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Moreover, if n — k is even (odd) the Green’s function cannot be nonpositive
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To illustrate the applicability of the obtained results, we calculate the parameter
intervals of constant sign Green's functions for particular operators. Our method
avoids the necessity of calculating the expression of the Green's function.

We finalize the paper by presenting a particular equation in which it is shown that
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1 Introduction

It is very well known that the validity of the method of lower and upper solutions, cou-
pled with the monotone iterative techniques [1, 2], is equivalent to the constant sign of
the Green’s function related to the linear part of the studied problem [3, 4]. Moreover,
by means of the celebrated Krasnosel’skii contraction/expansion fixed point theorem [5],
nonexistence, existence, and multiplicity results are derived from the construction of suit-
able cones on Banach spaces. Such a construction follows by using adequate properties of
the Green’s function, one of them is its constant sign [6—9]. Recently, the combination
of the two previous methods has been proved as a useful tool to ensure the existence of
solution [10-14].
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Having in mind the power of this constant sign property, we will describe the interval of
parameters for which the Green’s function related to the general linear nth-order equation

T, [Mu(t) = u™ (@) + a1 (Ou" P @) + - + a1 (01 (0) + (an(t) + M)u(t) = 0, 1)
t € I = [a, D], coupled with the so-called (k, n — k) two-point boundary value conditions:
ua)=u'(@) == u*D(@) = ub) =/ (B) = --- = u"*I(b) = 0, @)

1 <k < n -1, has constant sign on its square of definition I x I.

The main hypothesis consists on assuming that there is a real parameter M for which
operator T,[M] is disconjugate on 1.

An exhaustive study of the general theory and the fundamental properties of the dis-
conjugacy are compiled in the classical book of Coppel [15]. Different sufficient criteria to
ensure the disconjugacy character of the linear operator T,[0] have been developed in the
literature, we refer to [16, 17]. Sufficient conditions for particular cases have been obtained
in [18—20] and, more recently, in [21]. We mention that operator #"(¢) + a; (£)u" V() is
always disconjugate in I, see [15] for details, in particular the results here presented are
valid for the operator " (t) + Mu(t).

As has been shown in [15], the disconjugacy character implies the constant sign of the
Green’s function gy related to problem (1)-(2). However, as we will see in the paper, the re-
ciprocal property is not true in general: there are real parameters M for which the Green’s
function has constant sign but equation (1) is not disconjugate. In other words, the dis-
conjugacy character is only a sufficient condition in order to ensure the constant sign of a
Green’s function related to problem (1)-(2).

In fact, from the disconjugacy character of the operator 7, [M]inI, itis shownin [15] that
the Green’s function g, satisfies a suitable condition, stronger than its constant sign. Such
condition fulfills the one introduced in Section 1.8 of [3]. So, following the results given in
that reference we conclude that the set of parameters M for which gy has constant sign is
an interval Hr. Moreover, if  — k is even then the maximum of Hr is the opposite to the
biggest negative eigenvalue of problem (1)-(2), when # — k is odd the minimum of Hr is
the opposite to the least positive eigenvalue of such problem.

Thus, the difficulty remains in the characterization of the other extreme of the inter-
val Hr. In this case, as it is shown in Section 1.8 of [3], such extreme is not an eigenvalue
of the considered problem, so to attain its exact value is not immediate. In practical situa-
tions it is necessary to obtain the expression of the Green’s function, which is, in general, a
difficult matter to deal with. We point out that this problem is not restricted to the (k, n—k)
boundary conditions, the difficulty in obtaining the non-eigenvalue extreme remains true
for any kind of linear conditions [22, 23]. In [24], provided operator T, [M] has constant
coefficients, it has been developed a computer algorithm that calculates the exact expres-
sion of a Green’s function coupled with two-point boundary value conditions. However,
such expression is often too complicated to manage, and to describe the interval Hr is
really very difficult in practical situations. In fact there is not a direct method of the con-
struction for non-constant coefficients.

We mention that the disconjugacy theory has been used in [25] to obtain the values
for which the Green’s functions related to be third-order operators u” + Mu,i=0,1,2,
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coupled with conditions (1,2) and (2,1), have constant sign. A similar procedure has been
performed in [26] for the fourth-order operator u* + Mu, coupled with conditions (2,2)
and, more recently, in [27] with conditions (1, 3) and (3,1). In all the situations the interval
of disconjugacy is obtained and then, by means of the expression of the Green’s function,
it is proved that such interval is optimal. As we have mentioned above, this coincidence
holds only in particular cases as the ones treated in these papers, in general the intervals
of disconjugacy and constant sign Green’s functions do not coincide for the nth-order
operator T),[M].

It is for this that we make in this work a general characterization of the regular extreme
of the interval of constant sign H7 by means of the spectral theory. We will show that it
is an eigenvalue of the same operator T),[M] but related to different two-point boundary
value conditions. In fact, if # — k is even, it will be the minimum of the two least positive
eigenvalues related to conditions (k—1,n—k+1) and (k+1, n—k—1). It will be the maximum
of the two biggest negative eigenvalues of such problems when # — k is odd. So, we make
a general characterization for the general operator T,,[M] and we avoid the necessity of
calculating the Green’s function and to study its sign dependence on the real parameter M.

We note that if the operator T,,[M] has constant coefficients, to obtain the correspond-
ing eigenvalues we only must to calculate the determinant of the matrix of coefficients of
a linear homogeneous algebraic system. Numerical methods are also valid for the non-
constant case.

It is important to mention that, as a consequence of the obtained results, denoting by
gu the Green's function related to problem (1)-(2), we conclude that (—1)"g(t,s) cannot
be negative on I x I for all M € R.

The paper is organized as follows: in a preliminary Section 2 we introduce the funda-
mental concepts that are needed in the development of the paper. Next section is devoted
to the proof of the main result in which the regular extreme is obtained via spectral the-
ory. In Section 4 some particular cases are considered where it is shown the applicability
of the obtained results. In the last section is introduced an example that shows that the
disconjugacy hypothesis on the main result cannot be eliminated.

2 Preliminaries

In this section, for convenience of the reader, we introduce the fundamental tools in the
theory of disconjugacy and Green’s functions that will be used in the development of fur-
ther sections.

Definition 2.1 Let a; € C"*(I) for k = 1,...,n. The nth-order linear differential equation
(1) is said to be disconjugate on an interval [ if every nontrivial solution has less than »
zeros on I, multiple zeros being counted according to their multiplicity.

Definition 2.2 The functions u,...,u, € C"(I) are said to form a Markov system on the
interval I if the n Wronskians

ul .. uk
Wiuy,...,up ) =| S|, k=1...,m, (3)
uﬁk—l) o ul((k—l)

are positive throughout /.
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The following result about this concept is in Chapter 3 of [15].

Theorem 2.3 The linear differential equation (1) has a Markov fundamental system of

solutions on the compact interval I if, and only if, it is disconjugate on 1.

In order to introduce the concept of the Green’s function related to the nth-order scalar

problem (1)-(2), we consider the following equivalent first-order vectorial problem:
X (t)=A)x(t), tel, Bx(a) + Cx(b) = 0, (4)

with x(¢) € R", A(t), B, C € M,;»p,, defined by

u(t)
w-| “O | an- 0 | h ,
: ~(@n(®) + M) -aua () -+~ s (1)

u"D(¢)

B:(Ik 0), C:(O O). (5)
0lo I |0

Here I;,j=1,...,n -1, is the j x j identity matrix.

Definition 2.4 We say that G is a Green’s function for problem (4) if it satisfies the fol-
lowing properties:
(G1) G=(Gipijeqt,..y: U x D\{(£,8),t € I} = M.
(G2) Gisa C! function on the triangles {(¢,s) € R?,a <s <t < b}, and
{(t,s) e R a<t<s<b).
(G3) For all i #j the scalar functions G;; have a continuous extension to / x I.
(G4) For all s € (a, b), the following equality holds:

%G(t, s) = A(t)G(t,s) forall t € I\{s}.
(G5) Foralls € (a,b) and i € {1,...,n}, the following equalities are fulfilled:
;153 Gt s) = tlirg Gii(s,t) =1+ tlirg Gii(s,t) =1+ }L‘P- G,(t,s).
(G6) For all s € (a, b), the function t — G(t, s) satisfies the boundary conditions

BG(a,s) + CG(b,s) = 0.

Remark 2.5 On the previous definition item (G5) can be modified to obtain the charac-

terization of the lateral limits for s = 2 and s = b as follows:

lim G;;(t,a) =1+ lim G;;(a,t) and liI})l Gii(bt)=1+ liril Gt b).
t—at t—at t—b~ t—b-
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Itis very well known that the Green’s function related to this problem obeys the following
expression ([3], Section 1.4):

gl(tr S) gZ(tr S) e gn—l(t: S) gM(t, S)
d 9 a d
'_gl (t, S) f_gZ(t) S) e _g —l(t» S) _gM(t, S)
G(t,s) _ ot ‘ ot ' aron ' ot ' ’ (6)
gn-1 ' gn-1 ' gn-1 ' gn-1 ’
s&(6s)  omes) o agets)  samgm(ts)

where g(t,s) is the scalar Green’s function related to problem (1)-(2).

Using Definition 2.4 we can deduce the properties fulfilled by gy (,s). In particular,
gmv € C" (I x I) and it is a C" function on the trianglesa <s<t<banda <t<s<b.
Moreover, it satisfies, as a function of ¢, the two-point boundary value conditions (2) and
solves equation (1) whenever ¢ #s.

We also mention a result which appears in Chapter 3, Section 6 of [15] and that connects
the disconjugacy and the sign of the Green’s function related to problem (1)-(2).

Lemma 2.6 Ifthe linear differential equation (1) is disconjugate and gy (t, s) is the Green’s
function related to problem (1)-(2), hence

aut,s)p(t) >0, (ts)€lx,

gM(tl S)
p(2)

>0, (t9)€la,b] x(a,b),

where p(t) = (t — a)*(t - b)"*.
Remark 2.7 We mention that in previous lemma, by means of the expression

au(t,s)
p(t)

>0, (t59)€la,b] x (a,b)

we are denoting

t;
B3 6 forall (t,5) € (@ ) x (@ b)
p(2)
and
im gu(4,9) >0 and lim gu(t,s) >0 forallse(a,b).
t—at  p(t) t—~b- p(t)

Moreover, due to the regularity of the function g), we see that there is a positive constant
K such that the following properties hold for all s € (g, b):

3k
o am(ts) xS,
0<€1(S)—t13311+ 0 K@ by <K

and

gn—k
. gM(t, S) 3tk gM(t’ S)|z:b
0<bo(s) = 1 - :
<ble)= im e = b —afm—k) =
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We note that such properties imply the following inequalities:
(-1 gu(t,5) >0, (4,5) € (a,b) x (a,b),

ak
(1) * ﬁgM(t, Neea >0, se(ab),

an—k

(-1)"* ——gu(t,s),., <0, se(ab).

otk

The adjoint of the operator T,[M] is given by the following expression, see for details
Section 1.4 of [3] or Chapter 3, Section 5 of [15]:

n-1

T MIv(E) = (1) (0) + Y (=1 (@) (@) + (@nlt) + M)V(), 7)
j=1

and its domain of definition is

n

D(T;[M]) = {v e C"()

j-1
D ) @) (b)u (b)
i=0

j=1
n j-1

= Z Z(_W-l-l'(an,,v)v-l-”(a)u“)(a) (with ag =1),Yu € D(T,[M]) ¢. (8)
j=1 i=0

In our case, because of the boundary conditions (2), we can express the domain of the
operator T,[M], D(T,[M]), as

Xe={ueC"D) | u@a)=---=u*P@)=u®) = =u"*(b) =0},

so we can replace equation (8) with

n j-1
D(T:; [M]) = [V € C”(I) Z Z (_l)j_l_i(an_jv)(i—l—i)(b)u(i)(b)
Jj=n—k+1i=n—k
n j-1
= Z Z(—lyflfi(ﬂn_jv)(jflfi) (a)u(a) (with ag =1),Vu € C*(I) }.
j=k+1 i=k

In order to simplify the previous expression, we choose a function u € C"(I) satisfying

ua)=0, o=1,...,n-1,
uWB)=0, pn=1,.,n-2,
u"V(p) =1.
Realizing that gy = 1, we conclude that every function v € D(T;[M]) must satisfy

v(b) = 0.
Moreover, if we now choose a function in C”(I) that satisfies

u(")(a)zo, o=1,...,n-1,
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uWb)=0, pu=L..,n-L,u#n-2,

u"2(p) = 1,
we conclude that any function v € D(Tf[M]) has to satisfy
V(D) + a1 (b)v(b) = 0.

Since a; € C*"1(I) and v(b) = 0, we conclude that v/(b) = 0.

Repeating this process we conclude that the domain of the adjoint operator is given by
D(T;[M]) = Xk 9)
The next result appears in Chapter 3, Theorem 9 of [15].

Theorem 2.8 Equation (1) is disconjugate on an interval I if, and only if, the adjoint equa-
tion, T [M]y(t) = 0 is disconjugate on 1.

We denote by g3/(¢,s) the Green function of the adjoint operator, T [M].
In Section 1.4 of [3] the following relationship is proved:

ot s) = gu(s, t). (10)
Defining now the following operator:
Ta[(-1)"M] = (-)" T} [M], (11)
we deduce, from the previous expression, that
&yt s) = (=1)"gy (6, 5) = (=1)"gm(s, 1) (12)
Obviously, Theorem 2.8 remains true for the operator T,[(=1)"M].

Definition 2.9 The operator T,[M] is said to be inverse positive (inverse negative) on Xj
if every function u € Xj such that T,,[M]u > 0 in I, must verify # > 0 (# <0) on I.

The next results are proved in Section 1.6 and Section 1.8 of [3].

Theorem 2.10 The operator T,[M] is inverse positive (inverse negative) on Xy if, and only
if, the Green’s function related to problem (1)-(2) is nonnegative (nonpositive) on its square
of definition.

Theorem 2.11 Let M1, M, € R, and suppose that operators T,[M;], j = 1,2, are invertible
in Xx. Let g, j = 1,2, be Green’s functions related to operators T,[M;], and suppose that both
functions have the same constant sign on I x 1. Then, if My <My, go <gronl x 1.

In the sequel, we introduce two conditions on gy (t, s), which will be used in the paper.
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(Pg) Suppose that there is a continuous function ¢(¢) > 0 forall ¢ € (a, b) and ky, k; € LN,
such that 0 < ky(s) < kx(s) for a.e. s € I, satisfying

dOki(s) < gm(t,s) < p(t)ka(s) fora.e. (t,s) el x 1.

(Ng) Suppose that there is a continuous function ¢(¢) > 0 for all ¢ € (@, b) and ki, k> € L1(1),
such that ki (s) < k2(s) < 0 for a.e. s € I, satisfying

O (O)ki(s) < gm(t,s) < dp(t)ka(s) foraee. (¢,8) el x 1.
Finally, we introduce the following sets, which are going to particularize Hrp:

Pr={MeR|gu(ts)>0,Y(s) €l x I},

Nr={MeR | gult,s) <0,¥(t,s) €I x I}.

Realize that using Theorem 2.11 we can affirm that the two previous sets are real inter-
vals.

The next results describe one of the extremes of the two previous intervals (see Theo-
rems 1.8.31 and 1.8.23 of [3]).

Theorem 2.12 Let M € R be fixed. If the operator T, [M] is invertible in Xy and its related
Green’s function satisfies condition (Py), then the following statements hold:

o There exists A1 > 0, the least eigenvalue in absolute value of the operator T, [M] in X.
Moreover, there exists a nontrivial constant sign eigenfunction corresponding to the
eigenvalue \;.

o The Green'’s function related to the operator T,[M] is nonnegative on I x I for all
Me (M—=r,M].

o The Green’s function related to the operator T, [M] cannot be nonnegative on I x I for
all M <M —2,.

o Ifthere is M € R for which the Green’s function related to the operator T,[M] is
nonpositive on I x I, then M < M — A,.

Theorem 2.13 Let M € R be fixed. If the operator T,[M] is invertible in Xy and its related
Green’s function satisfies condition (Ng), then the following statements hold:

o There exists Ay < 0, the least eigenvalue in absolute value of the operator T,[M) in X;.
Moreover, there exists a nontrivial constant sign eigenfunction corresponding to the
eigenvalue Ay.

+ The Green’s function related to the operator T,[M] is nonpositive on I x I for all
M e [M,M - 1,).

o The Green’s function related to the operator T,,[M] cannot be nonpositive on I x I for
all M > M=,

o Ifthere is M € R for which the Green’s function related to the operator T,[M] is
nonnegative on I x I, then M > M — x,.

3 Main result
This section is devoted to the proof of the eigenvalue characterization of the sets Pr
and Nr. Such a result is enunciated in the following theorem.
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Theorem 3.1 Let M € R be such that the equation T,[Mu(t) = 0 is disconjugate on I.
Then the following properties are fulfilled:

Ifn—kisevenand2 <k <n-1, then the operator T,[M] is inverse positive on Xy if, and
only if, M € (M — 1y, M — Ay], where:

o A1 > 0 is the least positive eigenvalue of the operator T,[M] in X.

o Ay <0 is the maximum of:
— A, <0, the biggest negative eigenvalue of the operator T,[M] in X_;.
— A <0, the biggest negative eigenvalue of the operator T,[M] in X,1.
If k =1 and n is odd, then the operator T,[M] is inverse positive on X if, and only if,
M e (M = A, M = )y, where:
« A1 >0 is the least positive eigenvalue of the operator T,[M) in X;.
o A <0 is the biggest negative eigenvalue of the operator T,[M] in X,.
Ifn—kisoddand?2 < k < n-2, then the operator T,[M] is inverse negative on Xy if, and
only if, M € [M — Ay, M — 1,), where:
o A1 <O is the biggest negative eigenvalue of the operator T,[M) in Xx.
o A >0 is the minimum of:
— Ay >0, the least positive eigenvalue of the operator T, [M] in Xis.
— Ay >0, the least positive eigenvalue of the operator T, [M] in Xis.
Ifk =1and n > 2 is even, then the operator T,[M] is inverse negative on X, if, and only if,
M € [M =y, M — 1), where:
» A1 <0 is the biggest negative eigenvalue of the operator T, [M] in X;.
o Ay >0 is the least positive eigenvalue of the operator T,[M] in X,.
Ifk =n—-1and n > 2, then the operator T,[M] is inverse negative on X,_; if, and only if,
M € [M = Ay, M = A1), where:
« A1 <0 is the biggest negative eigenvalue of the operator T,[M) in X,,_,.
o Ag >0 is the least positive eigenvalue of the operator T, [M] in X,,_s.
Ifn = 2, then the operator To[M] is inverse negative on X, if, and only if, M € (—00, M—1,),
where:

o A1 <0 is the biggest negative eigenvalue of the operator To[M] in X;.

In order to prove this result, we separate the proof in several subsections.

3.1 Decomposition of the operator T,,[M]

We are interested in setting the operator T,,[M] as a composition of suitable operators of
order & < n. Such an expression allows us to control the values of such operators at the
extremes of the interval ¢ and b.

We recall the following result proved in Chapter 3 of [15].

Theorem 3.2 The linear differential equation (1) has a Markov system of solutions if, and
only if, the operator T,[M] has a representation

— d(1d{ d{1d[(1 13
o= (G2 (- 55 6)) .

where vy >0 on I and vy € C”’k’“l(l)fork =1,...,n.
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It is obvious that for any real parameter M, denoting A = M — M, we can rewrite the

operator T,[M] as follows:

T, [M]u(t) = T, [M]u(t) + Au(t).

If we assume that the equation T,[M]u(t) = 0 is disconjugate on I, because of Theo-

rems 2.3 and 3.2, we can express T,[M] as
T, [M]u(t) = vi(t) - - v (&) Tuu(t),

where T} are constructed as

Tou(t) = u(t), Tru(t) = %(ﬁ Tk_lu(t)), k=1,...,n-1,tel, (14)

with v >0 on I, v € C"*1(I), for k=1,...,n.
Let us see now that Tj,u(t) is given as a linear combination of u(t), u'(¢),...,u" (t) with

the form

1
Thu(t) = mu(h)(t) + P Ou" V@) +--- + P, (Ou(?), (15)

where pj,, € crh(.
Indeed, we are going to prove this equality by induction.

Forh=1,

huld) = 2\ oo no" YR

d/ 1 N 1w
(vl(t) t)‘ 2 (®)

Assume, by induction hypothesis, that equation (15) is satisfied for some 4 € {1,...,n—1},

therefore

Vi1 () \v1(8) - - - viu(2)

1 ") )
(vl(t) RPN

d 1
Tt <Vh—1(t) (o Ou" V(@) + - +phh(t)u(t))>’

which clearly has the form of equation (15).
Finally, taking into account boundary conditions (2) and the regularity of the functions

S

Tyaa(t) = ( ! ( ! tu<h>(t)+ph1<t)u<h1>(t)+---+phh(t)u<t)))

SYICE

Pn;» we conclude that

Tou(a) =0,..., Ty_1u(a) =0, Tou(b)=0,...,Ty_x1(b) = 0.

Moreover,

! ®(a),

Tda) = @™
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_ 1 (n-k)
T,_xu(b) = ) ®) u (b). 17)

So, from the positiveness of v, on I, 1 € {1,...,n}, we see that Tyu(a) and u®(a) have
the same sign. The same property holds for T,,_;u(b) and u"~9(b).

3.2 Expression of the matrix Green’s function
This subsection is devoted to expressing, as functions of gu(t, s), the functions g (¢,s),...,
gn-1(2,5), defined on (6), as the first row components of the Green’s function of the vectorial
system (4).

By studying the adjoint operator as in Section 1.3 of [3], we know that the related Green’s
function of the adjoint operator G* satisfies G*(¢,s) = G (s, £). Moreover, the following

equality holds:

aat( G*(t,5)) =-AT(O)(-G*(t,9)), tel\(s}.

So, we can transform the previous equality in

T
(—&G(s t)) = —%GT(S, t)=-AT@t)(-G"(s,)) =AT ()G (s,£) = (G(s, t)A(t))T.

Hence

0

_G(S, t) = _G(S) t)A(t),

ot

or, which is the same,

0

8—G(t, s) = —G(t,5)A(s). (18)
s

Using this equality, we are going to prove by induction the following:
i j-1
Gu-j(t,s) = (- 1)’ ths +Za 8kths) j=1,...,n-1 19)
k=0

Here a{ (s) are functions of a,(s),...,a;(s) and of its derivatives until the order (j — 1) and
follow the recurrence formula

@2(s) =0, (20)
M) =0, k>j+1>1, (21)
ah(5) = ajls) - (@) (), j=0, (22)
() = (@, (9) + () ), 1<k<) (23)

Using equality (18), we deduce that the Green’s matrix’ terms which are on position (1, i),
i=1,...,n, satisfy the following equality:

0
gin1(t,8) = —ggi(t,S) + ap_in(8)gm(L,s), i=2,...,n, (24)

where gu(t,s) = g4(¢,5).
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If we take i = n in equation (24) we deduce

a
§n-1(6:8) = = —-gu(t,5) + a1 (s)gum (4, 5),
which gives us equation (19) for j = 1.

Assume now that equalities (19)-(23) are fulfilled for somej € {1,...,n — 2} given. Let us
see that they hold again for j + 1. We have

j-1 gk
Gja(ts) = - (( 1y—gM ts>+2ak<s> en(t s>) +aa(S)gu(t,s)

j+1

0
= G (g (t,9) + (1) -

-1 . j-1 k+1

S5 (@) s )skgM(t 5) Zak(s —an(:9)
0

1 0
= (=1 +1 :
( )] aS/+1

am(t,s)

~.

>
11

Jj+1

gm(t,s) + aji1(s)gum(t, s)

-1

- (')()akgM(ts) Zak 16 kgMus)

~.

>
Il
o

o
= (- 1y+1 1gM<rs) Zo/k%s)@gM(t,s).

k=0

Now, we can express the Green’s matrix related to problem (4), G(t,s), as

(1) 135"” llgM(t s)+Y 1w 71(s) askgM(t s) au(t,s)
(=" ata:"—lgM(t’ 8)+ Yio o (s) amskgM(t, ) Zaults)
05)
n n n— n-1+k n—
(-1)" M;’az1 a:ﬂ A ram(t8) + Yo el (s §) llaskgM(t 5) - aatn—_llgM(t,s)

If coefficients a;(s), ..., a,-1(s), a,(s) are constants, a1, ..., a,_1, a,, we can solve explicitly
the recurrence form (20)-(23) and deduce that

a(s) = (-1 aj_x.
So, we see that
j . gk
8nj(t,5) = Z(—l) aj_k WgM(t, s), withag =1,
k=0

and we can rewrite G(t,s) as

_ k ak
oD iizguts) o Yao(-Draiirau(ts) au(t,s)
— k+1 ak+1 B
YooV anwiorauts) o Yo Draiioran(ts)  Leu(ts)

gn-1+k

’ ’ n-1+k n-1
Z (1)kﬂn1kmgM(t ) Z/l(zo(_l)kal—kai’n_ng(trs) ;tﬁgM(t,S)
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In particular, if T;,[M]u(t) = u"(¢) + Mu(t) we conclude that

o
gn—j(trS) = (_1)1 @gM(trs):

so the Green’s matrix, G(Z,s), is given by the expression

n-1
(_l)n_l ;Sn—lgM(t;S) e _%gM(t) S) gM(t’S)
n 2 .
(-1t mgﬁgM(t,S) e —ﬁgM(t, s) %gM(t, 5)
-1 n-1 §2n-2 L _ " gn-1
( ) -1 an—lgM(ti S) g1 ang(t7 S) atn—lgM(t’S)

Remark 3.3 We note that in the general case it is possible to obtain some of the compo-
nents of system (20)-(23). We have

. 1 i (i
Ol{)(S) = Z(_l)‘a}(.l_)i(S),
i=0
. 1;1
(s = Y (~1Yia’ ),

i=1

o (s) = (1Y s).

3.3 Proof of the main results
Now we will proceed with the proof of the main result, Theorem 3.1. To this end, we will
divide the proof in several steps.

First, we are going to show a lemma.

Lemma 3.4 Let M € R, such that T,[M]u(t) = 0 is disconjugate on 1. Then the following
properties are fulfilled:
o Ifn—k is even, then T,[M] is a inverse positive operator on Xy and its related Green’s
Sunction, gi(t,s), satisfies (P,).
o Ifn—kisodd, then T, [M] is a inverse negative operator on Xy and its related Green'’s
Sunction satisfies (Ny).

Proof By Lemma 2.6 and Remark 2.7 we see that for all s € (4, b) the function gz‘;’((;s) can
be extended to a strictly positive and continuous function in /, thus
) vilEs
0 <ky(s) = min &1 1 8BS o @), (26)

el p(t) el p(t)

Since gj; is a continuous function in I x I, we see that k; and k, are continuous functions
too.

If n — k is even, we take ¢(t) = p(t) and condition (P,) is trivially fulfilled.

If n — k is odd, we take ¢(£) = —p(¢) and multiplying equation (26) by —1, condition (Ng)
holds immediately. O

First, notice that, as a direct corollary of the previous lemma, the assertion for %; in
Theorem 3.1 follows directly from Theorems 2.12 and 2.13.
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Now, we are going to prove the assertion in Theorem 3.1 concerning X;.

The proof will be done in several steps. In a first moment we will show that, if n — k is
even, the Green’s function changes sign for all M > M — 1, and for all M < M — A, when
n—k is odd.

After that we will prove that such estimation is optimal in both situations.

In order to make the paper more readable, along the proofs of this subsection it will be
assumed that # — k is even. The arguments with # — k odd will be pointed out at the end

of the subsection.
Step 1. Behavior of the Green'’s function on a neighborhood of s = a and s = b.

First, we construct two functions that will characterize the values of M € R for which
the Green’s function oscillates, or not, on a neighborhood of s =2 and s = b.

In order to do that, we denote the Green’s function related to problem (1)-(2) as follows:

ay(ts), a<t<s<b,

£s) =
gult9) &(t,s), a<s<t<b.

Since ga(Z, s) is a Green’s function,
T.[Mlgu(t,s) =0, tela,bl,t#s,

where g(¢,s) is acting as a function of ¢.

Therefore, differentiating the previous expression, we deduce that

h h
agaMfgf’S)>:a_(TW[ZVI]gM(t,S))=0, h=0,...,n-1t#s. (27)

T, [M]( -

In particular, we can define the functions

ak

u(t) = wg}w(t, S),, =gut:b), tel (28)
anfk

Vo) = Wg}w(t, 8)see = Eark(t,a), tel (29)

Because of the relation between g (¢, s) and gj(¢,s), shown in (10), and taking into ac-

count the boundary conditions of the adjoint operator, it is not difficult to deduce that

guata)=giinas)=0, 0<h<n-k-1,

Gus (D) =gt (b,s)=0, 0<tf=<k-1

So, we are interested in knowing the values of M for which functions u(¢) and v(¢) oscil-
late on I. Such a property guarantees that Green’s function oscillates on a neighborhood
of s = a or s = b for such values. Moreover, it provides a higher bound for the set of param-

eters where the Green’s function does not oscillate.

Step 1.1. Boundary conditions of v(t).
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Because of equality (27) we know that T},[M]v(¢) = 0 on (a, b]. In this step we are going
to see which boundary conditions satisfies function v.

We see that G(t,s) as it appears on (25) is the Green’s matrix related to the vectorial
problem (4). Using the expressions of matrices B and C given by (5), if we consider the

first row of resultant matrix, we obtain for s € (a, b) the following expression:

(a5 =0,
—girs(a,8) + g (s)g)(a,s) = 0,

(1)K gh i (@,5) + Y™ @ (s)ghy (@, ) = 0.

Thus, while & > 1, none of the previous elements belongs to the diagonal of the matrix
Green’s function. Since it has discontinuities only at its diagonal entries, see Definition 2.4,
by considering the limit of s to a4, we deduce that the previous equalities hold for g,zw (a,a),

ie.,

g (a,a)=0,
-gyla,a) + af(a)gy(a,a) =0,

()" k(@ a) + Y0 el K a)g (@, a) = O,

so, we conclude that
gjz\/[(a: d) = gj%/[s(ﬂ: d) == g[%/lsn—k(ﬂ’ ﬂ) =0,

hence v(a) = 0.

Analogously, since we do not reach any diagonal element, we deduce that v'(a) = --- =
W(a) = 0.

Let us see what happens for vD(a) with k > 1. We arrive at the following system written

as a function of g},(¢, s):

Gup-1(a,s) =0,
~ghi1,(a,8) + o (8)ghy 1 (a,8) = 0,

cey

(—1)n7kg11\4tk-1sn-k (a,s) + Z::(f_l “f‘k(s)gk“k_lsi (a,5) = 0.

This system remains true for s = 4, and because of the continuity of the Green’s matrix
at ¢ = s on the non-diagonal elements and the break which is produced on its diagonal, we

arrive at the following system for g2,(a, a):

p(a,a) =0,
g (a,a) + aj(a)gyui(a,a) =0,

— —k— _
(-1)"* g2 gk (@ a) + Y i e K@)y pa i@, a) = 1,

hence

Gupk1(a,a) =+ = gyr i (@,a) =0
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and
V(k—l)(

61) :g}%/[tk—lsn—k (ﬂ, (l) = (—l)n_k_

Obviously, taking k = 1, the same argument will tell us that v(a) = (-1)".
To see the boundary conditions at ¢ = b, we have the following system for s € (a,b),
written as a function of g2,(¢, s):

gjz\/[(b’ S) =0,
—g.(b,s) + o (s)ga (b, s) = 0,

U469 + T 60519 = 0,
hence
@i(b,9) =+ = Zyous(b,5) = 0.
By continuity, this is satisfied at s = 4, so
v(b) = gayk(b,a) = 0.

Using (25) and (5), since there is no jump in this case, it is immediate to verify that

V(D) =--- = vk D(p) = 0.
As a consequence v is the unique solution of the following problem, which we denote as
(Py):

T,[MIv(t) =0, tel,

va)=--=v*D@)=0, ifk>1, (30)
y(b) =--- =" * V() =0, (31)
WD (g) = (1), (32)

Remark 3.5 We note that, to attain the previous expression, we have not used any dis-
conjugacy hypotheses on operator T,[M]. Moreover, the proof is valid for n — k even or
odd. In other words, the function v solves problem (P,) for any linear operator defined in
(1) and any k e {1,...,n—1}.

We know, because gj;(t,s) is of constant sign on I x I (see Lemma 3.4), that if M = M
the function v must be of constant sign in /.

Step 1.2. If v is of constant sign in I then it cannot have any zero in (a, b).

We are now going to see that while v(¢) is of constant sign in [ it cannot have any zero
in (a, b). So the sign change comesinatt=aor ¢t =b.

In order to do that, we are going to consider the decomposition of the operator T, [M]
made in Section 3.1.

Since 1 — k is even, using Lemma 3.4, we know that the operator T,[M + A] is, for A = 0,
inverse positive on Xj. So, the characterization of A < 0 follows from Theorem 2.12.
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For A > 0, v € C"(I) is a solution of a linear differential equation, hence it is only allowed
to have a finite number of zeros on I. Therefore, if v(t) > 0, we have v(t) > 0 for all £ €
I\{ty,...,t}. In particular v(¢) > O for a.e. ¢t € I. Thus

T, [MIv(t) = —av(t) <0 forae.tel (33)

As we have shown in Section 3.1, we know that

d

T, IMIv(t) = vi(£) - - vu(t) T ( Tn_1V(t)).

vi(£)

Since forevery k = 1,...,n, vy € C"**1(I) and v(t) > 0 on I, we conclude that % T,_1v(t)
must be decreasing on 1.

Therefore, since v,,(t) > 0 on I we see that T,,_;v(¢) can vanish at most once in I.

Arguing by recurrence, we see that Tov(¢) = v(¢) can have at most # zeros on I (multiple
zeros being counted according to their multiplicity) while v(¢) > 0.

On the other hand, because of the boundary conditions (30)-(32), we know that v van-
ishes n —1 times on & and b, hence it cannot have a double zero on (a, b). This implies that

the sign change cannot come from (a, b).
Step 1.3 Changesignof vatt=aand t=D>b.

We are now going to see that the sign change cannot come from a neighborhood of ¢ = a.
Since n—k is even, as we have proved before, v*~(a) = 1 > 0 for all M € R, which implies,
since v(a) = - - - = V&2 (g) = 0, that v(¢) = gjzws,,_k (¢, a) is always positive on a neighborhood

of t = a. So, the following property is verified:
Je > 0 such that V¢ € (a, ), In(t) > 0,gx(¢, s) :gjzw(t, s)>0forse (a,a + n(t)). (34)

Using Step 1.2, we see that v will keep constant sign on / while V=K)(p) = 0 is not satisfied,
i.e., while an eigenvalue of T,[M] on X;_, is not attained.
Or equivalently, if M € [M, M — A,] then gy(t, ) satisfies the following property:

Vt € (a,b), In(t) > 0 such that gy(¢,s) = gf\,[(t, s) is of constant sign

fors € (a,a +n(t)). (35)

Moreover, by Theorem 2.11, we deduce that gu(t, s) oscillates in I x I for all M > M- Ay,

If k = 1, in particular we see that v(a) = 1 > 0. Since we have seen in Step 1.2 that, while
v is of constant sign in I, it cannot have any zero in (a, b), the sign change would come if
v=D(b) = 0, which implies that v has a zero of multiplicity # at ¢ = b, and this fact is not
possible for a nontrivial solution of a linear differential equation. Then, gu(t,s) satisfies
(35) for every M > M.

Step 1.4. Study of the function u.

In order to analyze the behavior of the Green’s function on a left neighborhood of s = b,

we work now with the function u defined in (28).
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Using the same arguments as for v, we conclude that u is the unique solution of the
following problem, which we denote as (P,):

T,[Mlu(t)=0, tel,

u(a)=--=u*Va) =0, (36)
ub)=---=u"*I)=0, ifk<n-1, (37)
u" D (p) = (-1)F1, (38)

As in Remark 3.5, we see that this property does not depend either on the disconjugacy
of the operator T,[M] nor if n — k is even or odd.

Using analogous arguments to the ones done with v, we can prove that sign change
cannot come on the open interval (a, b)

Moreover, from condition u"~*=Y(b) = (1)1, sign change of u cannot appear on b.

So u is of constant sign in I until #*(a) = 0 is verified, i.e., while an eigenvalue of T, [M]
on Xg,1 is not attained. Or, equivalently, while M e [M, M — A5

Thus we see that if M is on that interval, the Green’s function satisfies the following
property:

Vt € (a,b),In(t) > 0 such that gy (¢, s) :g}w(t, s) is of constant sign
forse (b - n(t), b). (39)

But once M > M — 1 the Green’s function oscillates in I x I.

As a consequence of Step 1, we deduce that interval (M — A;, M — A,] cannot be enlarged.
Moreover, we have also proved that the Green’s function satisfies the properties (35) and
(39) for all M in such an interval.

Step 2. Behavior of the Green'’s function on a neighborhood of t = a and t = b.

Now, let us see what happens on a neighborhood of £ = @z and ¢ = b. In order to do that, we
are going to use the operator Tn[(—l)"i\_/I] defined in (11) and the relation between gy(Z, s)
and g1y (2, ) given in (12).

Arguing as in Step 1, we will obtain the values of the real parameter M for which
81ymm (2 s) is of constant sign on a neighborhood of s = @ and s = b for every fixed ¢ € (a, b).
Once we have done it, we will be able to apply such a property to the behavior of gy(z,s)
on a neighborhood of t =a or t = b.

The analogous problem for the operator Tn[(—l)”M] related to problem (1)-(2) is given
by

T, (=1)"Mlv(t) =0, tel,
v(a) =+ =v"*D(g) =0,
v(b) = - =v*D(p) = 0.

Theorem 2.8 implies that the equation T [M]u(t) = 0 is disconjugate on I. So, the same
holds with 7,,[(=1)"M]u(z) = 0. Reasoning as in Step 1, we are able to prove that g1y (¢, s)
satisfies (35), while an eigenvalue of T"n[(—l)”/\_/[] on X,,_i_1, let it be denoted as ):’2’, is not
attained.
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This fact is equivalent to the existence of an eigenvalue of T [M] on X,_x_1, which
will be (—1)”):/2/. Now, using the fact that the real eigenvalues of an operator coincide
with those of the adjoint operator, we conclude that 1] = (—1)"):’2/ is the biggest negative
eigenvalue of T, [M] on Xy—(n—k-1) = Xrs1 and g1ynar(2, s) satisfies the property (35) while
M e [M,M- A35]. So for all s € (a, b), the Green’s function of problem (1)-(2), gm (%, s), sat-
isfies the following statement:

Vs € (a,b),In(s) > 0 such that gy (¢,s) = g}w(t,s) is of constant sign

for t € (a,a + n(s)). (40)

Analogously, arguing as before, we know that if k > 1, then g(_1yx(Z, s) satisfies the prop-
erty (39) while an eigenvalue of 7",, [M] on X, .1 is not attained, which is equivalent to
the existence of an eigenvalue of T,,[M] on X;_;. Moreover, if k = 1, then g_1yu (¢, s) sat-
isfies (39) for every M > M. Therefore, if M € [M, M — A5] we can affirm that the Green’s
function of the operator Tn[(—l)”M], 81ymm (2, 8), satisfies (39), as a consequence Green’s
function of problem (1)-(2), ga(t, s), will verify the following:

Vs € (a,b), In(s) > 0 such that gy (z,s) = g}w(t,s) is of constant sign

fort € (b—n(s),b). (41)

Asa consequence of the two previous steps, we have already proved that if M € [M, M — 1]
then the Green’s function satisfies the statements (35), (39), (40) and (41) and that if M >
M — ), Green'’s function oscillates on I x I.

Step 3. The Green’s function does not come to change sign on (a,b) x (a,b).

In this step we will prove that the oscillation of the Green’s function related to problem
(1)-(2) must begin on the boundary of I x I. Using Theorem 2.11 we see that, provided it
has a nonnegative sign on I x I, gy; decreases in M.

As a consequence, once we prove that gy cannot have a double zero on (a,b) x (a,b),
the change of sign must start on the boundary of I x I.

Let us see that if gy(¢,s) > 0 in I x I then gy (¢,s) > 0 in (a,b) X (a,b).

Denote, for a fixed s € (a,b), wy(t) = gu(t,s). By definition, denoting, as in Step 1, A =
M — M, we see that

T, [MIwg(t) + Awg(t) =0, tel,t#s.

Since gj; > 0 on I x I, the behavior for M < M has been characterized in Lemma 3.4 and
Theorem 2.12.

So we must pay attention to the situation M > M, i.e. A > 0. In such a case, since, as in
Step 1.2, we see that w,(¢) > 0 has a finite number of zeros in I, we know that

T, [M]wi(t) = =Aw,(£) <0 fora.e tel.
Using (13) and (14), we see that
Tn [M]Ws(t) = Vl(t) t Vn(t) ans(t)i

with vy >0on 1 for k=1,...,n. In particular, T,,w,(f) < 0 a.e. in I.
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Notice that, for all s € (a,b), ws € C"2(I) and W V(s*) = w" P (s7) = 1. Therefore, due
to the definition of T;,[M] and expression (15), we see that ﬁ(t) T,_1w(t) is a continuous
function on [a,s) U (s, b].

Since T,wi(t) = %(% T,1ws(t)) < 0 for ¢ # s, we can affirm that %Tn_lws(t) is a de-
creasing function on I with a positive jump at ¢ = s. So, it can have, at most, two zeros in /
(see Figure 1).

Even if we cannot guarantee that T;,_;w(¢) is decreasing, since v,, > 0 on I, we conclude

that it has the same sign as LT, 1wi(t), ie., it can have at most two zeros on 1.

vn(t)
On the other hand, using equation (15) again, we conclude that V;l(t) T,_owq(t) is a con-
o
tinuous function on I. Now, (14) tells us that %ﬂt) T,_owq(t) can reach at most four zeros

on [ (see Figure 2).

As before, we do not know intervals where T, _,w;(t) is increasing or decreasing, but
since v,,_1(t) > 0 we conclude that it has the same sign as ﬁ T,_ow;(£), so it can reach at
most four zeros.

Following this argument, since v¢ > 0 on [ for k = 1,...,n, we know that T}, 5 ,w,(¢)
cannot have more than 4 + /& zeros on I (multiple zeros being counted according to their
multiplicity). In particular, wy(£) = Tows(t) can have n + 2 zeros at most, having # in the

boundary.



Cabada and Saavedra Boundary Value Problems (2016) 2016:44 Page 21 of 35

This fact allows w, to have a double zero on (4, b). So, to show that such a double root
cannot exist, we need to prove that maximal oscillation is not possible. To this end, we
point out that if for any # it is verified that the sign of T, ,w;s(a) is equal to the sign of
T,->-ns1ws(a) we lose a possible oscillation.

Therefore, for maximal oscillation we must have

T,_nws(a) >0, if hodd,
T_nws(a) <0, if heven.

However, since w(t) > 0 on I and wy(a) = wi(a) = --- = wik_l)(a) = 0, we deduce that
w(a) > 0.

We can assume that wgk) (a) > 0 because, on the contrary, if wgk)(a) = 0 we would have
n + 2 zeros at most, having # + 1 in the boundary. So, only a simple zero is allowed in the
interior, which is not possible without oscillation.

Therefore w* (a) = w""" " (4) > 0. Since 1 — k is even, using now (16), we also know
that Tywq(a) > 0, which inhibits maximal oscillation.

So we conclude that if g(,s) > 0 on I x I then gy(¢,s) > 0 on (a, b) x (a, b), as we wanted
to prove.

As a consequence of the three previous steps, we have described the set of the real pa-
rameters M for which the Green’s function is nonnegative on I x I when n — k is even.

If n — k is odd, we can do similar arguments to achieve the proof. In the sequel, we

enumerate the main ideas to be developed.
Step 1.

Step 1.1. It has no modifications.

Step 1.2. In equality (33) we have A < 0 and v(¢) < 0 a.e. in /, so it remains true and
we can proceed analogously.

Step 1.3. In this case, we see that v*D(a) < 0. Our attainment in this Step is that
2u(t, ) verifies the property (35) while M € [M — A, M] and oscillates for
all M < M — 1.
If k =1 the achievement is that gy (¢, s) verifies the property (35) for every
M<M. In particular, for n = 2.

Step 1.4. The arguments are not modified, but the final achievement is that gi(¢, )
satisfies the property (39) for M € [M — A, M] an oscillates for all M <
M—Aj.
In this case, if k = n — 1, we can conclude similarly than in Step 1.3 that u
is of constant sign for every M < M. Then the Green’s function satisfies
the property (39). In particular for n = 2.

Step 2. Using the same arguments we conclude that the interval where gy(Z, s) verifies (35),
(39), (40) and (41) is [M — A, M].

Step 3. In this case we see that w® (@) = win-01=h

)(a) < 0, with n -k odd contradicting max-

imal oscillation too.

Thus, our result is proved.

As a direct consequence of the arguments used in Step 1.3, without assuming the ex-
istence of M € R for which equation T, [M]u(t) = 0 is disconjugate on I, we arrive at the
following result.
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Corollary 3.6 Let T,[M] be defined as in (1). Then the two following properties hold:

If n - k is even, then there does not exist M € R such that the operator T,[M] is inverse
negative in X.

If n -k is odd, then there does not exist M € R such that the operator T,[M] is inverse
positive in X.

Proof 1t is enough to take into account that v, defined in (29), is the unique solution of
problem (P,). Since v*~V(a) = (~1)" % we conclude that, if # — k is even, the Green’s func-
tion has positive values in any neighborhood of (4, 4) and negative values when n — k is
odd.

So, the result holds from Theorem 2.10. O

4 Particular cases

In order to obtain the eigenvalues of particular problems we calculate a fundamental sys-
tem of solutions y;[M](?),...,y,[M](t) of equation (1) where every yi[M](¢) satisfies the
initial conditions

WPMI@=1 W MI@=0, j=1...nj7k

Then we denote the # — 1 Wronskians as

nIMI@E) - M)
"M (¢t M](t

W - ¥ [M](0) ' ﬂ[K)’ I
WAMIE) -y M)

As a consequence of the characterization done in Chapter 3, Lemma 12 of [15], we
deduce that the eigenvalues of problem (1) in X; are given as the A € R for which
W [=A]1(b) = 0. So, in the sequel, we will use this method to find the eigenvalues of the
different considered problems.

4.1 The operator T,[Mlu(t) = u(t) + Mu(t)
First of all, we are going to consider problems where T, [M]u(t) = u™ (t) + Mu(t), with
[a,b] = [0,1].

In this kind of problems, for M = 0, " (t) = 0 is always disconjugate; see Chapter 3 of
[15]. So, the hypotheses of Theorem 3.1 are satisfied.

Remark 4.1 Note that adjoint equation to problem T}, [M]u = 0, u € X is given by
T [Mu(t) = (<1)"u"(t) + Mu(t) =0, u € X,¢.

So, if A; is an eigenvalue of " in Xy, it is also an eigenvalue of (—1)"%" in X,,_¢. Thus,
(—1)"A; is an eigenvalue of ™ in X,,_y.
As consequence, we only need to obtain first | 5 | Wronskians, where | -| means the floor

function.

— Order 2
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The eigenvalues of the operator #”(¢) in X; must satisfy WZ[A](1) = 0, which can be
replaced by the following equation:

sin(~/=1) = 0, (42)

so it closest to zero negative eigenvalue is AS = —72.

And so, we can affirm that Green’s function related to the operator u”(£) + Mu(t) is neg-
ative if, and only if, M € (—oo,2).

This result has been already obtained in different references (see [3] and references
therein), but here it is not necessary to have the expression of the Green’s function.

— Order 3

A} & 4.23321 is the least positive solution of W[A3](1) = 0, which is equivalent to the
equation

(%m) _ ﬁsin(%«/51> _e

Then, the least positive eigenvalue of the operator z®)(¢) in X; is (1})® and the biggest
negative eigenvalue of the operator u®(¢) in X; is —(A})3.

So, we can affirm that the Green’s function of the operator u® (t) + Mu(z):

« in X; is positive if, and only if, M € (—(A})3, (A3)%],

« in X; is positive if, and only if, M € [-(A3)3, (A3)3).

This result has been obtained by means of the explicit form of the Green’s function in
[25].

— Order 4

AL 2 5.553 is the least positive solution of W;*[*](1) = 0, simplifying that expression we
have

tan(%) - tanh(%).

A2 & 4.73004 is the least positive solution of Wi [-A*](1) = 0, which can be expressed
as

cos(A) cosh(A) = 1.

The biggest negative eigenvalue of the operator *(£) in X; and X; is given by —(A})*.

The least positive eigenvalue of the operator ) (£) in X, is (A2)*.

Therefore, we can affirm without calculating it explicitly, that the Green’s function re-
lated to the operator u™®(¢) + Mu(t):

« in X; and X3 is negative if, and only if, M € [-(A3)%, (A})%),

+ in X; is positive if, and only if, M € (—=(A2)%, (A})*].

These results have been obtained using the explicit form of the Green’s function in [26]
and [27].

— Order 5

We can obtain A} &~ 6.94867 and A2 =~ 5.64117 as the least positive solution of
W?P[A°](1) = 0 and W2 [-A°](1) = 0, respectively. But the equations obtained are too com-
plicated to show here and they have not so much interest.
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The least positive eigenvalue of the operator 4 (¢) in X; is (A1)°.
The biggest negative eigenvalue of the operator #®(¢) in X, is —(12)°.
The least positive eigenvalue of the operator 4 (¢) in Xj is (A2)°.
The biggest negative eigenvalue of the operator #®(¢) in X, is —(11)°.
Therefore, we conclude, without calculating it explicitly, that the Green’s function re-
lated to the operator u®(£) + Mu(t):
« in X; is positive if, and only if, M € (=(A})*, (A2)°],
in X, is negative if, and only if, M € [-(A2)%, (22)®),
in X is positive if, and only if, M € (—()é)s, (A%)s],
in X4 is negative if, and only if, M € [—(A%)S, ()Lé)s).
Order 6
L& & 8.3788 is the least positive solution of WE[A6](1) = 0, which is equivalent to

sin(A) — ﬁcos(%) sinh(@) + sin(%) cosh(@) =0.

A% 2 6.70763 is the least positive solution of W2[-A°](1) = 0, which we can express as

~362(e? +1) + /3 (e _1)3 sin(@) + (e + 1)3 cos(@) — 22 cos(+v/31) = 0.

3

.

.

)»2 ~ 6.28319° is the least positive solution of W36 [A®](1) = 0, which can be represented
as the first positive root of the following equation:

sin(1)(~cos(x) + cosh(v/31) + 4) - 8 sin(%) cosh(@) =0.

The biggest negative eigenvalue of the operator 4 (¢) in X; and X5 is given by —(A1)°.

The least positive eigenvalue of the operator #(® (¢) in X, and X; is ()\2)6.

The biggest negative eigenvalue of the operator 9 (¢) in X3 is -(A3)°.

Hence, we can affirm without calculating it explicitly, that the Green’s function related
to the operator u(© (£) + Mu(t):

« in Xj or in X5 is negative if, and only if, M € [-(12), (A})®),

« in X or in Xy is positive if, and only if, M € (-=(12)°, (A3)°],

« in X; is negative if, and only if, M € [-(A2)%, (A3)°).

— Order 7

We are not able to obtain analytically the eigenvalues of the operator #(”)(¢), but we can
obtain them numerically.

The least positive eigenvalue of this operator in X; is (A})7, where A} = 9.82677.

The biggest negative eigenvalue in X is —(12)”, where A2 =~ 7.85833.

The least positive eigenvalue in X; is (A3)7, where A3 ~7.1347.

The biggest negative eigenvalue in X, is —(A3)”.

The least positive eigenvalue in X5 is (12)7.

The biggest negative eigenvalue in Xg is —(A)”.

So, we conclude, without calculating it explicitly, that the Green’s function related to the
operator u7) () + Mu(t):

« in Xj is positive if, and only if, M € (-(A1)7, (A2)7],

« in X; is negative if, and only if, M € [-(A3)7, (A2)7),
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« in X3 is positive if, and only if, M € (—=(A3)7, (A3)7],
+ in X; is negative if, and only if, M € [-(A3)7, (A3)7),
« in X; is positive if, and only if, M € (-(A2)7, (A3)7],
+ in Xg is negative if, and only if, M € [-(A2)7, (A})7).
Order 8
Ay 2 11.2846, A2 = 9.06306, A3 ~ 8.09971, and A§ =~ 7.81871 can be obtained analyti-
cally as the least positive solution of W[28](1) = 0, WE[-A8](1) = 0, W[A®](1) = 0, and
WE[-28](1) = 0, respectively, but their expressions are too big to show it here and they do

not bring about any important information.

The biggest negative eigenvalue of the operator ®(¢) in X; and X7 is given by —(A})®.

The least positive eigenvalue of the operator #®(¢) in X, and Xj is given by (12)%.

The biggest negative eigenvalue of the operator ®(¢) in X3 and X5 is given by —(13)%.

The least positive eigenvalue of the operator ® (¢) in X, is (A5)3.

So, we can affirm without calculating it explicitly, that the Green’s function related to
the operator u®(£) + Mu(t):

« in X or in X7 is negative if, and only if, M € [-(A2)%, (A})®),

+ in X; or in Xj is positive if, and only if, M € (=(A2)%, (A3)%],

+ in X3 or in X; is negative if, and only if, M € [-(A§)%, (A3)®),

« in X, is positive if, and only if, M € (—=(A5)%, (A3)%].

As we have said before, third-order problems were explicitly calculated in [25]. Fourth-
order problems were calculated in [26] in X, and in [27] in X; and X3, respectively. But
in all of these cases it was necessary to obtain the expression of the Green’s function and
analyze it.

Moreover, in all the problems treated in [25-27] it is also satisfied that the open optimal
interval where the Green’s function is of constant sign coincide with the optimal interval
where equation (1) is disconjugate.

However, in Theorem 2.1 of [28] the following characterization of the interval of dis-
conjugacy is proved.

Theorem 4.2 Let M € R and n > 2 be such that T,[M]u(t) = 0 is a disconjugate equation
on I. Then, T,[Mu(t) = 0 is a disconjugate equation on I if, and only if, M € (M — A1, M —
o), where:
¢ M =400 if n=2and, for n >2, Ay > 0 is the minimum of the least positive eigenvalues
on T,[M] in Xi, with n — k even.
o A <0 is the maximum of the biggest negative eigenvalues on T,[M) in Xy, with n —k
odd.

As a consequence we see that the interval of constant sign of the Green’s function and
the one of the disconjugacy for the linear operator are not the same in general. We have
already proved (see Lemma 3.4) that while equation (1) is disconjugate its related Green’s
function must be of constant sign. So, if both intervals do not coincide, the optimal interval
where equation (1) is disconjugate must be contained in the open optimal interval where
the Green’s function is of constant sign.

If, using the characterization given in Theorem 4.2, we calculate the optimal interval on
M of disconjugacy for the equation

u®(t) + Mu(t) =0, ¢te0,1].
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It is given by (—(A2)°, (A2)*).
But, as we have shown before, the Green’s function related to the problem on the space
X; remains positive on the interval (—(11)°,—(12)°]. So, its biggest open interval is strictly

bigger than the optimal interval of disconjugacy.

Remark 4.3 In this kind of problems, if X is an eigenvalue on [0, 1], then ﬁ is an eigen-
value on [a, b].
So, we can obtain our conclusions about Green’s function’ sign on any arbitrary interval

[a,b].

4.2 Operators with constant coefficients
This characterization of the interval where the Green’s function is of constant sign is also
useful for those problems which have more non-nulls coefficients.

For example we can consider the operator of fourth order
T, [M]u(t) = u®(£) + 10u®(¢) + 104" (¢) + 104/ (t) + Mu(t), t < [0,1]. (43)

We can show, using the characterization given in Theorem 2.3, that T,,[0]u(¢t) = 0 is a
disconjugate equation on [0,1] and, so, Theorem 3.1 can be applied.

First, we calculate numerically the eigenvalues closest to zero in each Xi, k =1,2,3.

« The biggest negative eigenvalue in X; is —(7.02782)%.

+ The least positive eigenvalue in X, is (5.27208)*.

« The biggest negative eigenvalue in X3 is —(5.97041)*.

Realize that in this case we need to obtain the three corresponding Wronskians because
it is not possible to connect the eigenvalues in X; with those in X3 by means of its corre-
sponding adjoint equation.

So, we conclude that the Green’s function related to the operator T),[M]u(¢) defined in
(43):

« in X; is negative if, and only if, M € [-(5.27208)%, (7.02782)%),

« in X, is positive if, and only if, M € (=(5.27208)*, (5.97041)*],

« in X3 is negative if, and only if, M € [-(5.27208)%, (5,97041)*).

Notice that in this case the interval of disconjugation is (=(5.27208)*, (5.97041)*). So,
we have obtained an example of a fourth-order equation in which its interval of discon-
jugation does not coincide with the biggest open interval where the Green’s function is of
constant sign in Xj.

In the sequel, we show an example where the operator T,,[M] does not verify disconju-
gation hypothesis for M = 0.

If we choose the operator
T, [M)u(t) = u™®(2) + 104®(¢) + 5500 (¢) + Mu(t), ¢ € [0,1]. (44)

We see that the equation 7,[0]u(£) = 0 is not disconjugate on [0, 1], but if we analyze the
equation T, [-600]u(t) = 0 we can affirm, by means of Theorem 2.3, that it is disconjugate
on [0,1].

Hence, Theorem 3.1 can be applied to the operator T),[-600]u(z).

If we calculate the eigenvalues closest to zero we have:
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« The biggest negative eigenvalue of T},[-600]u(¢) in X; is —9,565.99.
+ The least positive eigenvalue in X5 is 11.5685.
+ The biggest negative eigenvalue in X, is —28.9753.
Hence, using Theorem 2.10, we can affirm that operator T, [M]u(t), defined in (44):
+ in X; is inverse negative if, and only if,
M € [-600 - 11.5685,-600 + 9,565.99) = [-611.5685,8,965.99),
« in X is inverse positive if, and only if,
M € (-600 - 11.5685,-600 + 28.9753] = (-611.5685,-571.0247],
« in Xj is inverse negative if, and only if,
M € [-600 —11.5685,-600 + 28.9753) = [-611.5685,-571.0247).

4.3 Operators with non-constant coefficients

We have already seen that applying Theorem 3.1 is much easier to calculate optimal inter-

vals for M where the Green’s function related to the operator T,[M]u(¢) than obtaining

Green’s function expression explicitly. But, if we are referring to an operator with non-

constant coefficients this characterization is even more useful because in the majority of

the situations we are not able to obtain the explicit expression for the Green’s function.
Consider now the third-order operator

T [M)u(t) = u®(¢) + tud' () + Mu(t), ¢€[0,1] (45)

for which, by means of Theorem 2.3, we can verify that the equation T,[0]u(¢) = 0 is dis-
conjugate on [0,1].
If we calculate numerically the eigenvalues closest to zero of the operator defined in (45)
we obtain:
+ (4.19369)3 is the least positive eigenvalue of the operator T, [0]u(¢) in X;.
+ —(4.21255)3 is the biggest negative eigenvalue of the operator T, [0]u(¢) in X,.
So, we can affirm
+ the Green’s function related to the operator T, [M]u(t) in X is positive if, and only if,
M e (—(4.19369)3, (4.21255)3],
« the Green’s function related to the operator T,,[M]u(t) in X, is negative if, and only if,
M € [-(4.19369)%, (4.21255)3).
We can also apply it to a fourth-order operator whose eigenvalues were also obtained

numerically.
T,[M] = u™(8) + ¥4/ () + Mu(t), te[0,1]. (46)

We can verify, by means of Theorem 2.3 again, that T,,[0]u(¢) = 0 is disconjugate on
[0,1].

If we calculate its eigenvalues we obtain:

« The biggest negative eigenvalue in X7 is —(5.5325)*.

« The least positive eigenvalue in X, is (4.7235)%.

« The biggest negative eigenvalue in X3 is —(5.5815)*.

So, applying Theorem 3.1, we conclude that:

« the Green’s function related to the operator T, [M]u(t) in X; is negative if, and only if,

M e [-(4.7235)%,(5.5325)%),
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« the Green’s function related to the operator T, [M]u(t) in X; is positive if, and only if,
M e (—(4.7235)%, (5.5325)*],

« the Green’s function related to the operator T;,[M]u(t) in X3 is negative if, and only if,
M € [-(4.7235)%, (5.5815)%).

5 Disconjugacy hypothesis cannot be removed on Theorem 3.1
In this last section we show that the disconjugacy hypothesis on Theorem 3.1 for some

M = M cannot be avoided in general.

To this end, we consider the operator
To[M]u(t) = u'®(t) — 1,000 (t) + Mu(t), te[0,1], (47)
coupled with two-point boundary value conditions
u(0) =1'(0) = 4" (0) = u(1) = 0. (48)
Equation (47) is not disconjugate for M = 0, indeed

—e!00-1) _ 2575 co5(54/3(t — 1)) + 3
3,000

u(t) =

is a solution of T4[0]u(t) = 0 with five zeros on [0,1].

In a first moment we will verify that the Green’s function related to problem (47)-(48)
satisfies condition (Ng) for M = 0. So, by means of Theorem 2.13, we know that Ny =
[-m,=Aq) for some pu > 0.

In a second part, we will prove that i # A,, with A, the first eigenvalue related to the
operator T,[0] on the space Xj.

As a consequence, we deduce that the validity of Theorem 3.1 is not ensured when the
disconjugacy assumption fails.

We point out that, since the existence of at least one M for which operator T,[M] is
disconjugate on [0,1] implies the validity of Theorem 3.1, the operator T,[M] cannot be
disconjugate on [0,1] for any real parameter M and not only for M = 0.

First, we obtain the Green’s function expression related to the operator Ty [0]u(¢) in X3,
2o(t,s). By means of the Mathematica package developed in [24], we see that if it obeys the

expression

—5(2s+t) (_3,105+5 5,155 ¢ _ 15y(_9,5t, 158 5 o
0(t—s)_¢€ (=3e +2e195 cos(5¢/3(s-1))+el°) (=3¢ +e12L 42 cos(5+/3t)) 5s5—5¢ )
365 1o 12008.73) +2¢ cos(5+/3(t-s))-3
3,000 ’

el

0<s=<t<],
_ e=5(250) (_3105+5 4 96155 ¢05(5.4/3(s=1))+e!%) (—3e5¢ +e15¢ +2 cos(5+/31))
3,000(-3€° +e15+2 cos(54/3)) ’

O<t<s<l.

Let us see now that go(t,s) < 0 on [0,1] x [0,1] and that it satisfies condition (N,), i.e.,
the following inequality is satisfied:

go(t,s)

sy >0 forall(ts)€[0,1]x (0,1).
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To study the behavior on a neighborhood of ¢ = 0 and ¢ = 1, we define the following

functions:
C go(ts)  e1%5(=3e1%%5 1 2e15 cos(54/3(s — 1)) + €°)
ki(s) = lim =
t—0* £3(¢ - 1) 6(—3€5 + €15 + 2 cos(5+/3))
. &)
b@%xggﬁ“_n
1 15
- %e‘ws‘5 <elss(«/§ sin(5v/3(s — 1)) — cos(5+/3(s - 1)) + € eTS
e

+

(=3€105%5 4 2¢155 cos(54/3(s — 1)) + ') (€' + /3 sin(5+4/3) + COS(Sx/g)))
-3¢ + €15 + 2 cos(5+/3) ’

In the sequel we will prove that both functions are strictly positive on (0,1).
It is not difficult to verify that k(1) = k{(1) = k{'(1) = 0 and that

500¢°

<0.
—3€5 + €15 + 2 cos(5+/3)

kK@) = -

If we prove that kfs)(s) is strictly negative on [0,1], since, in such a case, ki (s) would be
positive and k;(s) negative, we will deduce that k;(s) > 0 for s € (0,1).
Due to the fact that

500e7195 (2155 cos(5+/3(s — 1)) + €'®)
3(=3¢€% + el + 2 cos(5+/3))

kP (s) =

we only must check that
kip(s) := 2! cos(S«/g(s -1)+€®>0, selo,1].
But the previous inequality holds immediately from the fact that

_2n
min kj,(s) = 615(1 —e ﬁ) >0, se][0,1].
s€[0,1]

Consider now the function k,. We see that k,(0) = 0 and

1+ e (ef® — V/3(e' —1)sin(54/3) — (1 + %) cos(5+4/3)) N

k,(0) =
2(0) 10€5(-3€5 + €15 + 2 cos(5+/3))

0.

So, we study the sign of its first derivative

e—lOs—S

kals) = 30(-3e® + el + 2c0s(5«/§))k20(S)’

with

kao(s) = € (v/3(e° (2€' - 3) sin(5+/3(s — 1)) + sin(5+/3s)) — 3¢’ cos(5v/3(s — 1))
+3 cos(5«/§s)) +e”(3€° - V3sin(5+/3) - 3 cos(5x/§)).
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It is clear that such a function satisfies
kao(s) > (=3 — 3€” + vV/3(~1 + 3¢” — 2¢'°) )™ + €"°(3¢” — v/3sin(5+/3) — 3cos(5+/3)),

which is positive for

1
< (log(3e*° — /3¢ sin(5+/3) — 3€'® cos(5+/3))
—log(3 +v/3 +3¢° - 3v/3¢” + 2¢/3¢"))

~ 0.32389.

Moreover, for s € [1 — 5%”[,1 ] [0.27448,0.63724] we see that

koo(s) > (—4 - 365)6155 +e (365 —+/3sin(5+/3) - 3 cos(5x/§)),

and the right part of the previous equality is positive for
1
< (log(3€*° — /3¢ sin(5v/3) — 3" cos(5+/3)) — log(4 + 3¢°)) = 0.99954.

Then, we see that k;(s) > 0 for s € [0,1 - f] and, as a consequence, the same holds for

ka(s).
On the other hand, we see that k»(1) = k5(1) = 0 and k(1) = 1, moreover,

e—lOs—S

kas) = 3(-3e® + el + 2cos(5«/§))k21(5),

where

ka1 (s) = €' (v/3(e" sin(5+/3(s — 1)) — sin(5+/3s)) + 3¢°('® — 2) cos(5v/3(s — 1))
+3 cos(Sx/gs)) +eb (—365 ++/3sin(5+/3) + 3 cos(5x/§)).

Now, we must verify that ky;(s) > 0.
If s > 0.9 we can bound it from below by the following function:

155 (—3 —V/3(1+€®) +3¢°(e!°~2) cos (?)) +e'° (=3¢ ++/35in(5+/3) + 3 cos(5v/3)).

It is clear that it is positive for s € (s, 1], where

1 < —3€20 + /3eP5 5in(5+4/3) + 3e' cos(5+4/3)
S1=—

_ log ) ~ 0.510335,
15 3 ++/3 + /3¢5 + 66° cos(?) - 3el® COS(é)

which ensures that k,(s) > 0 on (0.9,1).
On the other hand, for every s € [0,1], function 300e'%*°k,(s) is bounded from below
by

1
ky = 100( 476€" +303¢'%* — '),
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which is positive for s € (s,,53), where

1 101 101 . (1.  _,(476973,657
Sy =1+ —-log| — + —+/3sin| —tan™ | ————7
5 476 476 3 917,013
101 1, (4764/973,657
——cos| -tan | ——————
476 3 917,013
~ 0.438593

and

=1 — _
S$3=iT g8 S\ 3 917,013

— +
5 476 = 238

1 101 101 1 476./973,657
1 ( ( tan"l<7>))§0.908.

So, we conclude that k;(s) > O for every s € (0,1).
Now, in order to deduce condition (N,), we only have to verify that gy(¢,s) < 0 for every

(t,s) €(0,1) x (0,1).
If t < s we can express

e, (s)L5(2)
3,000(=3¢5 + €5 + 2 cos(5+/3))

&0 (t: S) =

where

6(s) = (—3e!%*° + 2¢! cos(5v/3(s — 1) +€%),

(8) = (=3 + €' + 2cos(5v/3¢)).

So, we must prove that both functions are positive on (0, 1).
£1(s) is a positive multiple of ki (s), so, as we have proved before, it is positive for s € (0,1).
To study the sign of £,, since it satisfies £3(0) = £5(0) = £,(0) = 0, from the following

expressions, valid for all £ € [0,1]:
€9(t) = 375(=¢* + 9 + 24/35in(5+/31)) > 375(-¢* + 9¢!* —24/3) > 0,

we deduce that £,(¢) > 0 for every ¢ € (0,1).
Let us see now what happens for 0 <s <t <1.

We can express gy(£,s) as follows:

1
golt,s) = 3,000 (Pz(f—S) —Pl(l‘,S)), O<s=<i<l,
where
e+ 0, ()€, (2)
pl(trs) =
—3¢® + e + 2 cos(5+/3)
and

pa(r) = e + 27 cos(5+/3r) - 3.
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From the previously proved positiveness of £; and ¢;, we know that p;(¢,s) > 0.
On the other hand, since p»(0) = p5(0) = p5(0) = 0, if we verify that p(zs)(r) > 0 for every
r € [0,1], then we conclude that the same holds for p; on (0, 1]. In this case

p(z?’)(r) =1,000€!" +2,000e™" cos(5+/37).

This function is trivially positive whenever 0 <r < W ~ 0.18138.

Moreover, for every r € [0,1], we see that
5 (r) > 1,000e"” - 2,000¢™,

which is positive if, and only if, > log 7 0.0462.

As consequence we deduce that pz( ) > 0 for every r € (0,1].

Then if we prove that p,(£ —s) < p1(¢,s) for 0 <s <t < 1, we can conclude that gy(¢,s) < 0.

Notice that, if we have two strictly convex functions on a suitable interval, we may affirm
that they have at most two common points. In the sequel, to prove our result, we use this
property.

Since by definition gy(1,s) = 0, we know that p;1(1,s) = po(1 — s), for every fixed s € (0,1).

From the fact, proved before, that k; > 0 on (0,1), we know that go(¢,s) < 0 on a neigh-
borhood of ¢ =1 for every s € (0,1). Then p(¢,s) > p2(t — s) on a neighborhood of ¢ =1 for
every s € (0,1).

Let us see now that, for every s € (0,1), p1(¢,s), and p,(t — s) are convex functions of ¢

By direct calculation, we see that

& s 100e@+0(e! + /B sin(5+/3¢) — cos(5+/31)) s (s)
ot? 1\ —3e° +el5 + 2005(5\/§)

’

so we only need to verify that
pi(t) = (¢ + v/3sin(5v/38) - cos(5+/3t)) >0, te(0,1).
The following inequality is trivially fulfilled:
p1, () > € +/3sin(5v/3t) 1= q(¢), te[0,1].
We see that
q,(t) = 15¢"" + 15 cos(5+/3t) > 15(e™™ — 1) >0,
since ¢;(0) = 0, we conclude that ¢; > 0 and, as a consequence, p;;(¢) > 0 on (0,1] and also
2
g?pl(tx S) > 0.
We have already proved that p(zg)( ) > 0, for r € [0,1], and p5(0) = 0, so for every fixed
s€(0,1), p5(t —s) >0 for every ¢ € (s,1].

As a consequence, for any fixed s € (0,1), both p;(¢,s) and p, (¢ — s) are convex functions
of t.
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From the fact that p;(¢,s) > p2(t — s) on a neighborhood of £ =1, p;(1,5) = p2(1 — s) and,
also, p1(s,s) > 0 = p2(0), we can affirm that p1 (¢, 5) > p2(t—s) for t € [s,1),and then gy (¢,5) < 0
for 0 < s <t <1, and condition (Np) is fulfilled.

Now, as a consequence of Theorem 2.13, we know that gy(¢,s) < 0 for M € [0,-A),
where A; < 0 is the biggest negative eigenvalue of T, [0]u(z) in X3.

To verify that Theorem 3.1 does not hold in this case we will prove that for M < 0 the
sign change does not come on the least positive eigenvalue of T4[0]u(t) in Xo.

As in the previous section, we can obtain numerically the first eigenvalues of 7,4[0],
which can be given by the following approximated values:

« The biggest negative eigenvalue in X7 is A3 & —(12.529)*.

« The least positive eigenvalue in X, is A, = (10.895)%.

« The biggest negative eigenvalue in X3 in A; & —(9.458)*.

Remark 5.1 Realize that, since T4[0]u(t) = 0 is not disconjugate on [0,1], we have no a
priori information as regards the sign of the eigenvalues A3 and A,. However, since g
satisfies (N,), we can be ensured, without calculating it, that A; < 0.

Finally, let us see that there exists M* > —, for which gy« has no constant sign on 7 x I.

We are going to study the following function:

0
v(t) = a—SgM*(t»S)\s:0~

As we have proved in the proof of Theorem 3.1, if this function has no constant sign on /
then the Green’s function must necessarily change sign in a neighborhood of s = 0.
For M* = —3258% ~ _(9.02032)*, v(¢) obeys

223
<(3e-%<9*¢@f <277e6t((213«/669 _27,875)% Bt _ 27,875 - 213669)

223 277 277
+ 446e\/Tt (537v 831sin (, / Tt) + 34,625 cos (, / Tt>>>)

/8,441,871,944)

277 277
- ((223 <537v 831sin <, / T) + 34,625 cos <, / T))
223 223
+277¢° (213\/ 669 sinh (,/ 5 ) —-27,875 cosh( = )))

/ <8,441,871,944 <—277(2,007 +152v/669)e® + 277(152+/669 — 2,007)e6+2‘/2—%

223 277 277
+446e‘/j<2,493cos< T)—98 8315in( T)))))

x eV B 5O/ (277e6t((152\/669 ~2,007)e 3~ 2,007 - 1521/669)

3 [277 [277
+446e@t<2,493cos< Tt) -984/831 sin( Tt)))

This, see Figure 3, changes sign on I.
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Figure 3 Graph of v.

=0.002 -

=0.004 -

=0.006 [

As a consequence the Green’s function has no constant sign for a value of M bigger than
—Ag.

Even more, we can verify numerically which is the interval for M where gy(Z, s) is non-
positive on I x I. We observe that a change of sign comes first on the interior of I x 1. It
comes in (¢,5) = (0.7186,0.0307) € (0,1) x (0,1) for M = —(7.87022)*. So we deduce that
it is given by [~(7.87022)%, —A;).

As a consequence we conclude that the example shows that if we suppress the discon-
jugacy hypothesis, Theorem 3.1 is not true in general.
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