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In some cases, the most general linear operator between two sequence spaces is given by an infinite matrix. So the theory of matrix
transformations has always been of great interest in the study of sequence spaces. In the present paper, we introduce the matrix
transformations in sequence spaces over the field C* and characterize some classes of infinite matrices with respect to the non-
Newtonian calculus. Also we give the necessary and sufficient conditions on an infinite matrix transforming one of the classical
sets over C” to another one. Furthermore, the concept for sequence-to-sequence and series-to-series methods of summability is

given with some illustrated examples.

1. Introduction

The theory of sequence spaces is the fundamental of summa-
bility. Summability is a wide field of mathematics, mainly in
analysis and functional analysis, and has many applications,
for instance, in numerical analysis to speed up the rate of
convergence, in operator theory, the theory of orthogonal
series, and approximation theory. This subsection serves
as a motivation of what follows. The classical summability
theory deals with the generalization of the convergence of
sequences or series of real or complex numbers. The idea is
to assign a limit of some sort to divergent sequences or series
by considering a transform of a sequence or series rather
than the original sequence or series. One can ask why we
employ the special transformations represented by infinite
matrices instead of general linear operators. The answer to
this question is that, in many cases, the most general linear
operators between two sequence spaces are given by an
infinite matrix. Many authors have extensively developed the
theory of the matrix transformations between some sequence
spaces we refer the reader to [1-13].

As an alternative to the classical calculus, Grossman and
Katz [14-16] introduced the non-Newtonian calculus consist-
ing of the branches of geometric, quadratic, and harmonic
calculus, and so forth. All these calculi can be described

simultaneously within the framework of a general theory. We
decided to use the adjective non-Newtonian to indicate any
of calculi other than the classical calculus. Every property in
classical calculus has an analogue in non-Newtonian calculus
which is a methodology that allows one to have a different
look at problems which can be investigated via calculus. In
some cases, for example, for wage-rate (in dollars, euro, etc.)
related problems, the use of bigeometric calculus which is
a kind of non-Newtonian calculus is advocated instead of a
traditional Newtonian one.

Bashirov et al. [17, 18] have recently concentrated on
the non-Newtonian calculus and gave the results with
applications corresponding to the well-known properties
of derivatives and integrals in the classical calculus. Also,
Uzer [19] has extended the non-Newtonian calculus to
the complex valued functions and was interested in the
statements of some fundamental theorems and concepts
of multiplicative complex calculus and demonstrated some
analogies between the multiplicative complex calculus and
classical calculus by theoretical and numerical examples.
Further, Misirli and Gurefe have introduced multiplicative
Adams Bashforth-Moulton methods for differential equa-
tions in [20]. Quite recently, Kadak [21, 22] have determinated
Kéthe-Toeplitz dual between classical sets of sequences over



the non-Newtonian complex field and have constructed
Hilbert spaces over the non-Newtonian field.

The main purpose of the present paper is to characterize
some matrix classes between certain sequence spaces over the
non-Newtonian complex field.

2. -Arithmetics and Some
Related Applications

A generator is a one-to-one function whose domain is R and
whose range is a subset of B € R, the set of real numbers. Each
generator generates exactly one arithmetic, and, conversely,
each arithmetic is generated by exactly one generator. For
example, the identity function generates classical arithmetic
and exponential function generates geometric arithmetic. As
a generator, we choose the function f§ such that its basic
algebraic basic algebraic operations are defined as follows:

B-addition x + y = {ﬁ_l (x) + /3_1 (y)};
B-subtraction x = y = f3 {[371 (x)-p* (y)} ,
B-multiplication x % y = B{7 (x) x 7 (»)};

s . 3 €]
B-division x / y, 5 = /3{[3 (x)+ B ()’)}

(B () #0),
-order x< y &= B (x) < B (¥),

for all x, y € R where the non-Newtonian real field Ry :=
{B{x} : x € R} asin [23].

The fB-positive real numbers, denoted by IRE, are the
numbers x in Rg such that 0 < x; the B-negative real numbers,

denoted by Ry, are those for which x < 0. The beta-zero, 0,

and the beta-one, 1, turn out to be B(0) and f(1). Further,
B(=p) = BB (p)} = Zpholds forall p € Z*. Thus the set of
all B-integers turns out to be the following:

Zg=1{..,f(-2),B(-1),B(0),f(1),(2),...}

= (., 25,70,0,1,3,.. )

2)

Definition 1 (see [21]). Let X be a nonempty set and let d* :
XxX — Rpgbeafunction such that forall x, y, z € X, then
the following axioms hold:

(NM1) d*(x, y) = 0 ifand only if x = y,

(NM2) d*(x, y) = d"(y,x),

(NM3) d*(x,y) < d*(x,2) ¥ d"(z, y).

Then, the pair (X,d") and d* are called a non-Newtonian
metric space and a non-Newtonian metric on X, respectively.

Definition 2 (see [23]). Let X = (X, d") be a non-Newtonian
metric space. Then the basic notions can be defined as
follows.
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(a) A sequence x = (x;) is a function from the set N into
the set Rj. The B-real number x; denotes the value of
the function at k € N and is called the kth term of the
sequence.

(b) A sequence (x,,) in a metric space X = (X, d") is said
to be #-convergent if for every given € > 0 there exists
ann, = ny(e) € Nand x € X such thatd*(x,,x) < ¢
for all n > ny and is denoted by *lim,, _, . x,, = x or
X, 5 xasn — oo.

(c) A sequence (x,) in X = (X,d") is said to be non-
Newtonian Cauchy (*-Cauchy) if for every e30 there
is an n, = ny(e) € N such that d*(x,, x,,,) < ¢ for all
m,n > n.

Remark 3 (see [21]). Leth € B c R. Then the number bxb
is called the 3-square and is denoted by b*. Let b € [RE. Then

B{\/B1(b)} is called the B-square root of b and is denoted by
b Further, for each b € B we can write b? = [5’{[[3_1('15)]?} =
B{bP} forall p € N.

The p-absolute value of a number x in B ¢ R(N)
is defined as ﬁ(lﬁ_l(x)l) and is denoted by leﬂ. For each

number x in A ¢ R(N), V&2 = |x|; = B (x)]). Then
we say

X, x30
xlg= 40,  x=0=p{p" )|} (3)
0-x, x<0.

The non-Newtonian distance between two numbers x; and
x, is defined by |x; ~x,lz = BB (x)) = Bt =
ﬁ{lﬁ_l(xz) - ,B_I(xl)l} =[x, = x1|/3- Similarly, by taking into
account the definition for alpha-generator in (3), one can
conclude that the equality |x; = x,|, = |x, - x|, holds for
all x,, x, € R.

Now, we give a new type calculus for non-Newtonian
complex terms, denoted by =*-calculus, which is a branch
of non-Newtonian calculus. From now on we will use *-
calculus type with respect to two arbitrarily selected generator
functions.

2.1. =-Arithmetic. Suppose that « and f are two arbitrarily
selected generators and (“star-”) also is the ordered pair
of arithmetics (B-arithmetic, «-arithmetic). The sets
(B,+,%,%, /) and (A, +,%,/) are complete ordered
fields and beta(alpha)-generator generates beta(alpha)-
arithmetics, respectively. Definitions given for f-arithmetic
are also valid for a-arithmetic.

The important point to note here is that a-arithmetic is
used for arguments and f-arithmetic is used for values; in
particular, changes in arguments and values are measured by
a-differences and f-differences, respectively. The operators
of this calculus type are applied only to functions with
arguments in A and values in B. The *-limit of a function f
at an element a in A is, if it exists, the unique number b in B
such that for every sequence (a,) of arguments of f distinct
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from g, if (a,) is a-convergent to a, then { f(a,)} S-converges
to b and is denoted by lim,_, , f(x) = b. That is,

*giinaf(x):bmv‘sif), 363505 |f (%) lb|ﬁ2£
(4)

Vx € A, |x4a|a <é.

A function f is *-continuous at a point a in A if and only
if a is an argument of f and *lim,_ ,f(x) = f(a). When
« and f are the identity function I, the concepts of *-limit
and =-continuity are identical with those of classical limit and
classical continuity.

The isomorphism from «-arithmetic to -arithmetic is
the unique function « (iota) that possesses the following three
properties.

(i) ¢is one to one.
(ii) ¢is from A onto B.

(iii) For any numbers © and v in A,
t(usv) =1(u) “i(v),
H(ufv)=1@)1v);  (5)

usvesi(u) <1(v).

t(utv)=1(u) F1(v),
Huxv) =@ i),
v#0,

It turns out that «(x) = ﬁ{oc_l(x)} for every x in A and that
i(nn) = # for every integer n. Since, for example, u + v =
Hi(u) ¥ 1(v)}, it should be clear that any statement in «a-
arithmetic can readily be transformed into a statement in 3
arithmetic.

2.2. Non-Newtonian Complex Field and Some Inequalities.
Leta(a) =a € (A,+,-,%,/)and f(b) =b € (B,+,-, %, /) be
arbitrarily chosen elements from corresponding arithmetics.

Then the ordered pair (4, b) is called a *-point. The set of all -
points is called the set of *-complex numbers and is denoted
by C*; that is,

C ={z"=(ab)lac AcRbeBCcR}. (6)

Define the binary operations addition (&) and multiplication
(®) of *-complex numbers z; = (d5,b,) and zy = (a5, by) as
follows:

@ C'xC"—C"
(z0,2y) — 2z, @z,
= (afa; +a,},B1{b +b,})
= (a,+a,b, b))
. . @
o C xC —C
(21,2,) —z 0z
= (a{aja, - bb},
Blab, +biay}),

where d,,d, € Aand b, b, € B.

Theorem 4 (see [24]). (C*,®,0) is a field.

Following Grossman and Katz [15], we can give the
definition of *-distance and some applications with respect
to the *-calculus which is a kind of calculi of non-Newtonian
calculus.

The *-distance d* between two arbitrarily elements z; =

(a,,b,) and z; = (dy,b,) of the set C* is defined by
d*: C*xC" —[0,00)=B' cB

(z1,23) —d" (21, 2;)

o S B

=p {\/(a1 - “2)2 + (b, - bz)z} .

Up to now, we know that C* is a field and the distance
between two points in C* is computed by the function d*,
defined by (8).

Definition 5 (see [21]). Given a sequence (z;) of *-complex
numbers, the formal notation

(o9
*Zz,f:zgeazfeaz;e---@z,’:e)---, VkeN, (9
=0

is called an infinite series with #-complex terms, or simply
complex N-series. Also, for integers n € N, the finite *-sums
Sy =2 2r. are called the partial sums of complex N-series.
If the sequence *-converges to a complex number s* then we
say that the series *-converges and write s* = Y2 z.. The
number s* is then called the *-sum of this series. If (s,) *-
diverges, we say that the series *-diverges, or that it is =-

divergent.

Remark 6. Given a sequence (x;) of B-real numbers Rg, the
formal notation

ixkzﬁ{iﬁ‘l {xk}} =x i FagdeFag ke
Pr=o k=0
(10)

is called an infinite non-Newtonian series with f3 real terms.
Also, for integers n € N, the finite sums s,= 5>} _ x are
called the partial sums of the N-series. If the sequence f3-
converges to a real number s then we say that the series [3-
converges and write s=5 Y’ 2 x. The number s is then called
the sum of this series. If (s,) B-diverges, we say that the N-
series is 3-divergent.

Proposition 7 (see [24]). For any z|,z; € C". Then the
following statements hold.

() liz; @zl <liz; 1+ iz 0. (x-triangle inequality)

(i) lz; @ 231 = Iz %Mz |l



(iii) Let p>1 and z;,t; € C* for k € {0,1,2,3,...,n}
Then,

n 1/p
I * *..p
(*Zuzk ot )

k=0

" . ..p l/p L . ..P 1/p (11)
s<*z||z;|| ) 4(2'“:’2" )
k=0 k=0

(Minkowski’s inequality) .

Folllowing Tekin and Bagar [24], we can give the *-norm
and next derive some required inequalities in the sense of
non-Newtonian complex calculus.

Let z* € C be an arbitrary element. The distance
function d” (z",0") is called *-norm of z* and is denoted by
i - iI. In other words,

liz*l =" (",6")
IO (5-0) 2)
= p{Va + 17},
where z* = (a,b) and 6* = (0, 0). Moreover, since for all

z},z; € C* wehave d*(z},z}) = |z} © z; || which d* is the
induced metric from || - || norm.

Definition 8 (see [21], complex conjugate). Let z* = (4, b) e
C". We define the *-complex conjugate z* of z* by z* =
(afal, [3{—[371(25)}) = (a,2b). Conjugation changes the sign
of the imaginary part of z* but leaves the real part the same.
Thus,
Re(Z") = Re(z")= (" @Z") [2=a,

(13)

Im(Z)=2Im(z") = (z"eZ") ]2 =D.

Theorem 9 (see [24]). (C*,d") is a complete metric space,
where d* is defined by (8).

Corollary 10 (see [24]). C* isa Banach space with the *-norm

ii -l defined by liz*i = \[u@))? + )% z* = (a,b) e C*.

3. Non-Newtonian Infinite Matrices

A non-Newtonian infinite matrix A = (a;;.) of non-
Newtonian complex numbers is a double sequence of com-
plex numbers defined by a function A from the set N x N
into the complex field C*, where N denotes the set of natural
numbers, that is, N = {0,1,2,...}. The complex number a;.
denotes the value of the function at (i, j) € NxN and is called
the entry of the matrix in the ith row and jth column.
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The addition (@) and scalar multiplication (©) of the
infinite matrices A = (a;) = (é,-j,Sij) and B = (b;.) = (tj» 71;j)

are defined by
AeB=(aj0b]) = (&5;) ® (47i;)
= (& + gy S ¥ i)
= (afey + i} B8, + 7)) (14)
Nod=(1oa)=(Li)o ()
= (a{re; —A8;} . B{re; +A8,}).

where the elements ¢, &, ¢ 11 are inRand \* = (L, A)isa
non-Newtonian scalar in C*. The product A®B of the infinite
matrices A = (ai )and B = (b ) is defined by

o0
(AoB),; = *Zai’; o by
=0

= <‘X {Z (Sikﬂkj - 5ik’1kj)]’ > 15)

k=0

B {Z (sikﬂkj + 6ik.“kj)]’ > » Vi jeN,

k=0

provided that the series on the right hand side of (15) *-
converge for all 7, j € N, where (A © B),; denotes the entry of
the matrix A® B in the ith row and jth column. For simplicity
in notation, here and in what follows, the summation without
limits runs from 0 to co. On the other hand, the series on the
right hand side of (15) *-converges if and only if

Z (sik.”kj - 6ik’7kj) >
k

Z (%k’?kj + ‘Sik.“kj) (16)
k

are convergent classically for all k,n € N. However the series
(15) may *-diverge for some, or all, values of , j; the product
A © B of the infinite matrices may not exist.

Definition 11 (see [25]). Consider the following system of
an infinite number of linear equations in infinitely many
unknown x;,x7,X,,... elements by .}, a; © x; = y; for
all i € N. If we construct a non-Newtonian infinite matrix
A = (aj) with the coefficients a;; of the unknowns x; and
denote the *-vectors of unknowns and constants by X and
Y, then the above sum can be expressed in matrix form as
AoX =Y. Alsol, oA =A06I, = A wherel, = (5;) is
called #-unit matrix and is defined by

1" =(i,1), i=j
8 = (17)
0" =(0,0), i+j.
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A very important application of infinite matrices is used
in the theory of summability of divergent sequences and
series which is considered based on non-Newtonian mean
in next chapter. A simple example of the non-Newtonian
Cesaro mean, denoted by #-Cesaro mean of order one, which
is the analog of the well-known method of summability given
below.

(e, e) (1,1)
(Ve.ve) (Ve e)

(", ") ("6 "R) (" "W&) - (", &) -

where 6° = (a(0),3(0)) = (1,1) and e is a logarithmic
number. The important point to note here is that the infinite
matrix can be obtained in a similar way by using different
generator functions above mentioned.

The *-zero matrix 0* is the matrix whose entries are all
equal to 6. Thus, it is obvious that A@ 0" = 0" 0 A = 6",
But, as classical, A® B = 8" does not imply A = 6" or B=0".
Further, the conjugate A of a complex matrix A = (a;.) is the
matrix A = (@;;) where a;; is the conjugate of the complex

number aij. in Definition 8.

3.1. Non-Newtonian Matrix Transformations. Let u), y; C
w* and A = (@) = (£,48,4) be an infinite matrix of non-
Newtonian complex numbers for all & € R, and §, € R 8-
Then, we say that A defines a matrix mapping from y; into p,
and denote it by writing A : u; — u,, if for every sequence
z = (z;) € p the sequence Aoz = {(Az),,}, the A-transform
of z, exists and is in ‘u; , where

* * e * CICRY
g0 o1 o z
* * e * e
9o 9 Dk z
Aoz= o ' o
* * e * e
Ao A Ak ZZ

* * * *
Ay @z ®ay, Oz @ -+

* * * *
a,0z;®a;,0z,® -

* * * *
4y ©Zy ®ay OZ @ -+

Example 12 (Cesaro mean). Define the matrix C] = (c,;) by

1 *
. ( ) 0<k<n,
Cuk = n+1
0", k> n.

(18)

If we choose the generator functions as & = exp and f3 = exp
the calculus is bigeometric calculus [14, 15], then we obtain an
infinite matrix with complex terms as follows:

(Ve,e)  (Ve¥le) (Ve ve) (1,1)

, (19)
*%agk o (Az),
*%al*sz'; (Az),
Saos wa, |
(20)
and, in this way, we transform the sequence z = (z;) =

(b 7iie)> with gy € R, and 7j € Rp, into the sequence {(Az),}
by

(A2), = Y an 0z = (0‘ {Z (Co Snkrlk)]’ ,
p p

(21)

B ‘{; (&aktlic + 5nk#k)} )

foralln € Njand 6,4, € R.Thus, A € (y; : p,) if
and only if the series on the right side of (21) *-converges
for each n € N and every z € u;, and we have Ao z =
{(Az),},en € W, forall z € pf. On the other hand, we say
A € (yy : py) if and only if the series Y (€t — O,tfie) and
Y (€t + 0,z ) are convergent classically forall k, n € Nj. A
sequence z is said to be A-summable to y if A®z *-converges
toy € C* which is called as the A-"lim of z. We denote the
nth row of a matrix A = (a,,) by A}, for all n € N; that is,
A = f{an }e, for all n € N. Following Basar [25], we give
some lines about ordinary and absolute summability of non-
Newtonian complex numbers.

Let A = (a,,) be an infinite matrix of non-Newtonian
complex numbers throughout. We define two kinds of



summability: ordinary and absolute summability, as shortly
mentioned, below.

(a) Ordinary Summability. A sequence z = (z;) € w" is said
to be summable Atoay € C* if the A-lim of zisy = (y,, )
forall y;,y, € Ry thatis, “lim, _, d*((Az),,y) = 6" which

implies that
Z (&bt = O
k

Y (et + Suitti) — 12
k

nk’?k) — Vb

(22)

in classical mean for each k,n € N;. The matrix A defines a
summability method A or a matrix transformation by (21).

(b) Absolute Summability. A sequence z = (z;) € w" is said to
be absolutely summable with index p to a number { € C* if
the series on the right hand side of (21) *-converge for each
n € N and

Y d*((Az2),.67)

n=0

={ (l<p<oo). (23)

The Cesaro transform of a sequence z = (z;) € w" is
given by C] © z = {(C{2),} > Where the Cesaro method
C] of one order is given by Example 12. Now, following
Example 12, we may state the Cesaro summability with
respect to the non-Newtonian calculus which is analogous to
the classical Cesaro summable.

Example 13. Suppose that z = (z;) is an infinite sequence

defined by
1%,  k even,
z = (24)

el”, k odd,

where ©1* = (+1,21) € C". One can easily conclude that
z; € £\ c¢*. Then, since 0*<[(C;2),[ < (1/(n+1))" for
alln € N, "lim,_, (Cz), = 6. This means that the -
divergent sequence (z; ) is C} -summable to 6”.

Tekin and Basar [24] have introduced the sets €, c”,
cg and E; of all bounded, convergent, null, and absolutely
p-summable sequences over the complex field C* which
correspond to the sets £, ¢, ¢; and £, over the complex field
C, respectively. That is to say that

e = 12;* = (z;) € 0" :supfizi < 00}»
keN
= {Z*:(ZZ)Q(U*:EZGC*B *limzz=l},
k— oo

*hmz;;:e*},

*
Cy, = 12 =
0 { k— 0o

e = { :*Z]iz,jiip<oo}, (1<p<o).
k=1

(25)
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It is not hard to show that the sets £, ¢*, ¢;, and E; are the
* . * % ¥ *
subspaces of the space w™. This means that €__, c”, ¢;, and € b

are classical sequence spaces over the field C* and complete
metric spaces with corresponding metrics.

Quite recently, Kadak [21] have introduced the sets bs™,
cs”, and cs; consisting of the sets of all bounded, convergent,
and null series based on the non-Newtonian calculus, as
follows:

* * . L .
: lxll, = supll Y xli < oo} ,

neN k=0

{x—(xk)ew :<*I;)xk)6c }, 06)
{x—(xk)ew :<*ixk>ecg},

0" ={x=(x):x, € C"Vk e N}.
Theorem 14 (see [24]). The following statements hold.
(a) The sets £, c*, ¢, and €,; p > 1 are sequence spaces.
(b) Let A* denote any of the spaces €., c*, and ¢, and
z = (z;), t = (t;) € A". Define d on the space A"
by d’ (z,t) = SqueN"ZZ et i. Then, (A", d.) isa
complete metric space.

(c) The spaces €., c*, and ¢, are Banach spaces with the
norm ||z|}, defined by
lzlly = suplizgls 2z = (z) € A",
keN (27)
A e {6}

(d) The space 6;
defined by

is Banach spaces with the norm ||Z||;

i7p
I (Zuzkn> P z=(z)e. @8)

Theorem 15 (see [21]). Let u* denote any of the spaces bs",
cs®, and csy, and z = (z;), t = (t;) € u”. Define dfjo on the
space y* by

di:y*xy*ﬂRﬁ

(z,t) — dY (1)

-l (5 )

for arbitrarily chosen «, 3 operators and corresponding func-
tion1 = Pa". Then, (u*,dY ) is a complete metric space.

(29)
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Corollary 16 (see [21]). The spaces bs*, cs*, and cs, are
Banach spaces with the norm || x|, defined by

Il = Il = supll Y
neN =) (30)
x=(x,) €L, Ae{bscscsp}-
Theorem 17 (see [21]). Let d, be defined on the space bv* by
dy:bv" xbv' — Ry

(z,t) — dj (2,1) (1)

i
Mg

{d" [(A2), (An) ]}

*
il
(=]

where z = (z;), t = (t;) € bv*, and (Az), = 2, © zi,;. Then,
(bv*,d,) is a complete metric space.

Firstly, we give the alpha-, beta-, and gamma-duals of a
set " C " which are, respectively, denoted by {A*}, (A*1P,
and {1*}?, as follows:

P ={w=(w)ew :woz
= (wjoz) et Vz=(z) e},

WY =jw=(w)ew 1woz
(32)
=(w; 0z ) €ecs" Vz=(2)) e A"},
AV ={w=(v) e :woz
= (wg0z;) ebs" Vz=(z;) € A"},
where (w;; © z;) is the coordinatewise product of *-complex

numbers w and z for all k € N. Then {/\*}ﬁ is called beta-
dual of A" or the set of all convergence factor sequences of
A" in c¢s”. Firstly, we give a remark concerning with the -
convergence factor sequences.

Theorem 18 (see [21]). The following statements hold.
@ ¥ =V = e ) = ¢y,
() {5} = €2,
Theorem 19 (see [21]). The following statements hold.
(@) {cs"}* = {bv"}" = by }* = ¢;.
) {cs*} = bv*, bv* ) = cs*, Vi) = bs*, {bs*) =
bvy.
(0) {es™}
bv*.

bs*, {bs*} =

', v} = bs7, {brp)

Now, we give the characterizations of some matrix classes
and state the necessary and sufficient condition on non-
Newtonian matrix transformations by using the results given
on Kéthe-Toeplitz duals in [21].

7
Theorem 20. The following statements hold:
(i) A =(ay) € (&, :€.) if and only if
M=sup 3 liayfizco. (33)
neN " g
(i) A = (ay) € (c" : €) ifand only if (33) holds.
(iii) A = (a,4) € (¢; : €.,) if and only if (33) holds.
(iv) A = (ay) € (€, : &) if and only if
C = sup ﬁZHa:k"‘DZoo, (0<p<o0). (34)
neN "

Proof. Since the proof can also be obtained in the similar
way for other cases, to avoid the repetition of the similar
statements, we prove only case (i).

Suppose that condition (33) holds and x = (x;) € €.
In this situation, since (a7 )y € {€7,}F = €] for every fixed
n € N, the * A-transform of x exists. Taking into account the
hypothesis, one can easily observe that

neN neN

supd” ((Ax),,0") = supd” (*Za;k o} xk,0*>
‘ (35)

SlxllgXsup > Tlagdl < oo,
neN "

which leads us to the fact that A © x € £}, as desired.
Conversely, suppose that A € (¢, : €, ). Put Ao x =
{(Ax),,} ,eny and observe that (Ax),, is a sequence of bounded
linear operators on € such that sup, d*((Ax),,0") < oo.
Hence the results are obtained similarly from an application
of Banach-Steinhaus theorem in classical mean. O

Example 21. Let (x;) = (¢, 0;) € €% and define the matrix
A = (ay) by

xe, k=n,
ay = (36)
0", k#n,

for all k,n € N. Then [la’, ] = Bi\/&; + 67} holds for k = n

otherwise 6. By taking into account (x; ) € €., we obtain

neN

=sug{ﬁ\/sé+8§,[3\/e%+6%,...,[3\/sﬁ+8ﬁ,...,} <00
ne

(37)

sup > llayl
k

for all &, 5, € R. This shows, by (i) of Theorem 20, that A =
(ay) € (€, : €2).



We state and prove the Kojima-Schur theorem which
gives the necessary and sufficient conditions on an infinite
matrix with respect to the non-Newtonian calculus, that maps
the space ¢* into itself. A matrix satisfying the conditions of
the Kojima-Schur theorem is called a conservative matrix or
convergence preserving matrix.

Theorem 22 (Kojima-Schur). A = (a);,) € (" : ¢*) if and
only if (33) holds, and there exist oy, 1 € C* such that

:leroloa:k = oy for each k € N, (38)
im > ay =1 (39)
k

Proof. Suppose that the conditions (33), (38), and (39) hold
and x = (x;) € ¢ withx;, — s € C"ask — oo. Then,

since (a,)xen € 1c*}F = €7 for each n € N, the * A-transform
of x exists. In this situation, the equality

*Za;k Ox; = {*Za;k o(xg e s)} ® {s o} *Za:k} (40)
k K K

holds for each n € N. In (40), since the terms on the right
hand side tend to .}, &y © (x; © s) by (38) and the second
term on the right hand side tends to / ® s by (39) asn — oo,
in the sense of *-limit, we have

“lim_ *%a:k Ox; = { *%(xk o(x; o s)} olos. (41)

Hence, Ax € c*; that is the conditions are sufficient.
Conversely, suppose that A = (a,,) € (c* : ¢*). Then
A © x exists for every x € c*. By e and e, we denote the
sequences such thate, = 1* fork = 0,1,...,and e™ = 1* and
el(c") = 6" (k #n). The necessity of the conditions (38) and (39)
is immediate by taking x = e and x = e, respectively. Since
¢* c €., the necessity of the condition (33) is obtained from
Theorem 20(i). O

Theorem 23. A = (a,) € (¢, : ¢*) if and only if (33) holds
and there exists (o) € w* such that

lim d” (a,,0p) = 6° (42)

foreachk e N.IfA = (ay) € (¢, : c*), then (o) € €] and
lim,, | o W20 @2 = D0 O 2.
k k

Proof. Suppose that (33) and (42) hold. Then there exists an
ng € Nfor K € Nand & > 0 such that

k
ﬂZd* (G ) <&, (43)

k=0
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for all n > ny. Since

k k k
Y (6002, Y d (@) F Y (a,07)
k=0 k=0

k=0 (44)

<EFM

for n > ng, by (42), one can see that (&) € ¢ and
B2k d*(e,0") < M. Letz = (z;) € ¢ . Then, one can
choose a k, € N for & > 0 such that d*(z;,0")<é, for each
fixed k > k,. Additionally, since a, 5 o, asn — oo by
(42), we have a;, © z; 5 a ©z;,asn — oo for each
fixed k € N. That is to say that “lim, , ., d"(a, © z;,q; ©
z;) = 0". Hence, there exists an N = N(k,) € N such that

k .. .
plisod (ay © 20,0 ©2;)<E, foralln > N. Thus, since
* * * % *
d <*Zank 0z, *Zock 0z )
k k

- * * * * *
SﬁZd (A © 2, 0, © 21)
k

ko

* * * * *
= ﬁZd (an 02,0, 07)
k=0

(9]
PO d (@ agz)
k=ky+1
(o)
6t Y [d (ap0z,0") Fd' (4 02,0")]
k=ky+1
(45)
o0
Lt ) d (ay.07)d" (2.67)
k=ky+1

i Bk-kz ld* (a,07)d* (z,0")

<& [, % (M+M,)]

for all n > N, the series , Y, a, © z; are x-convergent for

eachneNand, ), a, 0z 5 D0 Oz, asn — oo. This
means that Aoz € ¢”.

Conversely, let A = (a,;) € (¢; : ¢*)andletz = (z;) € ¢;.
Then, since A ® z € ¢” exists and the inclusion (¢; : ¢*) C
(¢ : &) holds, the necessity of (33) is trivial by (iii) of
Theorem 20. Now, if we take the sequence 2" = {z,(c")} €¢>
then A 0 2" = {an )2, € c” holds for each fixed k € N;
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that is, condition (42) is also necessary. Thus, the proof is
completed. O

As an easy consequence of Theorem 23, we have the
following corollary.

Corollary 24. A = (a;;) € (¢, : ¢ ) if and only if (33) holds
and (42) also holds with o, = 0" for all k € N.

<n42—2>* ((n+12)’:n+2)>*

One can easily conclude that sup,,. ﬁZk ||c 200 for all
k € N and (33) holds. On the other hand,
() o 2m-k+1) \"
1 @jj = = <—) = 48
Jdim fle,, 7l m || D 2) l (48)

$0 (42) also holds with ; = 0" for all k € N. Therefore C; €
(cy 1 6y)-

A matrix satisfying the conditions of the Silverman-
Toeplitz theorem is called a Toeplitz matrix or regular matrix.
By (¢* : c";p), we denote the class of Toeplitz matrices.
Now, we may give the corollaries characterizing the classes

of (c* : c*; p).

Corollary 26 (Silverman-Toeplitz Theorem). A = (a,,) €
(c* : ¢*;p) if and only if (33) holds and (38) and (39) also
hold with o, = 6" for allk € N and | = 1%, respectively.

Example 27. Example 25 can be given as an example of
Silverman-Toeplitz theorem. Because the conditions (33)
and (38) hold with oy = 0". Furthermore we have

“lim, _, o Xk ||c )i = 1* and (39) also holds.

Theorem 28. A = (a,;) € (£, : ¢;) if and only if

(49)

lim, Y (050 =6
k

Proof. Let A = (a),) € (€, : ¢;) and u = (u;) € €;,. Then,
the series , ), a,;, ©uy *-converges to 8" for each fixed n € N,
since Aou exists. Hence, A, := {a), };2, € {E;}ﬁ foralln € N.

Example 25. Let k,n,r € N and r > 0. The Cesaro means of
order r is defined by the matrix C; = (c:k(r)) as

n—k+r—1) *
—k) ifk<n

(") = (

(") (46)
0% otherwise.
Taking r = 2 we obtain an infinite matrix as follows:
0* 0* o* ...
0* 0* o* ...
Qoo e
. . . (47)

Define the sequence u = (u;) € €, by u; := (1",1°,1%,...,)
for all k € N. Then, A © u € ¢, which yields for all n € N that

*lim Za L OUp = ’;ll)ngo *Za;:k ol1”
*

n— oo
(50)
= :15%0 *Za:k =0".
k
Furthermore we obtain
"lim Zd a0 “lim_ Z"ank"
(51)

< lim Y and =
k
Conversely, suppose that (49) holds and u = (u;) € €.

Then, since A}, € {E;O}ﬁ = ¢, for each n € N, A © u exists.
Therefore, one can observe, by using condition (49), that

hmd <Zak®uk, )
< lim, D" (
k

cL oK. *
< lim, 2 (
= fim, A" (@06

<supd” (u,0%)
keN

%lim  'd" (a,,0") = 6"
k

‘lim d* ((Au),, 6"
Aui © U, 6*)

% d* (u,0%)

(52)

which means that A © u € ¢, as desired. O
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Theorem 29.
and

A = (ay) € (cs™ : c”) ifand only if (38) holds,

sup Zd (Aa),,0") <co
neN (53)

* * *
where Aa,; = a, © A Vn, k € N.

Proof. Let x = (x;) € cs” with .}, x; = sand y, = Zk 0X;
for all k € N. Define the infinite matrix B = (b,;) by B =
(by) = (Aa,,) forall k,n € N. Suppose thatA € (cs* : c").
Then, A © x exists for every x = (xk) € c¢s" and is in ¢”.
Since this also holds for x = ¢® € ¢s* for each fixed k € N,
the necessity of (38) is clear. Consider the following relation
obtained from mth-partial sums of the series .Y, a, © x;
by applying Abel’s partial summation. In this situation, the
equalities

3

Zank ox; = {

(Aay)© yy } ®ay,, Oy,

)
(=]

—

(Aa, )@(yZGS)}
o Suils

= {*Z (Aaik)e(yZGS)}

k=0

1]
——t—
b

By © Vi (54)

3

®[so(a,0a,,)]

nOVr VmyneN.

* *

o0 0
* * * *
Gy @ ayg Gy @ ay,

_ * * * * * *
C= Ggg @ a1 @ ay, ag ®a;; ®ay;

* * * * *
Ay @A) ®---®a,, d, ®a;; S -

for all k,n € N. Suppose that A = (a,) € (cs™ : cs*). Then,
A0 x exists for every x = (x;) € c¢s” and is in ¢s”. This yields
for x = e® € ¢s* for each fixed k € N that the condition (58)
is necessary. It is clear that the following equality

Ms

2.

j=0 k:

m
ay © Z
jk

HM:

m
P = D Oxe  (60)
0 k=0

* * * *
®a, a,®a,®---®aq,
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Therefore, we derive by passing to limit in (54) asm — oo
that

(Ax), = *Za:k o x;
x

(55)

{*zb:ke(yz es>} o (s0a)

for all n € N. Since *lim, (Ax),, exists and *lim,a,, = o, we
see by lettingn — oo in (55) that “lim,, Y, by ©(y; ©s) also
exist. This yields the fact that B € (¢; : ¢*), because yo's € ¢/
ifand only if x € cs*. Hence, the matrix B = (b, ) satisfies the
condition (33) which is equivalent to the condltlon (53); that
is the condition (53) is necessary.

Conversely, suppose that conditions (38) and (53) hold.
First, (53) implies A, = (a,;)ren € fcs” }ﬁ =bv" C € for
every fixed n € N; hence, A O x exists for every x € cs” “Also

(38) and (53) imply by Corollary 24 that B = (b,,) € (¢; : ;).
Thus, it follows from (55) that
“lim_ Yajox;=soa. (56)
k

Hence A = : ¢). This completes the proof.  [J

(cs™ : ¢cs™) if and only if

sup Z d* <*zn:Aa;k,0*> <00, (57)
=0

(ay) € (cs”

Theorem 30. A = (a,) €

neN k

tim ( Taa ) -0 (59

n

where oy, € C” for each k € N.
Proof. Let x = (x;) € cs” and define the matrix C = (c,;) by

Gik =+ j=o @i as follows:
) o Aok
Gy @ ay, Aor @ Ay

g ® gy ® ayy (59)

* * *
ag, ®a,, ®ay,

* * *
C Ay ®a - Da,

derived from nth and mth-partial sums of the double series
«2j +2k G © xi holds for all m,n € N. Therefore, by letting

m — oo in (60) we have

Y(Ax); = (Cx), VneN. (61)
j=0

Then, since A ® x € cs” by the hypothesis, “lim,, Z;L:O(Ax) i
exists, on the left hand side of (61), which leads us to the
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consequence that C = (¢, ) € (cs” : ¢*). Therefore, condition
(53) of Theorem 29 is satisfied by the matrix C = (c,;) which
is equivalent to condition (57).

Conversely, suppose that conditions (57) and (58) hold,
which imply the existence of the A-transform of x €
cs”. Then, since (61) also holds, the matrix C satisfies the
conditions of Theorem 29. Hence, *lim,(Cx),, exists which
says by (61) that A © x € ¢s™, as was desired. O

Theorem 31. A = (a,) € (c* : cs*) if and only if (58) holds
and

n
sup »d* Za;k,e* <oo, (62)
neN A j=0

Z *Za:k is w-convergent, Vk,neNy. (g3
Tk

Proof. Let x = (x;) € ¢” and define the matrix C = (¢, ) as in
the proof of Theorem 30. Suppose that A = (a,,) € (" : cs™).
Then, A®x exists for every x € ¢* and isin cs”. This yields for
x =e® € ¢ and x = e € ¢* which give the necessity of the
conditions (58) and (63), respectively. It is clear that we have
the relation (61), derived by the same way used in the proof
of Theorem 30. Then, since A ©® x € cs*, that is, the series
« 2.j(Ax); #-converges by the hypothesis “lim,, , Z;':O(Ax) i
exists, on the left hand side of (61), which leads us to the
consequence that C = () € (¢* : ¢*). Therefore, condition
(33) in Kojima-Schur theorem, is satisfied by the matrix C =
(¢,) which is equivalent to condition (62).

Conversely, suppose that conditions (58), (62), and (63)
hold, which imply the existence of the A-transform of x €
c¢*. Then, since (61) also holds, the matrix C = (c,;) satisfies
the conditions of Kojima-Schur theorem. Hence, *lim,(Cx),
exists which says by (61) that A® x € ¢s*, as was desired. [

4. Conclusion

At the beginning of 1981, the wage-rate in dollars per hour
at a certain company was w, and the cost of living index
for the United States was ¢,. At the end of 1981, the amounts
were w,; and ¢, respectively. Company and union negotiators
had agreed at the beginning of 1981 that, thereafter, the wage-
rate would be adjusted to reflect changes in the cost of
living index. Assuming that the cost of living index is always
increasing and that the wage-rate changes “uniformly” and
continuously relative to the cost of living index, find the wage-
rate w, at time t in terms of the constants ¢, ¢;, wy, and w; the
cost of living index ¢, at time ¢. There is no unique solution to
this problem; we shall give two reasonable solutions (cf. [14]).

Firstly, since the wage-rate changes “uniformly” relative
to the cost of living index, we may reasonably assume that
equal differences in the cost of living index give rise to equal
differences in the wage-rate. Furthermore, since the changes
are “continuously” relative to the cost of living index, it can
be proved that

Wy — Wy

] (¢ —c)- (64)

wt:wo+[
G

1

Secondly, since the changes are “continuously” relative to the
cost of living index, it can be given that

Ing-Ing,

1/(In¢;-In¢y)
wt:w0|:<%> ] , (65)
0

We shall see that the expression within the brackets
represents a new gradient that plays a fundamental role
in the bigeometric calculus which is a branch of non-
Newtonian calculus. On the other hand, in the mathematical
solution of many fundamental physical problems we are
naturally led to series whose terms contain factors which
are the mathematical representations of the damping factors
of the physicist. These same factors may be interpreted as
convergence factors for summable series, since they satisfy
the conditions of the general theorems. Thus, the use of
convergence factor theorems and the theory of summable
series frequently serves to extend the domain of applicability
of the mathematical solution of physical problems.

The table on the characterizations of the matrix trans-
formations between certain spaces of sequences with real
or complex terms was given by Stieglitz and Tietz [26]. To
prepare the corresponding table for certain sequence spaces
over the non-Newtonian complex field C*, we characterize
some classes of infinite matrices. Of course, to complete the
table of matrix transformations from the set y; to the set y,,
there are several open problems depending on the choice of
generator functions.

The main results given in final section of the present paper
will be based on examining the domain of some matrices in
the classical sets of sequences. This is a new development of
the matrix transformations between sequence spaces over C*.
Finally, we should note from now on that our next papers
will be devoted to the matrix domains of the classical sets of
sequences over C*.
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