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Due to the difficulty for constructing two-dimensional wavelet filters, the commonly used wavelet
filters are tensor-product of one-dimensional wavelet filters. In some applications, more perfect
reconstruction filters should be provided. In this paper, we introduce a transformation which
is referred to as Shift Unitary Transform (SUT) of Conjugate Quadrature Filter (CQF). In terms of
this transformation, we propose a parametrization method for constructing two-dimensional or-
thogonal wavelet filters. It is proved that tensor-product wavelet filters are only special cases of
this parametrization method. To show this, we introduce the SUT of one-dimensional CQF and
present a complete parametrization of one-dimensional wavelet system. As a result, more ways are
provided to randomly generate two-dimensional perfect reconstruction filters.

1. Introduction

In her celebrated paper [1], Daubechies constructed a family of compactly supported ortho-
normal scaling functions and their corresponding orthonormal wavelets. Since then, wavelets
with compact support have been found to be very useful in applications (see [2] and ref-
erences therein). By now, the theory for the construction of one-dimensional wavelets is
well developed [1, 3-9]. But, there still exists many open problems for the construction of
multidimensional wavelets ([10-13], etc.).

To apply wavelet methods to digital image processing, two-dimensional wavelets
have to be constructed. The most common wavelets used for image processing are tensor-
product of one-dimensional wavelets (separable wavelets). Nevertheless, separable wavelets
have a number of drawbacks [11]. Nonseparable wavelets offer the hope of more isotropic
analysis ([14-16], etc.). Many efforts have been made on constructing nonseparable wavelets.
However, up to now, only a few constructions have been published. Cohen and Daubechies



2 Journal of Applied Mathematics

[14] used the univariate construction [1] to produce nonseparable scaling function with
higher accuracy. Continuous nonseparable scaling functions were constructed by He and Lai
[12] and Kovadcevi¢ [15]. Arbitrarily smooth nonseparable orthogonal wavelets were con-
structed by Ayache [10] and Belogay and wang [11]. Recently, Lai [13] proposed a construct-
ive method to find compactly supported orthonormal wavelets for any given compactly
supported scaling function in the multivariate setting.

In some applications of wavelets, such as wavelet-based watermarking [17, 18], para-
metrization of two-dimensional wavelet filters is preferred. To make some wavelet-based wa-
termarking schemes more robust, we need to create as many ways as possible to randomly
generate perfect reconstruction filters [17]. The ample choices of wavelet filters will increase
the difficulty for counterfeiters to gain the exact knowledge of the filters (see [17-20]). But in
methods available, to derive two-dimensional wavelet filters, one has to solve transcendental
constraints for the parameters. Hence, wavelet filters used in wavelet-based watermarking
schemes, such as [17-20], are only tensor-product of one-dimensional wavelets.

In this paper, a transformation that we refer to as Shift Unitary Transform (SUT) of Con-
jugate Quadrature Filter (CQF) is proposed. In terms of this transformation, we present a para-
metrization method for constructing two-dimensional orthogonal wavelet filters. The choos-
ing of the parameters is not restricted by any implicit condition. It is proved that tensor-
product wavelet filters are only special cases of this parametrization method. Therefore, more
ways are provided to randomly generate perfect reconstruction filters. The ample choices of
wavelet filters will increase the difficulty for counterfeiters to gain the exact knowledge of the
filters and make watermarking schemes based on wavelet filters more robust [17-20].

First of all, it should be pointed out that all the filters along the paper are FIR (finite
impulse response). For a matrix A, we denote its transpose by AT in this paper.

To show that tensor-product wavelet filters are only special cases of our construction,
we introduce the SUT of one-dimensional CQF and present a complete parametrization
of one-dimensional wavelet system in Section 2. In Section 3, we show that tensor-product
orthogonal wavelet filters can be constructed by SUT of CQF. Then, based on SUT of two-
dimensional CQF, a parameterized method is presented for constructing real-valued two-di-
mensional orthogonal wavelet filters. Finally, nonseparable wavelet filters are derived. Con-
clusion remarks are given in Section 4.

2. Parametrization of One-Dimensional Wavelet Filters

To construct one-dimensional orthogonal scaling function

p(x) = V2 hkp(2x — k), 2.1)

kezZ

we need construct sequences {hy}; such that (see [4, 21] and many others)

> he=v2, (2.2)
keZ
Zth = Zh2k+1/ (2.3)
keZ keZ

> hihiiog = 604, A €L, (2.4)

kezZ



Journal of Applied Mathematics 3

where 6 denotes the Kronecker delta
0, a#p,
Oap = { a,pe’. (2.5)
p.

The sequence {hi }c; which satisfies (2.4) is called a one-dimensional CQF, and the sequence
{hk} kez, which satisfies (2.2), (2.3), (2.4) simultaneously, is called one-dimensional orthogo-
nal low-pass wavelet filter.

Definition 2.1. Let {h,},c; be a one-dimensional CQF and G an arbitrary 2 x 2 orthogonal

matrix. {hy},.; is called the shift unitary transform (SUT) of {h,},c; by G if {h,},c; satisfies

Y.=AG, i€z, (2.6)

and {h},},ez is called the inverse shift unitary transform (ISUT) of {h,},c; by G if {h},},ez
satisfies

N =Y,G, i€z, (2.7)

where forany i € Z,

i \ i \ " 7\ hoi \"
Yi _ | 2i ) Ai _ < 2i > ) X: _ 2i , Yi _ < 2i > ' (28)
hoia hi1 Hy, hoi

The SUT and the ISUT of {h,},; by G are, respectively, denoted by
()} =Glhez,  {m} =G {hauer (2.9)

By directly calculating, we have the following results.

Lemma 2.2. If {hy},c; is a one-dimensional CQF, then {EH}nEZ = G{hy},ep and {il;}nGZ =
G {hy} ez are one-dimensional CQFs.

Lemma 2.3. If {y} ez = G{hu) ez, then (M} = (GT) ™ {n) s

Therefore, for a one-dimensional CQF, different one-dimensional CQFs can be
derived when we choose different orthogonal matrices G. For a sequence {s,},cz, letting
I'={n:s,#0}, we call I the support of {s,},cz. If {Sn},cz is a one-dimensional CQF and the
support of itis in {0,1}, we call {s,},cz a simple one-dimensional CQF.

Theorem 2.4. If {h,},; is a one-dimensional CQF, it can be constructed from a simple one-dimen-
sional CQF by a series of SUT.
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Proof. It only needs to prove that by a series of ISUT of {hy},,;, we can get a simple one-di-
mensional CQF.

Without loss of generality, we assume that the support of {h,}, isin {0,1,2,..., 2N -
1} and hohan-1 #0. We will prove this theorem by induction.

We see that the theorem is true for N = 1. Assume it is true for the case N < L (L >
1,L € Z). We now prove it is true for the case N = L + 1. Suppose that {h,},.; is a one-
dimensional CQF and hgphyp+1 # 0. We denote that

cosf sin6 -
G= o AP} = Gl (2.10)

—sinf cos@

where tan 0 = —h;/hg. Recall that {h,},,.; is a one-dimensional CQF, that is, >.,,c; hnhuiom =
60,m, which implies that hohyy, + hihor41 = 0. Therefore,

fz,l =sinOhgy + cos Ohy; = —cos Ohy + cosOhy =0,

(2.11)

’I:IZL = COS thL —sin 9h2L+1 = COS thL + COS G%hZLH =0.
0

It follows that the support of {ﬁn}nez isin {0,1,2,...,2L — 1}. Suppose that —or/2 < 0 < /2,
then ho#0. It follows that therg exists t € Z (t < L), such that hyohy_1 #0. Furthermore, if
neZ\{0,1,2,...,2t -1}, then h, = 0. By the hypothesis, the theorem is proved. O

Theorem 2.4 shows that any one-dimensional orthogonal low-pass wavelet filter can
be constructed by a series of SUT. Suppose that an orthogonal scaling function ¢(x) satisfies
(2.1). Then the sequence {h,},c; is a one-dimensional CQF. By Theorem 2.4, we know that
{hy} nez, can be constructed by a simple one-dimensional CQF and a series of 2 x 2 orthogonal
matrices. For a real number 0 € R, we denote Gy as the 2 x 2 orthogonal matrix:

cosf sin6
, BeR. (2.12)

—sinf cos@

Let {H#, }zzez be a simple one-dimensional CQF such that

cosy, n=0,
Hy,=4siny, n=1, y €R. (2.13)

0, otherwise.

For an arbitrary positive integer N, choosing yo,71,...,Yn-1 € R, we define {hnN }uez as fol-
lows:

N Y
{h" }nez = GYI\H GYNfz T GYl {Hn }ner' (2.14)
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In general, the support of {h}Y},; isin [0,2N —1]NZ. In other words, {h}Y'},c; is a length-2N
filter. From the proof of Theorem 2.4, we know that the length-2N filter can be constructed
by at most N —1 times SUT of one-dimensional CQF.

We can prove inductively the following theorems.

Theorem 2.5. Let =y +y1 + -+ + yn-1, then

Zhﬁ\i] =cos1, Zhé\[+1 =sin7. (2.15)

i€Z i€Z
Theorem 2.6. Let

YO+Y1+...+YN_1=2k7[+]r kEZ, (216)

ZI

then the sequence {hY },c;, given in (2.14) is a one-dimensional low-pass wavelet filter.

Theorem 2.6 provides a condition for choosing yo, 11, . . ., yn-1 such that the one-dimen-
sional CQF {h}'},c; given in (2.14) is a one-dimensional orthogonal low-pass wavelet filter.

In addition, if the low-pass wavelet filter {h}'},., satisfies the Cohen’s condition (see
[4]), then the ¢(x) corresponding to {h])},c; in (2.2) is an orthogonal scaling function.

By Theorem 2.6, we know that a length-2N one-dimensional low-pass wavelet filter
{hlY }uez can be constructed by choosing yo, 11, - - -, yn-1 such that condition (2.16) is satisfied.
Therefore, any length-2N one-dimensional low-pass wavelet filter can be parameterized into
a (N —1)-parameter family of wavelet system. In fact, we can give an explicit parametrization
of any length-2N filter:

J AN =N
{h"N}neZ = GYNAGYN& e GYl {JZ"}” TR er (2-17)

nez

where y1,y2,...,yn-1 €ER.

Applications of one-dimensional parameterized wavelets to compression are, for ex-
ample, discussed in [22, 23]. Parameterizing all possible filter coefficients that correspond
to compactly supported one-dimensional orthonormal wavelets has been studied by several
authors [6, 9, 24-26]. We provide explicit parametrization of any length-2N filters which
satisfy the necessary conditions for orthogonality in terms of SUT.

3. Construction of Two-Dimensional Wavelet Filters

3.1. SUT of Two-Dimensional CQF

To construct two-dimensional orthogonal scaling function

$(x) =2 bap(2x - a) (3.1)

acZ?
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and its associated wavelets

') =2> dip(2x-a), 1=1,23, (32)

aEgZ?

we need construct sequences {b, } ..z and {d}} .z such that (see [10, 12, 13], etc.)

D ba=2, (3.3)
aEZ?
Z baba+2ﬂ = 60ﬁ/ (34)
a€cZ?
Z bipj) = Z beisj) = Z bipj+1) = Z bis1,2j+1), (3.5)
ije ije ijez ijez
D dad) o5 = 65,1605 (3.6)
acZ?
j _
D bad) 0y =0, (3.7)
acZ?

where j,j1,jo =1,2,3 and p € Z°.
The sequence {by},cz2, Which satisfies (3.4), is called a two-dimensional CQF. If
{ba} 4ezp satisfies (3.3), (3.4), and (3.5) simultaneously, we call it a two-dimensional low-pass

wavelet filter. The sequences { d, Yaczz (j =1,2,3), which satisfy (3.6) and (3.7), are called two-
dimensional high-pass wavelet filters.

For an arbitrary real-valued sequence {l,} ;> € €2(Z*), we define

A= {a:anZ, z,,,;ao}, (3.8)

and A is called the support set of {I,},cz2 € €2(Z?).If A is finite, we call {I,} 472 € €2(Z?) finite
supported sequence. As aforementioned, the sequences we consider are real-valued and finite
supported (FIR).

We note that any sequence {b, },¢;» can be split into 4 disjoint subsets

{baizp i, j€Z},  {baigs) :i,j €Z},
(3.9)
{baiv1j) 11,j € Z}, {bais1j) 11,j € Z}.
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Definition 3.1. Let U be an arbitrary 4 x 4 orthogonal matrix, and let {bs} ;> be an FIR. For
integers As, Bs (s =1,2,3,4) and for all i, j € Z, we set

~ T
b@i2j)
i ?(21‘,2]41) ,
beii12j)
bis1,2j+1)) (3.10)
T
boi-24,2j-28))
£ | Pai2azj-2m)
(A1,B1,A2,B2,A3,B3,A4,By) — boo: )
(2i-2A3+1,2j-2B3)
bi-24,+12j-2B,+1)
Then {by } 42, which is defined as follows:
WAL (3.11)

is called the two-dimensional SUT of {b,} 472

Lemma 3.2. If {by} e is a two-dimensional CQF and {ba Yaez2 15 given by (3.11), then {ba Yaez2 15
also a two-dimensional CQF.

Proof. By directly calculating, we can prove that {ba } xez2 satisfies the following equation:

> babaizp = 605, VP €T (3.12)

aEgZ?

This completes the proof. O

If the new two-dimensional CQF is a low-pass wavelet filter, then it is worthwhile to
construct the associated high-pass wavelet filters. Now we provide a result of it.

Lemma 3.3. Suppose that {b,} ez is a two-dimensional CQF, {dX} .. (k = 1,2,3) satisfy (3.6)
and (3.7), {ba} gegz is a two-dimensional CQF obtained by SUT of {by ) gezz, then {dX} 2, which are
derived by SUT of {dX} ,czz (k =1,2,3), satisfy (3.6) and (3.7) simultaneously.

It can be proved by direct calculation, so we omit the proof.

Definition 3.4. (i) {E}aezz is called the SUTO of {by} ¢ if one chooses

A;i=B;=0 (i=1,2,3,4) (3.13)

in (3.11). This transform is denoted by {ba Vaezz = "U b} ern-
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(ii) {E}aezz is called the SUTT1 of {b,} 4z if one chooses

By=By=1, By=B3=A;=0 (i=1,234) (3.14)

in (3.11). This transform is denoted by {ba Vaezz = "0 b} were- | E}aezz is called the SUTT?2 of
{ba} 4ez2 if one chooses

As=As=1, A=A, =Bi=0 (i=1,234). (3.15)

This transform is denoted by {bs} scz2 = 72U ba} ez
(iii) {b} 4ezp is called the SUT1 of {b,} ey if one chooses

Ay=As=1, A1=A3=B;=0 (i=1,23,4) (3.16)

in (3.11). This transform is denoted by { Ea}uezz = "U(ba} gerz- {I;}aezz is called the SUT2 of
{ba} 4eze if we choose

B;=Bs=1, Bi=B,=A;=0 (i=1,234). (3.17)

This transform is denoted by {ba Vaezz = 2Uba ) gern-

For a two-dimensional CQF, when we choose different orthogonal matrices, many new
two-dimensional CQFs can be obtained. It is obvious that, after SUTO, the support of the new
two-dimensional CQF does not change. But it is different for SUTT1, SUTT2, SUT1, and SUT2.
For example, the support of the two-dimensional CQF

1
1 if a =(0,0) or (1,1),

by = ? if &= (1,0) or (0,1), (3.18)
0 otherwise

is {(0,0),(0,1),(1,0), (1,1)}, and the support of the filter {ba Vaezz = "U{ba ) gerz is {(0,0), (0, 1),
(1,0),(1,1),(2,0),(2,1),(3,0),(3,1)} c ([0,3] x [0,1] N Z?), where U = diag (H, H) and

13

H=| 2 2 (3.19)
V31
2 2

In general, for integers N, M, if the support of {b,} ;2 is in [0,2N — 1] x [0,2M - 1] N Z?,
after SUT1 (or SUT2) the support of the new filter is in [0,2N + 1] x [0,2M - 1] N Z? (or in
[0,2N = 1] x [0,2M + 1] N Z?). If the support of {b} ez is {(0,0), (1,0),(0,1),(1,1)}, we call
{ba}aeze @ simple two-dimensional filter.
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We will adopt the following notations in the rest of this paper. For arbitrary &, Ao, ¢,
A ER, let {B, }if’e’%z be the FIR defined as follows:

(cos &y cos Ay,

cos &y sin Ag,

B = 4 sin g cos A,

sin &g sin Ao,

LOI

a=(0,0);
a=(0,1);
a=(1,0);
a=(1,1);
otherwise.

Furthermore, let {D* })“’"50 (k =1,2,3) be the filters as follows

aEl?

((cos & sin Ay,
—cos ¢y cos Ay,
sin ¢ sin A,

—sin ¢y cos Ay,

tO/

(sin &y cos Ao,

sin ¢y sin Ao,

9§ = 3 —cosépcos Ay,

<

—cos ¢y sin Ay,

0,

\
(sin & sin Ay,

—sin ¢y cos Ay,
—cos ¢y sin A,

cos & cos Ao,

\0,

a=(0,0);
a=(0,1);
a=(1,0);
a=(1,1);
otherwise,
a=(0,0);
a=(0,1);
a=(1,0);
a=(1,1);
otherwise,
a=(0,0);
a=(0,1);
a=(1,0);
a=(1,1);
otherwise,

(3.20)

(3.21)

(3.22)
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and let U, U; be orthogonal matrices such that

cosA sin\ 0 0

—sinA cos A 0 0
u, = ,
0 0 cosA sinl

0 0 —sinA coslk
(3.23)
cos ¢ 0 sing O
0 cos¢ 0 sing
u —sing 0 cos¢ O

0 -sing 0 cos¢é

respectively. Then {B, }i”e’%z is a simple two-dimensional CQF, and {9k }i”e’%”z satisfy (3.6) and
(3.7).
From the special two-dimensional CQF {B, }i‘;’%‘;, by SUTT1, SUTT2, SUT1, SUT2, and

the matrices U}, U;, we can construct some new two-dimensional CQFs.

3.2. Tensor-Product Wavelet Filters

In this subsection, we will show that all tensor-product wavelet filters can be constructed by
SUTT1 and SUTT2.

A two-dimensional low-pass wavelet filters {b,} ;> is called tensor-product wavelet
filter if it satisfies the following equations:

bioj) = haila,
baigjs1) = haihajt,
! ijez, (3.24)
beis12j) = haiv1hyj,

beir12j+1) = haivihaj,

where {hi}ic;, {h; }icz are one-dimensional orthogonal low-pass wavelet filters.

Theorem 3.5. If {ba} ez is a tensor-product low-pass wavelet filter, then, it can be constructed by
SUTT1 and SUTT2 from {By )%

acZ?’
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Proof. For all i,j € Z, it follows from (3.24) that

i 0 0 0

0 hyjur 0 0O
(baizj), b@ijs1), beist,2)), beingjay) = (hai, hai, hois, hoie) -

0 0 hy O

0 0 0 hyju

Suppose that {h;};c; is a length-2N one-dimensional filter. Then there exist Ao, ..

An_1 € Rsuch that M+ + AN +AN1 = .71'/4, and
7 A
{hn}neZ - G)LI\HG)'N’Z o G)‘l {‘%"}ner'
We denote

(] = Gt

nez nez®

Let {b, }i\;_zlz be two-dimensional filter such that

N-1  _ 1y FN-1
b(Zi,Zj) = haihy; ™,

bN—l — hZiEN_l

(2i2j+1) 2j+17
i,j € Z.
N-1 _ 73, 7N-1
b(2i+1,2j) = h21+1h2]’ ’
N-1 _ 1. TN-1
b (20+12j41) = haisahyy iy,

It follows that

(b@izj), bizjs1), beist 2)), biv2j))
hyy 0 0 0
0 hysr 0 0
= (hoi, hoi, hois1, hois1) B
0 0 Ty 0

0 0 0 hya

11

(3.25)

.y )‘N—ZI

(3.26)

(3.27)

(3.28)
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;112\;,1 0 0 0

7N-1
0 h2 i1 0 0

= (hai, hai, haisa, hoi) -
0 0 hy' 0
0 0 0 kY
cosAn_1 sinAn_1 0 0
—sinAn_1 cosAn-_1 0 0
g 0 0 cosAn_1 sinAn-_1
0 0 —sinAn-1 cosAn-1

_(31N-1 pN-1 N-1 N-1
= (b 2i2j b 2i2j-1 b 2i+1,2] b 2i+1,2j-1 Uiy
(2i21)" " (2i2j-1)" 7 (2i+1.2)) " ( )

(3.29)

Hence, {b4} 472 can be constructed by SUTT1 of {b, yNL

acz?*
It can be proved inductively that {b,} ,c7> can be constructed by a series of SUTT1 from
{ba }geZZ/ and {b, }2€Zz can be constructed by a series of SUTT2 from {B, }f’e’g’z, where {b, }gezz
denotes the filter

0 = okl
b(2i,2j) = h21°l€2]/

b(()2i,2;'+1) = hyiHajn,
 jerw (3.30)
b?2i+1,2j) = hoi1Haj,

0 — ho s M
b(2i+1,2j+1) = hoin1Hojia,

Therefore, any tensor-product two-dimensional low-pass wavelet filters can be constructed
by SUTT1 and SUTT2 from {B,}", O

i/

3.3. Two-Dimensional Wauvelet Filters in Terms of SUT1 and SUT2

From now on, we give a method of construction of two-dimensional orthogonal wavelet
filters from a simple two-dimensional CQF by SUT1 and SUT2.

For arbitrary positive integers N and M, choosing Ao, A1, ..., An-1,80,¢1,.-.,ém-1 €ER,
{bEM} s is defined as

N,M £ Ao.go
{ba }anZ — EnNiM—2 Unnoris EnNIM-3 uﬂ)\m\/pa L. Em um {Ba }anZ/ (331)
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where niy, Ny, ..., AIN+M-2 € {)‘1/)‘2/ s /-/\N—llélr“SZ/ cee /éM—l} and

1, if nj € (M, A, ANt ),
£, = (3.32)

' 2, ifnje{&,é,...,.em1).

Then {bfj’M } xez2 is @ two-dimensional CQF, and its support is in [0,2N —1] x [0,2M —1] N Z2.
We are now in a position to draw some conditions on choosing Ao, A1,..., ANy, &0, &1, .-, émy,
such that {b}™ }aezz 1s @ two-dimensional low-pass wavelet filter.

Theorem 3.6. Let p=Xg+ A +---+Ano1, =80 +& + -+ &m-1. Then

N,M ~ N,M . ~
Zelzb (2i2j) = COST1€OST], .ZE:Zb (2ije1) = ST COST], (3.33)
i,] L]
NM  _ o N.M o o
'%Zb (2is125) = COSTSINT, ~§Zb (2is1241) = S SINT- (3.34)
1,] L]

Proof. It can be proved inductively. For the case N = M = 1, it is obviously true. Assume that
it is true for the case N < ki, M < kp (k1 > 1,k > 1, ki, kp € Z); now we prove that it is true
forthecase N =k; +1, M = k.

Let s be the integer such that ng,1 € {11, Ay, ..., A, } and ngy € {&1,82,..., 8, ) (t>1,t €
7). Suppose that

i1,i2,...,1, <8 = N, Ni,,..., N, € {)Ll,)Lz,...,)Lkl},

(3.35)
oo ro S5 =5 i iy, € (GG i)
It follows that u = ky and v < k, — 1. Let
s = Ao+ My + 1y o+ 1y, s = G0+ M F M ok,
(3.36)
Ao,
{bz }uEZZ — Eng uns Eng_q uns—l sy un1 {Ba }aoeéoz;
it follows that
b3 = ~ b . _
iJZe:Z (2i.2f) COS 15 COS ]s, iJZe:Z (2i2j+1) sin s cos s,
(3.37)

B _ .~ s . .~
.Zzb(ZiJrl,Zf) = COS s Sin 7js, .Z:‘Zb(2i+1r2i+1) = sin 715 sin 7.
ije ije
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Let {b,i”}aezz = 51 Uy, (b5} gege- Since ng1 € {Ay, Aa,..., Ay, }, then

s+1
b(2 i27) = Cos11s+1b(2 i27) — sinng1 b3

(2i-2,2j+1)”
s+1
(2i2j+1) — =sin ns+1b(2 2j) T €08 ns”b(zz -2,2j+1)”
(3.38)
s+1

— s o s
(2i+12)) ~ cos n5+1b(2i+1,2;') sin ns+1b(2i—1,2j+1)’

s+1
(2i+12j+1) Smns*lb(z +1,2j) T 08 ns”b(zz 12j+1)"

Therefore,

Z b?z?z,) = 08 (7]s + Ng41) COS Tfs; Z b(21 2j41) = = sin(7]s + Ms41) COS 7s;

ijez ijez
(3.39)
Z bz;il+1,2i) = cos(1s + Nss1) SINTs; Z b(21+1 2j41) = = sin(#s + M541) sin 7s.
= =/
Fort>1,let
{bZ+t }anZ= Engyt uns+t v Engy un9+1 {b }anZ (340)
It follows from ng.¢ € {&1,¢2,...,&k,-1} that

s+t . s+i—1
(2 2j) = cos11s+tb(2 i27) s1nns+tb(2 r12j-2)7

s+t

(i2j+1) ~ €O° ns”b(z 2j+1) ~sin n5+tb(2z+1 2j-1)’
t (3.41)

S+

(2i+12)) — = sin ns”b(z 2j) +cos ns”b(z i+1,2j-2)"

S+t
(2i+12j+1) ~ Smns”b(z 2j41) + €08 ns”b(zm 2j-1)°
Therefore,

Dber =08 Tii1 08 (Tfsri1 + Most);
=) (21 2])

%b;;fl 1) = S 411 €08 (Tfsrio1 + o)

ij

(3.42)

220051 = 08 Tosto i (st + M)
i,jeZ ’

Z 2;f+1 2]+1) = sin Hs+t-1 Sin(ﬁs+t—l + ns+t),
i,jeL
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where

Mset-1 = Ao+ A+ oo+ hiy,  Tswrm1 = &0+ Mjy + 000+ M, + Mgy + Mgypoq. (3.43)

Namely, it is true for the case N = k1 + 1, M = k.
Similarly for the case N = ki, M = ky + 1. This completes the proof. O

Now we provide the condition on choosing Ao, A1,...,AN;, 80,81, - .., éMm,, such that
{bF™M) .cpz is a two-dimensional low-pass wavelet filter.

Theorem 3.7. If there exists integers ny and ny, such that

q=x\0+)tl+~-+)tN_1=2n1]r+%, (3.44)
~ a
=80+ grt o +eme1=2mm+ 1, (3.45)

then the sequence {by™} ;» constructed in (3.31) is a two-dimensional low-pass wavelet filter.

Proof. It follows from Theorem 3.6 that

-1 . ~ 1
E bpipj) = cosmncosty = =, E baipjs1) = sinncos = =,
“ 2 “ 2
i,jEZ i,j€Z
(3.46)
o~ 1 . o~ 1
E beis1,2j) = cosnsini = 5 E bis1,2j+1) = sinzsin = 5

i,j€EL i,j€EL

Therefore, {bf,,v 'M}aezz satisfies conditions (3.3) and (3.5), then it is a two-dimensional low-
pass wavelet filter. OJ

Corollary 3.8. If {by™) .y as given in (3.31) is a low-pass wavelet filter, then

Ao.do

N En » ... En k
= ONem2 [, ENeMs U, {%a }lerZ (347)

o)

acZ?

are the high-pass filters associated with {by'™ ) ,c;z, where k = 1,2,3.
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Table 1: The coefficients of a nonseparable orthogonal low-pass wavelet filter.

b j=0 j=1 j=2 j=3

i=0 -0.020275 -0.054787 0.243250 0.657306
i=1 0.024899 0.067282 0.198076 0.535237
i=2 -0.025190 0.009322 0.302214 -0.111841
i=3 0.030935 —-0.011448 0.246090 -0.091071

Table 2: The coefficients of a high-pass wavelet filter (d}i’j)) associated with the low-pass wavelet filter in
Table 1.

dl, j=0 ji=1 j=2 j=3

i=0 0.009322 0.025190 ~0.111841 -0.302214
i=1 -0.011448 ~0.030935 -0.091071 ~0.246090
i=2 ~0.054787 0.020275 0.657306 -0.243250
i=3 0.067282 —~0.024899 0535237 ~0.198076

Remark 3.9. We can choose other orthogonal matrices than Uy and U; such as

cosA sinl 0 0
—sinA cos A 0 0

u,s= ~ ~

“ 0 0 «cosk sini

0 0 -—sin) cosi

(3.48)

cos¢ 0 sing O

0 cos E 0 sing

Uys = ’

’ -sing 0 cos¢ O

0 —sing 0 cosg

where A, X, ¢, 5 € R; but conditions in Theorem 3.7 should be changed.

Example 3.10. We choose N =2, M =2 in (3.31). For &y, &1, o, A1 € R, define {ba} 4c72 as follows:

(Ba) geze = Uy Uy, (Ba) % (3.49)

aEgZ?’

By choosing &y, &1, 40, A1 such that Ay + Ay = & + ¢ = xr/4, we can get many two-
dimensional low-pass wavelet filters and their corresponding high-pass wavelet filters. For
instance, set ¢ = 2.254190, & = o /4 — ¢é1, A1 = 4.357946, Ay = or/4 — 1. By (3.31) and (3.47),
we can get a nonseparable orthogonal low-pass wavelet filter (see Table 1) and its associated
high-pass wavelet filters (Tables 2, 3, and 4). Figure 1 shows that the high frequency sub-
bands by the derived filter can reveal more features than that by the commonly used tensor-
product wavelet filter.

Remark 3.11. By Section 3.2, we know that any two-dimensional tensor-product orthogonal
wavelet filters can be constructed by SUTT1 and SUTT2. By Example 3.10, we know that, by
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(b)
Figure 1: It shows that the high-frequency subbands by the derived filter can reveal more features than that

by the commonly used tensor-product wavelet filter. (a) Decomposition of the “Lena” image by the derived

filter. (b) Decomposition of the “Lena” image by tensor-product filter. All the coefficients in the high-frequ-
ency subbands are magnified by a factor 20 to see the difference.

Table 3: The coefficients of a high-pass wavelet filter (d?ij)) associated with the low-pass wavelet filter in
Table 1.

. j=0 j=1 j=2 j=3

i=0 0.198076 0.535237 0.024899 0.067282
i=1 -0.243250 -0.657306 0.020275 0.054787
i=2 0.246090 -0.091071 0.030935 -0.011448
i=3 -0.302214 0.111841 0.025190 -0.009322

Table 4: The coefficients of a high-pass wavelet filter (d?i,j)) associated with the low-pass wavelet filter in
Table 1.

i) j=0 j=1 j=2 j=3

i=0 -0.091071 —-0.246090 —-0.011448 —-0.030935
i=1 0.111841 0.302214 -0.009322 —-0.025190
i=2 0.535237 —-0.198076 0.067282 —-0.024899
i=3 —-0.657306 0.243250 0.054787 —-0.020275

SUT1 and SUT2, nonseparable wavelet filters can be achieved. Therefore, the construction of
two-dimensional wavelet filters in terms of SUT of two-dimensional CQF is a generalization
of the construction of separable orthogonal wavelet filters. Furthermore, from (3.31) and
(3.47), we can see that our construction is a parametrization method.

4. Conclusion

SUT of CQF is introduced in this paper. In terms of SUT of one-dimensional CQF, any
one-dimensional orthogonal wavelet filters with dilation factor 2 can be given in explicit
expression. The SUT of two-dimensional CQF is applied to the construction of two-dimen-
sional orthogonal wavelet filters, and a parametrization method is presented. The selection
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of the parameters is not restricted by any implicit condition. Tensor-product wavelet filters
are only special case of this method. It provides more ways to randomly generate perfect
reconstruction filters.

Our method provides many possible choices for the parameters. But what is a good
choice of the parameters? Should any restriction on the choice of the parameters imply certain
properties? Characteristics of SUT should be deeply studied.
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