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1 Introduction and main results

Let f be a function transcendental and meromorphic in the plane. The forward differ-
ence is defined in the standard way by Af(z) = f(z + 1) — f(z). In what follows, we assume
that the reader is familiar with the basic notions of Nevanlinna value distribution theory
(see [1-3]). In addition, we use the notations o (f) to denote the order of growth of the
meromorphic function f(z), and A(f) and A( fl) to denote, respectively, the exponents of
convergence of zeros and poles of f(z).

Painlevé and his colleagues [4] classified all equations of the Painlevé type of the form

d’y dy
5 = F £ S B
dz? (z 4 dz)

where F is rational in y and % and (locally) analytic in z. The first two of these are P; and
PHI

d’y d*y

= =6y +2, = =2%*+zy+a,

a2~ iz =0T
where « is a constant. The differential Painlevé equations, discovered at the beginning of
the last century, have been an important research subject in the field of mathematics and
physics.

In the past 18 years, the discrete Painlevé equations became important research prob-

lems (see [5]). For example, discrete Painlevé I equations

an+

Ynil t Y1 = +V,

n
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an+pB y
Y1 t Y1 = 5
n

Yn

and discrete Painlevé II equation

(an+B)y,+vy

Yn+1 +yr1—1 = 1 _y}zq

where o, § and y are constants, n € N.

Some results on the existence of meromorphic solutions for certain difference equations
were obtained by Shimomura [6] and Yanagihara [7] 30 years ago.

Recently, a number of papers (see [8—20]) focused on complex difference equations and
difference analogues of Nevanlinna theory. As the difference analogues of Nevanlinna the-
ory are being investigated, many results on the complex difference equations are rapidly
obtained.

Ablowitz et al. [8] looked at a difference equation of the type

Yz +1) +y(z-1) =R(z,7), @)
where R is rational in both of its arguments, and showed the following theorem.

Theorem A (see [8]) Ifthe second-order difference equation

ag(2) + ar(2)y + - - - + ap(2)y”
bo(z) + bi(2)y + -+ + bq(z)yq’

yz+1)+y(z—1) =

where a; and b; are polynomials, admits a non-rational meromorphic solution of finite
order, then max{p, q} < 2.

Halburd and Korhonen [15-17] used value distribution theory and a reasoning related
to the singularity confinement to single out the difference Painlevé I and II equations from
difference equation (1). They obtained that if (1) has a finite order admissible meromorphic
solution f(z), then either f satisfies a difference Riccati equation, or (1) can be transformed
by a linear change in f to some classical difference equations, which include difference
Painlevé I equations

az+b

flz+)+f(z-1) = Iie) +c, 2)
az+b c
fle+)+f(z-1) = e +w, 3)
FerD)+f@+fe-1)= b (4)
f(@)
and difference Painlevé II equation
(az + b)f(z) + ¢
f(2+1)+f(2—1):W’ (5)

where a, b and c are constants.
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From above, we see that difference Painlevé I and II equations are the development of
the differential and discrete Painlevé I and II equations. So they are an important class of
difference equations.

Chen and Chen [10] investigated some properties of meromorphic solutions of differ-
ence Painlevé I equation and proved the following Theorem B.

Theorem B (see [10]) Let a, b, ¢ be constants such that |a| + |b| # 0. If f(z) is a finite order
transcendental meromorphic solution of the difference Painlevé 1 equation (4), then
(i) A(3) =2() = o (f);
(i) if p(2) is a non-constant polynomial, then f(z) — p(z) has infinitely many zeros and
Mf-p)=o(f);
(ili) ifa #O0, then f(z) has no Borel exceptional value;
ifa =0, then Borel exceptional values of f(z) can only come from the set
E={z|32%2-cz-b=0}.

The main aims of this paper are to consider the properties of finite order transcendental
meromorphic solutions of difference Painlevé I and II equations (2)-(5), and we obtain the
following results.

Theorem 1.1 Let a, b, c be constants with |a| + |b| # 0. Suppose that f(z) is a finite order
transcendental meromorphic solution of the difference Painlevé 1 equation (2). Then
(i) if a #0 and p(z) is a polynomial, then f(z) — p(z) has infinitely many zeros and
Mf=p)=o(f);
ifa =0, then Borel exceptional values of f (z) can only come from the set
E={z|222-cz-b=0};
(i) A(2) = () = o (af) = o (f),

Theorem 1.2 Let a, b, ¢ be constants with |a| + |b| + |c| # 0. Suppose that f(z) is a finite
order transcendental meromorphic solution of the difference Painlevé 11 equation (5). Then
(i) if a #0 and p(z) is a nonzero polynomial, then f(z) — p(z) has infinitely many zeros
and Mf - p) = o (f);
ifa =0, then Borel exceptional values of f(z) can only come from the set
E={z|222+(b-2)z+c=0};
ifc#0, then AMf) = o (f);
(i) 1(2) = M) =0(a) = o ().

Remark 1.1 By Theorem 1.2, we conclude that if ac # 0 and f(z) is a finite order transcen-
dental meromorphic solution of the difference Painlevé II equation (5), then f(z) has no

Borel exceptional value.

Theorem 1.3 Let a, b, ¢ be constants with |a| + |b| + |c| # 0. Suppose that f(z) is a finite
order transcendental meromorphic solution of the difference Painlevé | equation (3). Then
i) A7) =a(zp) =0 (&) = o (f);
(ii) ifa = 0, then Borel exceptional values of f (z) can only come from the set
E={z|22%-bz—-c=0}.
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Theorem 1.4 Let a, b, ¢ be constants with |a| + |b| # 0. Suppose that f(z) is a finite order
transcendental meromorphic solution of the difference Painlevé 1 equation (4). Then ( fl) =

Map) =0 (Af) = (f).

Remark1.2 The following examples show that A(Af) = o (f) may not hold in above several
theorems.

Example 1.1 The meromorphic function f(z) = tan(7z) satisfies the equation

fe+)+fe—1) = f‘(—i)

where a = ¢ = 0, b = -2 satisfying |a| + |b| = 2 # 0. We obtain that

Af = b4 T\ 2
\f = —cot(;z) —tan(§z> = “sntra)

Thus, )L(J%) = )L(Alf) =0(Af) =o(f) =1 and A(Af) = 0 # o (f). The solution f(z) = tan(7z)
has two Borel exceptional values i and —i satisfying the equation 22> —cz - b = 2z* +2 = 0.

Example 1.2 The meromorphic function f(z) = tan(7 z) satisfies the equation

4f (2)
1-f(2)*’

fz+)+f(z-1) =

where a =c=0,b =4 and |a| + |b| + |c| = 4. We have

1+ tan(Zz) i 1+ tan*(%z)

= —z)=—F—.
1-tan(72) 4 1-tan(%2)

Thus, A(%) = A( ) o(Af) = o(f) =1 and A(Af) = 0 # o (f). The solution f(z) = tan(7z)
has two Borel exceptlonal values =i satisfying 2z% + (b —2)z + ¢ =22% + 2z = 0.

Example 1.3 The meromorphic function f(z) = satisfies the equation

1
eXmiz izl
2 (2)

fle+)+f(z-1)= e

where a =c=0, b =2 and |a| + |b| + |c| = 2. We have

1 1 -1
TiE 4742 Tz 41  (eTE4+z+2) (e 4z +1)

Af =

Thus, )»(},) = ( f o(Af) =0 (f) =1 and L(Af) = 0. The solution f( has a

Borel exceptional value O satisfying the equation 2z° + (b —2)z + ¢ = 22° = 0.

Z) - 27rtz+z+1

2 The proof of Theorem 1.1
We need the following lemmas to prove Theorem 1.1.
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Lemma 2.1 (see [13, 18]) Let w(z) be a non-constant finite order meromorphic solution of
P(z,w) =0,

where P(z,w) is a difference polynomial in w(z). If P(z, a) 0 for a meromorphic function

a satisfying lim,_, ;((:;’/)) =0, then

m(r, 1 ) =S(r,w)
w—a

outside of a possible exceptional set of finite logarithmic measure.

Lemma 2.2 (see [11, 16, 17]) Let f be a non-constant finite order meromorphic function.
Then

N(r+1,f) =N(r.f) + S(r.f)
outside of a possible exceptional set of finite logarithmic measure.

Remark 2.1 In [12], Chiang and Feng proved that let f be a meromorphic function with
exponent of convergence of poles )»(%) = A <00, 11 #0 be fixed, then for each ¢ > 0,

N(r.f(z+n)) = N(r,f) + O(r**) + O(log ).

Lemma 2.3 (see [18]) Let f(z) be a transcendental meromorphic solution of finite order o
of a difference equation of the form

H(z,f)P(z.f) = Qz.f),

where H(z,f) is a difference product of total degree n in f (z) and its shifts, and where P(z,f),
Q(z,f) are difference polynomials such that the total degree of Q(z,f) is < n. Then, for each
e>0,

m(r,P(z,f)) = O(r"_“s) +S@r.f)
possibly outside of an exceptional set of finite logarithmic measure.

Lemma 2.4 (Valiron-Mohon'ko, see [2]) Let f(z) be a meromorphic function. Then, for all
irreducible rational functions in f,

ao(z) + a1(2)f (2) + - - - + a(2)f (2)"
bo(2) + b1(2)f (2) + - - - + bu(2)f (2)"

R(z,f(2)) =

with meromorphic coefficients a;(z) (i = 0,1,...,m), bj(2) (j = 0,1,...,n), the characteristic
function of R(z,f (2)) satisfies

T(r,R(z,f(2))) = dT(r,f) + O(¥(r)),

where d = deg, R = max{m, n} and W(r) = max;;{T(r,a;), T(r, b;)}.
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Lemma 2.5 (see [12]) Let f(z) be a meromorphic function with order o = o (f) < 0o, and

let 11 be a fixed nonzero complex number, then for each € > 0, we have

T(r.f(z+n)) = T(r,f) + O(r" ") + O(log ).

Lemma 2.6 (see [21]) Let g:(0,+00) — R, h: (0,+00) — R be non-decreasing functions.
If (i) g(r) < h(r) outside of an exceptional set of finite linear measure, or (ii) g(r) < h(r),
r¢ HU(0,1], where H C (1,00) is a set of finite logarithmic measure, then for any o > 1,

there exists ro > 0 such that g(r) < h(ar) for all v > ry.

Proof of Theorem 1.1 Suppose that f(z) is a transcendental meromorphic solution of finite
order o (f) of equation (2).

(i) Let a # 0. Suppose that p(z) is a polynomial. Set g(z) = f(z) — p(z). Substituting f(z) =
g(z) + p(z) into (2), we obtain that

g(z+1)+p(z+1)+g(z—1)+p(z—1):g(:)zfi_pb(z)+c. (6)
It follows from (6) that
P(z,g) = (gz+1) + p(z +1) + g(z - 1) + p(z - 1))
x (g(2) + p(2)) - (az + b) — c(g(2) + p(2)) = 0. @)

By (7), we have
P(z,0) = (p(z +1) + p(z - 1))p(2) — (az + b) — cp(2).

If p(z) = 0, then P(z,0) = —(az + b) # 0. If p(z) = a € C\{0}, then
P(z2,0) =20% —(az+b) —ca £ 0

since @ # 0. Suppose that p(z) is a non-constant polynomial. Set p(z) = dyz* + --- + do,

where dy, ..., dy are constants, dy # 0 and k > 1. Then we obtain that

P(z,0) = (p(z +1) + p(z - 1))p(2) - (az + b) - cp(2)

=24+ .. £0.

Thus, by Lemma 2.1, we see that

m(r, :7) =S(r,g)

outside of a possible exceptional set of finite logarithmic measure. Thus,

N(r,m) :N(ré) =T(r,g)+S(r,g) =T(r.f)+S.f) (8)
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outside of a possible exceptional set of finite logarithmic measure. Hence, by (8) and
Lemma 2.6, we have A(f — p) = o (f).
If a = 0 and p(z) = B ¢ E, then we have

P(z,0)=28%—cB-b#0.
Using a similar method as above, we obtain A(f — B) = o (f). Hence, the Borel exceptional

values of f(z) can only come from the set E = {z | 2z*> — cz— b = 0}.
(ii) Set z = w + 1. Substituting z = w + 1 into (2), we obtain that

Flur2) 4100 = SO
That is,

S+ D)(f(w+2) +f(w) = (aw + a + b) + ¢f (w + 1). (9)
Substituting f(w + 1) = Af(w) + f(w) and f(w + 2) = Af(w + 1) + Af(w) + f(w) into (9), we
have

(Af W) +f W) (Af(w +1) + Af (W) + 2f (W) = (aw + a + b) + c(Af (W) +f(w)).
That is,

-2f(w)* = (Af(w +1) + BAf(W) — ¢)f (W)
+(Af(w+1) + Af(w) — ) Af (W) — (aw + a + b). (10)

Since N(R, Af(w + 1)) < N(R + 1, Af(w)) + o(N(R + 1, Af (w))), by Lemma 2.2 we see that
thereis asubset E; C (1, 00) of finite logarithmic measure such that for |w| = R ¢ E; U [0,1],

N(R, Af(w+1)) <N(R, Af (W) + S(R,f). (11)
By (10) and (11), when |w| = R ¢ E; U [0, 1], we obtain that

2N(R,f(w)) = N(R, (Af(w +1) +3Af(w) - c)f(w)
+(Af(w+1) + Af(w) — ) Af (W) — (aw + a + b))
< N(R,f(w)) + 7N(R, Af(w)) +S(R,f) + O(logR).

That is,
N(R,f(w)) <7N(R, Af(w)) + S(R,f) (12)

for all |w| =R ¢ E; U [0,1]. By Lemma 2.6 and (12), for any 8 > 1, there exists Ry > 0 such
that

N(R,f(w)) <7N(BiR, Af(w)) + S(R,f) (13)
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for all R > Ry. By (13), we have

A(;) > k(/i) (14)
Afw)) = \fw) )

By Remark 2.1 and (14), we have

A(Afl(w)> :/\<Af(i—1)) k(ﬁ)
) ) 7))

Hence, we get

x( 1 >>)L</L). (15)
Af(z)) — (2)

By (2), we obtain that

and

f@(fz+1) +f(z-1)) =az+b+cf(2). (16)

By (16) and Lemma 2.3, we see that for any given ¢ > 0, there is a subset E; C (1,00) of
finite logarithmic measure such that for |z| =r ¢ E; U [0,1],

m(r.f(z +1) +f(z—-1)) = O(r" D) + S(r,f). 17)

By Lemma 2.2, we see that there is a subset E3 C (1, 00) of finite logarithmic measure such
that for |z| =r ¢ E3 U [0,1],

N(rflz+1) +f(z=1)) <2N(r+1,f) + S(r.f) = 2N(r.f) + S(r. ). (18)
By Lemma 2.4 and (2), we see that

T(r,f(z+1)+f(z-1)) = T(r,f) + S(r.f) (19)
since |a| + [b] #0. By (17)-(19), when |z| = r ¢ E3 U E, U [0, 1], we have

%T(r, f(2) <N(r,f() + O(r" D) + S(r.f). (20)
By Lemma 2.6 and (20), for any f, > 1, there exists ro > 0 such that

%T(r, f2) < N(Bor.f(2)) + O(r* D71 + S(r,£)

for all » > ry. Thus, we get

1
A(f@) > o (f(2)). 21
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By (15) and (21), we have )L(Aif) > A(fl) > o(f). And we have 6 (Af) < o(f) from Lemma 2.5.
Hence,

x(}) :A<Aif>:o(Af):a(f). 0

3 The proof of Theorem 1.2
Suppose that f(z) is a transcendental meromorphic solution of finite order o (f) of equation
(5).
(i) Suppose that a # 0 and p(z) is a nonzero polynomial. Set g1(z) = f(z) — p(z). Substitut-
ing f(z) = g1(2) + p(z) into (5), we obtain that
_(az+D)(@1(2) + p(2)) + ¢

gz+D)+plz+ ) +g(z-1) +pz-1) = @@ p@)? (22)

It follows from (22) that

P(z,g¢1) = (@z +1) + p(z+1) + @iz - 1) + p(z - 1))
x (g1(2) +p(z))2 +(az + b)(g1(2) + p(2)) + ¢
—(gl(z+1)+p(z+1)+g1(z—1)+p(z—1)) =0. (23)

By (23), we have

P(z,0) = (p(z +1)+ p(z - 1))19(2)2 + (az + b)p(z)

+c— (p(z +1)+ p(z - 1)).
If p(z) = a € C\{0}, then
P(z,0) = 20> + a(az + b) +c— 20 £ 0

since @ # 0. Suppose that p(z) is a non-constant polynomial. Set p(z) = diz* + --- + do,
where dy, ...,dy are constants, dy # 0 and k > 1. Then we obtain that

P(z,0) = (p(z +1) + p(z - 1))p(2)* + (az + b)p(z)
+c—(plz+1) +p(z-1))

=2d3%K ... £0.

Thus, by Lemma 2.1, we see that

m(r, i) =S(r,g1)

outside of a possible exceptional set of finite logarithmic measure. Thus,

N(r,m) = N(r, gl> =T(rg@)+S(rg)=T(rf)+S.f) (24)

1
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outside of a possible exceptional set of finite logarithmic measure. Hence, by (24) and
Lemma 2.6, we have A(f — p) = o (f).
If a =0 and p(z) = B ¢ E, then we have

P(z,0) =283+ (b-2)B +c£0.
Using a similar method as above, we obtain A(f — 8) = o (f). Hence, the Borel exceptional

values of f(z) can only come from the set E = {z | 22> + (b — 2)z + ¢ = 0}.
If ¢ #0, then by (5) we have

Pi(z.f) =@ (f(z +1) +f(z - 1)) + (az + b)f (2) + c — f(z +1) - f(z - 1).
Hence, we have
Pi(z,0)=c#£0.

Using a similar method as above, we obtain A(f) = o (f).
(ii) Set z = w + 1. Substituting z = w + 1 into (5), we obtain that

_ (aw+a+b)f(w+1)+c

Sor2)f ) = R

That is,

Fw+1D2(Fw+2) +f(W)) =f(w +2) + f(W) = c — (aw + a + b)f (w +1). (25)

Substituting f(w + 1) = Af(w) + f(w) and f(w + 2) = Af(w + 1) + Af(w) + f(w) into (25), we

have

(Af W) +£ () (Af (w +1) + Af(w) + 2 (W)
=Af(w+1)+ Af(w)+2f(w) —c—(aw+a+ b)(Af(w) +f(w)).

Thus, we obtain that
-2f(w)* = A(w)f (w) + Bw)Af (w) + C(w), (26)
where

A(w) = (Af(w +1) + 5Af (w))f (w)

+4(AfW))" +2AfW)Af(w+1) +aw+a+b -2,
B(w) = Af(w+ )Af(w) + (Af W)’ +aw +a + b -1,
Cw) =c— Af(w+1).

Since N(R, Af(w + 1)) < N(R + 1, Af(w)) + o(N(R + 1, Af (w))), by Lemma 2.2 we see that
there is a subset H; C (1,00) having finite logarithmic measure such that for |[w| = R ¢
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H;U[0,1],
N(R,Af(w+1)) <N(R,Af(W)) + S(R,f). (27)
By (26) and (27), when |w| = R ¢ H; U [0, 1], we obtain that

3N(R.f(w)) = N(RAw)f (w) + Bw)Af (w) + C(w))
< 2N(R,f(w)) + 12N(R, Af(w)) +S(R,f) + O(logR).

That is,
N(R.f(w)) <12N(R, Af (W) + S(R.f) (28)

for |w| =R ¢ H; U[0,1]. By Lemma 2.6 and (28), for any B; > 1, there exists Ry > 0 such
that

N(R,f(w)) < 12N(,31R, Af(w)) +S(R,f)
for all R > Ry. Thus, we have

A(L) > k(/i) (29)
Afw)) = \fw) )

By the same reasoning as in Theorem 1.1(ii), we get

x( 1 )>A(ji). (30)
Af(z)) ~ (2)

By (5), we obtain that

f@*(fz+D) +f(z-1)) =f(z+1) +f(z-1) - (az + b)f (2) - c. (31)

By (31) and Lemma 2.3, we see that for any given ¢ > 0, there is a subset H, C (1, 00) having
finite logarithmic measure such that for |z| = r ¢ H, U [0,1],

m(r.f(z+1) +f(z—1)) = O(r" D) + S(rf). (32)

By Lemma 2.2, we see that there is a subset H3 C (1, 00) of finite logarithmic measure such
that for |z| = r ¢ H3 U [0,1],

N(r,f(z+1) +f(z-1)) <2N(r + L,f) + S(r.f) = 2N(r.f) + S(r, /). (33)
By Lemma 2.4 and (5), we see that

T(r,f(z+1) +f(z—1)) =2T(r,f(z)) +S8(r.f) (34)
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since |a| + |b| + |c| # 0. By (32)-(34), when |z| = r ¢ H3 U H, U [0,1], we have

T(r.f(2)) <N(r.f(2)) + O(r" D7) + S(r, ). (35)
By Lemma 2.6 and (35), for any §, > 1, there exists r; > 0 such that

T(r.f(2)) < N(Bor.f(2)) + O(r" V) + S(r, )

for all » > 1. Thus, we get

1
x(m) > o (f(2)). (36)

By (30) and (36), we see that )\(Alf) > A(7) = o(f). And we have o (Af) < o(f) from Lem-

ma 2.5. Hence,

AG) = A(%f) = (Af) = o (f).

4 Proofs of Theorems 1.3 and 1.4

Proof of Theorem 1.3 Suppose that f(z) is a transcendental meromorphic solution of finite

1
f

order o (f) of equation (3).
(i) Using the same methods as in the proofs of Theorems 1.1(ii) and 1.2(ii), we have

—2f(w)® = A(W)f (w) + Bw) Af (w) + C(w), (37)
where

AWw) = (Af(w +1) + 5AFf(w))f (w)

+ 4(AfW))" + 2Af (W) Af (W +1) — (aw + a + b),
Bw) = (Af(w+1) + Af(w)) Af (W) — (aw +a + b),
Cw) = —c.

Set |w| = R. Since N(R, Af(w + 1)) < N(R + 1, Af(w)) + oN(R + 1, Af (w))), by Lemma 2.2
we see that

N(R, Af(w+1)) <N (R, Af(W)) + S(R,f) (38)

outside of a possible exceptional set of finite logarithmic measure. By (37) and (38), we
obtain that

3N(R,f(w)) = N(R,A(w)f(w) +Bw)Af(w) + C(w))
< 2N(R,f(w)) + 10N (R, Af (w))

+S(R,f) + O(log R) (39)
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outside of a possible exceptional set of finite logarithmic measure. By (39) and Lemma 2.6,
we have

A(;) > A(/L> (40)
Af(w)) — (w)

By Remark 2.1 and (40), we obtain that

A(Afl(w)) - }‘<Af<i—1)) - A(ﬁ)
nd
i) ) )

Hence, we get

()=(5)
Afz)) ~ \Sf2) )

By (3), we obtain that

a

F@2(fz+1) +f(z-1)) = (az + b)f (2) +c. (42)
By (42) and Lemma 2.3, we see that

m(r.f(z+1) +f(z—1)) = O(r" V1) + S(r,f) (43)
outside of a possible exceptional set of finite logarithmic measure. By Lemma 2.2, we get

N(rfz+1) +f(z=1)) <2N(r + Lf(2) + S(r.f) = 2N(r.f) + S(r.f) (44)

outside of a possible exceptional set of finite logarithmic measure.
If ¢ #0, by Lemma 2.4 and (3), we see that

T(r,f(z+1)+f(z-1)) =2T(r,f(2)) + S(r.f). (45)
If ¢ = 0, by the same reason, we have
T(r.f(z+1) +f(z=1) = T(r,f(2)) + S(.f) (46)
since |a| + b + |c| = |a| + |b] # 0. By (43)-(46), we have
T(r.f(2)) <N(rf(@) + O("V7) + S(.f) (47)

outside of a possible exceptional set of finite logarithmic measure. By Lemma 2.6 and (47),
we get

1
A(f@) > o (f(2)). 48)
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By (41) and (48), we have )L(Aif) > A(fl) > o(f). And we have o (Af) < o(f) from Lem-

ma 2.5. Hence,

+(7)-+(7) ~e@n=o0n

(ii) Let @ = 0 and p(z) = B ¢ E. Using the same methods as in the proof of Theorem 1.1(i),

we have
P(z,0)=28%-bB —c 0.

Thus, we obtain A(f — B) = o (f). Hence, the Borel exceptional values of f(z) can only come
from the set E = {z | 22° — bz — c = 0}. O

Proof of Theorem 1.4 Suppose that f(z) is a transcendental meromorphic solution of fi-
nite order o (f) of equation (4). Set z = w + 1. Using the same method as in the proof of

Theorem 1.3(i), we have

=3f(w)* = (Af(w+1) + 5Af (W) — ¢)f (W)
+(Af(w+1) + 2Af (W) — ¢) Af (W) — (aw + a + D).

By the same reason as that in Theorem 1.3(i), when |w| = R, we have
2N(R,f(w)) < N(R,f(w)) + 5N(R, Af(w)) + S(R,f) + O(log R) (49)

possibly outside of an exceptional set of finite logarithmic measure.
By Lemma 2.6 and (49), we obtain that A(m) > A(ﬁ). By the same method as above,
we have A(ﬁ) > k(f(l—z)). And we see that )‘(ﬂ%)) =0 (f(z)) from Theorem B and o (Af) <

o (f) from Lemma 2.5. Hence, we have

AG) :A(Aif) =o(Af) =0 (f). 0
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