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A simple theoretical model is developed to study the size and shape dependence of vibrational and thermodynamic properties of
nanomaterials. To show the real connection with the nanomaterials we have studied Debye temperature, Debye frequency, melting
entropy, and enthalpy in different shapes, namely, spherical, nanowire, and nanofilm of 𝛽-Fe, Sn, Ag, and In. The results obtained
are compared with the experimental data. A good agreement between the model predictions and the experimental data supports
the theory developed in the present paper.

1. Introduction

The bulk properties of crystals depend on their structure, but
at the nanoscale, in addition to the structure, their size and
shape are an important factor, which influences their prop-
erties. The most significant characteristic of materials at the
nanoscale is their high surface to volume ratio, which affects
their thermodynamical properties. It is now well known that
the melting temperature of nanoparticles depends on their
size [1]. Melting temperature depression occurs for almost all
free nanoparticles [2–5] and superheating has been reported
for nanoparticles embedded in other host materials [6–8].
Guisbiers [9] used a top down approach and reported a
universal relation, which is particularly helpful when experi-
ments are difficult to lead on a specific material property. To
validate the relation Guisbiers [9] compared the theoretical
relation with experimental data of cohesive energy ofMo and
W nanoparticles and of activation energy of diffusion for Fe
and Cu nanoparticles. Guisbiers [9] also compared his results
with differentmodels predicting the size-dependent behavior
of the vacancy formulation energy. The vacancy formulation
energy versus the size of a spherical gold nanoparticle has
been studied [9]. It has been concluded that the models
reported by earlier workers support the formulation given by
Guisbiers [9]. Thus, there are relatively extensive investiga-
tions on the size dependence of melting and cohesive energy

of nanocrystals. However, it has not been accompanied by
the necessary investigation of size dependence of vibrational
properties and thermodynamics of nanocrystals. Such inves-
tigations should depend on our understanding of the size
effect ofmelting and cohesive properties. In particular, a com-
plete understanding of the melting transition in nanocrystals
cannot be obtainedwithout a clear understanding of enthalpy
and entropy of melting, which are important properties of
melting as already discussed in detail by Zhang et al. [10] as
well as Safaei and Shandiz [11]. Therefore, some efforts have
been made to study the phenomenon. Zhang et al. [10] dem-
onstrated that a simple model, free from any adjustable
parameter, can be developed for the melting enthalpy and
melting entropy of nanocrystals based on Mott’s equation
for the melting entropy and a model for the size-dependent
melting temperature. The results were supported by available
experimental results on metallic and organic crystals. It has
also been suggested that the size dependent melting enthalpy
and melting entropy for nonsemiconductor crystals can be
determined by the vibrational component of overall melting
enthalpy and entropy.

Qi [12] developed a model for the size, and coherence-
dependent cohesive energy, melting temperature, melting
enthalpy, vacancy formulation energy, and vacancy concen-
tration of nanowires and nanofilms. It was found that the var-
iation direction (increasing or decreasing) of thermodynamic
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properties is determined by the coherent interface, and
quantity of variation depends on crystal size. The lattice type
sensitive model for the melting entropy and enthalpy of
nanocrystals has been presented by Safaei and Shandiz [11],
which is based on the model for the size dependence of the
melting point.The formulations have been comparedwith the
experimental data of In and molecular dynamic simulation
results of Ag nanoparticles. Xiong et al. [1] discussed that
most thermodynamic properties of nanoparticles vary lin-
earlywith𝐷−1 as first approximation.Thus, it seems that there
exist some efforts to study the size dependence of melting
entropy and enthalpy of nanoparticles.Moreover, these quan-
tities also depend on the shape, which is a very important
phenomenon of nanoscience. Thus, it is legitimate and may
be useful to present a simple model, which includes the effect
of shape also in addition to the size, with a less number of
parameters, which is the purpose of the present paper. The
theoreticalmodel is presented in Section 2 and the results and
discussion in Section 3.

2. Theoretical Model

It has been discussed [13] that the Debye temperature, 𝜃Dn, of
nanomaterial is related to theDebye temperature, 𝜃Db, of bulk
material with the following relation:

𝜃Dn
𝜃Db
= (1 −
𝑁

2𝑛
)
1/2

, (1)

where 𝑁 is the number of surface atoms and 𝑛 is the total
number of atoms. It is well known that theDebye temperature
is linearly related to the Debye frequency [14]. Thus, we can
write

]Dn
]Db
= (1 −
𝑁

2𝑛
)
1/2

, (2)

where ]Dn is theDebye frequency of nanomaterial and ]Db the
Debye frequency of bulk material.Thus, it is very clear that to
study theDebye temperature orDebye frequency, we need the
values of 𝑁/2𝑛 of nanomaterial. Actually, 𝑁/2𝑛 depends on
the size and shape of the nanomaterials. The method to eval-
uate 𝑁/2𝑛 for different shape of nanomaterials has already
been discussed by Qi [15]. According to this model, 𝑁/2𝑛 is
2𝑑/𝐷 for spherical nanosolids with 𝑑 being the diameter of
the atom and 𝐷 the diameter of spherical nanosolids. For
nanowire, 𝑁/2𝑛 is 4𝑑/3𝐿 with 𝐿 being the diameter of
nanowire. For nanofilm, 𝑁/2𝑛 is 2𝑑/3ℎ with ℎ being the
height (size) of the nanofilm. Thus, (1) and (2) give the
relations for the size dependence of Debye temperature and
Debye frequency for different type (shape) of nanomaterials.
We used these relations in the present paper to study the size-
and shape-dependent 𝜃

𝐷

and ]
𝐷

of 𝛽-Fe.
Now, we proceed to discuss the size and shape depen-

dence of melting entropy and melting enthalpy of different
type of nanomaterials. The vibrational entropy (𝑆vib) of melt-
ing of a bulk crystal is related to the melting temperature
(𝑇mb) as given below [16, 17]

𝑆vib =
3𝑅

2
ln(
𝑇mb
𝐶
) , (3)

where 𝐶 is constant and 𝑅 is called gas constant. It has
been discussed [16, 17] that the melting of metallic crystals
is mainly vibrational in nature. Thus, the vibrational entropy
(𝑆vib) is approximately equal to themelting entropy (𝑆mb) and
vibrational enthalpy (𝐻vib) is equal to the melting enthalpy
(𝐻mb) for bulk crystals. Thus, (3) may be rewritten as follows
for bulk material [1]:

𝑆mb =
3𝑅

2
ln(
𝑇mb
𝐶
) (4)

and for nanomaterial

𝑆mn =
3𝑅

2
ln(𝑇mn
𝐶
) . (5)

Equations (4) and (5) give the following relation:

𝑆mn = 𝑆mb +
3𝑅

2
ln(𝑇mn
𝑇mb
) . (6)

Liang and Li [18] reported the following relation:

𝜃Dn
𝜃Db
= (
𝑇mn
𝑇mb
)
1/2

. (7)

Combining (6) and (7), we get the following relation:

𝑆mn = 𝑆mb +
3𝑅

2
ln(𝜃Dn
𝜃Db
)
2

, (8)

or

𝑆mn = 𝑆mb +
3𝑅

2
ln(1 − 𝑁
2𝑛
) . (9)

Thus, we may write 𝑆mn of different type (shape) of nanoma-
terials using the value of𝑁/2𝑛 as discussed above.

Spherical nanosolid:

𝑆mn = 𝑆mb +
3𝑅

2
ln(1 − 2𝑑

𝐷
) . (10)

Nanowire:

𝑆mn = 𝑆mb +
3𝑅

2
ln(1 − 4𝑑

3𝐿
) . (11)

Nanofilm:

𝑆mn = 𝑆mb +
3𝑅

2
ln(1 − 2𝑑

3ℎ
) . (12)

We used these relations in the present work. The melting
enthalpy (𝐻mb) of a bulk metallic crystal is defined as [12]

𝐻mb = 𝑆mb𝑇mb. (13)

The melting enthalpy of nanomaterial may be written as

𝐻mn = 𝑆mn𝑇mn. (14)
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Figure 1: Size and shape dependence of Debye temperature of 𝛽-Fe
using (1). The experimental data [19] are shown by e for spherical.

Combining (13) and (14) gives the following relation:

𝐻mn
𝐻mb
= (
𝑆mn
𝑆mb
)(
𝑇mn
𝑇mb
) , (15)

or

𝐻mn
𝐻mb
= (
𝑆mn
𝑆mb
)(
𝜃Dn
𝜃Db
)
2

. (16)

Using (1), (9), (13), and (16) gives the following relation:

𝐻mn = [𝐻mb +
3𝑅𝑇mb
2

ln(1 − 𝑁
2𝑛
)] [1 −

𝑁

2𝑛
] . (17)

Thus, we can write the following relations for different type
(shape) of nanomaterials.

Spherical nanosolid:

𝐻mn = [𝐻mb +
3𝑅𝑇mb
2

ln(1 − 2𝑑
𝐷
)] [1 −

2𝑑

𝐷
] . (18)

Nanowire:

𝐻mn = [𝐻mb +
3𝑅𝑇mb
2

ln(1 − 4𝑑
3𝐿
)] [1 −

2𝑑

𝐷
] . (19)

Nanofilm:

𝐻mn = [𝐻mb +
3𝑅𝑇mb
2

ln(1 − 2𝑑
3ℎ
)] [1 −

2𝑑

𝐷
] . (20)

In the present paper we used these relations.

3. Results and Discussion

The input data [10, 11] required for the present work are
given in Table 1. We used (1) to compute the size dependence
of Debye temperature of 𝛽-Fe in different shapes, namely,
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Figure 2: Size and shape dependence of Debye frequency of 𝛽-Fe
using (2).

Table 1: Values of input parameters [10, 11].

Nanomaterials 𝑑
(nm)

𝑆mb
(J/mol⋅K)

𝐻mb
(kJ/mol)

𝑇mb
(K)

𝜃Db
(K)

𝛽-Fe 0.2480 470
Sn 0.3725 14.00 7.08 1336
Ag 0.2880 9.16 11.30 1234
In 0.3291 7.59 3.28 429

spherical, nanowire, and nanofilm. The results obtained are
reported in Figure 1. The Debye temperature is found to
decreasewith the decrease in the size.The trend of variation is
similar in all three forms. Moreover, the Debye temperature
increases for nanowire and nanofilm as compared with the
spherical form of same size. The experimental data [19] are
available for 𝛽-Fe (Spherical), which have been included for
comparison purposes. It is found that our model predictions
are in good agreement with the experimental data. We have
extended the model in the form of (2) to study ]

𝐷

for 𝛽-Fe in
different shape, namely, spherical, nanowire, and nanofilm.
]Dn have been found to decrease with the decrease in size
for all three cases with similar trend of variation as shown in
Figure 2.Wehave further extended themodel to study the size
and shape dependence ofmelting entropy and enthalpy in the
form of (10)–(12) and (18)–(20).We have considered different
nanomaterials, namely, Sn, Ag, and In, because of the fact that
some experimental data are available so that themodel can be
tested by comparison. The results obtained using (10)–(12)
for melting entropy of Sn, Ag and In in different shapes,
namely, spherical, nanowire, and nanofilm, are reported in
Figures 3, 4, and 5 along with the available experimental data
[10, 11]. For thesematerials the experimental data are available
for spherical case. We have used these data [10, 11] for
comparison purposes. It is found that our results are in good
agreement with the experimental data. The melting entropy
is found to decrease with decreasing the size of the materials
considered in the present work. Moreover, there is increase
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Figure 3: Size and shape dependence of melting entropy of Sn using
(10)–(12). The Experimental data [10] are shown by e for spherical.

2 4 6 8 10 12
5.0

5.5

6.0

6.5

7.0

7.5

8.0

8.5

9.0

Nanofilm
Nanowire
Spherical

Size (nm)

S
m

n
(J

 m
ol

−
1

K−
1
)

Figure 4: Size and shape dependence ofmelting entropy of Ag using
(10)–(12). The experimental data [11] are shown by e for spherical.

in the entropy from spherical to nanowire to nanofilm for
a particular size. We have also studied the size and shape
dependence of melting enthalpy of Sn, Ag, and In nanomate-
rials in different shapes. The results obtained using (18)–(20)
are reported in Figures 6, 7, and 8. There is good agreement
between computed and available experimental data [10, 11]
for spherical shape. The enthalpy is also found to decrease
with the decrease in size. It should be mentioned that we
are reporting the results for nanowire and nanofilm in the
absence of experimental data. It may be of good interest to
the persons engaged in the experimental work. By decreasing
the size, increased proportion of atoms occupy surface sites
which are able to move freely more than the interior atoms of
nanosolids. This phenomenon leads to change in the ther-
modynamical properties. Enthalpy and entropy of melting
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Figure 5: Size and shape dependence of melting entropy of In using
(10)–(12). The Experimental data [11] are shown by e for spherical.
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Figure 6: Size and shape dependence of melting enthalpy of Sn
using (18)–(20). The experimental data [10] are shown by e for
spherical.

decrease when the size decreases. The enthalpy and entropy
of melting of nanoparticles may be divided into two parts:
bulk quantity and surface quantity. The decrease in melting
enthalpy and entropy is essentially induced by the surface
contribution related to the larger surface to volume ratio and
breaking bonds.

4. Conclusion

We have thus developed a simple theoretical model to study
the size and shape dependence of Debye temperature, Debye
frequency, melting entropy, and melting enthalpy.Themodel
predictions are in good agreement with the available experi-
mental data, which validate the proposed model. To the best
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Figure 7: Size and shape dependence of melting enthalpy of Ag
using (18)–(20). The experimental data [11] are shown by e for
spherical.
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Figure 8: Size and shape dependence ofmelting enthalpy of In using
(18)–(20). The experimental data [11] are shown by e for spherical.

of our knowledge, such simple model is not yet available in
the literature to include the effect of size as well as shape.
Due to the simplicity and applicability of the model, it may
be extended to the other nanomaterials andmay be of current
interest to the researchers engaged in the study of thermody-
namics of nanomaterials.
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