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With the aid of symbolic computation by Maple, we extend the application of Virasoro-type symmetry prolongation method to
coupled systems with two-component nonlinear equations. New nonlinear systems admitting infinitely dimensional centerless
Virasoro-type symmetry algebra are constructed. Taking one of them as an example, we present some group-invariant solutions to

one of the new model systems.

1. Introduction

Integrable models such as the KdV equation, the KP equation,
the nonlinear Schrédinger equation, the NNV equation, the
sine-Gordon equation, and the Toda lattice have played more
and more important roles in almost all natural sciences. It
becomes one of the most fundamental problems to seek for as
much as possible new nonlinear equations and systems with
some nice properties including Lax pair, Painlevé property,
infinite number of conservation laws, and bi-Hamiltonian
structures.

There exist many powerful methods to construct non-
linear equations and systems like the multiscale method,
symmetry constraint method, and conformal invariant
method [1-4]. Among these methods developed recently,
the Virasoro-type symmetry prolongation (VSP) method is
found to be very effective. Based on the fact that all the known
(2 + 1)-dimensional integrable models possess the following
centerless Virasoro-type subalgebra:

[U(fl)"’(fz)]:U(flfz_fzﬂ)’ ¢))

where f, and f, are arbitrary functions of the same argument
and there are no known nonintegrable models owning such
type symmetry algebra, Lou and Hu introduced an idea
that if an f-independent model possesses the Virasoro-type
symmetry algebra (1), the model is Virasoro integrable [5]. By
using this theory and selecting the special realizations, some
new (2 + 1)-dimensional and (3 + 1)-dimensional Virasoro
integrable models have been derived [6-8].

However, the VSP method and concrete realizations
discussed above all belong to single equations. To our
knowledge, there are few results concerning the construction
of coupled systems with two-component nonlinear equations
[9]. Therefore we extend the applications of this method to
construct several (2 + 1)-dimensional Virasoro integrable
systems by selecting special realization of algebra (1).

The remainder of this paper is organized as follows. The
general theory of the VSP method for nonlinear systems is
presented in Section 2. In Section 3, some (2+1)-dimensional
Virasoro integrable systems are constructed by choosing
appropriate realizations. For a concrete example, the one-
dimensional optimal system and group-invariant solutions to
system (21) are given in Section 4. The last section contains
some concluding remarks.
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2. The Generalized VSP Method

Firstly, let us give a brief account of the generalized VSP
method for nonlinear systems. We consider the vector field
with the following form:

V= X(x,tu,v)0, +Y (x,y,t,u,v) 0, + T (x, . t,u,v) 0,

+U (x, 3, t,u,v) 0, + V (x, y,t,u,v) 0,.
2)

We define the functions T, X, Y, U, and V as follows:

r=f®,

n

n n n
(X,Y,U,V} = {Zf(l)Xi’ f(l)Yh Zf(z)Ui) Zf(l)vz} , (3)
i=1 i=1

i=1 i=1

n=123,...,

where f(i) = dif/dti, X, Y, U, V,i=123,..., are func-
tions of the variables {x, y,t,u, v} and should be selected to
satisfy the commutation relation (1). In order to construct
invariant kth-order partial differential equations, we should
calculate the kth prolongation of the vector field V firstly. The
general formula for the kth prolongation of a vector field V is

given by
prV =V +U%3, +U%, +U'9, + V70,

i gl
+V70, +V'o, +---+ Y U9,
y t = xiyld 4)
1<i+j+l<k (

iig
+ Z v¥rto,

e wyidd
1<i+j+l<k

with

U=t
= DU " (D X)
= (DY) sy g = (D T) thyin g
= D,U" (D, X) s g
= (DY) iy = (D, T) thysyjorpm
= DU~ (D X) s e

- (DtY) leiyjﬂtl—l - (DtT) uxiyjtla
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i gl
Vv* y't

i1
= DxVx rro_ (DXX) inyjtl

= (DY) v g = (DT) vy i
=D,V (DyX) vy g

= (DY) vsyin = (DyT) viyjorom
=D,V (D, X) vn St

- (DtY) inyj+1tl—1 - (DtT) v

i yitl>

(5)

where D, D, and D, are total derivatives with respect to x, y,
t, respectively. Thus we can calculate the kth prolongation of

a concrete vector V. It is well known that the invariant system
should have the following form:

A (x, Vot Uy Vo Uy, Vs Uy Voo Ups Vs oo o5 Uiigls Vaiigh - - ) =0,

(6)
where A satisfies
prV ()|, =0. )

In order to construct group invariant equations, we should
solve the corresponding characteristic equations

dt dx _dy du_dv

T X Y U V
B du B deiyjtl B
T U=yt

(8)

X yit!

inyjtl -

After solving the above system, we can obtain a set of
elementary invariants

I, (x, Vbt Vs Uil inyjtl)
)
=1, (1<i+j+l<km=123,...).
The general V invariant system has the following form:
H, (1,1, 1;...,1,,...) =0,
(10)
H,(I,L,L,...,1,,...) =0.

According to the definition of the Virasoro integrability, the
model should be f-independent. Therefore, when we find
out the f-independent group invariants, we can construct
the new Virasoro integral models from (10). Compared with
the VSP method (see [7]), this method can be used to
deal with coupled systems with two-component nonlinear
equations.
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3. Applications

In this section, we will construct several coupled systems
admitting Virasoro-type symmetry algebra by selecting con-
crete realization of (1). The realization we consider is

V = f0,+C, fxo, +C,fy0,

D
+ C3fpap + (C4fr + Csfx) 0,»

where f, f, and f denote the first, second, and third order
derivatives of function f = f(t) with respect tot, respectively,
andC;,i = 1,...,5, are arbitrary constants. It is easy to verify
that V is a Virasoro type symmetry when C, - C, = 1.
According to the prolongation formula (4), one can obtain the
corresponding kth prolongation of V with the aid of symbolic
computation by Maple:

=V +(C;-C) fped,, — (fre - Csf)o,
+(C;3 - Cy) fpyapy +(C,-C,) f'rya,y
+[(Cs=1) fp. + Cspf = Cifxpe - Cafyp,] 0,
+[(Cy = 1) fr, + Cyfr+ Cs fx —C fxr, - Cyfyr)]
x0, +(C3-2C)) fp0, —(1+C,)fr,0,
+(C,-C,-C)) fpxyapw -(1+Gy) f'rxya,xy
+[(C5=Ci=1) fpu +(C5 - Cy) fpu
= CofxPux = Cof Py 3y,
t[2fra = fro+ Cf = Cifxre = Cyfyry 0.,
+(C5-2G,) py, 9, +(Cy—2Cy)ry, fO,
+[(C5-C=1) fpy +(C5-C,) fp,
~C1fxpay = Caf yp,,] 0,
+[(Cy=Cy-1) fr +(Cy-C,) fr,
- Cixfry, - Cfyr,, )0,
+[(C5-2) fpu +(2C5 = 1) fp + Cspf ~Cixfps
= 2C,xf pu = Coy Py = 2C27f Py 9y,
+ [(C4 -2) fry +(2C, = 1) fr, + Cyrf + Coxf®

_Cle.rx - chxfrxt - Cny.ry - 2C2yfryt] ar,t

3
+(C3 -3Cy) f PrxxOPrxx + (Cy = 3C)) f TaxxOr,..,
+(C3-2C, - C,) foxyapm
+(Cy-2C,-C,) f rxxyafxxy
+ [(C3 =2C)) [P+ (C5-2C, — 1) [P

_Clepxxx - Cnypxxy] apxxt
+ [(C4 - 2C1) frxx + (C4 -2C, - 1) frxxt
_Cl'xfrxxx - Cnyrxxy] arxxt e
(12)
The corresponding characteristic equations of pr(k)V are
dt _dx _dy _dp _ dr
[ Cifx Cfy Cpf Curf+Coxf )

B duxiyjtr B deiyjtr

- Uxiyjt’ inyft’ '
After solving the above characteristic equations, we can

obtain the explicit elementary invariants of V and some of
them are listed as follows:

I =xf, L=y, I=pf ",
- ; —(C3—-C
ILi=rf -G f, Isszf( ),
; —~(C;—C
Iy=r.f=Csf I =p,f &7,

~(Cy-C,
Iy=r,f ¢ ),
_C3 o, . .
Iy = Ptfl -GLf +C LI f +CLLI f,
1-C, S PN
Lig=r.f -GLf - ECSIl(f)
. 1, .\2 .
+ G5, <ff_ E(f) > -C LI f
.1 "
-GLIf - EC111C5f >
112 = xxflJrCl)

_ 1+C,
Iy = xyf >

- ((C3 - Cl) 15 - CIIIIII - C212113) f’

_ ~(Cy-2Cy)
Ly =pof 7

_ ~(C3-C,=Cy)
113 - nyf T,

1+C,-C;

Lis = puf

. 1 N2
Lig = rxtfz +1f + Ecs(f)

.1, a2 . .
+Cs <ff - E(f) > -C LI, f -CLLLf,
2C,-C _ £2G,-C,
Iy =f *Pyys ILig=f Ty



C-C, . . .

Iy = f1+ Py — (C3-C) Lf +Ci L L f + CoL 1, f,
14C,~C, ;

Ly =71y f " -[(Cy=Cy) Iy = C 1111, - C, L ] f,

3C,-C 3C,-C
' 3’ 122 = rxxxf e

121 = pxxxf

2C,+C,-C; _ 2C,+C,—-C,
> IZ4 - rxxyf .

123 = pxxyf
(14)

Substituting the above invariants into (10), one can establish
various (2 + 1)-dimensional nonlinear systems. Generally
speaking, it is difficult to find out all of the f-independent
invariant systems. Here we only list some concrete examples.

Case 1. When selecting C, = 1/3,C, = 0,C; = -1/3,C, =
-2/3,and C; = —1/9, we obtain the following group invariant
system:

H, =1y + L - 3 (LI + LIg) + kI, + kyIps = 0,
(15)
H, = Iy + ksIs + kyI? + ksl g = 0.
Here and hereafter k;, i = 1,...,5, are arbitrary constants.

From the above invariant system, we deduce the correspond-
ing Virasoro f-independent integrable system:

2
Pet Pxxx — 3rpx - 3P7’x + klrxx + k2pxy =0,
, (16)
ry+ ksp, + k4pyy + k5ryy =0.
Taking k; = 0,i = 1,2,4,5, and k; = —1, the above system
is changed to be the asymmetry NNV equation which is

considered as a model for an incompressible fluid and where
p and r are the components of the velocity.

Case 2. LetC, = 2,C, = 0,C; = 1,i = 3,4,5. We find the
following group invariant system:

Hy = L + IsIg + 21, I, + K, 12 + koD + ks 12, = 0,
(17)
H, = I, + 21, LI, — LI, = 0,

from which we construct the Virasoro f-independent inte-
grable system as follows:
2 2 2
DPxt + Pxlx zrpxx + klpx + kszy + k3rxy =0, (18)
P+ 2xr . p, — pr, = 0.

Case 3. When choosing C; = C; =1/2,C, =1,C, =C5 =
—1/2, one can arrive at the following group invariant system:
H, = I, + LI, - 2LII, - LI, + kI, + k,I;; = 0,

H, =1,y - I I, — 1,15 — 2L II,, + kyIg + kI, + ksI; = 0.

(19)

Using the above system, we construct the corresponding
Virasoro f-independent integrable system as follows:

Pe+ Pry— Zypyrx T XPxT Tt kle + k2pxx =0,

Pyt = PyTs = TPxy — zypyyrx + k3ry + k4pyy + kspxxy =0.
(20)
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In the next section, we will find the group invariant solutions
to the special case of the above system which reads

P+ Ppry— zypyrx T XPyTy = 0,
(1)
pyt - Pyrx - rpxy - 2ypyyrx =0.

Case 4. Taking C; = -1,i = 1,2,3,5,and C, = -2, we have
the following group invariant system:

H, = Iy - L + LIs + LIL + kI + k15 =0,
(22)
H, = Ly — Il — LI, + LI + ks LI + k2 = 0,

from which one can construct the Virasoro f-independent
integrable system as follows:

Dr — Py + Pt + Y7 + klri + k2p2 =0,
(23)

2 2
Typ H Tl =TTy + Yr + k3ry +k,p” =0.

4. Group-Invariant Solutions of System (21)

Since group-invariant solutions of nonlinear models play
an important role in simulation of natural phenomena [10-
16], therefore we construct the group-invariant solutions
to the system (21) as an example. We utilize the classical
Lie symmetry group method to construct corresponding
infinitesimals admitted by system (21) firstly.

Theorem 1. The symmetries of system (21) form a Lie algebra
h, generated by the following vector fields:

Vi = po,, V, = y0,,
V, = /70,, Vs=f(t)o, - f(t)rd,

Ve =g (t)x0, +2yg ()0, + g (t) pd, + (g (t) r = § (1) x) D,
(24)

V; = x0,,

where f(t) and g(t) are arbitrary functions of t.
We consider three special cases of functions f(¢) and g(#).

Case 5. When f(t) = 0, the symmetry generators of system
(21) are reduced to
Vi = po,, V, = yo,,

V3 = x0,, Vi =/0,,

(25)

Vs = g(t) x0, +2yg () ay +g() pap 26)
+(gt)r-g()x)0,.

The nonzero commutators of V;, V,, V3, and V, are

1
[VI’V3] =-V;, [VpV4] =-V, [Vz’V4] = EV4’

1
[Va»Vl] =V, [V4>V1] =V [V4,V2] = —5V4‘

(27)
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TaBLE 1: The adjoint representation of H, on h;.

Ad(e) v, v, v, v, a
v, v, v, &V, eV, V.
v, v, v, v, cos §V4 v,
v, V, - eV, v, v, v, V.
v, V, - &V, Vv, + §v4 v, v, v,
VS Vl V2 V3 V4 V5

TABLE 2: Solutions to system (21) of Case 5.

r g(t) p(x, ,1) r(x, 1)
1 2C, +1
73 1 ﬁ + le h(t) W
T 1 +(xlny-2xInx+C,x) k(y,t)x
o 1 xlny+ 2l ot jt @ [t g - [HOd R (ex/ef—hmat) ) x
r 1 —xlny- Zej ~h(t)dt It @/ | “hdt g, | - i hndt (ex/gf*h(t)dt) ht)x
h(t)

1 et L k(pt
13 ¥ oh(t) (2/(x—1)h(t)+ (1)
s t XX O xh () XXX () + F () v

With the help of the adjoint representation:

‘82

Ad (exp (BV))W = W = BV, W] + = [V, [V, W] -,

(28)
the adjoint action of the Lie group H, on the Lie algebra h, is
listed in Table 1.

Applying the method initiated by Ovsiannikov [17], we
obtain the following theorem.

Theorem 2. The one-dimensional optimal system 0, of h, is
generated by

ry =Vs, ry =-Vs, ry=V3+ Vs,
ry=-V3+ Vs, rs =V,, re =V, + Vs,
r, =V, =Vs, rg =V, +aVs,

(29)
rg =V, + V3 +aVs, 1=V, = Vs +aVs,

=V rp, =V, +aVs,

113 =V, +aV,, r1y = V) +aV, + BV,

where o, 3 are nonzero real constants.

Therefore, we obtain 14 nonequivalent one-dimensional
subalgebras and classify the group-invariant solutions into 14
nonequivalent types. After solving the characteristic equa-
tions, we can obtain the invariants and invariant forms.

Substituting the invariant forms into system (21), we can
reduce the original (2 + 1)-dimensional system to (1 + 1)-
dimensional system. Since it is a tough task to find all
solutions out for the every 14 nonequivalent subalgebras, we
just show the results for the cases that we can deal with and list
the solutions to system (21) in Table 2. Here and hereafter a(-),
F(-), and k(:,-) are arbitrary functions with respect to their
variables.

Case 6. When g(t) = 0, the symmetry generators of system
(21) are reduced to
Vlzpa, szya, V3:xap’
(30)

V=30,  Vs=f(t)o,~ f(t)ro,.

In this case, the optimal system is the same as that in
Theorem 2 and we can find some new solutions which are
listed in Table 3.

Case 7. When f(t) = 1, g(t) = €', the symmetry generators
of system (21) are

Vi = po,, V, = y0,, V; = x0,,

Vi = Y0y Vs =0 (31)

Vo =e' (xd, +2y0, + pd, + (r— x)0,).
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TABLE 3: Solutions to system (21) of Case 6.
" £ plx, y,t) r(x, ;1)
x
1 t+F(x)+C +C j.—d +K(y,t
3 X (x) Wy +G xE(x) - C, - F(x) x (1)
x/(xF(x)-C, — F(x)))dx F
75 t xInt + F(x) +C,+/y + C, J( [eE ) tl ) +—(ty)
x/(xF(x)-C, = F(x)))dx F
. ; B Gy Jleftete) -Gy - Fe | F)
e 1 Cix K(x, y*e™)
re 1 F(x) h(y*e™)
C,x% _
Tg 1 Cix+ sz\/? a
el 2aCy
T 1 C,x +C,(y*e™)™ Cx h(y%e™)
8 ! 1-2C«
7 t C,x M
8 1 ¢
I’l o _—t
g t F(x) (e™)
t
szcl w —-X
Tg t Cix 7131/2“ 2aC,
. ; C,Cyxy™t — <1 (1+2C,a)h(y*/t) - C,x
’ Cyy (1+2C,a)t
k(x, yellat)
T3 1 C,x —
1/at
. ; - e
. -x
Tg tz Clx + CZXC3 \/761/2 t W
—Cyx h(ye'’™)
2 1/at\C: 3
e t C,x + C,(ye'/*) @ DaP L
7o 1 Et +Cx(y%e ™)™ —2x(2Inx - C,) ;—z
xt o _~t\1/(@(2+Cy)) x o -t
1 — C Cyx1 — +h
Ty a+(ye) +Cyx+Cyxlnx 4(X+(ye)
Iny-2al C
" ) x(alny Z nx+C,x) h(ye™)
xt -X
1 =+ (h(y*e™) - 21 —
74 - + (h(y%e™) nx)x S
L 1 C3etxCz (Cix+/p) x
G
- 1 h(x)e " | S 1COR  T
a(xh(x) — h(x))
2 t C3txc2 (Cix+/y) x
Cot
. , W) | h(x)/(a(xh(x) = h(x))dx + K(y, )
12

t
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TABLE 4: Solutions to system (21) of Case 7.
7 px, y,t) r(x, y,t)
x
15 xt+ F(x) +C; + Cy/y j—F(x)—C1+xF’(x)dx+h(y)
-x
Ty —xt + F(x) + C; + Cy\/y J —F(x)—C1+xF’(x)dx+h(y)
rg Cix K (x, %)
e
"y F(x) n(Z%)
c VY -X
Tg Cix + Cyx; ez/iza 2aC,
Ci
y Cix y
" et G G iy (&)
xt X y
X F ax+h(2)
K o T J «(-F ) +xF (x)) \etl
xt -X
I ; —-2xIn(C;x) + C,x + C;x e‘% P
xt Gi/C Y\ e x Y
Ty ;+<((C2—2)lnx+cl)x34 2 —(etW) e 2 mﬁ'lj(ﬁ)
xt y Yy
74 ;+x(ln(‘¥7)+cl—21nx) xF(ﬂ)
—xt b
L ax+h(2)
o o« T J o« (“F (x) + xF () e
—xt Ty -x
T1o o + 2x1n(C;x) +C1x+C3x\]etﬁ S
r ;xt+<((—C +2)Inx + C, ) xe%/ —(L)l/Q)e‘C“/CZ L+F<L)
10 o g ! etle a(C,-2) etle
—xt
1o 7+x(—ln<et%)+cl+21nx) xF(é%)
4P e+ Cix+Cyyy h(y)+ >
i F(x)
e () | deeh( )
Na yEEC\ s BGE () - F G T\ s
Vo [ _(a/2-1) c\(-a [y of ¥\ X
e o
T4 Ciyte F ( eszt//ﬁ )

By simple calculation, we obtain that the optimal system
in this case is the same as that in Theorem 2. And we list the
new solutions in Table 4.

5. Concluding Remarks

In this paper, we extend the Virasoro-type symmetry pro-
longation approach from single equations to coupled sys-
tems of two-component nonlinear equations. Four types of

new nonlinear Virasoro integrable systems are constructed.
Furthermore, we obtain the one-dimensional optimal system
and group-invariant solutions to one of the model systems,
namely, system (21).
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