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Background
Social relationships and interactions are largely based on mutual affection, trust and 
appreciation, as with friendship formation (Simmel  1964). When social relationships are 
based on mutual benefit and exchange, affection, trust and appreciation may play a sig-
nificant role in shaping the relationships within a group (Lawler et al.  2000, 2008; Lawler  
2001). In this case, the common task mediates the positive and satisfying emotions. 

Abstract 

Purpose:  In small cooperative and collaborative groups, patterns of interaction, 
discourse and dialogue are often strongly bidirectional; ties are reciprocal and recipro-
cated. This reciprocation of ties leads to the formation of interaction patterns that are 
reciprocated dyads (two individuals connected reciprocally) and triads (three individu-
als connected reciprocally). In this study, we use an agent-based model to explore how 
such reciprocated dyadic and triadic patterns emerge from self-reinforced appreciation 
between peers in a small group.

Methods:  The model assumes that the agents’ decisions to interact depend on how 
their self-appreciation compares to their appreciations of their peers (peer-apprecia-
tion). These comparisons are competitive in that an agent seek to increase its apprecia-
tion in relation to its peers. As a consequence, agents change their self-appreciation 
and appreciation towards their peers depending on their sensitivity to the competitive 
comparison.

Results:  When agents’ sensitivity to competitive comparisons is low, the most com-
mon patterns of appreciation are egalitarian triads (all three agents appreciate each 
other), while for moderate sensitivity, leadership-type patterns emerge (one agent 
connected strongly to two other unconnected agents). When sensitivity is high, strong 
reciprocally connected dyads emerge. The model thus predicts thus a transition from 
egalitarian triads to strong dyads as agents’ sensitivity to competitive comparisons 
increases.

Conclusions:  The structural similarity between patterns emerging as model results 
and patterns reported in empirical research suggests that: (1) reciprocation based on 
appreciation is a strong candidate for explaining the formation of such patterns, and (2) 
individual sensitivity to competitive comparisons of appreciation may be a key factor 
that can be used to the tune dynamics of interaction in small groups.
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Engagement in a common task and the presence of a goal orientation generates positive 
feedback within a group, which enhances the group’s mutual ties when the group mem-
bers find the interaction satisfying (Lawler et al. 2000, 2008; Lawler 2001). On the other 
hand, mutual relationships built on trust and appreciation also create expectations for 
the future behavior of group members that they may fulfill or may not fulfill, thus trans-
forming the existing relationship (Skvoretz and Fararo 1996;  Lusher et al. 2014).

Affection, trust or appreciation are mutual, bi-directional and reciprocal; ties thus 
formed tend to be strongly reciprocated. The reciprocation of ties, however, is thought to 
be the origin of certain very special features of social patterns such as reciprocal strongly 
connected dyads (two individuals connected reciprocally) and triads (three individuals 
connected reciprocally). Strong reciprocation also means that social patterns based only 
on one-directional ties are rare when ties are based on affection, trust or appreciation 
(Yoon et al. 2013; Block  2015; Rivera et al. 2010). Patterns similar to affection and trust 
based interaction are also found in small groups in information sharing and communica-
tion (Hogan et al. 1999; Enyedy 2003; Barron 2003), task-related collaboration (van Box-
tel et al.  2000; Schwarz and Linchevski 2007; Sangin et al. 2011; Stahl et al. 2014), group 
performance (Lusher et al. 2014), and co-regulation in group learning (Volet et al. 2009). 
Studies that focus on co-regulation and peer-to-peer interaction in small groups indicate 
that in these cases, strongly reciprocated dyadic and triadic patterns of interaction are 
characteristics of successful and high achieving groups (Hogan et al. 1999; Barron 2003; 
Volet et al. 2009).

The affect theory of social exchange (Lawler et  al. 2000, 2008; Lawler 2001) illumi-
nates the role of affective ties like trust and appreciation in shaping the social relations 
of task performing groups. The theory attributes the strong reciprocation of social ties 
and thus the formation of the reciprocated dyads and triads to the positive affective 
factors that emerge through emotionally satisfying relations and which are thus self-
enhanced through reciprocation (Lawler et al. 2008; Yoon et al. 2013). According to this 
view, engagement in a common task and goal orientation in a group generates positive 
feedback, which enhances the reciprocation of ties when the interaction is found to be 
satisfying by the interacting partners. The peers in a group have expectations for their 
performance and roles in completing the task, and when these expectations are felt to be 
fulfilled, that increases satisfaction and future engagement and exchange. Consequently, 
peer-to-peer comparisons and competence evaluations are the mechanisms for the for-
mation of groups in the affect theory of social exchange (Lawler et al. 2000, 2008; Lawler 
2001). These mechanisms are thus similar to those found in the social learning theory 
(Bandura 1997, 2006). In both views, it is recognized that individuals’ conceptions of 
how they are appreciated in social groups essentially determine how much effort they 
put in the performance, or the others are expected to put in the collaboration. Thus, 
the formation of interaction patterns is essentially affected by peer-to-peer comparisons 
aimed to assess one’s own performance in relation to one’s peers’ performance or poten-
tial to perform the task (Skvoretz and Fararo 1996; Lusher et al. 2014).

Social learning theory, and the affect theory of social exchange following it, both 
assume that peer influence functions through constant social comparisons, valida-
tions and appraisals of one’s position in a group and how one is appreciated as part of 
the group in comparison to other group members. The self- and peer-appreciations 
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are developed through constant mutual comparisons. The more similar an individual 
assumes he or she is to an appreciated peer and the more the appreciated peer appreci-
ates the individual, the more the self-appreciation of the individual increases. Peer com-
parison is thus one of the most elementary forms of conceptualizing reciprocal social 
relationships. We assume here that to understand how social ties are formed in task-
related contexts, we must pay attention to:

• • Individuals’ conception of how they are appreciated (called self-appreciation here),
• • How self-appreciation compares to a peer’s appreciation of the individual (peer-

appreciation) and,
• • How the peer-appreciations are reciprocated.

From the point of view of the affect theory of social exchange (Lawler 2001; Lawler 
et al. 2008) as well as of the social learning theory (Bandura 1997, 2006), self- and peer-
appreciations are candidates for the properties governing the social interactions and 
formation of interaction patterns in a task performing group. Similarly, the mutual com-
parisons and appraisals of self- and peer-appreciations are the basic processes that affect 
the evolution of mutual affiliations and trust, and can thus be expected to become visible 
in discourse, communication and verbal interactions.

The assumption of the mutual comparisons of self- and peer-appreciations and the 
reciprocation of peer-appreciations on the formation of mutual patterns of apprecia-
tion in small groups can be tested using an agent-based model. Ideally, the results of the 
agent-based model also guide attention to what kinds of stable structural features can be 
taken as hallmarks of the reciprocation of peer-appreciations and how the sensitivity of 
individuals to their peers’ assesments may shape these patterns. In this role, the agent-
based models may serve as tools to guide the empirical research and data collection to 
be more sensitive to features that emerge from the underlying mechanisms of tie forma-
tion (Epstein 2008).

Methods
In this study, we present an agent-based model to simulate the development of recipro-
cated ties and the formation of reciprocated dyadic and triadic patterns of appreciation. 
The central questions are how self- and peer-appreciation influence the interacting part-
ner’s decision to interact and how the interaction, when realized, affects the interact-
ing partners’ self- and peer-appreciations. The model assumes that the agents’ decision 
to interact depends on how their self-appreciation relates to their appreciations of their 
peers. In an interaction, agents compare their self-appreciation to the appreciation of 
their peers towards themselves, and as a consequence of this comparison, change both 
their self-appreciation and peer-appreciation of other agents. Positive differences in 
these comparisons increase the agent’s self- and peer-appreciations, whereas negative 
difference decreases both. The agent-based model developed in what follows is based on 
a variant of the bounded confidence model (Deffuant et al. 2013; Castellano et al. 2009) 
and closely resembles the so-called Leviathan model of social interactions, where agents’ 
mutual appraisals and the “vanity” effect are taken into account (Deffuant et al. 2013). 
The implementation of the model is fully stochastic.
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Computational model of formation of appreciation patterns

The agent-based model that is introduced here assumes that agents’ self-appreciation 
and peer-appreciations are mutually affected in pair-wise interactions. The following 
assumptions form the basis of the “minimal” model:

• • An agent i holds a self-appreciation κii.
• • An agent i holds a peer-appreciation κij of peer j.
• • An agent i is aware that an agent j holds peer-appreciation κji of i.

The model fulfills the minimal requirements for agent-based modelling of social learn-
ing, namely a rudimentary “theory of mind”, so that i’s beliefs about what j thinks of i 
affect i’s self-appreciation, and vice versa. These kinds of reciprocal anticipations of each 
others’ beliefs are assumed to be an indispensable part of any model of social dynamics 
(Sun 2006).

The dynamic evolution of self- and peer-appreciations is implemented as an agent-
based model, in which agent i’s self-appreciation κii and the reciprocated peer-appreci-
ations κij and κji are assumed to change as a consequence of pair-wise comparisons. The 
pair-wise comparison of appreciations and how they change self- and peer-appreciations 
are as follows.

• • Change in agent’s self-appreciation κii: If in the comparative interaction event agent 
i finds that j’s peer-appreciation κji is higher than self-appreciation κii, then i’s self-
appreciation increases. If the difference in appreciations is the other way around, 
then i’s self-appreciation decreases.

• • Change in the peer-appreciation that agent i holds of j is affected by two contribu-
tions. First, the peer-appreciation κij that i holds of j is increased if i finds that j holds 
a peer-appreciation κji exceeding the self-appreciation κii. Second, the peer-appreci-
ation κij is decreased if i’s peer-appreciation of j is higher than j’s self-appreciation. 
The first effect is a kind of competitive comparison, in which the agent competes for 
appreciation and increases appreciation towards peers that overly appreciate it (i.e. 
more than its self-appreciation); this increases the future changes for high apprecia-
tion. The latter effect balances the overestimated appreciations.

This kind of comparison is competitive in the sense that an agent, through comparison, 
seeks to increse its appreciation in relation to other agents. The agents’ sensitivity to the 
competitive comparison is regulated by the parameter α ∈ [0, 1], referred to as the com-
petitiveness in what follows. If α = 0, there is no effect. If α = 1, the effect is maximal. 
The competitiveness is similar to vanity -effects due to appraisal in social and political 
elite group formation (Deffuant et al. 2013). The most central parameter of the model 
is the agents’ sensitivity to competitive comparisons of appreciations described by the 
competitiveness α.

The probability that the agent’s self- and peer-appreciations change depends on how 
the agent posits itself in regard to other agents. If the agent’s i self-appreciation is higher 
than the peer-appreciation towards agent j, it is not likely that i’s interaction with j leads 
to changes in appreciations, whereas in the opposite case, it is very likely that change 
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will take place. The probability that changes in appreciations will take place can be thus 
modelled as a sigmoidal function given by (Deffuant et al. 2013; Castellano et al. 2009)

where δij = κij − κii is the difference between self- and peer-appreciations; the higher the 
agent’s i peer-appreciation of j is in relation to the agent’s self-appreciation, the higher 
the probability is that an effect will take place and that the self- and peer-appreciations 
will be affected (i.e. the effect is propagated). The parameter σ = 2σ ′ controls how big 
the difference between appreciations can be for the competitive comparisons to affect 
the appreciations (i.e. the effect is propagated) (Deffuant et  al. 2013; Castellano et  al. 
2009). The parameter σ describes agents’ tolerance to diversity in appreciations when 
they interact with other agents, and it is thus referred to the diversity in what follows. 
Technically, the diversity σ regulates the wideness of the distribution of differences in 
appreciations that affects the probability of an agent to change its appreciations. For a 
very small σ an agent is always affected by the peers that it appreciates highly but never 
by peers it appreciates liitle. The diversity is closely related to homophily, with a large 
diversity indicating low homophily and a low diversity indicating high homophily.

The changes in appreciations are described here stochastically, where the probability 
pij is central in deciding whether the change takes place. The update rules for the agents’ 
i and j self-appreciations and their mutual peer-appreciations are given by

where the sensitivity of the agent to competitive comparisons of appreciations is gov-
erned by parameter α. In all incremental changes, the model takes into account the fact 
that appreciations do not increase without limit and are constrained to the maximum 
value, which is here 1. Similarly, the lowest possible appreciation has a value of 0. In 
order to take these constraints into account, the equations are of the logistic type and 
contain the term κ(1− κ). The parameter πo is the overall sensitivity of agents to chang-
ing their appreciations. This parameter is treated stochastically, thus simulating the 
randomness in strengths of individual decisions. In practice, we have assumed that πo 
is normally distributed with an average value of 〈πo〉 < 0.3 and a standard deviation of 
0.3πo. These values are small enough to prevent instabilities in iteration and to ensure 
convergence to results that do not depend on exact values of 〈πo〉. Then the exact value 
affects only the number of steps needed so that the iterations converge to dynamically 
stable values of self- and peer-appreciations.

Equations. (2)–(5) are otherwise symmetrical with respect to i and j (modelling 
the symmetric reciprocation), but asymmetry prevails in the probability pij taking 
into account that agent i is assumed to have a special role in initiating the update of 

(1)pij =
1

1+ exp[−δij/σ ]

(2)κii ← κii + πo pij (κji − κii) κii (1− κii)

(3)κjj ← κjj + πo pij (κij − κjj) κjj (1− κjj)

(4)κij ← κij + πo pij [α (κji − κii)+ (1− α) (κjj − κij)] κij (1− κij)

(5)κji ← κji + πo pij [α (κij − κjj)+ (1− α) (κii − κji)] κji (1− κji)
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appreciations. In practice, this means that when agents i and j interact, the probability 
that j changes its self-appreciation depends on agent i’s self-appreciation, through pij,  
which determines whether or not an initiated event leads to any change. This simulates 
the effect of initiating a discourse, which provides an advantage for the appreciated agent 
and increases its appreciation. This asymmetry plays a role in how leadership-type posi-
tions are built up [see (Skvoretz and Fararo 1996) for a similar effect].

The model of agents’ interactions in Eqs. (2)–(5) is dyadic (denoted by D) in that only 
a pair of agents is involved. This is the most common interaction studied in the con-
text of communication, information sharing and collaboration [see e.g. ref. (Hogan et al. 
1999; Enyedy 2003; Barron 2003; van Boxtel et al. 2000; Schwarz and Linchevski 2007; 
Sangin et al. 2011; Stahl et al. 2014) and references therein]. For completeness, however, 
indirect triadic interaction (denoted as T) is studied by including a third agent k so that 
peer-appreciation κik is updated following the rule in Eq. (4) when i and j interact with a 
probability of pij. The agent k, however, is treated as a collateral one, so that there is no 
reciprocation of the appreciations. In addition, we study the model with an equal pro-
portion of dyadic and triadic updates (D + T).

Finally, two notions concerning the realism of the model must be made. First, the 
implicit assumption in constructing the model is that agents perceive not only their own 
self-appreciation and their peer-appreciation towards other agents but also the other 
agents’ appreciation towards them. Though the two first assumptions are plausible, the 
last one may raise doubts. However, the possible randomness (if no bias is assumed) in 
perceiving the other agents’ peer-appreciations is in the model of similar type, and with 
similar effects, as randomness described by πo, i.e. adding noise in individual decision 
events. Second, the parameters α and σ are taken to be same for all agents. The obvious 
step to a more realistic model is to treat α and σ as having different values for different 
agents (i.e. as agents’ attributes). In the model presented here all agents are “psychologi-
cally” identical, whereas real agents are certainly not. This idealization and restriction 
must be kept in mind when interpreting the results.

Simulation method

The simulations are carried out by selecting stochastically the agents that interact 
(two agents for dyadic model D and three agents for triadic model D). The initial val-
ues of appreciations κ are assigned randomly from a uniform distribution in the range 
0.333 < κ < 0.667. This is a practical choice and a wider/narrower distribution of initial 
values does not affect the distribution of stable patterns; stabilization of patterns just 
takes more/less iterations. The paramater α is varied from 0 to 1, with steps of 0.1, thus 
spanning the effect of competiveness from a nonexistent effect to a maximal effect. The 
tolerance to diversity is explored for σ = 0.05, 0.10, 0.20 and 0.30, where the lowest and 
highest values are chosen so that there are no essential changes in results beyond these 
limits.

The so-called roulette wheel method (Lipowski and Lipowska 2012; Lipowski 
et  al. 2014) applied to probability pij in Eq. (1) is used to select whether the self- and 
peer-appreciations are changed or not. In the roulette wheel method a discrete set of 
N possible events k with probabilities pk are arranged with cumulative probability 
�k =

∑k
i=1 pi/

∑N
i=1 pi. The event k is selected if a random number 0 < r < 1 falls in the 
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slot �k−1 < r < �k. The roulette wheel method (Lipowski and Lipowska 2012) has been 
used in similar cases of stochastic modelling of emergent social structures and interac-
tion patterns associated with preferential selection of connecting links (Lipowski et al. 
2014). In addition to pij, πo in Eqs. (2)–(5) is treated as a stochastic variable and selected 
from a uniform distribution between values πo ± δπo , where δπo = 0.33πo. All the sim-
ulations are carried out for 2000 repetitions of each parameter combinations. Some sim-
ulation runs were done with different choices of initial values as well as different choices 
of πo to test the robustness of results in regard to the choice of parameters regulating the 
computation.

Patterns of appreciations

Many of the important characteristics of the relationships can be understood by focus-
ing on different dyadic and triadic patterns and how the ties are reciprocated. Given the 
background assumptions, the expectation is that reciprocated dyads and triads, as well 
as reciprocated dyads embedded as parts of different triads, are important as expected 
on the basis of trust or affect based interactions [c.f. refs. (Lawler et  al. 2000, 2008; 
Lawler 2001)]. One can also expect to find patterns of the leadership type containing 
directed ties in which one agent is more central than others [see e.g.    (Skvoretz and 
Fararo 1996)]. Cyclic (i.e. three agents A, B and C connected cyclically as A → B → C → 
C), transitive (A → B, C and B → C) and completely non-reciprocated triadic patterns 
are expected to be rare (Yoon et al. 2013; Block 2015). In this case, nine dyadic and tri-
adic patterns are of interest, out of which six eventually changed most with changes of 
competitiveness, diversity and collaterality, thus providing a window with which to mon-
itor essential changes in patterns of peer-appreciations caused by these factors. These 
patterns are shown in Fig.  1. In simulations, we were looking for these patterns and 
counting their abundances and intensities at the stage of simulation where patterns were 
stabilized (roughly the last 30 % of update events in the simulations). Such “triadic cen-
sus” of the patterns acts as a “fingerprint” of the group dynamics and structure (Moody 
1998; Itzkovitz et al. 2003). We indexed the patterns according to the common structural 
indexing (Moody 1998) (see the caption of Fig. 1 for details). The short-hand names of 
the patterns in Fig. 1 and their indexing are given in Table 1. Here, the patterns are also 
named on the basis of their role in social dynamics based on peer appreciation, and they 
are roughly of three different types; triadic, dyadic and leadership-type patterns:

• • Triadic patterns are groups in which all three agents are linked to each other in dif-
ferent ways. In the egalitarian triad (300), all links are reciprocated and of equal 
strength. In the collateral triad (120D), only two agents are connected by a strong 
reciprocated link and the third agent is collaterally connected to them both by a 
strong incoming but non-reciprocated link. By contrast, in the broker triad (120U), 
the two agents are connected to the third one by a strong outgoing link [a pattern 
known as tertius gaudens (Simmel 1964)]. This is a broker’s position, where a single 
agent is appreciated by a dyad and can thus influence the dyad.

• • Dyadic patterns are groups in which a reciprocated dyad is the most dominant struc-
tural element. In an egalitarian dyad (102), both agents are in similar positions, 
appreciating each other but not connected to a third party at all. In a collateral dyad 
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(111D), one of the agents in the strong dyad is appreciated collaterally by another 
agent, whereas in a broker dyad (111U), one of the agents in the strong dyad also 
appreciates a third party. These two latter structures are often transitory structures 
not only in forming corresponding balanced triadic patterns but also in situations in 
which balanced triadic patterns fall apart.

• • Leadership patterns are groups in which one agent attains a special position as a 
leader. The simplest of such structures is the endorsed leader (021U), in which one 
agent is appreciated by others but which does not appreciate any of the other agents. 

Fig. 1  Patterns and their indexing. Pattern indexing (ind) (Moody 1998) and the formulas to count their 
abundances Nind and average intensities Wind. These nine patterns are of interest, especially the patterns in 
the two upper rows, in monitoring change in social dynamics. In the indexing, the first digit indicates the 
number of reciprocated pairs, the second digit the number of non-reciprocated pairs, and the last digit the 
number of unconnected pairs. The last character, if given, differentiates between directedness (U for upward, 
D for downward) of otherwise similar patterns

Table 1  The number Nind and  intensities Wind of  peer-appreciation patterns (ind) based 
on peer-appreciation strengths κij

The following descriptive names of patterns in shorthand notations are used: L leadership, C collateral, B broker. The 
number Nind of different patterns can be counted from the adjacency matrix K′, which has elements [K′]ij = κij and [K′]ii = 0 
(excluding self-appreciations) providing all the information to count the number Nind and intensities Wind of patterns of 
interest. For this, six other auxiliary matrices derived from K′ are introduced: the symmetric part of K′, denoted by S′, and 
the asymmetric part, A′ = K

′ − S
′; matrices K, S and A where entries are 1 for all non-zero entries in S′ and A′, respectively; 

and the symmetric matrix E constructed so that if Kij �= 0 or Kji �= 0, then Eij = Eji = 1. Standard matrix operations are used 
so that T denotes transpose, Tr trace and ◦ is the element-wise multiplication (Hadamard product). The logical inverse 
(complement) of the matrix is denoted by ∼ e.g. K̃ as the complement of K

Pattern ind Number Nind Intensity Wind

triad 300
∑

(S3)/6 N
−1

300

∑
(S′3)

1

6 /6

dyadic L 201
∑

(S2 ◦ Ẽ)/2 N
−1

201

∑
(S′2 ◦ Ẽ)

1

4 /2

dyad 102
∑

(Ẽ2 ◦ S)/2 N
−1

102

∑
(Ẽ2 ◦ S′)

1

2 /2

triadic L 210
∑

(AAT ◦ S)/2 N
−1

210

∑
(A′A′T ◦ S′)

1

4 /2

C triad 120D
∑

(AT A ◦ S)/2 N
−1

120D

∑
(A′T A′ ◦ S′)

1

4 /2

B triad 120U
∑

(AAT ◦ S)/2 N
−1

120U

∑
(A′A′T ◦ S′)

1

4 /2

C dyad 111U ∑
SA

T ◦ K ◦ K̃ T N
−1

111U

∑
(S′A′T ◦ K ◦ K̃ T )

1

3

B dyad 111D ∑
SA ◦ K ◦ K̃ T N

−1

111D

∑
(S′A′ ◦ K ◦ K̃ T )

1

3

endorsed L 021U
∑

(AAT ◦ Ẽ)/2 N
−1

021U

∑
(A′A′T ◦ Ẽ)

1

2 /2
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Such a position is expected in cases of strong appreciation or competition. A more 
egalitarian type of leadership is dyadic leader (201), in which two strong dyads share 
a common agent, which then have a leader-type position. This pattern can evolve to 
or from a triadic leader (210), in which the agents, which are not in a leader-posi-
tions, are non-reciprocally connected.

The simulations provide the matrix K′ of all connections in terms of peer-appreciations, 
and from this matrix, the number N of patterns (Moody 1998; Itzkovitz et al. 2003) can 
be obtained (see Table 1). The intensities W of the patterns (Onnela et al. 2005) can also 
be obtained from matrix K′ as geometric means of the links (peer-appreciations) that 
constitute the pattern. Details and proofs of the formulas provided in Table 1 to count 
the patterns and their intensities are given in refs. (Moody 1998; Itzkovitz et  al. 2003; 
Onnela et al. 2005).

Results
The formation of the peer-appreciation patterns is examined here for different groups 
of 3, 4, 5 and 6 agents. Most results are shown for a five-agent group, G5. This is due 
to the fact that G5 is large enough that its geometry does not essentially constrain the 
formation of patterns. For example, in a three-agent group, G3, the pattern formation 
is essentially constrained by the geometry, and only egalitarian triads, leadership dyads 
and dyads are observed. The four-agent group, G4, is more interesting because it eas-
ily splits into two independent dyads. However, G4 also poses a strong geometric con-
straint and makes the pattern formation rather predictable qualitatively. The five-agent 
group, G5, is more interesting because in this case, richer combinations of dyadic and 
triadic patterns become possible. The six-agent group, G6, and higher are in many cases 
expected to be very similar to G5 as far as our interest is in the basic units of dyads and 
triads. Consequently, G5, which is the transitory case of richer pattern formation, is the 
most interesting case.

The different patterns are counted throughout the simulations, and average values 
over 2000 steps in each case and over 1000 repetitions (ensembles) are reported in what 
follows. In all simulations, the competitiveness α is the most important parameter that 
affects how the sociodynamics change and what patterns are dominant. First, we show 
the average intensity W of patterns for G5 (five agents) and study the effect of diversity 
for σ = 0.05, 0.10, 0.20 and 0.30. Second, the patterns that have the greatest intensities 
and that are thus the most significant ones for monitoring the changes are shown for G4 
and G5. In this case, the effect of collaterality on pattern formation in terms of models D, 
D+T and T is explored. Third, and last, the effect of group size on pattern formation is 
explored for G3, G4, G5 and G6.

In all cases, the pattern intensities are based on the strengths of peer-appreciation. 
However, an agent’s self-appreciation is strongly correlated with peer-appreciations. The 
correlation of an agent’s self-appreciation with the highest peer-appreciation towards 
it is shown in Fig. 2 for G5 with three different diversities: σ = 0.05, 01.0 and 0.30. In 
addition, the correlations of reciprocation of peer-appreciations are shown. In all cases, 
strong correlations exists, shown as the dark regions, for the self-appreciation and maxi-
mum peer-appreciation, especially for very high appreciations close to 1 that are typical 
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for strong dyads (dark regions in the upper right corner in the figures) and for average 
appreciations close to 0.5 typical for egalitarian patterns (dark regions in the center 
of the figures). However, with increasing diversity, the correlations become weaker, as 
shown in Fig. 2. This is as expected because low diversity indicates strong homophily, 
which also enhances formation of the strong dyads, as will be shown later on.

Effects of competitiveness and diversity

The peer-appreciation patterns are best monitored through the pattern intensities W, 
which also contain information about the average strength of the patterns. In what fol-
lows, at low competitiveness (α < 0.3), the egalitarian triadic patterns (300) always have 
an average strength of 0.5 (corresponding to the average initial value distribution, which 
is uniform from 0 to 1), whereas dyads 102 and leadership dyads 210 have a maximal 
average strength of 1. In this case, the W value for triad means that in the triad, the agent 
has a reciprocated peer-appreciation of strength W with a probability of 1, whereas for 
a dyad and leadership dyad, W = 0.5 means that the agent has reciprocated peer-appre-
ciation of strength 1 with a probability W. A similar interpretation holds for embedded 
dyads.

As the results in Fig. 3 show, for low competitiveness α < 0.3, there is a strong ten-
dency to fully reciprocated and completely balanced links so that all agents have equal 
peer-appreciations. The peer-appreciations and self-appreciations are strongly corre-
lated, so each agent appreciates all other agents as much as it appreciates itself. In this 
case, as shown in Fig.  3, all appreciation patterns are egalitarian triads (300). In the 
intermediate range of competitiveness 0.3 < α < 0.6 (the exact boundaries depending 

Fig. 2  Correlation of agents’ self-appreciation with maximum peer-appreciation.  Self-appreciation κii 
correlated with maximum peer-appreciation κji in G5 (upper row) and the correlation of reciprocation of peer-
appreciations κij and κji (lower row). Results are for diversity σ  = 0.05, 0.10 and 0.30 and with collaterality T
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on diversity), leadership dyads (201) begin to dominate, as is shown in Fig. 3. In addi-
tion, triadic leadership patterns (210) also become abundant in this region. Finally, 
with increased competitiveness, α > 0.6, it becomes rewarding for agents to form 
even stronger mutually reciprocated links. Thus, single dyads (102) begin to domi-
nate. In addition, collateral triads (120D) become abundant. When the competitiveness 
increases, the average strength of self- and peer-appreciations increase to values close 
to the maximum of 1. This means that in the present model, the increased competitive-
ness leads to stronger self- and peer-appreciations than in  situations of low competi-
tiveness, but at the cost of breaking balanced egalitarian triads in favor of very strong 
isolated dyads. This kind of transition from egalitarian and balanced patterns to isolated 
strong dyads is probably not an uncommon situation in a collaborative but competitive 
environment (Lusher et al. 2014), and it is a well known phenomenon in social relations 
where mutual reciprocated ties become very strong (Simmel 1964; Yoon et  al. 2013). 
However, such patterns, while strong in absence of other ties, are fragile if ties begin to 
form to a third party; stability is achieved only through isolation. A similar behavior in 
pattern intensities is typical for all similar ranges of competitiveness. Thus, the competi-
tiveness α is the most important feature of agents’ interaction in deciding the formation 
of appreciation patterns.

In addition to the competitiveness, the diversity σ also affects the formation of peer-
appreciation patterns, but not to the same degree as the competitiveness. In Fig. 3, we 
show the intensities W of the nine most abundant peer-appreciation patterns for G5 
with different diversities σ = 0.05, 0.10, 0.20, 0.30. If the diversity is low, an agent only 
interacts with agents whose peer-appreciation of it are greater than its self-appreciation. 

Fig. 3  The average intensities  W  of the nine most important peer-appreciation patterns.  The intensities W 
for G5 are shown as a function of the competitiveness α . Results are for diversities σ  = 0.05, 0.10, 0.20 and 
0.30. Note that the intensities of patterns 021U are multiplied by a factor of 3 for better visibility
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The diversity, as was shown in Fig.  2, weakens the correlation between high self- and 
peer-appreciations. Consequently, increasing diversity lowers the formation of dyads 
and the patterns dependent on them, whereas lowering the diversity enhances dyad 
formation and lowers the formation of egalitarian patterns. This is easily interpreted as 
being a consequence of increased homophily and the reciprocation of appreciation of 
agents when competitiveness is high and diversity is low.

In addition to the patterns shown in Fig. 3, we also checked the cyclic patterns, but 
their abundance was so low that they were not of interest. The absence of cyclic pat-
terns is known to be a typical feature of social dynamics in which the formation of recip-
rocated ties is common, e.g. when social ties are based on friendship or trust (Lawler 
et al. 2008; Yoon et al. 2013). In what follows, we focus on the six patterns that are the 
most abundant in all cases: egalitarian triads (300), dyadic leaders (201) and single dyads 
(102), which are the most abundant ones, and triadic leader (210) and collateral and bro-
ker dyads (120D and 120U), which are three next most abundant patterns.

Effects of collaterality

Collaterality refers to relationships in which one agent in a reciprocal dyadic pair of 
agents connects to a third. Fig. 4 shows the effect of collaterality for G4 and G5 in the 
case of the most abundant patterns. The results show that an increase in collaterality 
increases the abundance of triadic leaders (210) and collateral and broker triads (120D 
and 120U, respectively), while abundances of dyads (102) and dyadic leaders (201) are 
decreased. This is as expected because collaterality tends to add a third agent to the 
reciprocated dyads. Similarly, increased collaterality causes the egalitarian triads (300) to 
survive in the region of higher competitiveness.

The effect of collaterality on the abundance of different patterns is qualitatively similar 
in G4 and G5, although the intensities of patterns differ based on the competitiveness. 
In G4, the abundance of dyads (102) and dyad-dependent patterns (e.g. 120D and 120U) 
is higher than in G5, which is obviously due to fact that a group with an odd number of 
agents can be split into mono-dyadic units. Therefore, dyads and dyad-dependent collat-
eral and broker patterns are more abundant in G4. For dyadic and triadic leadership pat-
terns, group size dependent differences are insignificant in comparison to the differences 
caused by collaterality.

In summary, if the collaterality of social interactions can be controlled in real groups 
(as presumably it can be), it provides opportunities to tune the reciprocated dyadic pat-
terns of peer-appreciations; by increasing collaterality we can suppress the formation 
of isolated dyadic and dyadic leader patterns and the group can be maintained in bal-
anced egalitarian mode. However, whether or not the egalitarian mode is more preferred 
than the dyadic mode is, of course, a decision that depends on the goals of the group. In 
addition, as can be expected, in a small group, it matters whether the group consists of 
an even or odd number of agents. If egalitarian patterns are of interest, the best option 
is a group consisting of an odd number of agents and high collaterality, in which case 
“broker” positions are abundant and lead to the stabilization of egalitarian triads and 
connected dyads. If strong dyads are favored, the group should have an even number of 
agents and zero collaterality.
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Effects of group size

The dyadic and triadic patterns are the elementary blocks of higher-order social pat-
terns. As is evident in the case of collaterality, group size greatly affects what kinds of 
patterns emerge. It is of interest to see how small groups size affects the relative propor-
tions of these elementary units, so simulations were also carried out for groups of sizes 
3, 4 and 6 (groups G3, G4 and G6).

The results in Fig. 5 show that the smallest group, G3, has the highest relative abun-
dance of egalitarian triads (300) and collateral triads (120D), whereas G4 has the high-
est abundance of dyads (102) and broker triads (120U). On the other hand, the larger 
the group, the larger the relative abundance of dyadic and triadic leaders (201 and 210, 
respectively). Large group size seems to enhance the effect of reciprocation, thereby 
allowing easy splitting to dyadic, reciprocated patterns and patterns containing these 
units. The large abundance of dyads and broker triads (containing a dyad) seems to be 
a special feature of G4 that is enhanced by increased diversity (related to the decreased 
homophily) contrary to the tendency of dyadic features in most cases to be enhanced by 
decreased diversity (related to the decreased effect of homophily). The detailed origin of 

Fig. 4  The intensities Wpats  of peer-appreciation patterns for different collateralities. The average intensities 
Wpats are shown for dyadic (D), dyadic-triadic (D+T) and triadic (T) collateralities as a function of the competi-
tiveness α .The results of the pattern counts are averages of 2000 repetitions for each data point. Note that 
the intensities of patterns 210 and 021U are multiplied by factors of 5 and 10, respectively, for better visibility
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this effect is presumably related to the possibility that when a triad is broken, the likeli-
hood of which is enhanced by diversity, a second dyad is easily formed in G4.

In G6 groups, the dyadic leaders are also quite common in situations of high competi-
tiveness, which is as expected because the larger the group, the more it provides combi-
natorial freedom to form connected pairs of dyads when dyads become more abundant. 
This means that in large groups, in case of high competitiveness, sub-groups of dyadic 
leaderships become common.

In summary, on the basis of the results for different group sizes, it is evident that the 
most egalitarian peer-appreciations patterns are always obtained for low competitive-
ness independent of group size. The larger the group, the higher competitiveness it can 
tolerate while maintaining the egalitarian mode in which all members benefit (transi-
tion to dyads and dyadic leadership patterns occur at larger values of the competi-
tiveness α the larger the group size). However, with increasing group size, the relative 
amount of dyads increases and larger groups break up into dyadic groups more easily 
after the transition has taken place. This is expected when reciprocation is high at high 
competitiveness.

Fig. 5  The patterns of the highest intensities  W  for groups G3–G6. Results are shown for diversity σ =  0.1 
and 0.3 and collaterality D. For pattern 120U, values are multiplied by a factor of 8 for better visibility
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Discussion
We have here demonstrated that many patterns of interaction that are found to be typ-
ical in collaboration or discourse in task-engaged small groups are reproduced by the 
agent-based model in which the interaction of agents is based on their self- and peer-
appreciations. In the model, the self- and peer-appreciations evolve dynamically through 
constant peer-to-peer comparisons. The model introduced here is meant to be a kind of 
minimal model in which only agents’ self-conception, conception of peers and very basic 
comparative evaluations are taken into account. Similar agent-based models have been 
introduced, particularly, in the context of opinion dynamics [for reviews, see (Castellano 
et al. 2009; Lorenz 2007; Fortunato et al. 2005) and references therein] and the forma-
tion of social structures and hierarchies [see (Snijders et  al. 2010; Carletti et  al. 2011; 
Gallos et al. 2012; Murase et al. 2014) and references therein]. Many of these kinds of 
agent-based models address general and universal features of large networks. Also in 
these cases, the strength of reinforcement and reciprocation of ties affect the network 
structure in fundamental ways (Carletti et al. 2011; Murase et al. 2014). The results for 
large groups and the formation of their structures, however, go well beyond the scope 
of the present work. Here the focus is on small groups, with potential applications on 
groups from three to seven members, which is usually the size of collaborative learn-
ing and task-performing groups. In what follows, we briefly discuss some agent-based 
models that have similar focuses and goals and which are thus more closely related to 
the model presented here than the agent-based models for network formation and the 
dynamics of very large groups.

Some previous agent-based models for cooperative and competitive small groups have 
modelled the effect of status comparisons as direct comparisons of the statuses of indi-
vidual agents (Caram et al. 2010, 2015). Also, in these cases, agents of similar statuses 
form sub-groups or cliques. These models, like ours, also include the notion that such a 
status is often bounded and cannot increase or decrease without limits, thus requiring 
the introduction of logistic growth type terms in update rules. This restriction clearly 
has an effect on how the groups are formed (Caram et  al. 2015). More refined agent-
based models of sub-group formation in small groups take into account the fact that 
the dynamics and status comparisons depend not only on agents’ status but also on 
other agents’ beliefs or expectations about other agents’ statuses. This effect is taken into 
account in agent-based models for small groups in which agent-to-agent relations are 
reinforcing (Lipowski et al. 2014). Such models lead to the formation of different types of 
leadership patterns, and depending on the strength of the reinforcement, the leadership 
can be absolute, symmetric (all links of equal strength) or asymmetric (one link stronger 
than others). These patterns are very similar to the leadership patterns found in the pre-
sent study.

Some agent-based models of the formation of social ties take a further step by tak-
ing into account both the agents’ status and the reinforcement of agent-to-agent links 
so that the comparisons are between the agent’s status and the other agents’ expecta-
tions of that status. Comparison to models where the statuses of agents are compared 
directly or where only agent-to-agent connections are the basis of comparison, such 
models add an important sociological component: how an individual’s self-conception 
is affected by peer evaluations. Many social learning and sociological theories claim that 
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such comparisons are essential to shaping social relations (Lawler 2001; Lawler et  al. 
2008; Bandura 1997, 2006). Also, on the cognitive level, awareness of how our peer’s 
view us (often referred to as theory of the mind) is seen as fundamentally guiding our 
decisions and actions (Sun 2006). These key notions are included in recent agent-based 
models of the formation of elite and egalitarian groups, within the so-called Leviathan 
model (designed to follow Thomas Hobbes’s view and thus named Leviathan) of the role 
of vanity in human social and political life (Deffuant et al. 2013). The Leviathan model 
has proven quite successful in illuminating how self-appraisal and vanity, when very 
strong, leads to the formation and consolidation of elite groups, and simultaneously, 
to the marginalisation of those outside the elite. When vanity is strong, absolute domi-
nance results (Deffuant et al. 2013). Similar results are produced by agent-based mod-
els in which agents’ statuses in discourse depends on their (epistemic) credits and how 
credits become reinforced through participation and interaction (discourse) in small 
groups (Zollman 2012, 2013). In all these cases, status, status expectations and their 
comparisons dynamically generate the structures of social groups. When sensitivity to 
such comparisons is strong enough, elite groups are formed. This kind of dynamics is 
quite convincingly demonstrated by a recent agent-based model tailored to describe the 
formation of status hierarchies (Grow et al. 2015) following the sociological model of the 
creation of status hierarchies (Skvoretz and Fararo 1996). In that model, the hierarchical 
structure is entirely an outcome of internal comparisons (Grow et al. 2015). The agent-
based model presented here is, in its spirit and aim, very closely related to the Leviathan 
model (Deffuant et  al. 2013) and the status construction model (Grow et  al. 2015) in 
that it also identifies the relevant micro-level mechanism of how individual relations are 
formed.

An additional feature of the agent-based model introduced here is how it utilizes graph 
counting to monitor the development of stable patterns. Approaches in which complex 
patterns of interaction are broken down in more elementary units of simpler patterns, 
so-called motifs, is common for network models of sociological, economical and biologi-
cal systems (Boccaletti et al. 2006; Milo et al. 2004,  2002). Motifs act as fingerprints of 
more complex systems, and although it is in practice difficult to unambiguously decom-
pose large systems into a collection of motifs, the distribution of motifs is unique enough 
to differentiate structurally and dynamically different networks (Milo et al. 2004, 2002; 
McDonnell et al. 2014). In our work, we have followed this approach and used the count-
ing of differently connected triads.

In regard to the empirical research, the similarity of simulation results to empirical 
findings suggests that in empirical research of small group collaboration, learning and 
performance, closer attention should be paid to the individuals’ expectations of their 
own and their peers’ competencies and performances, and on how sensitive the individ-
uals are to the outcomes of these comparisons. The model discussed here is developed 
to guide our ongoing empirical research on discourse and dialogue in small, task-ori-
ented learning groups. The preliminary empirical results indicate that the most com-
mon patterns in these cases are reciprocated dyads and triads, as expected on the basis 
of trust-based social relations, or affect theory of exchange, whereas patterns indicating 
leadership or hierarchical structure are not found. In this ongoing research, the agent-
based model has served as a valuable tool for conceptualisation and reasoning because 
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it helps to clarify how group size, reciprocation of query-response sequences and indi-
viduals’ psychological factors (sensitivity to comparisons, competitiveness, etc.) may 
affect the formation of discourse and dialogue patterns. The model parameters are partly 
related to factors that are intrinsic, and partly to factors that can be manipulated. The 
competitiveness is supposedly related to spontaneous formation of appreciative relation-
ships, but it can nevertheless be enhanced or moderated by the external conditions and 
instructional strategies that regulate group dynamics. The collaterality and the diversity, 
however, depend more on the practical arrangements and can be altered according to 
how the group work is organized. In addition, the group size is of much importance. 
For example, the specific nature of groups of four members should be recognised. All 
these factors may be essential in determining how the discourse and dialogue are shaped 
and what kinds of interaction patterns emerge. Although the results are inconclusive, the 
model and its results have led to new designs for the empirical approach. We believe that 
it will ultimately lead us to further understanding why certain patterns of discourse cor-
relate with better learning outcomes.

Conclusions
We have modelled the formation of patterns of mutual appreciation in small groups 
by using an agent-based model. The patterns of appreciation describe the relationships 
involved in how individuals appreciate each other in collaborative or task-oriented 
groups in which mutual trust or benefit is assumed to regulate social interactions. In 
such patterns, the group members’ appreciations of peers are strongly correlated with 
self-appreciation. The competitive comparisons of appreciations and the (sensitivity 
to) competitiveness, however, essentially affect the type of patterns that develop in the 
group. In the present model, the most common peer-appreciation patterns are egalitar-
ian triadic patterns in situations of low and moderate competitiveness, dyadic leadership 
type patterns in situations of intermediate competitiveness, and dyadic patterns in the 
situations of high competitiveness. A typical feature of the model is strong reciprocation, 
which leads to strong dyads in regions of high competitiveness, as in trust- or exchange-
based social relations (Block 2015; Yoon et al. 2013; Lusher et al. 2014). As expected in 
case of strong reciprocation, cyclic and transitive triadic forms are nearly absent. These 
results correspond well with what can be expected on the basis of the affect theory of 
social exchange (Lawler et  al. 2008; Lawler 2001) and social learning theory (Bandura 
1997, 2006). In this regard, the model developed here seems to be successful in model-
ling the effects of social comparisons on mutual reciprocal appreciation patterns in small 
groups.

In addition to the competitiveness, (tolerance to) the diversity of group members in 
regards to their responses to differences in self- and peer-appreciations also affects the 
formation of appreciation patterns. The weaker the diversity, the more homophilic the 
relations tend to be and the more enhanced the formation of strong dyads becomes. In 
such strong dyads, the agents support and enhance each others, thereby making self-
appreciations and peer-appreciations high. The cost of forming of strong dyads, how-
ever, is the marginalisation of agents outside of these dyads and low self-appreciations of 
marginalised agents.
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The model results suggest that many aspects of forming dyadic and triadic patterns 
that are recognized by research on collaboration, information sharing and communi-
cation patterns (Hogan et  al. 1999; Enyedy 2003; Barron 2003; van Boxtel et  al. 2000; 
Schwarz and Linchevski 2007; Sangin et al. 2011; Stahl et al. 2014) can be traced back 
to strong reciprocation, which in the case of low or moderate competitive comparisons 
of appreciation lead to egalitarian triads but in the presence of strong competitive com-
parisons lead to strong dyadic patterns.The notion that cyclic patterns are absent and 
transitive patterns are only featured weakly in the present model is due to strong recip-
rocation, which suppresses their formation. The fact that such patterns have not been 
reported in studies of collaborative discourse and communication suggests that recip-
rocation based on appreciation is a strong candidate for explaining the formation of the 
reciprocated dyadic and triadic patterns reported here.

This model study, though highly idealised, suggests several factors which can be used 
to tune group dynamics. Many of these factors can be readily recognized as having prac-
tical value, and, for example, group size and collaterality are well-known factors from 
practice. In addition, the model highlights the possibility that affecting (tolerance to) 
diversity and (sensitivity to) competitiveness may result in significant changes in self- 
and peer-appreciation patterns. In this way the model and results based on it help to 
conceptualise the different modes of interaction and their role in group dynamics in a 
more systematic way and help to design controlled experiments in which the effect of 
different factors resolved here can be empirically tested.
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