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We investigate methods for obtaining exact solutions of the (3 + 1)-dimensional nonlinear space-time fractional Jimbo-Miwa
equation in the sense of the modified Riemann-Liouville derivative. The methods employed to analytically solve the equation are
the (G'/G, 1/G)-expansion method and the novel (G'/G)-expansion method. To the best of our knowledge, there are no researchers
who have applied these methods to obtain exact solutions of the equation. The application of the methods is simple, elegant, efficient,
and trustworthy. In particular, applying the novel (G'/G)-expansion method to the equation, we obtain more exact solutions than
using other existing methods such as the (G /G)-expansion method and the exp(—®(£))-expansion method. The exact solutions
of the equation, obtained using the two methods, can be categorized in terms of hyperbolic, trigonometric, and rational functions.
Some of the results obtained by the two methods are new and reported here for the first time. In addition, the obtained exact explicit
solutions of the equation characterize many physical meanings such as soliton solitary wave solutions, periodic wave solutions, and

singular multiple-soliton solutions.

1. Introduction

Various phenomena such as shallow water waves and multi-
cellular biological dynamics arising in the nonlinear physical
sciences [1, 2], engineering [3, 4], and biology [5] can be mod-
eled by a class of integrable nonlinear evolution equations
which can be expressed in terms of nonlinear partial differen-
tial equations (NPDEs) of integer orders. Consequently, study
of traveling wave solutions of NPDEs plays a significant role
in the investigation of behaviors of nonlinear phenomena.
Due to the efficiency, reliability, and easy use of symbolic soft-
ware packages such as Maple or Mathematica, many powerful
methods have been constructed and developed to analytically
solve NPDEs with their aid. Over the last few decades, exact
solutions, analytical approximate solutions, and numerical
solutions of NPDEs have been successfully obtained. The
methods for obtaining exact explicit solutions of NPDEs are,

for example, the (G /G)-expansion method [6], the tanh-
function method [7, 8], the exp-function method [9, 10],
the F-expansion method [11], Hirota’s direct method [12, 13],
Kudryashov method [14, 15], and so on. Examples of the
methods for obtaining analytical approximate solutions to
NPDEs are the variational iteration method (16, 17] (VIM),
the Adomian decomposition method [18,19] (ADM), and the
homotopy perturbation method [20, 21] (HPM). In addition,
the examples of useful methods for solving NPDEs numer-
ically are the generalized finite difference method [22], the
finite volume method [23], and the finite element method
[24].

Since fractional derivatives [25] such as the Riemann-
Liouville derivative and the Caputo derivative can describe
the memory and hereditary properties of materials and pro-
cesses which is different from ordinary derivatives, fractional
differential equations (FDEs), which are associated with
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fractional derivatives and the generalization of the classical
differential equations of integer orders, are expansively used
to model various complex phenomena in many study fields
such as physics [26], engineering [27], finance [28], and
biology [29]. It has been found that the above-mentioned
methods with their improvements (see, e.g., [30-33]) are also
widely applicable to solve FDEs. Searching for exact explicit
solutions to nonlinear fractional partial differential equations
(NFPDEs) is a research field of active interest. Nowadays,
many approaches with the help of symbolic software packages
have been developed to efficiently provide exact solutions
of NFPDEs, for example, the improved extended tanh-
coth method [34], the improved generalized exp-function
method [35], the fractional Riccati expansion method [36],
the (G'/G, 1 /G)-expansion method [37-41], and the novel
(G'/G)-expansion method [42-45]. The common idea of
these mentioned methods is based on the homogeneous
balance principle.

The (3 + 1)-dimensional Jimbo-Miwa equation, which
was introduced by Jimbo and Miwa [46], is written as

20y + 33U U + Uy, = U, + Uy, =0, @

which is the second member of integrable systems of the well-
known Kadomtsev-Petviashvili (KP) hierarchy [47, 48]. The
Jimbo-Miwa equation in (1) is employed to describe particu-
lar interesting (3 + 1)-dimensional traveling waves in physics.
According to the valuable literature obtaining exact solutions
of (1) by several methods (see, e.g., [49-52]), the equation
has a variety of solutions with distinct structures such as
single-soliton solutions, multiple-soliton solutions, periodic
wave solutions, and traveling wave solutions. The aim of this
article is to apply the (G'/G,1 /G)-expansion method and
the novel (G'/G)—expansion method to solve the (3 + 1)-
dimensional space-time fractional Jimbo-Miwa equation in
the sense of Jumarie’s modified Riemann-Liouville derivative.
To the best of our knowledge, there are no researchers who
have applied these methods to the fractional Jimbo-Miwa

Mathematical Problems in Engineering

equation to obtain exact solutions. Some new exact solutions
of the equation are reported for the first time. The rest of this
paper is organized as follows. In Section 2, the definition of
Jumarie’s modified Riemann-Liouville derivative and some
of its properties are given. Additionally, the descriptions of
the (G'/G, 1/G) and the novel (G’ /G)-expansion methods are
provided. In Section 3, we illustrate the application of the
two methods to the (3+1)-dimensional space-time fractional
Jimbo-Miwa equation. In Section 4, we provide graphs and
physical explanations of some selected exact solutions of the
equation obtained by the two methods. Some conclusions and
discussions which are relevant to the obtained results using
the mentioned methods are given in Section 5.

2. Mathematical Preliminaries

In this section, we will provide fundamental concepts
required in this paper for obtaining exact explicit solutions of
the (3 + 1)-dimensional space-time fractional Jimbo-Miwa
equation using the (G'/G,I/G)—expansion method and
the novel (G'/G)-expansion method. We first give a def-
inition and vital properties of the modified Riemann-
Liouville derivative defined by Jumarie. Then we describe
the (G'/G, 1/G)-expansion method and the novel (G'/G)-
expansion method to obtain exact analytical solutions of
nonlinear FDEs associated with the mentioned fractional
derivative.

2.1. Jumarie’s Modified Riemann-Liouville Derivative and Its
Properties. The definition of the modified Riemann-Liouville
derivative and its properties, which will be employed in this
papers, are given as follows.

Definition 1. Assume that f: R — R,t — f(t) denote a con-
tinuous (but not necessarily first-order differentiable) func-
tion. Jumarie’s modified Riemann-Liouville derivative of
order « is defined by the following expression [53, 54]:

1 ! —a—1
I (-a) L 6(; -%) f(f) dg, o <0,
D O=1 =2 [(-p 10~ )
f I'(1-a)dt L (t-2%) [f(f) f(o)]df, 0<a<l,

(f(oc—n) (t))(n) ,

in which I'(-) is the gamma function defined by

) n'n®
F@ = T D@2 @in)

©)

Some important properties of Jumaries modified
Riemann-Liouville derivative of order « are summarized as
follows:

Dfc =0,

where ¢ is a constant, (4)
DY = r(y + 1) e

, >0, 5
t F(y+1-a) 14 ®)

n<a<n+l, n>1,

Dj (cf (1) = eDf £ (1), (6)
Dy (f®)g®)=g®OD;f®)+f®OD{gt), (7
D{f(g®) = f,(g(®)Dig (), (8)
D f(g(t) =Dif (g(®)(a))"- 9)

Remark 2. Properties (7)-(9) are direct results [53-55] from
using the fractional Leibniz rule, the fractional Barrow’s
formula, and the relation D f(¢) = I'(e + 1)D, f (t). Property
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(7) requires only that the functions f and g are continuous
(not necessarily differentiable) functions. The use of property
(8) requires that the function f is differentiable with respect
to the function g and the function g is continuous (not
necessarily differentiable). On the other hand, property (9)
needs the function f to be continuous (not necessarily
differentiable) with respect to the function g and the function
g differentiable with respect to t. In particular, property (8)
will be utilized in our work.

2.2. Descriptions of the (G'/G,1 /G)-Expansion Method and
the Novel (G'/G)-Expansion Method. In this section, the
descriptions of the (G'/G,1 /G)-expansion method and the
novel (G'/G)-expansion method are concisely given. Con-
sider a nonlinear fractional evolution partial differential
equation in four independent variables x, y,z, and t as
follows:

F (u, D, Dllu, Dby, DYu, D} Dfu, D} Dllu, D Dhu,
(10)

D{Du,DIDu,...) =0, 0<anBy<l,

where Dfu, Dlu, DPu, and DYu are Jumarie’s modified
Riemann-Liouville derivatives of a dependent variable u with
respect to t,x, ¥, and z. F is a polynomial of the unknown
function u = u(x, y,z,t) and its various partial derivatives
in which the highest order derivatives and nonlinear terms
are involved. The first common step of the two methods is
to convert the NFPDE in (10) into an ordinary differential
equation (ODE) with a fractional complex transformation
[56-58] by using a traveling wave variable £. We suppose that

UE) =u(x,y2t),

; X VP 2 Vi* (11)

“TO+y) TO+P) T(+y TUt+a)

where V is a nonzero arbitrary constant. With the trans-
formation in (11) and an integration with respect to & (if
possible), (10) is reduced to an ODE for U = U(§) as follows:

p(u,UU"U",. ) =0, (12)

where P is a function of U(£) and its various derivatives. The
prime notation (') denotes the derivative with respect to .
Next we provide the main steps of the (G'/G,1/ G)-expansion
method and then the novel (G'/G)—expansion method for
solving the ODE in (12) as demonstrated below.

2.2.1. The (G' /G, 1/G)-Expansion Method. The following rel-
evant concepts required before providing the main steps
of the (G'/G, 1 /G)-expansion method are introduced below.
Consider the following second-order linear ODE:

G () +AG(E) =, (13)

where the prime notation (") denotes the derivative with
respect to & and where A, y are constants. Next we set

G (§)
¢(E) = >
G (&) (14)
1
v ()= GO

Equations (13) and (14) can be transformed into the system of
two nonlinear ordinary differential equations as follows:

¢ =—¢"+uy -2,

!

v = —¢y.

The solutions of (13) can be categorized into the following
three cases.

(15)

Case 1. If A < 0, then the general solution of (13) is of the
form

G (&) = A, sinh (Eﬂ)+A2 cosh (Eﬂ) + %, (16)
and we have

2 _A 2
v Im@’ —2uy + 1), 17)

where A, and A, are arbitrary constants and 0, = A> — A2.

Case 2. If A > 0, then the general solution of (13) can be given
as

G(E):Alsin(f,\/X)+A2cos(E\/X)+%, (18)

and we have the following associated relation:

A
yi= pe— (¢" 20y + 1), (19)

where A, and A, are arbitrary constants and o, = A3 + A%

Case 3. If A = 0, then the general solution of (13) can be
written as

G() = gaz TAE+A,, (20)

and the corresponding relation is

y? = ¢' - 2uy), (21)

A2 -2uA, (
where A, and A, are arbitrary constants.

The main steps of the (G'/G, 1/G)-expansion method
[37-41] are as follows.

Step 1. Suppose that the solution to (12) can be expressed by
a polynomial in the two variables ¢ and y as follows:

N N
U@ =ay+yad + )by, (22)
j=1

j=1



where a;, a;, and bj (j = 1,2,...,N) are constants to be

determined later with a}z\] + bzz\, # 0 and where the functions
¢ = ¢() and y = y(&) are implicitly associated with (13)
using the relations in (14).

Step 2. Determine the positive integer N in (22) by inserting
(22) into (12) and then using the homogeneous balance
between the highest order derivatives and the nonlinear
terms in (12). If the degree of U() is Deg[U(£)] = N, then
the degree of other terms will be expressed as follows:

D%[f;§q=N+%
o [(U @ <dqug§£))] =Np+s(N+q). )

In particular, if the balance number N of some nonlinear
equations is not a positive integer then the special transfor-
mations (e.g., when N = g/ p is a fraction in the lowest terms,
we set U(§) = WVP(£)) are applied for U(£) in (12) to have
a new equation in terms of the new function W(§) with a
positive integer balance number (see details in [39, 59]).

Step 3. Substituting the resulting equation of (22) into (12)
with the aid of (15) and (17), the function P in (12) can be
converted into a polynomial in ¢ and v, in which the degree
of v is not larger than one. Equating each coefficients of
the resulting polynomial to zero, we obtain a system of
algebraic equations, which can be solved using the symbolic
computational packages such as Maple or Mathematica, for
the following unknowns a,, a;, b; (j = 1,2,...,N), V, p,
A(<0), A,, and A,. The resulting traveling wave solutions
generated by this step with the transformation in (11) are
expressed by hyperbolic functions.

Step 4. In the same manner as Step 3, substituting the
resulting equation of (22) into (12) with the aid of (15) and
(19) for A > 0, we can obtain the exact solutions of (10) by
using the transformation in (11). The obtained exact solutions
are written as trigonometric functions.

Step 5. In the same manner as Step 3, substituting the
resulting equation of (22) into (12) with the aid of (15) and
(21) for A = 0, we can obtain the traveling wave solutions of
(10) by using the transformation in (11). The resulting exact
solutions are expressed by rational functions.

2.2.2. The Novel (G'/ G)-Expansion Method. In the following,
we give the main steps of the novel (G'/G)-expansion method
[42-45].

Step 1. Suppose that the solution of (12) can be expressed in
power of y(&) as follows:

N

U@ =Y ay®), (24)

j==N
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where

with ¢ (§) = AU (25)

yO=d+g@ e

The unknown constants a_y or ay may be zero, but both of
them cannot be zero simultaneously. The constants a; (G =
0,+1,42,...,+N)and d are determined at a later step and the
function G = G(&) satisfies the following nonlinear second-
order ODE:

GG" = GG +uG* +v(G')’, (26)

where the prime notation (') denotes the derivative with
respect to & and where A, y, and v are real parameters.
The Cole-Hopf transformation ¢(&) = ln(G(E))f =

G'(£)/G(&) reduces (26) into the following generalized Riccati
equation:

¢ € =u+Ap©+(-1¢©). (27)

It is been discovered that (27) has thirty-nine solutions (see
[60, 61] and Appendix for details).

Step 2. The value of the positive integer N can be computed
by balancing the highest order linear terms with nonlinear
terms of the highest order occurring in (12). If the degree
of U(&) is Deg[U()] = N, then the degree of the other
expressions will be expressed as in (23).

Step 3. Substituting (24) along with (25) and (26) into (12),
we obtain polynomials in (d + ¢(E))k (k=0,+1,%2,...,+M
where M is a positive integer). Collecting all coefficients of
like-power of the resulting polynomials to zero, we yield
an overdetermined set of algebraic equations for a; (j =
0,+1,+2,...,+#N),d,and V.

Step 4. Assuming that the unknown constants of the alge-
braic equations in Step 3 can be obtained, we substitute the
values of the constants together with the solutions of (27) into
(24) to obtain exact traveling wave solutions of the nonlinear
fractional evolution partial differential equation (10) when &
is set in (11).

Remark 3. 1t is worth noting that the novel (G'/G)-expansion
method is a generalization of many types of (G'/G)-
expansion methods. First, if we setd = 0in (25) and v = 0
in (26) and negative indices of (G'/G) are zero in (24),
then the method is reduced to the basic (G'/G)-expansion
methods proposed by Wang et al. [62]. Secondly, if d = 0
in (25) and v = 0 in (26) then the method is identical to the
improved (G'/G)-expansion methods introduced by Zhang
etal. [63]. Thirdly, if A, y, and v in (26) are replaced by —A, —4,
and 0, respectively, then the novel (G'/G)-expansion method
translates to the generalized and improved (G'/G)-expansion
method presented by Akbar etal. [64]. Finally, if weleta; (j =
0,1,2,...,N) be functions of x and t instead of constants and
v = 01in (26) then the method coincides with the generalized
(G'/ G)-expansion method introduced by Zhang et al. [65].
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3. Application of the Two Methods to
the (3 + 1)-Dimensional Space-Time
Fractional Jimbo-Miwa Equation

Consider the (3 + 1)-dimensional space-time fractional
Jimbo-Miwa equation [66]

2D Dfu + 3D5uDu + 3D1uD! Dy - 3D!D)u
5 (28)
31 —
+DYDhu=0, 0<yByas<l,

where D{u denotes Jumarie’s modified Riemann-Liouville
derivative of a dependent variable u with respect to s with
the fractional order x and u(x, y,z,t) is a traveling wave
solution of (28) which is an unknown function of four
independent variables x, y,z, and t. Using the traveling
wave transformation in second equation of (11) and the
properties in (5) and (8), we obtain DfU(§) = -vu’,
DIUE) = U', DFUE) = U', DIUE) = U', DEDFU(E) =
-vU", DYUE) = DUDIUE) = U", DIDEUGE) =

DIU'©) = U", DIDIUE) = DIU'§) = U", and
DYDUE) = DJU'(®) DY(DLU'©®)) =

DY(U"(§)) = DADLU" £))) = DIU" (€)) = U™, Hence,
(28) is reduced into the ODE of the variable U = U(£) as

—@v+3)U"+eUu'U" +UW =0, (29)

where the prime notation (') denotes the derivative with
respect to &. Integrating (29) with respect to & and then
choosing the constant of integration to be zero, we obtain the
following ODE:

@vV+3)U' -3(U') -U" = 0. (30)

Applying the formulas in (23) for balancing the highest order
degree terms in U"" and (U")? in (30), we have N + 3 =
2(N + 1) => N = 1. Consequently, the solution forms of
(30) obtained using the (G'/G,1 /G)-expansion method and
the novel (G'/ G)-expansion method are formed with N = 1
by using (22) and (24), respectively. Next, we will apply the
mentioned two methods to (30) to eventually produce exact
solutions of the fractional Jimbo-Miwa equation in (28) as
follows.

3.1. Using the (G' /G, 1/G)-Expansion Method. From the bal-
ance which is done above, (22) is reduced to

U@ =ag+a¢ @) +by (@), (31)

where the constant coeflicients a,, a,, and b, are determined
at a later step, subject to the inequality a; + b # 0. There are
three cases of the function G(£) associated with the functions
¢(&) and y(&) of the solution in (31) depending on the sign of
A described above.

Case 1 (hyperbolic function solutions (A < 0)). If A < 0, we
substitute (31) into (30) along with the use of (15) and (17).
Then the left-hand side of (30) turns out to be a polynomial

in ¢(&) and w(§). Setting all of the coefficients of this resulting
polynomial to be zero, we obtain the following system of
nonlinear algebraic equations in ag, a;, b, V, i, A, A}, A,

o' (©): 304 + 30424 + 61 A%,
- 6)L2A22a1 - 3pt2af +6ulay + 3)Lb12 =0,
¢ (§): — 6Aua,b, + 6Aub, =0,
¢ EwE): -6 A%a b, + 617 Ala b, + 60> A%h,
~6AA%b, - 6u’a by + 644°b, =0,
¢’ (E): —61M’Alal +61°Alal —2VAPA%q
+ 2V)L2A22a1 + 8/\3A21 a, — 8/\3A22a1 - 3A‘u2af
- 3o)t2A21a1 + 3)L2A22a1 - ZVMZa1 + 5/\;42(11
+30°0] - 3u’a, =0,
¢’ )y (§): 6A’uAlal — 61’ uAla) — 1247 pAlay
+ 12V uAla, + 6p’a; — 12p°a; — 6Aub; = 0,
¢ (E): — 6\ uayb, + 6A%ub, = 0, (32)
dEwE): -6 Alab, + 61 Ada b, - 2VA A%,
+2VA*A%h, + 5A°A%h, - 5A° A%k, + 6Mab,
— 3V A%, + 30V ALh, - 2Vl - TACh,
- 3u%b, =0,
v (): 6X°uAal - 6X°uAsa + 2VA uA’a,
—2VAuAla, - 5 uA%a, + 50 uAla,
+ 30V uA%a, - 30 uA%a, + 2Vida, + M
+ 3;43611 =0,
¢°(€): —31*'A%al + 30 A%al — 2V A%
+2VAA%a, + 20 A%a, - 20 A%, - 3% Ala,
+ 3)L3A22a1 - 2VMita, - Vta, - 30la, = 0.
It is required that the denominator of 1//2 in (17) is not zero,
so system (32) is valid if A*(A% — A3) + u* # 0. By solving the
above algebraic system using the Maple package program, we
have the following results.

Result 1



p=0,
ay, A(<0) are arbitrary constants.

(33)

From (16), (31), and (33), we obtain the traveling wave
solution of (28) as follows:

ui (%, y,2,t) = a,
2 (A1 cosh (f\/—_)\) V=1 + A, sinh (Eﬂ) \/3) (34)
" A, sinh (E\/—_A) + A, cosh (E\/—_A) )

where £ is defined in (11) with V shown in (33) and A}, A, are
arbitrary constants.

Result 2
a =1,
e
1 - — >
A (35)
__ A3
T2 2

ay, W, A(<0) are arbitrary constants.

From (16), (31), and (35), we obtain the traveling wave
solution of (28) as follows:

uy (x, y,2,t)
=a,
A, cosh (5\/3) V=1 + A, sinh (E\/—_)t) V-1
" A, sinh (Eﬂ) + A, cosh (Eﬂ) +u/d

(36)

V- (242 - 242 + ) /)
* A, sinh (Eﬂ) + A, cosh (Eﬂ) + ‘u//\’

where & is defined in (11) with V shown in (35) and A, A, are
arbitrary constants.

Case 2 (trigonometric function solutions (A > 0)). If A > 0,
we substitute (31) into (30) along with the use of (15) and
(19). Then the left-hand side of (30) becomes a polynomial in
¢(&) and y(&). Setting all of the coefficients of the resulting
polynomial to be zero, we obtain the following system of
nonlinear algebraic equations in ay, a;, b, V, 4, A, A, Aj:

o) —3Aa -3 + 61 A2,

+ 6)L2A2201 + 3/42af - 3/\1912 —6p’a, =0,
¢ (§): 6Aua,b, — 6Aub, =0,
¢ Ew(®): —61°A%ab, - 61°Alab, + 607 A,

+ 602 A%k, + 6u’a b, — 6u°by = 0,
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¢°(§): —6LMA%al — 61 Adal —2VAPA%a,
—2VA*Ala, + 80 A%a, + 817 A, - 30 A%q,
-3V A%a, + 30 al + 2Vila, - 3A°b) - 5Ma,
+ Syzal =0,

¢* Oy (©): 6M°uATal + 61’ uA%a) — 1247 puAla
~ 12V uAla, - 6p’a; + 6Aub; + 124a, = 0,

¢ (£): 60 uayb, — 6A°ub, = 0,

dEw(E): —6XAAlab, — 61 Adab, - 2VA A%,
—2VA2AZL, + 507 A%h, + 50° A%b, - 30 A%,
— 30V A%, - 60 ayby + 2Vidhy + TAh,
+3u’b, =0,

v (§): 6MuA’al + 61 uAlal + 2V uAla,
+ ZVAZyAZZal - 5/\3[,¢A21a1 - SASyAzzal
+ 3)\2//1A21a1 + 3/\2;4A22a1 —2Vila, - M
- 3;43(11 =0,

¢°(€): —31'A%al - 30" Alal — 2V A%g
—2VAA%a, + 20 A%a, + 20 A, - 30° Alg,

- 3»}L3A22a1 +2VMta, + Vpla, + 30la, = 0.
(37)

It is required that the denominator of y? in (19) is not zero;
thus system (37) is solvable if A2 (A21 +A22)— /,12 # 0. On solving
the above algebraic system using the Maple package program,
we obtain the following results.

Result 1
a, =2,
b =0,
3
V==21--, (38)
2
p=0,

ay, A (> 0) are arbitrary constants.

From (18), (31), and (38), we obtain the traveling wave
solution of (28) as follows:

i (x, 3, 2.1)

2 (A1 cos (E\/X) VA - A, sin (E\/X) \/X) (39)
o Alsin(E\/X) +A, cos(E\/X) ’
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where & is defined in (11) with V shown in (38) and A}, A,
are arbitrary constants.

Result 2

a =1,

\/ N2AZ QAR 4 4R

b =+ ,
A (40)
__A3
T2 2

ay, 4, A(>0) are arbitrary constants.

From (18), (31), and (40), we deduce the traveling wave
solution of (28) as follows:

i (230 2.t)

A, cos (E\/X) VA-A, sin(f\/X) Vi
A, sin (ﬁx/X) + A, cos (E\/X) +p/A (41)

=a,+

V- (243 - 242 + ) /A
* Ay sin (EN/X) + A, cos (E\/X) + [4//\,

where & is defined in (11) with V shown in (40) and A, A,
are arbitrary constants.

Case 3 (rational function solutions (A = 0)). If A = 0, we
substitute (31) into (30) along with the use of (15) and (21).
Then the left-hand side of (30) becomes a polynomial in ¢(&)
and y(&). Setting all of the coeflicients of this polynomial to
be zero, we obtain the following system of nonlinear algebraic
equations in ay, a;, by, V, 4, Ay, Ay

¢* (€): 6uA,a’ —3A%a; — 12uA,a, +6A%a,
-3} =0,
‘/’3 (&) : 6ua b, — 6ub, =0,
¢’ )y (©): 12ul,ab, — 6A%a b, — 12uA,b,
+6A%b, =0,
¢* (E): 4VuA,a, - 2VAL e, - 3p°a; + 3’
+ 6uA,a, —3A%a, = 0, (42)
¢ Ew () 1247 Aal + 6uA’al +24u° Aya
— 12uA’a, + 6ub; =0,
¢ )y (E): 4VuA,b, - 2VA b, — 124 ayb, + 1244°b,
+6uA,b, —3A%h, = 0,
v (§): -4Vt Aya, +2VuAla, + 6p’al — 6u’a,

- 6;42A2a1 + 3‘1/1A21a1 =0.

It is required that the denominator of ¥ in (21) is not zero;
hence system (42) is valid if A% — 2uA, # 0. By solving the
above algebraic system using the Maple package program, we
display only the following interesting results.

Result 1

(43)

ay, Y are arbitrary constants.

From (20), (31), and (43), we obtain the traveling wave
solution of (28) as follows:

+ HE+ A,
(1/2)us? + Ak + A,

\2uA, + Al

F AT AL A,

where & is defined in (11) with V shown in (43) and A}, A,
are arbitrary constants.

ui (%, y,2,t) = a
(44)

Result 2
a =1,
b=A,
3
V=-3, 45
5 (45)
u=0

a, is an arbitrary constant.

From (20), (31), and (45), we deduce the traveling wave
solution of (28) as follows:

24,
+ —’
A+ A,

where & is defined in (11) with V shown in (45) and A}, A,
are arbitrary constants.

Aksoy et al. [67] utilized the (G /G)-expansion method
to generate the exact solutions of (28), which are expressed
in (33), (34), and (35) in their paper. We have found that
our exact solutions in (34), (39), and (46), obtained by the
(G'/G, 1/G)-expansion method, have the same mathematical
structures as their results. While the solutions in (36), (41),
and (44) do not appear in [67] and they are all new and not
found elsewhere.

w (x, y,2,t) = a, (46)

3.2. Using the Novel (G'/G)-Expansion Method. Obtaining
N = 1 from balancing the highest order derivative U"" with
the nonlinear term of the highest order (U’)?, the solution
of (30) using the novel G /G)-expansion method has the

following form:

UE =a,(y®) " +a+a (v®), (47)
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where y(£) = d+¢(&) and ¢(&) = G'/G. Substituting (47) into —-36dAva_ja, - 2dea1 - 2VdAa, - 8d2[4a1
(30) and then performing algebraic manipulations, the left- " " "
hand side of (30) is converted into polynomials of (y(&))™/ = +18d°va_, +3d va, + 36d"a_,a, — 8dAua,

(d + (&) and (y(§))’ = (d + $(&))’ where j =0,1,2,3,4.

Equating the coefficients of like-power of these polynomi-
als to zero, we obtain the following set of nonlinear algebraic
equations:

+ 12dAva_, + 36dAa_ja, — )Lzyal +Ava_
+6A%a_a, — 2(421/(11 - 3pt2af + 2yv2a_1

2 2
. , ), , , + 12uva_ja, — 3v-a_, + 2Vyua, —2Vva_,
v (&): —6via, —3via;] + 18v7a, + 6va; — 18va, ) ) )
, —6d°a_; —3d°a; — 6dMa_; — 3dAa, — A"a_,
—3a; +6a;, =0,
+ 2[42011 —4pva_, — 12ua_ja; + 6vail +2Va_,
v’ (§): 24dv’a, + 12dv’a — 72dvia, - 24dva; 5
+2pa_y +3pa; —3va_; —3a_; +3a_ =0,
- 120v%a, - 6Avaf +72dva, + 12daf + 24\va,
, v (&): -24d’Va_, - 24d’Va_a, + 72d°Va_,
+6Aa; —24da, — 12Aa, = 0,
+48d°va_,a, + 36d°A\v*a_, + 36d°Ava_,a,
2 2 2 2
&): -36d*v’a, — 18d*v*a +108d va
v ! ' ~-72dva_, - 24d’a_ja, - 72d*\va._,
+ 36d2vaf +36dAva, + ISdAvaf —108d%va, 5 5 5
—-36d°Aa_ja; — 14dA"va_; — 12dAa_ja,
- 18d2af - 72dAva, - ISdAaf - 7A*va, - 3)L2af 5 -
- leduva_; —24duva_ja, + 12dv-a’,
— 8uvia, — 6uva’ + 6v'a_ja, + 2Vva, +36d°a,
! +4Vdva_, +24d%a_, + 36d°Aa_, + 14d\%a_,
+36dAa, + 7\ a, + 16uva, + 6/4af - 12va_,a,
+32duva_, + 24dua_,a, - 24611/(131 +Va_
—-2Va, — 8ua, + 3va, + 6a_ja, —3a, =0,
+ 8A\uva_, + 12 \pa_,a, - 6Avafl —4Vda_,
3 3 3 3.2
v (&): 24d v a, +12d v al 72d°v? a, — 24d’va;
—-2VAa_, — 16dua_, + 6dva_, + IZdaE1 - 8Apa_,
- 36d°Ma, — 18d°A\va; + 72d°va, + 12d°a’
+6Aa’, —6da_, —3Aa_, =0,
2 2y 2 2 2 2 !
+72d" Ava, + 18d°Aa; + 14dA"va, + 6dA"a;
5 5 5 v (&) 36d"Va_, +6d*va_ja, - 108d*Va_,
+ 16duv®a, + 12duva; - 24dv°a_ja, — 4Vdva,
; 5 ) - 12d*va_ja, - 72d’Wa_, - 12d°Ava_,a,
—24d’a, - 36d°\a, — 14d\"a, — 32duva,

+108d*va_, + 6d*a_,a, + 144d° \va
- 12d/4af +48dva_ja, - Va, - 8Auva, — 6/\[4af - - !

3 212 212
+ 12Ava_,a, + 4Vda, + 2Va, + 16dua, — 6dva, +12d°Aa_ 4y + B3d°V'va_, + 6d°Vaya

—24da_,a, + 8\ya, — 12Aa_,a, + 6da, +ddd wa ) + 12d° uva_a, - 18d°va?|

+3a, =0, - 2Vd*va_, - 36d*a | — 72d°\a_, — 43d*A’a_,
V' ©): —6d"va, - 3d"Va +18d"va, + 6d*va; - 88d’uva_, — 12d’pa_ja, + 36d°va’, - 7d\’a_,

+12d°Ma, +6d°Ava; - 18d*va, - 3d*a’ — 44d)pva_, - 12dMya_,a, + 18dAva’,

- 24d° \va, - 6d°Aa; - 7d*Ava, - 3d° A a; +2Vdia_, +2Vdda_, + 44d°pa_, - 3d*va_,

— 8d*uv’a, — 6d’uval +6d°v’a_, + 36d°v'a_,a, —18d%a’, + 44dAya_, — 18dAa’, + 7\ pa_,

+2Vd*va, + 6d*a, + 12d°Aa, + 7d°Na, - 30%a%, + 8pPva_, + 6ula_ja, — 6uva’,

+ 16’ uvay + 6d”pa; —18d°vVa_, - 72d va_yay ~2Vua_, +3d’a_, + 3dAa_, - 8’a_, + 6ua’,

+dNa, + 8dAuva, + 6d/\yaf - 6dMa -3ua_; =0
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1//73 &: - 24615\/3(1,1 + 72(151/2(1,1 + 60d4/\v2a,1
- 72d°va_, - 120d*\va_, — 48d°\*va_,
—48d’wa_, + 12d°va’ | + 24d°a_, + 60d*Aa_,
+48d°Va_, +96d° uva_, - 24d°va’,
+12d°Va_, + 72d° \uva_, — 18d°Ava’
- 48d3;m_1 + 126136131 - 72d2/lya_1 + 18d2)ta31
~24d)Npa_, + 6d)’a’| - 24dy’va_, + 12dyva’,
+24dy’a_, - 12dpa’| + 12M\°a_, — 6\ua’, =0,
v (E): 6dVa - 18d%a - 18d°Wa_,
+18d%va_| +36d°Ava_, + 18d*A\*va_,
+18d*wa_, - 3d4v2a31 -6d%a_, - 18d°Aa_,
- 18d*Na_, - 36d*uva_, + 6d4va31 -6d’Na_,
—36d° \uva_, + 6d3/\vafl +18d*pa_, - 3d4a31
+36d° \ya_, — 6d°Aa’| + 18d°A pa_,
- 3d2/\2a31 + 18d2(42va_1 - 6d2‘uvafl
—18d°la_, + 6d°pa’, - 18d\y*a_, + 6dAua’,
+ 6;43(1,1 - 3[420131 =0.

(48)

Using the symbolic computation software Maple 17 to
solve the above system in (48), we obtain the following three
cases of unknown constants a,,a,,a_;,d, and V.

Case 1.
a, =0,
a_, =2d’v-2d> - 2dA + 2,
49)
1., 3 (
V=-A-2uv+2u-—,
P AT AT

ay, 4 A, v, d are arbitrary constants.

2d*v - 2d* - 2dA + 2u

9
Case 2.
a, =-2v+2,
a, =0,
1., 3 (50)
V=-A-2uv+2u-—,
27 TR
ay, 4 A, v, d are arbitrary constants.
Case 3.
a, =-2v+2,
A —duv + 4p
a,=-———"—/7/—,
! 2(v—-1)
A (51)
2(v-1)

3
V = 2% — 8uv + 8 — >
ay, 4> A, v # 1 are arbitrary constants.

All of the following exact solutions u(x, y,z,t) of (28)
are constructed by using the solutions of the generalized
Riccati equation (A.1) which are classified into four families
as mentioned in the Appendix. Then they are verified by
substituting back into (30) with the aid of the Maple 17
package program to check that all of the solutions satisty (30).
In order to obtain the exact solutions u(x, y, z,t) of (28), we
must use the change of variable

X1 yP z¥ \%

&= T(l+n) T(+p) T(l+y) T(+a)

(52)

with the values of V' obtained from each case of unknown
constants. Comparing (A.l) to (27), we have that p = A,
q = (v—1), r = . For convenience, we set

A=A —4u(v-1). (53)

The Exact Solutions of (28) Obtained Using the Unknown
Constants of Case 1. Substituting (49) into (47) together with
using (52) and (53), we obtain the following.

Family 1. When A > 0and A(v— 1) # 0 (or (v — 1) # 0), the
hyperbolic function solutions of (28) are as follows:

uy (%, 7,2,t) =

2d%v - 2d* - 2dA + 2u

d-(1/@2(v-1)))[A+ VAtanh ((1/2) VAE

+ ay, (54)
)]

ul (x, . 21) =

d-(1/ @2 -1)) [+ VAcoth ((1/2) VAE)]

2d*v - 2d* - 2d)A + 2u

+ay, (55)

”;,4 (%, y,2,t) =

d-(1/@v-1))[A+ VA(tanh (VAE) +isech (VAE))]

+ dys (56)
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2d%v —2d* = 2d) + 2
”é,é (x. y,2,t) = ¢ e + dos

Cd- (1/2(wv-1)) [/\ + \/Z(coth(\/Zf) + csch(\/zf))]

i (o, 2,8) = 2dv - 2d> - 2d) + 2u .
P T (7 (- 1)) [2A + VA (tanh ((1/4) VAE) + coth ((1/4) VAE))] "

2d*v - 2d* - 2dA + 2u
d+ (1)@= 1) A+ (24/(42 4 B) & - AVE cosh (VAE) )/ (4sinh (VAE) + B) |

2d*v —2d* - 2dA + 2u

d+ (1)@= 1) [-A= (/B - A7) & + AV sinh (VAE) ) /(A cosh (VAE) + B) |

”é,9 (%, y,2,t) =

”}0,11 (%, y,2,t) =

where A and B are two nonzero real constants and satisfy
B’ - A%>0,

2d*v —2d* - 2dA + 2u Yy
[d +2ucosh ((1/2) VAE) / (VA sinh ((1/2) VAE) - Acosh ((1/2) VAE))]

 (%,7,2,t) =

2d*v - 2d* - 2dA + 2u
[d - 2usinh ((1/2) VAE) / (Asinh ((1/2) VAE) - VA cosh ((1/2) VAE))]

us (%, 3, 2,t) = + ay,

- 2d*v - 2d* - 2dA +2u )
- [d+ 2‘ucosh(\/zf)/(\/Zsinh(\/Zf) - /\cosh(\/Zf) + l\/Z)] o

. 2d*v - 2d* - 2dA + 2u
U1y (% 3,2,t) =
’ [d+2ysinh(\/ZE)/(—/\sinh(\/Zﬁ)+ Acosh(\/zf)i \/Z)]

”}4,15 (%, y>2,t)

+ay,

i (% 7,2,1)

2d*v —2d* - 2dA + 2u

+ay,

+ ay,

B [d + 4y sinh ((1/4) VAE) cosh ((1/4) VAE) / (-2Asinh ((1/4) VAE) cosh ((1/4) VAE) + 2VA cosh® ((1/4) VAE) - VA )]

+4ay.

Family 2. When A < 0and A(v—1) # 0 (or u(v—1) # 0), the
trigonometric function solutions of (28) are as follows:

- 2dv - 2d> - 2d) + 2u
d+(1/@2(-1)[-A+ V=Atan ((1/2) V=AE)]

u}Q (X’ Vs Zs t) + ay,

_ 2d*v - 2d* - 2dA + 2u
d-(1/@2(-1)) [A+V=Acot((1/2) V=AF)]

_ 2d%v - 2d* - 2dA + 2u
d+(1/2(v-1)) [-A+ V=A (tan (V=AE) + sec (V=AL))]

_ 2d*v - 2d* - 2dA + 2u .
d—(1/ @ (- 1) A+ VA (cot (V=2E) = csc (V=28))]

uly (3, ,2,1)

”;1,22 (%, y,2,t) + ay,

”;3,24 (X’ PAXD t)

(57)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)
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_ 2d*v —2d* - 2dA + 2u
d+(1/ (4(v-1))) [-2A + V=A (tan ((1/4) V=AZ) - cot ((1/4) V=AF))]
2d*v —2d* - 2dA +2u

d+(1/2wv=-1)) [—A+ (i\/—(AZ “BY)A —AMCOS(M5))/(Asin(M§) +B)

) 2d*v —2d* - 2dA +2u
Urg.29 (x,y,2,t) = tap  (72)

d+ (1) =) |- (/- (42 = B?) A + AV=E cos (V=AE) ) / (4sin (V=5¢) + B) |

uys (%, 9, 2,t) + ag, (70)

”;6,27 (x,y,2,t) = ] +a, (7))

where A and B are two nonzero real constants and satisfy
A*-B*>0,

W oy at) = 2d%v - 2d® - 2dA + 2u s .
I Td  apicos ((1/2) V=2¢€) / (V=h sin ((1/2) V=28) + Acos ((1/2) V-2E))] 73)

W oy at) = 2d’v —2d” - 2dA + 2u s o
e S sin ((1/2) A€/ (A sin ((1/2) V-AE) + VoA cos ((1/2) V-aE))] * )

2d*v - 2d* - 2d\ + 2u

1 —
s (00 ) = L (NE8) ] (Bsin (V-3) + A con (V-2E) £ V-B)] 73
Wy at) = 2d%y - 2d” - 2dA + 2u i a -
s 0 ) L sin (VAE) / (A sin (V-AE) + V-Acos (V-AE) £ VA)] 76)
3 (%, 3,2,1)
_ 2d*v - 2d* - 2dA + 2u
[d + 4y sin ((1/4) ME) cos ((1/4) Mf) / (—2)» sin ((1/4) \/Ef) cos ((1/4) ME) +2+/=A cos? ((1/4) Mf) - M)] 77)
+ay.
Family 3. When p = 0 and A(v — 1) # 0, the hyperbolic
function solutions of (28) are as follows:
W oz ) = 2d*v - 2d* - 2d)A a 78)
TP =T 6] (7= 1) ¢ + cosh (M) —sinh (A))]
. B 2d%v - 2d* - 2d)
0 05220 = [ cosh 08 + sinh (1) / (0~ 1) (e, = osh (1 + sinh ()] * 7
where ¢, is an arbitrary constant. The Exact Solutions of (28) Obtained Using the Unknown

Constants of Case 2. Substituting (50) into (47) together with
Family4. Wheny = A = 0and v—1 # 0, the rational function using (52) and (53), we obtain the following.

solution of (28) is as follows:
Family I. When A > 0and A(v—1) # 0 (or u(v—1) # 0), the

hyperbolic function solutions of (28) are as follows:
2d*v - 2d*

d-1/((v-D&+¢)]

1 —
sy (5,9, 50) = ta B0 2y = a2 [d—;(a

2(v-1) (81)
+ VAtanh (%\/KE))] ,

where ¢, is an arbitrary constant.
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u; (%, y,2,t) =ay—2(v—1) [d_z(v—l) <)L
(82)
+ \/Kcoth(l\/ZE»],
us, (%, y,2.t) = ag =2 (v—1) [d 2(1/— 1)
(83)
+ VA (tanh (VAE) +lsech(vxg)))]
u56(x y,z,t)=a;—2(v-1) [d 2(1/— 1)
(84)
VB (coth (VAE) = csch (VAE)))
w (x, p,2,t) =ag -2 (v—1) [d—ﬁ(ﬂt
(85)

. vz(tanthxg) . coth(iﬁf)))] ,
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1
2(v1)<A

Ugo (%, y,2,t) = ay =2 (v—1) I:d+

(86)
[(A2+ B) A -
+i (A? + B?) A - AVA cosh (VAE) ’
Asinh (VAE) + B
“fo,n(x’y’z’t)—ao2(V1)|id+ﬁ<)‘
(87)

Acosh(\/ZE) +B

+\/W+A\/Zsinh(\/z€)>:|

where A and B are two nonzero real constants and satisfy B>
A > 0.

2 ( ) 2r-1) Fd 2u cosh ((1/2) \/_f) (38)
V.2 t) =ay -2 (v — + ,
iz 2% % ! VA sinh ((1/2) \/_5) Acosh((l/z) \/ZE) |
I 2usinh ((1/2) VAE)
L (oyzt)=ay-2(v-1)|d- , 89
s (0220 =t =2 () = VRE) - VA cosh ((172) VAE) | )
[ Zycosh(\/Zf)
ts(oyzt)=a,-2(v-1)|d : 90
iaas (0250 = & =20 =) L " VAsinh (VAE) - A cosh (VAE) £ iVA 0
2ysinh(\/Zf) ]
2 (oyzt)=a—2(v-1)|d , 91
i (%:7:2:) = ap =2(v=1) |d + -1 sinh(\/ZE) + Acosh(\/KE) + VA oy
[ 4y sinh 4) VA h((1/4) VA
uig (X, y,2,t) =ag—2(v—1) [ d + Hem ((1/ ) \/_E) o (( 4 \/_E) . (92)
| —2Asinh ((1/4) VAE) cosh ((1/4) VAE) +2VA cosh® ((1/4) VAE) - VA
Family 2. When A < 0 and A(v = 1) # 0 (or u(v — 2 g — _ [ b
1) # 0), the trigonometric function solutions of (28) are as Ha1.22 (oyzt)=a-20-1)|d+ 2(v-1) ( A
follows: (93)
+ \/E(tan (Mf) + sec (ME)))] ,
Wy (%, y,2,t) =ag—2(v—1) [d+ﬁ<—/\ .
©3)  Unu®=a-2(-1 [d— 70D (A
+ Mtan<lﬂf)>], (96)
2 V7B (cot (V-8  esc (V7E)) |
1
14;0 (x)y:z7t) =dy— 2(1/— 1) [d - m <A u;s (x,y,Z,t) =ay— 2(1/— 1) [d+ ﬁ <—2/\
(94) (97)

(0]

7 (ran (2 v7EE) - cot(iﬂf)))] ,
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1 1
Uysrr (6 322:t) = ag—2(v—1) d+2(v—1) -A Usgro (32 2,t) = ag— 2 (v—1) d+2(v—1) -
(98) — ©9)
+4/- (A> = B?) A + AV=A cos (V=AE)
+i\/—(A2_BZ)A—AHcos(ME) ’ - Asin(ﬁ§)+B ,
Asin(ﬂ{) +B
where A and B are two nonzero real constants and satisfy A*—
B* >0,
5 Zycos((l/Z) ME)
S hot)=ag-2(v-1)|d- ,
0 (%20 = 0 =2 (v 1) | d = G VERE) + Aeos ((1/2) VEBE) 100
5 2ysin((1/2) ME)
) at)=ay-2(v-1)|d ,
By sl = =201 d ~Asin ((1/2) V=AE) + V=A cos ((1/2) V=AF) aon
5 Zycos(ﬂﬁ)
S hot)=ap-2(v-1)|d- ,
a2 Coyat)=a-20-1) L Msin(Mf) +Acos(ﬂ£) + V-A (102)
Zysin(ﬁf) :|
s (B yzt)=a -2(v-1)|d , 103
oass (o302 t) = =20 =D | oy e P con (Voat) £ VA 109

4pssin ((1/4) V=AE) cos ((1/4) V=AZ)

W (x, pz,t)=a,-2(v-1)|d

Family 3. When p = 0 and A(v — 1) # 0, the hyperbolic
function solutions of (28) are as follows:

! —2Asin ((1/4) ME) cos ((1/4) ME) + 2V=A cos? ((1/4) Mf) -V-A

:| . (104)

Family4. Wheny = A = 0and v—1 # 0, the rational function
solution of (28) is as follows:

”§7 (%, y,2,t) =ay =2 (v—1) ugg (x,y,2,t)=a,—-2(v—-1) [d - ;] , (107)
(v-Dé+g
e, (105)
d- X . .
[ (v—1)¢, + cosh (AE) — sinh (&) ] where ¢, is an arbitrary constant.
”gs (x, 3 zt) =ay-2(v-1) The Exact Solutions of (28) Obtained Using the Unknown
(106) Constants of Case 3. Substituting (51) into (47) together with
- A (cosh (AE) + sinh (A&)) using (52) and (53), we obtain the following.
(v—1) (¢, + cosh (A&) + sinh (A£)) |’
Family 1. When A > 0and A(v—1) # 0 (or (v — 1) # 0), the
where ¢, is an arbitrary constant. hyperbolic function solutions of (28) are as follows:
w(x, y,2,t) = = +ay+ \/Ztanh(l\/ZE> , 108)
VA tanh ((1/2) VAE) 2
w (x, y,2,t) = A +a0+\/Kcoth(l\/KE) 109
2PN R coth ((172) VAE) 270 (109
3 A .
us, (x, 9,2, t) = +ay + VA [tanh (VAE) + isech (VAE)],
3,4 ( y ) \/Z [tanh (\/Zf) +isech (\/ZE)] 0 [ ( ) ( )] (110)
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3 _ A .
Uz (x, y,2,t) = 7 [coth (\/Zf) Y (\/Zf)] +ay+ VA [coth (\/ZE) +icsch (\/Kf)] , (111)

) ) A VA 1 !
47 (o yat) = (VA/2) [tanh ((1/4) VAE) + coth ((1/4) VAE)] | ° " 2 [tanh<4ﬂ5> +C°th<4ﬂ€>]’ (112)

A

£\[(42 + B) & - AV cosh (VAE) )/ (Asinh (VAE) + B) |

+aq,

u§,9 (x,y,z,t) :_[(

(113)
+1/(A2 + B®) A — AVA cosh (\/KE)
Asinh(\/ZE) +B ’
”?0,11 (x, 3,2:t) = A +ag
[(i (-=A2 + B?) A + AVAssinh (\/Z«f)) / (A cosh (\/KE) + B)]
(114)
+1/(=A% + B?) A + AVAsinh (VAE)
+ b
A cosh (\/Zf) +B
where A and B are two nonzero real constants and satisfy
B* - A*>0.
) (%, y,2,t) = - ! 4 tay—2(rv-1)
2P T T 0D M (- 1) + 2ucosh ((1/2) VAE) / (VA sinh ((1/2) VAE) - Acosh ((1/2) VAE))] "
115
' [ 2 . 2p cosh ((1/2) \/ZE) } (115)
2(v—1)  VAsinh((1/2) VAE) - A cosh ((1/2) VAE) |
wy (%, y,2,t) = - ! A +ay-2(v-1)
B T T 0D M@= 1) - 2usinh ((1/2) VAE) / (Asinh ((1/2) VAE) - VA cosh ((1/2) VAE))]
116
. [ A Zysinh((l/Z) \/Zf) } (1e)
2(v-1)  Asinh((1/2) VAE) - VAcosh ((1/2) VAE) |
s (6 yzt) = - ! A +ay—2(v-1)
1415 100 0> %) = 2(v-1) [A/ Qw-1)+ Zycosh(\/Zf,)/(\/Zsinh(\Ef) - Acosh(\/ZE) + M/Z)] 0
11
[ A . Zycosh(\/xf) ] @)
2(v-1) \/Zsinh(\ﬂf) —Acosh(\/Zf) +ivVA |’
1w (%, y,2,t) = - ! A +a,-2(v-1)
16,17\ )22t = 2(v-1) [A/ Qw-1)+ 2Msinh(\/ZE)/(—Asinh(\/Z£) + Acosh(\/ZE) + \/Z)] %
(118)

[ h) . Zysinh(\/gf) ]
2(v-1) —)»sinh(\/Zf)+\/Zcosh(\/Z£)i\/Z’

1

ujs (x, 32 2.1) = 20-1)

A
[/\/ 2(-1)) +4u sinh((1/4) \/ZE) cosh ((1/4) \/Zf) / (—2/\ sinh((1/4) \/KS) cosh ((1/4) \/EE) +2vVA cosh? ((1/4) \/Kf) - \/Z)] (119)

2 4psinh ((1/4) VAE) cosh ((1/4) VAE)
20-1) —2Asinh ((1/4) VAE) cosh ((1/4) VAE) +2VA cosh® ((1/4) VAE) - VA |

+ao—2(v—1)[
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Family 2. When A < 0and A(v—1) # 0 (or u(v—1) # 0), the
trigonometric function solutions of (28) are as follows:

s (e 2 t) =~ ((?/2) ) +ay— V=Rtan (3 V7AE),
W (%, y,2,t) = Mcot((?/Z) ) +ay+ ﬂcot(%ﬂf),
(5 2) =T Mﬁ)m ey o [VB lan (VB s see(VED)
s (0:20) = T m?)icsc gy R (V) e ()
s (%, 7,2,t) = - = +ay

(vV=8/2) [tan ((1/4) V=AE) - cot ((1/4) V=A)]

5 )0

”36,27 (%, y,2,t) = — + 4
[( /- (A% - BY) A — AV=A cos (V-A¢) )/Asm \/_E+B)]
+4/-(A2-B*)A- A\/_Acos V=AE)
- Asm(\/—_E+B
+a

”28,29 (%, 3,2,t) = [<

+1/- (A2 - B} A+ Aﬁcos(ﬁg)) / (Asin (V=AZ) + B)]
[ /- (A2~ B?) A + AV=A cos (V-AF) ]

Asin(ﬂf)+B

where A and B are two nonzero real constants and satisfy
A’ - B >0,

1 A

3 _ _ _
t (3%, 302:1) = 2(v-1) [/\/ 2w-1))- 2;4c05((1/2) \/IE) / (\/Isin ((1/2) ME) + Acos ((1/2) ME))] T -20-1)
. [ A 2ucos ((1/2) V=A¢) ]
2(v-1) \/Isin((l/Z) ﬂf)+hcos((1/2) ﬂf) ’
W (%, 9, 2,t) = = ! a tay,-2(v-1)
nEBPEUET (v-1) [/\/ Q2w-1)+2u sin((1/2) ME) / (—)L sin ((1/2) \/IE) + V-A cos((1/2) ME))] %
. [ A . 2ysin((1/2) \/IE) ]
2(v=1)  —Asin ((1/2) ME) + —Acos((1/2) ME) ’
5 (%, 9, 2,t) = — ! A ta,-2(v-1)
3233 V0 )58 = 2(v-1) [}L/(z(v—1))—2ycos(ﬂf)/(ﬂsin(ﬂf)+Acos(ﬂf)iM)] 0
) [ A ZMCOS(ME) }
2(v-1) Msin(ﬁf)+lcos(ﬂf)im ’

15

(120)

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)
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“24,35 (%, y,2,t) =

[ A 2ysin(\/15)
‘ 2(V—1)+—Asin(\/If)+ —Acos(ﬂf)im '

N 1
2(v-1)

35 (%, 2,1) =

2(v-1) [A/ 2w-1)) +2ysin(ﬂf)/(—/\sin(ﬂf) + —Acos(\/IE) + M)]

+a,-2(v-1)

(130)

[A/ (v = 1))+ 4psin ((1/4) V=AE) cos ((1/4) V=AE) / (~2A sin ((1/4) V=AE) cos ((1/4) V=AE) + 2v/=A cos? ((1/4) V=AE) - v=4)] (131)

1 4y sin ((1/4) ﬂf) cos((1/4) \/If)

+%—2(v—1)[

Family 3. When p = 0 and A(v — 1) # 0, the hyperbolic
function solutions of (28) are as follows:

20-1 ~2Asin ((1/4) V=AE) cos ((1/4) V=A&) + 2v=A cos* ((1/4) V=AE) - V=4 |

w; (%, 7,2,t) =

s (%, 7,2,t) =

1 2
20DV C0-1)-2Aa/((v= 1) + cosh (1) —sinh (AE))] © ° -
—2(v—1)[ L fa____ :
2(v=1) (v—1)¢ + cosh (A&) — sinh (A&)
22
N [A = 21 (cosh (A&) + sinh (A)) / (¢; + cosh (AE) + sinh (A£))] T (153)

B [A B 2\ (cosh (A&) + sinh (A&))
¢, + cosh (AE) + sinh (AE) |~

where ¢, is an arbitrary constant.

Family4. When y = A = 0and v—1 # 0, the rational function
solution of (28) is as follows:

—2v+2

RN

o (%, 9,21) = g

where ¢, is an arbitrary constant.

Our solutions in (81)-(107) for Case 2 are more general
than the exact solutions obtained in [68] in which the authors
employed the generalized Riccati equation mapping method
to seek the exact solutions of (28) withy = S =y = a =
1. However, their work did not produce the exact solutions
for Cases 1 and 3, that is, (54)-(80) and (108)-(134). In
addition, our exact solutions in (54), (66), (105), and (107) are
equivalent to that, which were constructed by the exp(—®(§))
method, in [66] in which they were expressed in (28), (29),
(30), and (32), respectively. Furthermore, our exact solutions
in (79) and (106) have the same mathematical structure as
solution (29) in [67] using the exp-function method. Hence,
the novel (G'/G)-expansion method used in our work have
provided more new forms of the exact solutions of (28) since
the method gives more free parameters than the existing
methods utilized previously.

4. Some Graphical Representations of Some
Solutions and Their Physical Explanations

The exact explicit solutions of the (3 + 1)-dimensional
nonlinear space-time fractional Jimbo-Miwa equation in (28)
are very useful for describing the diverse types of solitary
wave solutions in physics. In this section, we will therefore
provide some graphical representations of some interesting
exact solutions of the equation. In addition, we will also
discuss the physical explanations of such exact solutions. The
selected exact explicit solutions of (28), which are plotted
only for 15 < x,y < 15 with various values of #, 3, are
characterized by their shapes and physical meanings. The
used values of #, 3 are mixed among # = 1,0.99,0.9 and
B = 1,0.99,0.8. For the fixed values = 0.9, f = 0.8, the
absolute value of the selected exact solutions |u(x, y,z,t)| is
also plotted since the solutions u(x, y,z,t) sometimes arise
in a complex form or produce complex values according
to the variations of the used parameters and the plotting
domain. The selected exact solutions of (28) obtained using
the (G'/G, 1/G)-expansion method and the novel (G'/G)-
expansion method are graphically portrayed as follows.
The results in (36), (39), and (44), constructed using the
(G'/G, 1/G)-expansion method, are chosen in presenting
their graphs and physical meanings. By the novel (G'/G)-
expansion method, we show graphical representations and
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FIGURE : Associated plots of u;(x, ¥,2,t) in (36) with —15 < x, y < 15 using the (G'/G, 1/G)-expansion method: (a) solitary wave solution
of singular kink type for u)(x, y,z,t) with f = B = 1, (b) I-soliton solitary wave solution for u}(x, y,z,t) with 5 = B = 0.99, (c) 1-soliton
solitary wave solution for u;(x, y,2z,t) withn = 0.9, f = 0.8, and (d) Iu;(x, y,z,t)| withn = 0.9, 8 =0.8.

physical explanations of some chosen exact solutions of (28)
for only Case 3.

Using the fixed values y = 0.5, A = -1, A} = 2,
and A, = 1 and the various values of #, 3, the hyperbolic
function solutions of (28) generated employing u(x, y,z,t)
in (36) are demonstrated graphically as follows. The solution
uy(x, y,z,t) with = B = 1, describing the solitary wave
solution of singular kink type, is depicted in Figure 1(a).
In addition, the exact Il-soliton solitary wave solutions
ul(x, y,z,t) corresponding to 7 = = 0.99 and 7 = 0.9, § =
0.8 are shown in Figures 1(b) and 1(c), respectively. Figure 1(d)
displays the graph of |u} (x, y, z,t)| with 77 = 0.9, 8 = 0.8.

For the fixed values y = 0, A = 1, A; = 2,and A, =
1 and the specified variation of of #, f3, the trigonometric
exact solutions uf(x, y,2,t) in (39) of (28) are as follows.
The solution u?(x, y,z,t) with n = = 1 describing the
periodic traveling wave solution is depicted in Figure 2(a).
The solution u}(x, y,z,t) with ¥ = B = 0.99 demon-
strating singular double-soliton solution is presented in
Figure 2(b). The graph, which is shown in Figure 2(c) and rep-
resents the singular multiple-soliton solution, corresponds
to ul(x,y,z,t) with # = 0.9, B = 0.8. We can observe
that their graphs are not plotted on the entire domain since
these solutions have real values only on a certain part of the



18
‘l "‘ll't’ '
ol "."' u“‘“""'“
0 m...ll.. Mu,,! n""lwf,,
B ’ l
-40
|
-60
u -80

Mathematical Problems in Engineering

FIGURE 2: Associated plots of uf(x, ¥,2,t)in (39) with —15 < x, y < 15 using the (G'/G, 1/G)-expansion method: (a) periodic traveling wave
solution for u?(x, v,z,t) with = B = 1, (b) singular double-soliton solution for uf(x, v,z t) with 7 = 8 = 0.99, (c) singular multiple-soliton
solution for u; (x, y, z,t) with = 0.9, 8 = 0.8, and (d) |uf(x, y,2z,t)| withn = 0.9, f = 0.8.

domain. The graph of |u?(x, y,z,t)| with 7 = 0.9, B = 0.8 is
shown in Figure 2(d).

Varying the values of #, 3 as specified above, the rational
function solution uf(x, y,2,t) in (44) of (28) provides the
physical behaviors similar to the behaviors of 1 (x, y, z,t) as
shown previously. In other words, for the fixed values y = 0.5,
A =0,A, =2,and A, = 1, the solitary wave solution of
singular kink type u;(x, y,z,t) with = B = 1 is plotted
on the domain and represented in Figure 3(a). In addition,
the solutions u; (x, y,z,t) withy = f = 0.99 and 7 = 0.9,
B = 0.8 characterize the same physical interpretations as
demonstrated in Figures 3(b) and 3(c), respectively. They are
I-soliton solitary wave solutions occurring only for positive

values of x, y since they become complex for x < 0 or y < 0.
The graph of |u?(x, y,2z,t)| withy = 0.9, f = 0.8 is shown in
Figure 3(d).

The following graphical representations are portrayed
below using the chosen exact solutions constructed from the
novel (G'/ G)-expansion method. For the fixed values ¢ = 0.5,
A =1,v = 0.5, and g, = 1, the solutions generated using
ug(x, y,2,t) in (110) of (28) with the specified values of 7, 3
are as follows. The solution 1 (x, y,z,t) with 7 = 8 = 1 gives
the exact kink type solitary wave solution which occurs from
one asymptotic state to another and approaches a constant at
infinity. Its plot is shown in Figure 4(a). The discontinuous
solitary wave solutions of kink type for u(x, y, z,t) with 57 =
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FIGURE 3: Associated plots of ui (x, ¥, z,t) in (44) with —15 < x, y < 15 using the (G'/G,1 /G)-expansion method: (a) solitary wave solution
of singular kink type for i’ (x, y,z,t) with § = B = 1, (b) l-soliton solitary wave solution for i’ (x, y,z,t) with 5 = B = 0.99, (c) 1-soliton
solitary wave solution for uf(x, y,2z,t) withn = 0.9, f = 0.8, and (d) qu(x, y,z,t)| withn = 0.9, 8 =0.8.

B =0.99and#y = 0.9, B = 0.8 are depicted in Figures 4(b) and
4(c), respectively. Their graphs are not plotted on the entire
domain since these solutions have complex values only on a
certain part of the domain. The graph of Iug(x, ¥,z,t)| with
n =0.9, B = 0.8 is displayed in Figure 4(d).

The solution ufz(x, y,z,t) of (28), expressed in (115), is
characterized as the soliton solitary wave solution which is
used to explain many physical phenomena such as soliton
propagation in optical fibers. For the fixed values 4 = 0.5,
A =1,v=05,and g, = 1 and on the specified domain, the
exact soliton solitary wave solution u?,(x, y,z,t), obtained
using (115) with # = f = 1, is represented in Figure 5(a).
Figures 5(b) and 5(c) show the discontinuous shapes of the

exact soliton solitary wave solutions 13, (x, , z,) with 5 =
B =09 andn = 09, f = 0.8, respectively. The graph
of [u(x,y,2,t) with n = 0.9, B = 0.8 is displayed in
Figure 5(d).

The example of a singular periodic traveling wave solution
of (28) can be investigated in the exact explicit solution
”35(’@ y,2,t) obtained from (124) with # = = 1 and the
fixed values 4 = 1, A = 0.5, v = 1.5, and g, = 1. Its graph is
represented in Figure 6(a). Using the same values of g, A, v,
and a,, the exact singular double-soliton and multiple-soliton
solutions for 13, (x, y,z,t) corresponding to 7 = f§ = 0.99
and 7 = 0.9, B = 0.8 are plotted in Figures 6(b) and 6(c),
respectively. In these cases, we show the solutions only for
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FIGURE 4: Associated plots of ug (x, y,z,t) in (110) with —15 < x, y < 15 using the novel (G'/G)-expansion method: (a) solitary wave solution
of kink type for u}(x, y,z,t) with # = B = 1, (b) discontinuous solitary wave solution of kink type for 13 (x, y, z,t) with 7 = 8 = 0.99, (c)
discontinuous solitary wave solution of kink type for uz(x, y,2,t) with = 0.9, $ = 0.8, and (d) Iug(x, y,2,t)| with = 0.9, 8 = 0.8.

positive values of x, y since they become complex for x < 0 or
y < 0. Consequently, the graph of |t (x, y, z, t)| with 7 = 0.9,
B = 0.8 is plotted in Figure 6(d).

In Figure 7(a), we have presented the exact periodic trav-
eling wave solution of u3,(x, y,z,t) on the domain using 7 =
B =1 and the fixed values y = 1, A = 0.5,v = 1.5,9, = 1, A =
1, and B = 0.5. Using the same values of 4, A, v, a,, A, B, the
exact singular double-soliton and multiple-soliton solutions
for u3,(x, y, z,t) corresponding to 7 = = 0.99 and 77 = 0.9,
B = 0.8 are plotted in Figures 7(b) and 7(c), respectively.
In Figures 7(b) and 7(c), the solutions ugo(x, y,2,t) become
complex values on the region in which the values of x or y are

negative. In addition, the plot of Iugo(x, y,2,t)| with 7 = 0.9,
B = 0.8 is displayed in Figure 7(d).

For the fixed values ¢ = 0, A = 0.5,v = 1.5,a, = 1,
and ¢; = 1, the exact explicit solution u§7(x, y,2,t) of (28),
obtained using (132) and # = 8 = 1, describes the solitary
wave solution of singular kink type, which is shaped as in
Figure 8(a). Figures 8(b) and 8(c) demonstrate the shapes of
the exact 1-soliton solitary wave solutions of singular kink
type using u3,(x, y,z,t) with 7 = B = 0.99 and 57 = 0.9,
B = 0.8, respectively. The graph of [u3,(x, y, z,t)| with 17 =
0.9, = 0.8 is displayed in Figure 8(d).

For the fixed values y = A = 0,v = 1.5,a, = 1, and
¢, = 1 and on the mentioned domain, the exact explicit
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FIGURE 5: Associated plots of uiz(x, y,2,t) in (115) with 15 < x, y < 15 using the novel (G'/G)-expansion method: (a) Soliton solitary
wave solution for u?z(x, v,z t) with y = = 1, (b) discontinuous soliton solitary wave solution for ufz(x, y,z,t) withn = = 0.99, (c)
discontinuous soliton solitary wave solution for uiz(x, y,2,t) with = 0.9, $ = 0.8, and (d) quz(x, y,z,t)| with = 0.9, 8 = 0.8.

solutions ugg(x, y,2,t) of (28) obtained using (134) and the
various values of #, 3 are shown in Figure 9. The solitary
wave solution of singular kink type for w3 (x, y,z,t) with
n = B = 1 has the shape as shown in Figure 9(a). Figures
9(b) and 9(c) demonstrate the shapes of the exact 1-soliton
solitary wave solutions u3,(x, y,z,t) with # = = 0.99 and
n = 0.9, B = 0.8, respectively. The graph of Iugg(x, ¥,2,1)]
with 7 = 0.9, 8 = 0.8 is displayed in Figure 9(d).

5. Conclusions

In this article, we have applied the (G'/G,1 /G)-expansion
method and the novel (G'/ G)-expansion method to construct

exact solitary wave solutions of the (3 + 1)-dimensional non-
linear space-time fractional Jimbo-Miwa equation expressed
in (28) with the modified Riemann-Liouville derivative. With
the aid of the fractional complex transform and the sym-
bolic computation package Maple 17, abundant exact solu-
tions, including generalized hyperbolic function solutions,
generalized trigonometric function solutions, and rational
function solutions, are obtained using the two methods.
Furthermore, some of these exact solutions obtained by the
methods have been graphically characterized into a variety
of distinct physical structures such as a solitary wave solution
of (singular) kink type, a 1-soliton solitary wave solution, a
periodic traveling wave solution, a singular multiple-soliton
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FIGURE 6: Associated plots of u3;(x, y,2,t) in (124) with =15 < x, y < 15 using the novel (G'/G)-expansion method: (a) singular periodic
traveling wave solution for w3, (x, y, z,t) with 7 = 8 = 1, (b) singular double-soliton solution for 1 (x, y,z,t) with = 8 = 0.99, (c) singular
multiple-soliton solution for ugs(x, y,2,t) with = 0.9, = 0.8, and (d) |u§5(x, y,z,t)| with# = 0.9, B =0.8.

solution, and a soliton solitary wave solution. It is observed
that applying the novel (G'/G)-expansion method to the
equation has provided much more exact explicit solutions
than the (G'/G, 1 /G)-expansion method and other existing
methods employed previously such as the (G'/G)-expansion
method. All of our results obtained by the methods have been
constructed and verified by substituting them back into the
original equation with the help of the Maple 17 program.
In summary, the two methods with the aid of symbolic
computation packages, used to solve the fractional Jimbo-
Miwa equation, are reliable, efficient, and convenient. Some
of the obtained results are new and have not been attained
previously. They may be of significant benefit for investigating

some special traveling waves. The two methods could also
be applied efficiently for a wide range of nonlinear fractional
partial differential equations.

Appendix

Solutions of the Generalized Riccati Equation

Consider the following generalized Riccati equation:

¢ &) =1+ pp &) +q’ (&),

wherer, p, and g are variable real constants. In 2008, Zhu [60]
provided twenty-seven exact solutions of (A.1) which can be

(A1)
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FIGURE 7: Associated plots of ugo(x, ¥,2,t) in (127) with =15 < x, y < 15 using the novel (G'/G)-expansion method: (a) periodic traveling
wave solution for u3,(x, y, z,t) with 5y = = 1, (b) singular double-soliton solution for 3, (x, y, z,t) with 7 = B = 0.99, (c) singular multiple-
soliton solution for ugo(x, y,2,t) withn = 0.9, = 0.8, and (d) quo(x, y,z,t)| with# = 0.9, f =0.8.

used for the generalized Riccati equation mapping method.
In 2009, Zheng [61] gave some comments on Zhu’s paper
that some of the provided solutions by Zhu are wrong from
typewriting carelessness. However, we have here scrutinized
which exact solutions provided by Zhu [60] are not a solution
of (A.I). We have corrected the wrong ones, verifying the
corrections by substitution back into (A.1) with the aid of
the Maple 17 program. For the sake of easy identification, we

¢, = —%] p + \/p? - 4gr tanh

have relabelled all of the solutions obtained by [60] and our
corrections with our numbering system which are displayed
as thirty-nine solutions. The corrected exact solutions of (A.1)
are demonstrated below.

Family A.1. When p* — 4qr > 0 and pq # 0 (or gr # 0), the
hyperbolic function solutions of (A.1) are as follows:

—4qr

> (A.2)
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FIGURE 8: Associated plots of ug7(x, y,2,t) in (132) with =15 < x,y < 15 using the novel (G'/G)-expansion method: (a) solitary wave
solution of singular kink type for 3, (x, y, z,t) with 7 = B = 1, (b) I-soliton solitary wave solution of singular kink type for u, (x, y, z,t) with
n = = 0.99, (c) I-soliton solitary wave solution of singular kink type for u;(x, v,z,t) with = 0.9, § = 0.8, and (d) |u§7(x, ¥,2,t)| with
n=09,=08.

\p? —4qr
(/)2:—i p +\/p? — 4qr coth —p 1 &1, (A3)

2q 2
P34 = —é :p +1/p? —4qr <tanh< P - 4qr§> + isech< p*- 4qr§))] , (A.4)
P56 = —%1 ip +1\/p? - 4qr <c0th< P - 4qr§> + csch< pr- 4qr§>>] , (A.5)

2 —4gr \p? - 4qr
¢7:—i 2p +1\/p? —4qr| tanh u’q’ + coth uf , (A.6)

4 4
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FIGURE 9: Associated plots of uzg(x, ¥,2,t) in (134) with —15 < x, y < 15 using the novel (G'/G)-expansion method: (a) solitary wave solution
of singular kink type for ug (x, y,z,t) with n = 8 = 1, (b) 1-soliton solitary wave solution for ugg(x, .z, t) with 7 = 3 = 0.99, (¢) I-soliton
solitary wave solution for 13,(x, y,z,t) with # = 0.9, 8 = 0.8, and (d) Iugg(x, y,z,t)| withn = 0.9, 8 =0.8.

1

P9 = Z
1

br011 = Z

i\/(A2 + B?) (p? - 4qr) - A\/p2 —4gr cosh( P - 4qr£>

Asinh<\/p2 - 4qr§> +B

> (A7)

i\/(B2 - A?)(p? —4qr) + A\/p2 - 4qr sinh( P’ - 4qr§>

Acosh<\/p2 - 4qr§) +B

, (A.8)

where A and B are two nonzero real constants that satisty the

condition B> — A% > 0,
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2r cosh (( 2 4qr/2> 3

)
\/msinh« P - 4qr/2>) pcosh(( 2 4qr/2>)

b1 =
—2rsmh<< 2 4qr/2> E)
fo s psinh(( P? —4qr/2> )— P - 4617’C05h<( g 4‘1”/2) )
2r cosh < P - 4qr€)
Prats = Msinh( P2 - 4qr’q’> - pcosh <\/p2 - 4qr£> + i\/P2 - 4‘1r’
2r sinh( pr- 4qr5>
Pror = —psinh<\/p2 _ 4qr~f) + \/P2 - 4qrcosh<\/1?2 - 4‘%5) + \/P2 - 4qr)
bus

4r sinh (( - 4qr/4> E) cosh << \/m/4> g)

_—2psinh<( p2—4qr/4>§>cosh<< p2—4qr/4>§>+2ﬂp2—4qrcosh2<<\/p2—4qr/4>€>—w/p2—4qr'

Family A.2. When p* — 4gr < 0 and pq # 0 (or gr # 0), the
trigonometric function solutions of (A.1) are as follows:

\/4qr - p25> + csc <\/ﬂ£

$2324 = _i [P + \/447’ -p (COt

[ \4qr — p? 4qr - p?
¢25=i —2p + \4qr — p? tan< : £>60t< . 5))]

i\/(A2 - B?) (4qr - p*) - A\/4qr - p?cos <\/4qr - pzf> ]

1
$r627 = b —pt
9 Asin< 4qr—p2£>+B

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A17)

(A.18)

(A19)
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. %1 . i\/(A2 — B?) (4qr —‘pz) + A\/4qr - p?cos ( \/4qr - p25> | a20)
Asm< agr - p25> +B
where A and B are two nonzero real constants that satisfy the
condition A% — B* > 0,
2rcos<( dgr — p? )E)
¢30:_\/ﬂsin<< 4qr— ) >+pcos(< 4qr— )E)’ (420
2r sin <<\/4qr -p /2) >
™ —psin(( 4qgr — p? ) ) \/4qr—p cos<<\/4qr—p /2)5)’ 2
2r cos ( 4qr — pzﬁ)
foass =2 \J4gr — p?sin ( 4qr - pzf> + pcos ( \/4qr - p25> + \/4qr -p? 2
2r sin <\/4qr - pzf)
osss = -p sin( 4qr — p25> + \/4qr — p?cos ( \/4qr - pZE) + \/4qr -p? A2
o 4rsin<< 4qr—p2/4) E) cos(( 4qr—p2/4> £> A

Family A.3. Whenr = 0and pq # 0, the hyperbolic function
solutions of (A.1) are as follows:

¢ — _pcl
77 ge, + cosh (pE) — sinh (p&)’

p (cosh (p€) + sinh (p))
q (¢, + cosh (p&) + sinh (p))’

(A.26)

(A.27)

P35 = —

where ¢, is an arbitrary constant.

Family A.4. When g # 0 and r = p = 0, the rational function
solution of (A.1) is as follows:

1
g +e

P39 = - (A.28)

where ¢, is an arbitrary constant.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

~2psin((\aar - p2/4) €) cos ((aar - p2/4) €) + 21ar - p? cos? ((\[1ar - p2/4) ) - \Jaar - p*

References

[1] D. Lu, A. Seadawy, and M. Arshad, “Applications of extended
simple equation method on unstable nonlinear Schrodinger
equations,” Optik—International Journal for Light and Electron
Optics, vol. 140, pp. 136-144, 2017.

[2] M. H.Bazyar and C. Song, “Analysis of transient wave scattering
and its applications to site response analysis using the scaled
boundary finite-element method,” Soil Dynamics and Earth-
quake Engineering, vol. 98, pp. 191-205, 2017.

[3] S. Kumar, “A new fractional modeling arising in engineering
sciences and its analytical approximate solution,” Alexandria
Engineering Journal, vol. 52, no. 4, pp. 813819, 2013.

[4] V. E Nikitin, N. N. Smirnov, M. N. Smirnova, and V. V.
Tyurenkova, “On board electronic devices safety subject to high
frequency electromagnetic radiation effects,” Acta Astronautica,
vol. 135, pp. 181-186, 2017.

[5] Siraj-ul-Islam and I. Ahmad, “Local meshless method for PDEs
arising from models of wound healing,” Applied Mathematical
Modelling, vol. 48, pp. 688-710, 2017.

[6] Z. Qin, G. Mu, and H. Ma, “The (G'/G)-expansion method for
the fifth-order forms of KdV-Sawada-Kotera equation,” Applied
Mathematics and Computation, vol. 222, pp. 29-33, 2013.



28

(7]

(8]

(12]

(14]

(16]

(17]

(18]

(19]

(20]

(21]

D. Baldwin, U. Géktas, and W. Hereman, “Symbolic computa-
tion of hyperbolic tangent solutions for nonlinear differential-
difference equations,” Computer Physics Communications, vol.
162, 0. 3, pp. 203-217, 2004.

E. H. Zahran and M. M. Khater, “Modified extended tanh-
function method and its applications to the Bogoyavlenskii
equation,” Applied Mathematical Modelling, vol. 40, no. 3, pp.
1769-1775, 2016.

I. Aslan, “On the application of the exp-function method to the
KP equation for n-soliton solutions,” Applied Mathematics and
Computation, vol. 219, no. 6, pp- 2825-2828, 2012.

L. Ravi, S. Saha Ray, and S. Sahoo, “New exact solutions of cou-
pled Boussinesq-Burgers equations by exp-function method,”
Journal of Ocean Engineering and Science, vol. 2, no. 1, pp. 34—
46, 2017.

Y. Shi, Z. Dai, and D. Li, “The correct traveling wave solutions
for the high-order dispersive nonlinear Schrédinger equation,”
Applied Mathematics and Computation, vol. 216, no. 5, pp. 1583—
1591, 2010.

A.-M. Wazwaz, “The Hirota’s direct method and the tanh-coth
method for multiple-soliton solutions of the Sawada-Kotera-Ito
seventh-order equation,” Applied Mathematics and Computa-
tion, vol. 199, no. 1, pp- 133-138, 2008.

A.-M. Wazwaz, “The Hirota’s direct method for multiple-soliton
solutions for three model equations of shallow water waves,”
Applied Mathematics and Computation, vol. 201, no. 1-2, pp.
489-503, 2008.

M. B. Hubert, G. Betchewe, S. Y. Doka, and K. Timoleon
Crepin, “Soliton wave solutions for the nonlinear transmission
line using the Kudryashov method and the (G'/G)-expansion
method,” Applied Mathematics and Computation, vol. 239, pp.
299-309, 2014.

P.N. Ryabov, D. I. Sinelshchikov, and M. B. Kochanov, “Applica-
tion of the Kudryashov method for finding exact solutions of the
high order nonlinear evolution equations,” Applied Mathematics
and Computation, vol. 218, no. 7, pp. 3965-3972, 2011.

R. A. Van Gorder, “The variational iteration method is a special
case of the homotopy analysis method,” Applied Mathematics
Letters, vol. 45, pp. 81-85, 2015.

A.-M. Wazwaz, “The variational iteration method: A reliable
analytic tool for solving linear and nonlinear wave equations,”
Computers and Mathematics with Applications, vol. 54, no. 78,
pp. 926-932, 2007.

I. Hashim, “Adomian decomposition method for solving BVPs
for fourth-order integro-differential equations,” Journal of Com-
putational and Applied Mathematics, vol. 193, no. 2, pp. 658-664,
2006.

K. C. Basak, P. C. Ray, and R. K. Bera, “Solution of non-linear
Klein-Gordon equation with a quadratic non-linear term by
Adomian decomposition method,” Communications in Nonlin-
ear Science and Numerical Simulation, vol. 14, no. 3, pp. 718-723,
20009.

P. K. Bera and T. Sil, “Homotopy perturbation method in
quantum mechanical problems,” Applied Mathematics and
Computation, vol. 219, no. 6, pp. 3272-3278, 2012.

H. Saberi Nik, S. Effati, and M. Shirazian, “An approximate-
analytical solution for the Hamilton-Jacobi-Bellman equation
via homotopy perturbation method,” Applied Mathematical
Modelling, vol. 36, no. 11, pp. 5614-5623, 2012.

(22]

(23

[25]

(26]

(27]

(29]

(30]

(31]

(33]

[34]

(35]

Mathematical Problems in Engineering

L. Gavete, F. Urena, J. J. Benito, A. Garcia, M. Urefia, and E.
Salete, “Solving second order non-linear elliptic partial differ-
ential equations using generalized finite difference method,”
Journal of Computational and Applied Mathematics, vol. 318, pp.
378-387, 2017.

J. Jose, S.-J. Choi, K. E. T. Giljarhus, and O. T. Gudmestad, “A
comparison of numerical simulations of breaking wave forces
on a monopile structure using two different numerical models
based on finite difference and finite volume methods,” Ocean
Engineering, vol. 137, pp. 78-88, 2017.

M. Agrawal and C. S. Jog, “A quadratic time finite element
method for nonlinear elastodynamics within the context of
hybrid finite elements,” Applied Mathematics and Computation,
vol. 305, pp. 203-220, 2017.

I. Podlubny, Fractional Differential Equations, vol. 198 of Math-
ematics in Science and Engineering, Academic Press, San Diego,
Calif, USA, 1999.

Q. Feng, “A new analytical method for seeking traveling wave
solutions of space-time fractional partial differential equations
arising in mathematical physics,” Optik—International Journal
for Light and Electron Optics, vol. 130, pp. 310-323, 2017.

C. Huang, J. Cao, M. Xiao, A. Alsaedi, and F. E. Alsaadi,
“Controlling bifurcation in a delayed fractional predator-prey
system with incommensurate orders,” Applied Mathematics and
Computation, vol. 293, pp. 293-310, 2017.

O. Marom and E. Momoniat, “A comparison of numerical
solutions of fractional diffusion models in finance,” Nonlinear
Analysis. Real World Applications. An International Multidisci-
plinary Journal, vol. 10, no. 6, pp. 3435-3442, 2009.

C. M. Pinto and A. R. Carvalho, “A latency fractional order
model for HIV dynamics,” Journal of Computational and
Applied Mathematics, vol. 312, pp. 240-256, 2017.

P. V. Ramana and B. K. R. Prasad, “Modified Adomian Decom-
position Method for Van der Pol equations,” International
Journal of Non-Linear Mechanics, vol. 65, pp. 121-132, 2014.

J.-S. Duan, T. Chaolu, and R. Rach, “Solutions of the initial value
problem for nonlinear fractional ordinary differential equa-
tions by the Rach-Adomian-Meyers modified decomposition
method,” Applied Mathematics and Computation, vol. 218, no.
17, pp. 8370-8392, 2012.

G.-C. Wu and D. Baleanu, “Variational iteration method for
the Burgers’ flow with fractional derivatives-new Lagrange
multipliers,” Applied Mathematical Modelling, vol. 37, no. 9, pp.
6183-6190, 2013.

N. J. Ford, J. Xiao, and Y. Yan, “A finite element method for time
fractional partial differential equations;” Fractional Calculus
and Applied Analysis. An International Journal for Theory and
Applications, vol. 14, no. 3, pp. 454-474, 2011.

C. A. Gémez S., “A nonlinear fractional Sharma-Tasso-Olver
equation: new exact solutions,” Applied Mathematics and Com-
putation, vol. 266, pp. 385-389, 2015.

E. A.-B. Abdel-Salam and G. E Hassan, “Multi-wave solutions of
the space-time fractional Burgers and Sharma-Tasso-Olver
equations,” Ain Shams Engineering Journal, vol. 7, no. 1, pp. 463-
472, 2016.

E. A.-B. Abdel-Salam and E. A. E. Gumma, “Analytical solution
of nonlinear space-time fractional differential equations using
the improved fractional Riccati expansion method,” Ain Shams
Engineering Journal, vol. 6, no. 2, pp. 613-620, 2015.



Mathematical Problems in Engineering

(37]

(38]

(39]

(42]

(50]

O. Guner, A. Bekir, and O. Unsal, “Two reliable methods for
solving the time fractional Clannish Random Walker’s
Parabolic equation,” Optik—International Journal for Light and
Electron Optics, vol. 127, no. 20, pp. 9571-9577, 2016.

S. Demiray, O. Unsal, and A. Bekir, “Exact solutions of non-
linear wave equations using (G'/G,1/G)-expansion method;’
Journal of the Egyptian Mathematical Society, vol. 23, no. 1, pp.
78-84, 2015.

E.M.E. Zayed and K. A. E. Alurrfi, “The (G'/G, 1/G)-expansion
method and its applications to two nonlinear schrodinger
equations describing the propagation of femtosecond pulses in
nonlinear optical fibers,” Optik—International Journal for Light
and Electron Optics, vol. 127, no. 4, pp. 1581-1589, 2016.

M. Shakeel and S. T. Mohyud-Din, “Soliton solutions for the
positive Gardner-KP equation by (G'/G,1 /G)-expansion
method,” Ain Shams Engineering Journal, vol. 5, no. 3, pp.
951-958, 2014.

L.-x. Li, E.-q. Li, and M.-1. Wang, “The (G'/G, 1/G)-expansion
method and its application to travelling wave solutions of the
Zakharov equations,” Applied Mathematics. A Journal of Chinese
Universities, vol. 25, no. 4, pp. 454-462, 2010.

M. G. Hafez, M. N. Alam, and M. A. Akbar, “Exact traveling
wave solutions to the Klein-Gordon equation using the novel
(G'/G)-expansion method,” Results in Physics, vol. 4, pp. 177-
184, 2014.

M. G. Hafez, “New travelling wave solutions of the (1+1)-
dimensional cubic nonlinear Schrodinger equation using novel
(G'/G)-expansion method,” Beni-Suef University Journal of
Basic and Applied Sciences, vol. 5, no. 2, pp. 109-118, 2016.

M. N. Alam, M. A. Akbar, and S. T. Mohyud-Din, “A novel
(G'/G)-expansion method and its application to the Boussinesq
equation,” Chinese Physics B, vol. 23, no. 2, pp. 20-203, 2014.

M. N. Alam and M. A. Akbar, “Traveling wave solutions
of the nonlinear (1 + 1)-dimensional modified Benjamin-Bona-
Mahony equation by using novel (G'/G)-expansion method,”
Physical Review ¢ Research International, vol. 4, pp. 147-165,
2014.

M. Jimbo and T. Miwa, “Solitons and infinite-dimensional Lie
algebras,” Publications of the Research Institute for Mathematical
Sciences, vol. 19, no. 3, pp- 943-1001, 1983.

B. Cao, “Solutions of Jimbo-Miwa equation and Kono-
pelchenko-Dubrovsky equations,” Acta Applicandae Mathemat-
icae, vol. 112, no. 2, pp. 181-203, 2010.

A.-M. Wazwaz, “Multiple-soliton solutions for the Calogero-
Bogoyavlenskii-Schiff, Jimbo-Miwa and YTSF equations,”
Applied Mathematics and Computation, vol. 203, no. 2, pp.
592-597,2008.

Y. Shi and S. Han, “Solving Jimbo-Miwa equation by using
the new test function method,” in Proceedings of the 2011 7th
International Conference on Natural Computation, ICNC 2011,
Pp. 2260-2263, July 2011.

M. Mehdipoor and A. Neirameh, “New soliton solutions to the
(3 + 1)-dimensional Jimbo-Miwa equation,” Optik—Inter-
national Journal for Light and Electron Optics, vol. 126, no. 23,
pp. 4718-4722, 2015.

G. Q. Xu, “The soliton solutions, dromions of the Kadomtsev-
Petviashvili and Jimbo-Miwa equations in (3 + 1)-dimensions,”
Chaos, Solitons and Fractals, vol. 30, no. 1, pp. 71-76, 2006.

(52]

(53]

(54]

(55]

[56]

(57]

(58]

(59]

[60]

[61]

[63]

[65]

(6]

29

W. Ma and J. Lee, “A transformed rational function method and
exact solutions to the (3 + 1) dimensional Jimbo-Miwa equa-
tion,” Chaos, Solitons ¢ Fractals, vol. 42, no. 3, pp. 1356-1363,
2009.

G. Jumarie, “Table of some basic fractional calculus formulae
derived from a modified Riemann-Liouville derivative for
non-differentiable functions,” Applied Mathematics Letters. An
International Journal of Rapid Publication, vol. 22, no. 3, pp. 378—
385, 2009.

G. Jumarie, “On the derivative chain-rules in fractional calculus
via fractional difference and their application to systems mod-
elling,” Central European Journal of Physics, vol. 11, no. 6, pp.
617-633, 2013.

G. Jumarie, “Modified Riemann-Liouville derivative and frac-
tional Taylor series of nondifferentiable functions further
results,” Computers & Mathematics with Applications, vol. 51, no.
9, pp. 1367-1376, 2006.

J.-H. He, S. K. Elagan, and Z. B. Li, “Geometrical explanation of
the fractional complex transform and derivative chain rule for
fractional calculus,” Physics Letters. A, vol. 376, no. 4, pp. 257-
259, 2012.

W.-H. Su, X.-J. Yang, H. Jafari, and D. Baleanu, “Fractional
complex transform method for wave equations on Cantor
sets within local fractional differential operator,” Advances in
Dlﬁerence Equations, vol. 2013, no. 97, p. 8, 2013.

O. Giiner, A. Bekir, and A. C. Cevikel, “A variety of exact solu-

tions for the time fractional Cahn-Allen equation,” European
Physical Journal Plus, vol. 130, no. 7, p. 146, 2015.

B. Li, Y. Chen, and H. Zhang, “Explicit exact solutions for
new general two-dimensional KDV-type and two-dimensional
KDV-Burgers-type equations with nonlinear terms of any
order;” Journal of Physics A: Mathematical and General, vol. 35,
no. 39, p. 8253, 2002.

S. Zhu, “The generalizing Riccati equation mapping method in
non-linear evolution equation: application to (2 + 1)-dimen-
sional Boiti-Leon-Pempinelle equation,” Chaos, Solitons and
Fractals, vol. 37, no. 5, pp. 1335-1342, 2008.

C.-L. Zheng, “Comments on “The generalizing Riccati equation
mapping method in nonlinear evolution equation: Application
to (2 +1)-dimensional Boiti-Leon-Pempinelle equation;” Chaos,
Solitons and Fractals, vol. 39, no. 3, pp. 1493-1495, 2009.

M. Wang, X. Li, and J. Zhang, “The (G'/G)-expansion method
and travelling wave solutions of nonlinear evolution equations
in mathematical physics,” Physics Letters A, vol. 372, no. 4, pp.
417-423, 2008.

J. Zhang, F. Jiang, and X. Zhao, “An improved (G'/G)-expansion
method for solving nonlinear evolution equations,” Interna-
tional Journal of Computer Mathematics, vol. 87, no. 8, pp. 1716-
1725, 2010.

M. A. Akbar, N. H. M. Alj, and E. M. E. Zayed, “A generalized
and improved (G'/G)-expansion method for nonlinear evo-
lution equations,” Mathematical Problems in Engineering, vol.
2012, Article ID 459879, p. 22, 2012.

J. Zhang, X. Wei, and Y. Lu, “A generalized (G'/G)-expansion
method and its applications,” Physics Letters A, vol. 372, no. 20,
pp. 3653-3658, 2008.

M. Kaplan and A. Bekir, “Construction of exact solutions to the
space-time fractional differential equations via new approach,’
Optik—International Journal for Light and Electron Optics, vol.
132, pp. 1-8, 2017.



30 Mathematical Problems in Engineering

[67] E.Aksoy, O. Guner, A. Bekir, and A. C. Cevikel, “Exact solutions
of the (3 + 1)-dimensional space-time fractional Jimbo-Miwa
equation,” International Conference of Numerical Analysis and
Applied Mathematics, vol. 1738, pp. 2900141-2900145, 2016.

[68] Z. Li and Z. Dai, “Abundant new exact solutions for the (3 +
1)-dimensional Jimbo-Miwa equation,” Journal of Mathematical
Analysis and Applications, vol. 361, no. 2, pp. 587-590, 2010.



Advances in
Op ranons Research

Advances in

DeC|5|on SC|ences

Journal of

Ap ||ed Mathemancs

Algebra

Journal of
bability and Statistics

The Scientific
Wo‘rld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

|nternational
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
https://www.hindawi.com

Journal of

Mathematics

Journal of

clﬂhMbhemahcs

in Engmeermg

Mathematical Problems

Journal of

tion Spaces

Abstract and
Applied Analysis

International Journal of

Stochastic Analysis

International Journal of
D|fferent|a| Equations

Discrete Dynamics in
ure and Society

Optimization




