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1 Introduction

This is the inheritance of the idea of [1, Theorem 1] which gives a new interpretation of
Jensen’s inequality by ¢-mean. The finite form of Jensen’s inequality proved by Jensen in
1906 asserts that if £;,..., ¢, are positive numbers with Zle t; =1 and f is a continuous

convex (resp. concave) function on a real interval I, then

f(z tixi) < %) (resp.f(z tixi) > me)

holds for all xy,...,x, € 1.

We first introduce a concept called ‘(*, 0)-convex (or concave) for a continuous func-
tion from a topological abelian semigroup (/,*) to another topological ordered abelian
semigroup (/, o) and give an interesting example of such a function (see Remark 1). Our
purpose of this paper is to give a finite form of Jensen’s inequality for such a function under
some assumption (see Theorem 1). Also, as an application, we give a refinement of a mean

inequality (see Theorem 2).

2 Terminology and main theorem
Let I be a topological space, and let * be a topological abelian semigroup operation on I.
For any x € I and 7 € N with # > 1, define the nth power x"* of x recursively by xV+ = x

n+1)

and "D+ = W« % x for n > 1. We assume that

(1) any nth-power function x — 2+ is a bijection of I onto itself.
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By the assumption (fi;), for each x € I and n € N, there exists a unique element a of I such
that a”+ = x. Denote by x/)* such an element a. Moreover, we define

KM _ (x(l/n)*)(m)*

for each m, n € N. Then we can easily see that this definition is well defined, that is,

/

= s ) @) (vxed).

S
3

In this case, we can easily show that the following power laws:
x(p“rq)* — x(P)* * x(q)*, x(Iﬂq)* — (x(p)*)(q)* and (x *y)(P)x — x(P)* *y(p)* (1)
for all p,q € Q, and x,y € I. Here Q, denotes the set of all positive rational numbers.

Moreover, we assume that

(#2) for each x € I, the function p > x® is continuous on Q, and it has a continuous
extension to R,, say £ > xx,

Here R, denotes the set of all positive real numbers. Therefore power laws (1) hold for all
p»q € R,. Denote by A, (I) the set of all topological abelian semigroup operations on I sat-
isfying the assumptions (f};) and (fiz). Our assumption (fi;) leads to the following important
concept called ‘mean’ For each x,y € I, put

M (x,9) = (% )2,

We call M, (x,y) the mean of x and y with respect to the operation .
Moreover, let / be a topological ordered space with relation <, and denote by A%(/, <)
the set of all operations o € A, (/) such that

(b)) a<beaoc<boc(ab,ce]))
and
(b)) a<b=a® <b® (a,be], teR,).
Let C(1,]) be the set of all continuous functions from I to J. Take * € A, (I), o € A%(J, <)

and f € C(I,]) arbitrarily. If f satisfies

f(Ma(x,9) < Mo(f(x),f (7)) (resp.f(M.(x,9)) = Mo (f(x),£(5)))

for all x,y € I, then we say that f is said to be (%, 0)-convex (resp. concave).
The following theorem states a finite form of Jensen’s inequality for a (%, 0)-convex (or
concave) function.

Theorem 1 Let x € A, (I) and o € A°(J, <). Iff € C(I,]) is (%, 0)-convex, then
f(xYl)* ER *ng”)*) < f(x1) e 0. 0 f(ax,) e

holds foralln e N, xy,...,x, €land t,...,.t, eR, withty +--- + £, = 1.
Iff is (%, 0)-concave, then the inequality above is reversed.
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Remark 1 Let R? be the product space of R, with ordinary topology. Let  be the opera-
tion on R? defined by

(a,b) * (c,d) = (ac,ad + bc)

for each (a,b), (c,d) € R%. Then x is a topological abelian semigroup operation on R? (cf.
[2, p.157-160]). In fact, (R?, %) is topologically isomorphic to an abelian subsemigroup of
the semigroup of all 2 x 2 matrices with usual product under the following mapping:

a b
(u,b)v—>(0 a)'

Note that

(a,b)"* = (a”,na”‘lb) and  (a,b)V"* = (al/", L)

l’l(ll_l/n

for all # € N. Then a simple calculation implies that

(a, b)(m/n)* _ (am/n’ @a%lb)
n

for each m,n € N. Therefore we see that x € A, (R?). In this case, we obtain from a simple
calculation that

M, ((a,b),(c,d)) = ( g, bc)

2 Jac

for each (a, b), (c,d) € R%.

Now let - be the ordinary multiplication on R,. Since R, becomes a topological ordered
space with the ordinary topology and the ordinary order <, we have that - € A°(R,, <)
and M.(x,y) = /%y for each x,y € R,. Let « and B be real numbers and put

fapla,b) = a“bP

for each (a,b) € R2. Then f, 4 is a continuous function from R? to R, such that

ad + bc\?
2

Jup (Mo (@ D), () = (Vao©™? (
and

M (fup(@, ), fup(c.d) = (Vac)* (v/bd)

for each (a,b), (c,d) € R%. Therefore we can easily see that if 8 < 0 (resp. 8 > 0), then f, 5
is (, -)-convex (resp. (%, -)-concave).

Remark 2 Let E be a nontrivial real interval with the ordinary topology and the ordinary
order <. In this case, Craigen and Pales [3] showed that if o is a continuous cancellative
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semigroup operation on E, then there exists a continuous order-preserving bijection ¢ of
E onto another (necessarily unbounded) real interval such that

aob =g (p(a)+¢(b))

for all a,b € E (cf. Aczel [4, 5]). Therefore we can easily see that if ¢(E) = R,, then all
continuous cancellative semigroup operations on E are in A‘j (E, =).

Remark 3 It is clear that a direct product of R, admits a semigroup operation in 4%
that is given as the product of semigroup operations on each R,. However, the semigroup
operation on R? described in Remark 1 does not satisfy properties (b1) and (b3). So, it
would be of interest to give an example of an ordered abelian semigroup with a semigroup
operation in A%, which is not isomorphic, as a topological semigroup, to the direct product
of the topological semigroup R,.

3 Lemmas and proof of Theorem 1
Throughout this section, let I and J be as in Section 2 and suppose that * € A,(I), o €
A°(J, <) and that f € C(1,]) is (*, 0)-convex.

Remark 4 If f € C(I,]) is (x, 0)-concave, then all inequalities in this section are reversed.

Lemma 1 The inequality

- n—1
f(xﬁ”” . 1/2 ) <f(x1) (1/2)0 of(xn_l)(l/z Ly, o [f(xill/z)*)](m )o
holds for alln e N and xy,...,x, € 1.

Proof Letne N and xy,...,x, € I. Since f is (%, 0)-convex, it follows that
f(xﬁm)* *x(21/22>* *~~-*x£,1/2”)*)
:f((x1 * x(zl/Z)* o xi}/zn—l)*)(l/z)*)
< (Fxr) o f (2% s oo W2 D)) 12
:f(xl)(l/Z)o ° [f(x(zl/z)* P x21/2n71)*)](1/2)0
:f(xl)(m)o ° [f((x *x(gm) ek le/zn'z)*)(1/2)*)](1/2)0

< fa) M2 o [(F(x2) o f (R0 s - 2127 WD) W20
:f(xl)(l/z)o Of(xz)(l/ZZ)o ° [f(xgl/Z)* S x(l/Zn—Z)*)](1/22)o
n

2, n-1 /271y,
<f(x1) 1/2)0 of( 1/2 Of(xn—l)(l/z o o U(xS/Z)*)]( ) )
Therefore we obtain the desired inequality. d

Let p and g be two nonnegative rational numbers. We define x?) % y@« = y@+ if p = 0,
g >0 and P %y« = P if g = 0, p > 0. We also define in the same way as for o. Applying
these notations, we show the following lemma.
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Lemma 2 The inequality f(x?* x y1=P%) < f(x)¥e o f(y)1P> holds for all x,y € I and
PeER, withO<p<1.

Proof Let x,y € I and p € R, with 0 < p <1. By the binary system, we have the expansion
p= i pil2', where p; € {0,1} (i=1,2,...). Since p; € {0,1} (i = 1,2,...), it follows that

lim [f(x(pl)* *y(l—m)*)](l/Z)o o o [f’(x(pn—l)* *y(l_Pn—l)*)](l/Znil)o

n—00

o ©112)6 (A-p)/DoT o ..
lim [f (x) of(y) ]o

o [f(x)en? e o f(y)«l—pn_l)/z"*l)o]

-1 i n-1 i
=i O pil2Yo (i A-p)/2D
Jimf ()" of)

2n—1

f(x)(P)o Of(y)(l_p)o'

So, putting
ay = [f (P y(l—Pl)*)](lm)o oo [f(xPnV % y(l—pn_l)*)]ﬂ/z"*l)o

for each n € N, we have

lim a, = f ®)®= 0 f() P (2)
Put

N = {n e N:f((x®" *y(l—pn)*)ﬂ/Z)*) = f(x12%))
and

No = {n e N: f((x7) « yu—pnu)(m)*) = (%))
Since

_[remy =,
f(y(l/2)*) (pn = 0)

f((x(pn)* * y(l—Pn)*)(lm)*)
for each n € N, it follows that N = N; U Ny. Then either N; or Ny are infinite. Put
n—1
e, = [f((x(pn)* * y(lfpn)*)(lm)* )](1/2 Jo

for each n € N. If N; is infinite, then we have

lim e, Of(x(l/z)*) = lim (f(x(I/Z)*))(l-#l/Wlfl)o :f(x(l/z)*), (3)

neNy neNy

Therefore it follows from (2) and (3) that

f(x)(p)o Of(y)(lfp)o of(x(l/z)*) - y}g}l a,oe, of(x(l/z)*). (4)
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Also we have from Lemma 1 that
f(x@:ilm/zf)* % y(zzila—m/zi)*)
= (@ % ya—m)*)(l/”* ook (xlP) 4 y(l—Pn)*)(l/zﬂ)*)

- [f(x(pl)* *y(l_pl)*)](lmo o---0 V(x(!’n—l)* * y(l—Pn—l)*)](I/Zn—l)O
° [f((x(p”)* *y(lip”)*)(l/m*)](1/2”*1)0

=a,oey
for all # € N;. Then it follows from (b;) that

F TP E 022 o £ (x125) < g, 0 e, 0 f (1) ®)
for all n € N;. Letting n € N; — oo in (5), we obtain from (4) that

f(x(p *ylp ) f( (1/2)4 )<f(x)(p of(y)(lp Of( (1/2)x ) (6)

Canceling f(x/?+) in (6) by (b;), we obtain the desired inequality. Similarly, the desired
inequality is obtained in case that Ny is infinite. 0

Lemma 3 The inequality

FGrk - x2) V) < (Fer) o 0 f )
holds for alln e N and x1,...,x, € I.

Proof 1t is clear that the lemma holds for # = 1. Suppose the lemma holds for n = k. Let
X1, X Xks1 € I and put

az(f(xl)o...of(xk))a/k)" and  x = (g - xoa) V0,

Then a > f(x) by hypothesis, and hence a*/**Ve > f(x)k/k*Do by (b,). It follows from (b;)
that

a(k/k+l)o Of(xk+1)(1/k+l)° 2f(x)(k//ﬁl)o of(xkﬂ)(l/k*l)".
Therefore we have from Lemma 2 that

(Fa) oo flarn) M = (@0 o flar,)
aklk+l)s o flx k+1)(1/k+1)0
> f(x)(k/k+l)o o f(xk+1)(1/k+l)o
> f(x(k/kﬂ)* « x§(1+/11<+1)*)

= f (- g ) VD).

Page6of 11
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In other words, the lemma holds for # = k +1. Then, by mathematical induction, the lemma
holds for all n € N. O

Lemma 4 The inequality
f(xipl)* . x(yf?n)*) Ef(xl)(Pl)o o Of(xn)(pn)o
holds forall x,,...,x, €[, neNandpy,...,p, € Q. withp; +---+p, =1.
Proof This result follows directly from Lemma 3. O
We are now in a position to prove Theorem 1.

Proof Let n e N, x1,...,x, € land t,...,t, € R, with +--- + ¢, =1. Foreach1 <i <mn,

choose a sequence {pi}72, in Q. which converges to ;. Put qx = pix + - - + pui for each

k € N. Then we have from Lemma 4 that
f(xiplk/qk)* st xPKI90) < f ()P o o f (i, ) Pkl aK)e @)
Hence, after taking the limit with respect to k in (7), we obtain the desired inequality:
f(xﬁ“” %o *x;tn)*) Sf(xl)(tl)o o-.. Of(x”)(tn)o'

Of course, if f is (%, 0)-concave, the above inequality is reversed, as stated in Remark 4.
This completes the proof of Theorem 1. d

4 Applications
Let K be a topological ordered space with order <, and let o, * and ¢ be three operations
in A%(K, <) which have the following properties:

(@ob)xc=(axc)o(bxc) (Va,b,ceK), (8)
JeeK:exx=x (VxeK), 9)
aob=aobo(axb) (Va,beK). (10)

In this case, it is clear that an element e in (9) is unique.
Lemma 5 The equality x9° o e = (x o )" holds for each x € K and t € R,.

Proof Take x € K arbitrarily. By (8) and (9), we have (@ o b) oe=(aoe) * (b o e) for all
a,b € K. By mathematical induction, we have

(x10---oag)oe=(xy0e)x---*x(xx0€) (11)
for all k € N and x;, ..., % € K. In particular, we have

20 6 e = (xo0e) b= (12)
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for all k € N. Then we have

for all 7, m € N. Therefore x?) o e = (x 0 €)®* holds for all p € Q,. Take ¢ € R, arbitrarily,
and choose a sequence {p,} in Q, which converges to t. Then

29 oe= lim 2% o e = lim (x 0 €)?* = (x 0 )®*

n— 00 n— 00

holds and so the proof is complete. O

Lemma 6 Suppose that M,(a,b) < M,(a,b) holds for all a,b € K. Then M,(a,b) <
M(a,b) < M(a,b) holds for each a,b € K.

Proof Let a, b € K. We first show that M, (a, b) < M,(a,b). Since
((a b)) < g0,
it follows from Lemma 5 that

((a * b) 12 o e)(2)* —(a%b)o ((a % b)(l/z)*)@)o oe
<(axb)o(aob)oe
=(aob)oe
= (@0 b)) oe

= (a0 b)) 0 )P,
Therefore we obtain from (b,) for * that
(axb)V*oe<(aob)V? oe.

Canceling e in the above inequality, we obtain the desired inequality.
We next show that M, (a, b) < M,(a, b). Since

axb<((ao b)(m)")(z)*,
it follows from Lemma 5 that

((ao p)1e o e)(Z)* =((ao b)(1/2)<>)<2)<> oe

=(aob)oe
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=(axb)oaoboe
< ((aob)(l/z)")(z)* oaoboe

= ((a o b)?e o e) @
Therefore we obtain from (by) for * that
(aob) " ce<(aob)V? ce.

Canceling e in the above inequality, we obtain the desired inequality and so the proof is
complete. g

The following result is a refinement of the mean inequality.

Theorem 2 Let K be a topological ordered space with order < and *,0,o € A°(K, <) sat-
isfying (8), (9) and (10). If M.(x,y) < M, (x,y) holds for all x,y € K, then

xitl)* o *xﬁf”)* < x§t1)0 o <>xglty,)<> < x§t1)o o.-- Oxiltn)o

holds foralln e N, xy,...,x, € K and ty,...,t, e Ry witht; +--- +t, = 1.
Proof This follows immediately from Theorem 1 and Lemma 6. O

5 Examples
Throughout this section, let R, be an ordinary topological ordered space.

Example 1 Putxo;y = (x* +y)" for each x,y € R, and t € R\{0}. Then each o, is a topo-
logical abelian semigroup operation on R, such that x"et = n'/%x and x/"e: = (1/n)V*x for
all 7 € N and x € R,.. Also, since

x(n/m)o[ _ (x(l/m)ot)(”)% — nl/t(l/m)lltx _ (n/m)l/tx

for each m,n € N, t € R\{0} and x € R, it follows that o, € A°(R,, <) for each ¢ € R\{0}.

Oll/t

Letxy, ..., % 01 .., 0, € R, withog +- - - + @, = 1. Since @t = ¢V/%x for each x,« € R, and

t € R\{0}, we have that

o o 1/
A oo = g v ) 13)

for all £ € R\{0}. Note that

S 1/s t £\ 1/t
X+ X +
Mos(x)y) = < ys) = ( 2.)’ > :Mot(x’y)

2

for all x,y € R, and s,z € R\{0} with s < ¢. Therefore Theorem 1 implies the following
well-known inequality:

(oaf +--- + anx;)m < (o) + -+ a,,xﬁ,)w,

where s,t € R\{0} with s <.
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Example 2 Let ¢ be a positive real number, and let o, be the operation on R, defined in
Example 1. Then we have o, € A°(R,, <). Also, if x * y = xy (x,y € R,), then x € A°(R,, <)
and x@* = x¢ for all x, @ € R,. Hence we have

L L

t)y

1/t
M*(x,)’) = «/x_y =< <x ) = Mot(x:)’)

for each x,y € R,.

Letn e Nand xy,...,x,,a1,...,0, € R, with @y + - -+ + @,, = 1. Then it is clear that
AoV gl 2y (14)
1 =% .

n n

Ifxoy=x0,y0; (x*y) (x,y €R,), then ¢ € A°(R,, <) and three operations %, o and ¢ on
R, satisfy (8), (9) and (10). If x, € R,, we have from Lemma 5 that

29 0,1 = (x0, 1)@ = (xo, 1)* = (x +1)*". (15)
Then we have from (11) and (15) that

xgal)o S.-- Qxiﬁtn)o oy 1= (x§0‘1)° o 1) ¥ oeook (xsqan)o oy 1)

(xﬁoq)<> oy 1) e (xﬁf”’)<> oy 1)

= (1) (1)
and hence
A ool = (a4 1)™ - (1) — 1) (16)
Then we obtain from (13), (14), (16) and Theorem 2 that
e < ()™ (o + 1) = 1) < (ot 4 b at)

This is a refinement of the geometric-arithmetic mean inequality.
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