence (x,, = T"(xg) : xo =
x,m € N) is convergent (in the standard fuzzy metric space (X, My, *)) to w.
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Remark 4.2 (I) We observe that if we put N; = M, in Theorem 3.2, then we find that
Theorems 3.2 and 2.2 are identical.

(II) The introduction of the concept of a generalized fuzzy metric is essential. If X and
T are such as in Example 4.4, then we can show that 7" is an N;-GS-contraction of Banach
type, but it is not a contraction of Banach type with respect to M, (see Example 4.4(B),
(C)). Hence, we see that our theorem is a generalization of Theorem 2.2 (Gregori and
Sapena [31]).
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