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This paper discusses the stochastic Lotka-Volterra system with time-varying delay. The nonexplosion, the boundedness, and the
polynomial pathwise growth of the solution are determined once and for all by the same criterion. Moreover, this criterion is
constructed by the parameters of the system itself, without any uncertain one. A two-dimensional stochastic delay Lotka-Volterra
model is taken as an example to illustrate the effectiveness of our result.

1. Introduction

Population systems are often subject to environment noise.
In our previous papers [1, 2], we considered the following
stochastic Lotka-Volterra system:

dx (t) = diag (x (t)) {[a + Ax (t) + By (t)] dt
+[b+Dx(t) + Ey ()] dw (1)}

and its functional form, where y(t) = x(t — §(¢)) with &(t)
representing variable delay and diag(x) = diag(x,,...,x,)
represents the nxn matrix with all elements zero except those
on the diagonal which are x1,..., x,. a,b € R" and matrices
A, B, D, and E € R™".

Equation (1) may describe dynamics of n species interac-
tion, in which x;(t) (1 < i < n) represents the population
size of ith species depending both on the current states x(t)
and on the past state x(¢ — &(¢)) of all population. From the
point of biological view, the following three properties are
very important.

(A) The solution of system (1) is positive and nonexplo-
sive; namely, for any positive initial data &, (1) has a
unique positive global solution x(t, ).

(B) The solution of system (1) is ultimately moment
bounded and time average moment bounded; that is,
this global solution x(t, §) of (1) satisfies

lim sup E |x (t,€)| < K; @)
t— 00
. I 2
lim sup? I [E|x (t, f)l ds<1L, (3)
t— 00 0

where K and L are positive constants independent
of &. These two properties show that, in the sense of
average, population size is bounded.

(C) The solution of the system (2) grows at most polyno-
mially; namely, this solution x(¢, &) of (1) satisfies

log |x (t, &) B

lim sup <1, as. (4)

t— 00 lOgt

There is an extensive literature concerned with these prop-
erties of stochastic Lotka-Volterra models. For example,
Mao and his coauthors [3-5] discussed the existence and
uniqueness of the global positive solution, stochastically
ultimate boundedness, and some other asymptotic properties
for the stochastic Lotka-Volterra system. References [6, 7]
discovered that the presence of the environmental noise may
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suppress the potential explosion of the solution in finite time.
In our previous work [2], we showed that the environmental
noise structure determined whether properties (A)-(C) were
affected by the stochastic perturbation parameters or not.
In our previous work [1], these three properties were also
examined. In this paper, our conclusions will be improved in
the following aspects.

(i) In these published works, properties (A)-(C) were
given under different conditions, respectively. In this
paper, we will give these three properties under
the same group of conditions. This is an important
improvement since properties (B) and (C) do not
imply each other in general.

(ii) In this paper, we will present the conditions, which
are easier to be verified, to guarantee properties (A)-
(C). In these conditions, all parameters are from the
models and do not include any uncertain parameters
to be determined.

The rest of the paper is arranged as follows. In the next
section, we provide some necessary notations and lemmas.
Section 3 gives several lemmas to support the main results
of this paper. By using Lemmas established in Section 3,
Section 4 presents the conditions under which the all desired
properties (A)-(C) hold. In Section 5, some simplified cases
of model (1) are investigated. Although these models are
less general than (1), they have wide applications and satisfy
properties (A)-(C) under more simple conditions, which
are provided as corollaries of the main theorems. A two-
dimensional stochastic Lotka-Volterra population model will
be examined as an example in Section 6.

2. Preliminaries

Throughout this paper, unless otherwise specified, we use the
following notations. Let (Q), &, P) be a complete probability
space with a filtration {#,},., satisfying the usual conditions;
that s, it is right continuous and increasing while %, contains
all P-null sets. w(t) (t = 0) is a one-dimensional Brownian
motion defined on (Q, #, #,, P).

For any given x € R”" and R"-valued function f, we
always assume that

,x,)

AR

X,) -

For matrices A, B, D, and E in model (1), we assume that A =
[aij], B = [b,-]-], D = [dij], and E = [eij] (i,j = 1,2,...,n).
Assume that A > B & a;; > b fori, j=1,2,...,mx >0 &
x; >0fori=1,2,...,n Let R, = [0,00), R} = (R,)", and
R%, = {x € R" : x > 0}. Denote by |x| the Euclidean norm
with x € R" and |A] is the trace norm of matrix A.

f=Uofo
diag (x) = diag (x;) = diag (x;, x5, ...

x = (x,%p, ...

©)

Definition 1. Let A = [a;;] € R™" satisfy condition

a;>02>a;

;o fori,j=1,2,...

1, 1 F . (6)

If all eigenvalues of A have positive real parts, A is called an
M-matrix.
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Lemma 2. Suppose that the matrix A € R™" satisfies
condition (6). Then the following conditions are equivalent (see

[8]):
(i) A is an M-matrix;
(ii) there exists ¢ € R}, such that Ac > 0;

(iii) all of the leading principal minors of A are positive.
For any given symmetric matrix Q € R™", define

/\}rw (Q = sup xTQx, )

x€RY,|x|=1
which deduces directly that
Ay (Q) <0 x'Qx <0 forany x € RT.  (8)

Let &(f) be the variable delay of system (1). Write A(t) = ¢ —
8(t) with 8(t) € C'(R,,R,) and 8(t) < 8, < co. Then

n= itl;gA’ ) >0 (9)

implies that # < 1 and A(t) is strictly monotone increasing on
[0, 00). Its inverse function A™!(s) is defined on [-8(0), 00),
which satisfies

!
(A7 (s)) = A,L(t) <y, (s=A®),t=20). (10
Assume that 7 = 8(0), C = C([-7,0],R"), and C,, =
C([-1,0],R",). C is a Banach space with the supremum
norm. For any given initial data & € C,,, x(t,&) always
represents the solution of (2). When x(t,&) € R, for all £
in the domain, we call it a positive solution; when x(t, &) is
defined on —7 < t < 00, it is called a global solution.
Denote that

f =a+ Ax + By,
f = diag (x) f,

Unless otherwise stated, we assume that x, y € R’},. For any
given'V € CZ(IRL), define

g=b+Dx+Ey,
an
g = diag (x) g.

— 1 _ _
LV (%) =V f(63) +5[3" (63) Ve 0 G (% 3)]
(12)

If x(t) is a positive solution of (1), by the It formula and (12),
we have that

t
V(x () =V (x(0))+ J LV (x(s))ds

’ (13)

t
+ L V, (x(s)g(x(s),y(s))dw(s),

where LV (x(t)) = LV (x(t), y(t)) with y(t) = x(t — 8(¢)).
Let pand ¢; (1 < i < n) be positive constants. Define

U(x) = ici (xf - plogxi). (14)

i=1

n
Vix) = Zcixf,
i=1
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Substituting (14) into (12), together with notations in (11),
yields that
2 al);

PV (x,y) = p) cx ( fi
i1
LU (x,y) =LV (x,y)+1, (15)

I= pZC< Igz )

Particularly, when V = Y7 x;and U = Y (x; — log x;), we
have
PV (xy)=x"f=x"(a+Ax+By); (16)
C 1
LU (xy) =2V (0y) =Y fit5lof a7)
i=1

For the sake of simplicity, let @, represent the following
function defined on R}, x R”,:

L
D, =D, (x,9)=Ya [V,(y) - 'Vi(x)],  (8)
=1

where V, € C(R",R,), eand g; (1 < I < L) are nonnegative
constants, and # is defined in (9). The following lemma plays
a key role in this paper (also see [1, 9, 10]).

Lemma 3. Let O, be given by (18). Suppose that x(t) =
x(t,&) (& € C,,,—1 < t < 0) is a positive solution of (1) with
q < & then

Jt eT®, (x(s),y(s))ds<const, (0<t<o). (19)
0

In this paper, const always denotes a positive constant
with different values at different places and exact values of
these constants are insignificant.

In this paper, we often use the following inequalities:

ocaa+ﬁ +ﬁba+ﬁ

atF < T (a,b,a,>0,a+f>0),
«
(20)
2 2
@+b? =% - bl; (abeR,p>1), (21
P p-

n n
< ZciZCixiz (=20,x;eR). (22)

" 2
D 6%
i=1 i=1 i=1

3. Main Lemmas

In order to get the desired properties (A)-(C), we need the
following three lemmas. Let us first explain that the notation
o(|x|*): h(x) = o(|x|*) means that h(x) € C(R") with

el () = 0 (23)

n
for x € RY,

Lemma 4. Suppose that there exist positive constants p, 0, €,
b,and ¢, (1 < i < n), such thatU = Y ci(x;.D - plogx;)
satisfies condition

X +o(ld%), (xyeRY),

(24)

gU("’)j) SCDS_Zbi

i=1

where @, is defined by (18). Then (1) is positive and nonexplo-
sive; namely, for any given & € R, (1) has a unique positive
solution x(t, ).

++

Lemma 5. Suppose that there exist positive constants g, b, and
¢ (1 <i<n), suchthatV =Y ¢x; satisfies condition

PV (x,y) <O, - Zn:b,xlz +o (|x|2) ,

i=1

(x,y €R"), (25)

where ®, is given by (18). Then any positive global solution
x(t,8) (& € C,,) of (1) satisfies (2)-(3).

The proofs of the above two lemmas are omitted since two
similar approaches can be found in [1].

Lemma 6. Suppose that there exist positive constants p, 0, €,
andb; (1 < i < n), such that thefollowing condition is satisfied:

jo X f x'g
o eTx 2 eTx

n
<O, - Zbix;7 +o(|x7),
i1

(26)
(v, y €RL,),
wheree = (1,1,...,1)", f and g are defined by (11), and ®,

is defined by (18). Then any positive global solution x(t,&) (§ €
C.,) of (1) satisfies

1 t,
lim supM < —, a.s. (27)
t—o00 logt p
Proof. LetV = log(eTx) (x € R",). Then,
T T
A (28)
ex (e"x)

By (12) and (26), we have

xT

Z=Vg=>52. @)

= h(0) + I + M(t), where

2LV (x,y)

Let h(t) = eV (x(t)); then h(t)

_r_Pp

M(t) = L V. (x(5) G (x (), y (5)) duw (5)
(30)

J e*Z (s)dw(s),

0

-

j ¢ [LV (x (s) + eV (x (s))] ds

(=}

(€2))

re PP v eV (x(s)] ds.
0 2



For any given 6 > 1 and k € N, by the exponential martingale
inequality, we have that

p t2£sZ 24
2ectrn) |, € |1Z (s)]"ds

P{ sup [M(t) -

0<t<k+1 ( )
32
"k Jog K } 1
PO - Ll O
> <3

p

Since Y2, k® < oo, we can employ the Borel-Cantelli
lemma to derive that, almost surely, when k is sufficiently
large and k <t < k + 1, one can get that

es(k+1) logke P

M(t) < + e

Jt | Z (s)|ds
’ (33)

& t
< Gie“ logt + p J €| Z (s)|*ds.
p 2 Jo

Note that — Y, bx? +0(|x|”) + &V (x) < const. This, together

with (31), (33), and (26), gives that in the sense of almost sure,
when ¢ is sufficiently large,

h(t) - p '0e‘e™ logt

t
< const + J S [J+eV(x(s)]ds
0

< const

t
+I e
0
t

< const + const J e“ds
0

D, - ib,-x;’ () +o(lx(s)°) +eV(x(s)|ds
i

< const (1 + eSt) ,
(34)

where we have used Lemma 3. This implies that in the sense
of almost sure

V (x(t)) < p~'0e° logt + const (1 + eist) (35)
when ¢ is sufficiently large. Therefore,

V(x(t)  0e
lim supM <=, (36)
t>oo logt p
Obviously, ®, is a monotony decrease function of ¢, so & can
be replaced by any ¢’ € (0, £) in condition (26). Hence we may
assume that ¢ is sufficiently small. Letting — lande — 0,

we get that

Vv t 1
lim sup (x (1)) < —, as. (37)

t— 00 log t p
Note that V(x) < log|x| for x € R, . Then (27) follows from
(37). O
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4, The Main Results

In this section, let us apply Lemmas 4-6 to establish the main
results of this paper. We use the denotations e = (1,1,...,1)"
and Q = ee!.

Theorem 7. Suppose that there exist nonnegative constants q,
r, o, and f, such that the following conditions are satisfied:

. [A+AT+29Q B-rQ].
Ay (H) <0, H—[ B 1 0 ] (38)
. _[D'D-aQ D'E |
Mepso F= [P0 PE L o
. r(1+11_1)+oc+[311_1 (40)
q>r > ~

Then for any given & € C,, (1) has a unique positive solution
x(t,&) and this solution satisfies (2)-(4).

Proof. Let us divide this proof into the following three steps.
Step 1. LetV = Z?:l x; (x € RY,). Let us test condition (25).

By (8) and condition (38), for any given x, y € R, we have
that

0> (x" y")H (;)
=x' (A+A"+29Q) +2x' (B-rQ)y (41)
= 2x" (Ax+By) + Zq(eTx)2 -2r (eTx) (eTy) ,
$0
x" (Ax + By) < —q(eTx)2 +r (eTx) (eTy) . (42)
By (16) and (42), we get
PV (x,y)=x" (a+Ax+By)
< —q(eTx)2 +r (eTx) (eTy) +o (|x|2)

< (a-3) (") + 5(0) w0 1aP)

(43)

(44)
=, - kl(eTx)2 +o(|x*), (45)

where
o, = % [(eTy)2 - 117166°£(eTx)2] (46)

is a function in the form of (18) with & > 0 sufficiently small
and

r T 1 8¢
ki=g---- 0%,
1=q9-5 751 ¢ (47)
By condition (40),

k1|820:q—%(1+17_1)>0. (48)
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Since ¢ is suﬁﬁciently small we may assume that k; > 0.

Obviously, (e"x)* > Zz 1 X x? (x € R’,), so (45) implies (25).
Now, we can apply Lemma 5 to obtain that any global

positive solution x(t,&) (£ € C,,) of (1) satisfies (2)-(3).

Step 2. LetU = Y | (x;,—log x;) (x € R",).Inthis step, we will

test condition (24). For any given x, y € R’} , using condition

(39) yields

0> (x" y7)F (x)
(<" ) F(,
=x' (DTD - (xQ) x+2x'D'Ey+y" (ETE - ﬂQ) y
= |Dx|* + 2(Dx)"Ey + |Ey|2 —ax'Qx - By'Qy

= |Dx + Ey|2 - oc(eTx)2 - /3(eTy)2,
(49)

which implies
|Dx + Ey| < oc(eTx)2 + ﬁ(eTy)z. (50)
By (17), (44), and (50),
ZU (x, )

SR
- Zlf + %Igl2
(-5

+ const |a + Ax + By|

— <q - g) (eTx)2 +

+ const |a + Ax + Byl

() o)

L) +o(xP)

+ %|b +Dx + Ey|2

L) o (1xP) oD
+ %|b|2 +b" (Dx + Ey)

+ %|Dx + Ey|2

A e s

+ const (1 + |x| +|y|)

Tx)2 +0 (|x|2) ,

=0 - kz(e

where

o) = r+ﬁ [(e y) -7 1za‘sl’s(e x) ]

(52)
+ const (|y| - r]_lea"s |x|)
is a function in the form of (18):
k2 —q- r+2 B ﬂq—le%s' (53)

2 2

Condition (40) implies that k,|,_, > 0. Since ¢ > 0 can
be sufficiently small, we can get k, > 0. So (51) can imply
condition (24) (choose o = 2). Now we can employ Lemma 4
to obtain that, for any given & € C,,, (1) has a unique positive
global solution x(t, £).

Step 3. Choose p = 1. By (26) we have ] = fo/eTx. Now we
test condition (26). Note that x* f=ZV(x,y),soby (43) we
have

] < —qux + reTy +0(|x])

(54)
= CD:_' - k3eTx +o(|x]),
where
! = r(e y-n 1e‘s"EeTx) (55)
is a function in the form of (18),
ky = q—ry e (56)

By condition (40) we have ks|._, = g — r”" > 0, so we may
assume that k; > 0. Then (54) shows that condition (26) is
satisfied (choose o = 1).

Applying Lemma 6 yields that any positive solution
x(t,8) (& € C,,) of (1) satisfies (4). This completes the
proof. O

Theorem 8. Suppose that there exist nonnegative constants q
and r, such that condition (38) and the following condition are
satisfied:

rQ > +E; (57)
AL (R)<0, R=2gQ-D-D; (58)
2q>r(1+17_1). (59)

Assume that D > 0,
G =: diag (ndizi) -

where S = [sij], Sij = €.€;j» € |e |, ande,,
the conclusion of Yheorem 7 holds

is an M-matrix, (60)

Z]l ij* "Then

Proof.

Step 1. By Lemma 2, condition (60) can imply that G is an
M-matrix. Thus, there exists ¢ € R”, such that G'c > 0. Let
U=Y" ¢ —plogxi) (x eRY,),0=2+p,where p>0
is sufﬁaently small. Now we test condition (24). By (15) we
have that

ZU (x,y)

+ch (-r+31al)



P(l Z

< const|x|? | f] - |g, +const(|f| |9|2)

p(1-p)< 2 )
< —T;qxﬂw + const(|x|P Iy + x| + |yl )

+o(|x|%)

pU p) < ;
Z P\gif* + const (|y|"*" +|y] + |»[)

+o(|x|%)
1 _ n
-0~ LUZDS et o (),
in1
(61)

where

e (P + 1x + 1x)]
(62)

@, = const [|y|p+1+|y|+|y|2 -

is a function in the form of (18). Choose p sufficiently large;
then

Z ?g.’

2
Z (b + Zdu Xjt Z{eijyj>
i

i=

2
1 1 1 n n
/_); '(Zd” ’) _ﬁi_zﬁ'xf<bi+;em>

$3)

Z il = Z
- ﬁ;@xf <bi2+2bizeij)’j>

Jj=1

2

[\

IV

IV

;z,di X - zcs,, ;

i=1 1]1

n
— const Z xy;—o(|x|7)

i,j=1
n n 2)/7 +px‘.7
2.0 J 4
2 Z szz i Z GiSij
]
:1 11] 1 2+ P
P p+1 p+1
i o
— const — —o(|x
,Z vy (1xI7)
,j=1
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c dzzz psi- o
= ZCi — | X
S'lp (p-1)(2+p)

( - 1) (2+p Z G let ConSt;nyH —o(IxI°)

= -0 + Zkix;7 +o(|x|7),
i=1
(63)
where we have used inequalities (20)-(22), Sij = e 1], S
Y1 83 consider
CD’ -1 _Spe 0
: (_Usz;f” )
(64)
+ constz (yfpr1 - 1171e6°£xf+1)
i=1
is a function in the form of (18):
d2 ) 27! 808 n
ki =g (J _ psi. ) il Z
p (p-1)2+p)) (p-1)2+p)5"’
(65)
whene — 0,p — 0,and p — oo,
pki I C1d121 - ﬂ_lzcjsjl > 0. (66)

The last inequality is based on the condition G"¢ > 0. Thus
we may assume that € and p are sufficiently small, while p is
sufficiently large; then k; > 0 (1 < i < n). Substituting (63)
into (61) yields that

1 — n
LU (x,y) <@ - MZkle +o(lx|”),  (67)
i=1

where

L P(=p) (68)

is a function in the form of (18). Clearly, (67) shows that
condition (24) is satisfied.

Now, we can use Lemma 4 to obtain that, for any given
& € C,,, (1) has a unique global positive solution x(t, §).
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Step 2. Let V = Y| x;. In this step we test condition (25); for
that, we only need to show that conditions (38) and (59) hold.
The method is similar to the proof of Theorem 7, Step 1.

Step 3. Taking any p € (0, 1), now we test condition (26). We
can replace J by (2/(1 - p))J:

2 2 fo ng 2_'
1—p’Tp7<—x =l

2 x'(a+Ax+By)
C1-p elx

i

< const (1 + |x| + |y|)

= const |y| +o0 (|x|2) ,

]2:

|:be+ x' (Dx + Ey) ]2

elx (69)

(be)2 +2 (be) x" (Dx + Ey)

(@)’

x"Dx + xTEy ?
elx

T

x'Dx + xTEy ?
e x

< const |Dx + Ey| - (
= J3+ ],
Obviously,
J5 < const |y| + 0 (|x|2) . (70)
Letting p be sufficiently large, then inequality (21) gives that
T 2 T 2
E
]4S—l(xTDx) +— (xTy)' &
p\ ex p—1\ ex

By condition (58) we have

x'Rx = Zq(eTx)2 -2x"Dx < 0; (72)

thus x' Dx > q(eTx)2 , which implies

T 2
(Z2) 2. wemn). 0

Condition (57) derives that
r (eTx) (eTy) =rx'Qy > |xTEy|, (x,yeRL); (74)

hence,

2
(xTTEy) < rz(eTy)z. (75)

e X

So

(eTy)z. (76)

Combining (69)-(76) yields

2

(e"y) +o(1P)

J < const |y| - %(eTx)z +

1-p p-1

= (Dé" - k(eTx)2 +o0 (|x|2) ,
(77)

where

@, = const (|y| - n e’ |x)

1’2 2 2 (78)
[(eTy) —rfle_‘s[’s(eTx) ]

is a function in the form of (18),

+
p-1

2
k= %; —-;;E-iq‘le5ﬂ. (79)

Whene — Oand p — 00,
pk — q* -y (80)

By condition (59), we have g > r(1 + 11_1)/(2) > r/\7;
therefore, g > r’y'. Since we may assume that e is
sufficiently small and p is sufficiently large, there must be
k > 0. Thus, condition (77) deduces that condition (26) is
satisfied.

Now, we can apply Lemma 6 to obtain that any positive
solution x(t, &) (£ € C,.) of (1) satisfies (27). And then we can
get that x(¢, &) satisfies (4) by letting p — 1. This completes
the proof. O

Remark 9. Observing and comparing the conditions of The-
orems 7 and 8, the condition they have in common is (38),
which only involves parameters from the drift coeflicient
f. Condition (39) in Theorem 7 corresponds to conditions
(57), (58), and (60) in Theorem 8 which depend on stochastic
disturbances of system (1). Both of them can guarantee the
existence and uniqueness of the solution. But it seems that
the three conditions of Theorem 8 are more precise than
condition (39). Hence, we may expect that Theorem 8 can
give more accurate results. However, it needs condition D >
0, which is not requested in Theorem 7. So Theorems 7 and
4.2 have their own strengths and weaknesses.

Remark 10. Theorems 7 and 8 give two classes of conditions
under which the desired properties (A)-(C) hold. This is
an improvement for our previous results ([1, 2]), since we
only established these three results in different conditions,
respectively. Moreover, conditions of the two theorems are
directly dependent on the parameters of system, except g and
r. This implies that these conditions are easier to be verified.



5. Some Corollaries

In (1), letting E = 0,D = E = 0, and B = E = 0, one can get
the following “defective” LV systems:

dx (t) = diag (x (t)) {[a + Ax (t) + By (t)] dt
(81)
+[b+ Dx (t)] dw ()} ;

dx (t) = diag (x (t)) {[a + Ax (¢) + By (t)] dt + bdw (t)};
(82)

dx (t) = diag (x (¢)) {[a + Ax (t)] dt + [b+ Dx (t)] dw ()},
(83)

where (83) is equivalent to taking (t) = 0 in (1). For (81)-
(83), we can simplify the conditions of Theorems 7-8 and then
obtain corollaries as follows.

Corollary 11. Suppose that there exist nonnegative constants g,
r, and &, such that condition (38) and the following conditions
are satisfied:

Ay (D'D-aQ) < 0;
4 r(1+;1"1)+oc (84)
q>ry \/ -
Then for any given & € C,,, (81) has a unique global positive
solution x(t, &), which satisfies (2)-(4).

Taking B = 0 in Theorem 7, (84) deduces (39)-(40)
directly. The following corollary can be found in [3, 4].

Corollary 12. Let D > 0, d;; > 0 (1 < i < n). Then for (81),
the conclusion of Corollary 11 holds.

This corollary can be deduced from Theorem 8. First, let
r = 0 such that condition (57) is satisfied. Second, when g > 0
is sufficiently small, conditions (58)-(59) are satisfied.

Clearly, Theorem 8 cannot be applied on system (82), but
employing Theorem 7 we have the following.

Corollary 13. Suppose that there exist nonnegative constants
q andr, such that (38) and the following condition are satisfied:

B r ( 1+ ;1_1)
q> (”7 1)\/ T, (85)
Then for any given & € C,,, (82) has a unique global positive
solution x(t, &), which satisfies (2)-(4).

Note that when D = E = 0, we should takex = § = 0
such that condition (39) is satisfied.
Applying Theorem 7 on (83) yields the following.

Corollary 14. Suppose that there exist nonnegative constants
q, v, and o such that conditions (84) and the following condition
are satisfied:

Ay (A + AT+ 2qQ) <0. (86)

Then for any given & € C,,, (83) has a unique global positive
solution x(t, &), which satisfies (2)-(4).

Abstract and Applied Analysis

6. Examples

Consider the following 2-dimensional LV system:

dxxll(g) = [_SX1 )+ Xy (t) - " ) + ¥, (t)] dt
+ [y () + A2, () + iy () =y, (O] dw ©),
d)zz(ig) = [xl (t) - 7x2 (t) + " (t) -y, (t)] dt

+ [Ax, (6) =y, ()] dw (8)
(87)

where A and p are nonnegative constants, y;(t) = x;(t—7) (i =
1,2),and T > 0. Let

-8 1 -1 1
a=(F5) s=(3 )
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CZA(O 1>’

By (88), we can compute

(88)

T _(-16 2 T~ _ 211
(2, (1)

-1 . o1 -1
_2>, EE-/A(_I 2), (89)

T . (21 222
pirra(l). s-e(22)

D'E = Ay(}

Then, by (38) and (39) we have

2g-16 2g+2 -1-r 1-r
2q+2 29-14 1-r -1-r |
H=1 3., 1., 0 0 ’
1-r -1-r 0 0
M-a V-a A -Au
P M-a 2 -a A 2Au |
A M @ -B - -p (90)

A 20—t - B2t - B

M- o’
GZ( 0 Az—#pf)’
R= 2q-21 2g-A

2q-A 2q-21)°
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(1°) Apply Theorem 7. For any given x € R?, we have

x'Hx = (2q - 16) xf +2(2q+2)xx, = 2(1+7) x; x5

+2(1 =) xx, + (2 -14) x5 +2(1 = 1) x,%,
—2(1+71)x,%4

< (2q-16)x} + (29 +2) (xf + xi)
+(1-1)" (x] +x3)
+(2q-14)x+(1-1)" (xg + xi)

=x}[4g-14+ (1 -] +x5[4g-12+(1-1)"]
+(1-n" (xg +xi).

(o1

It can be seen that, taking r > 1 and g < 3, we have x'Hx <0,
and then A}, (H) < 0. Next,

x'Fx = (A" —a) x} +2 (A% - &) xy.x, + 24,5 — 2\ puix, x,
+ (247 = &) x5 + 2M x5 — Ahpxyx,
s (4 - B) 22 - 2(42 + B) xyy + (24 - ) o
<(M-a)x?+ (W —a) (22 +x2) + du(x +x2)
+ (207 —a) x5+ (o +x3) + (1 - B) x5
+(2u® - B) x;
=xf [V —as (- a) + Ay
+25 [(V—a) +20° —a+ Ay

+x3 (Z)Ly +ul - ﬁ) + (2;42 - ﬁ) x5
(92)

Clearly, when a > 2A* + Ay and B > (Qu®) V (4 + 2Ap),
Ay (F) < 0. Condition (40) is equivalent to 2g > 2r + a + f3.
Combining the above equalities yields

622g>2r+a+f

(93)
>24 20 + A+ (2;42) \Y ([42 + 2/\;4);
namely, A > 0 and p > 0 satisfy
2% + M+ (20 v (P + 20 < 4 (94)

Then we can choose nonnegative constants g, 7, &, and f3, such
that conditions (38)-(40) are satisfied; therefore, Theorem 7

V3

FIGURE 1: Regions D, and D,.

can apply to (87). Through elementary calculation, condition
(94) can be expressed as

\[32+u?-3u

2
, 0spu<s—
4
A< V3 (95)
\32-1502 - 5
£ Z<cu<A2
4 N

(2°) Apply Theorem 8. Obviously D > 0. By Lemma 2, G
is an M-matrix if and only if A*> > 24%; that is,

A > V2 (96)

Condition (57) holds & u < r, so we may assume r = p. For
any given x € Ri,

x"Rx = (2 - 20) x} +2(2g - A) x,x, + (29 - 2)) x>
97)
< [Zq -2+ (29 - /\)+] (xf + xi) .

Obviously, when g < (3/4)A, A},(R) < 0. Let g = (3/4)A. By
condition (96) we have

3. 3V2
=A>"Zu>u=r, (98)
q 2 > 2 uzpu=r

which shows that condition (40) is satisfied. Thus, when
condition (96) holds, Theorem 8 can apply to (87). In Figure 1,
regions D, and D, are, respectively, decided by conditions
(94) and (96) on the Ay plane. It is easy to see that D,
and D, are partially overlapping. Roughly speaking, D, is
much larger than D, . This means that applying Theorem 8 on
model (87) can get more precise results in some sense. This
conclusion is consistent with our expectation in Remark 9.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.



10

Acknowledgments

The authors would like to thank the referees for their very
helpful comments and suggestions. They would also like to
thank the National Natural Science Foundation of China
(11301198, 11371157, and 91130003) and the Foundation of
HUST (2013QN116).

References

(1] Y. Hu, F. Wu, and C. Huang, “Stochastic Lotka-Volterra models
with multiple delays,” Journal of Mathematical Analysis and
Applications, vol. 375, no. 1, pp. 42-57, 2011.

[2] F. Wuand Y. Xu, “Stochastic Lotka-Volterra population dynam-
ics with infinite delay,” SIAM Journal on Applied Mathematics,
vol. 70, no. 3, pp. 641-657, 2009.

[3] X. Mao, C. Yuan, and J. Zou, “Stochastic differential delay
equations of population dynamics,” Journal of Mathematical
Analysis and Applications, vol. 304, no. 1, pp. 296-320, 2005.

[4] S.Pang,E Deng, and X. Mao, “Asymptotic properties of stochas-
tic population dynamics,” Dynamics of Continuous, Discrete &
Impulsive Systems A: Mathematical Analysis, vol. 15, no. 5, pp.
603-620, 2008.

[5] A. Bahar and X. Mao, “Stochastic delay population dynamics,”
International Journal of Pure and Applied Mathematics, vol. 11,
no. 4, pp. 377-400, 2004.

[6] A.Bahar and X. Mao, “Stochastic delay Lotka-Volterra model,
Journal of Mathematical Analysis and Applications, vol. 292, no.
2, pp. 364-380, 2004.

[7] X. Mao, G. Marion, and E. Renshaw, “Environmental Brownian
noise suppresses explosions in population dynamics,” Stochastic
Processes and their Applications, vol. 97, no. 1, pp. 95-110, 2002.

[8] A. Berman and R. J. Plemmons, Nonnegative Matrices in the
Mathematical Sciences, SIAM, Philadelphia, Pa, USA, 1994.

[9] Y.Huand C. Huang, “Lasalle method and general decay stability
of stochastic neural networks with mixed delays,” Journal of
Applied Mathematics and Computing, vol. 38, no. 1-2, pp. 257-
278, 2012.

[10] Y. Hu and C. Huang, “Existence results and the moment
estimate for nonlocal stochastic differential equations with
time-varying delay,; Nonlinear Analysis: Theory, Methods &
Applications, vol. 75, no. 1, pp. 405-416, 2012.

Abstract and Applied Analysis



Advances in Advances in Journal of Journal of
Operations Research lied Mathematics ability and Statistics

il
PR
S Rt
£ 2 §

\ ‘

The Scientific
\{\(orld Journal

International Journal of
Differential Equations

Hindawi

Submit your manuscripts at
http://www.hindawi.com

International Journal of

Combinatorics

Advances in

Mathematical Physics

%

Journal of : Mathematical Problems Abstract and Discrete Dynamics in
Mathematics in Engineering Applied Analysis Nature and Society

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Journal of
'

al of Journal of

Function Spaces Stochastic Analysis Optimization

Journal of International Jo




