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1 Introduction and preliminary results
The well-known Jensen inequality asserts that for a convex function ¢: I C R — R we
have

1 n 1 n
€0<17 Zpixi) =5 > piplx), 11)
=1 =1

where x; € I fori=1,...,n,and p; are nonnegative real numbers such that P, = Y ", p; > 0.

Steffensen [1] showed that inequality (1.1) also holds in the case when (x1,...,%,) is a
monotonic n-tuple of numbers from the interval I and (ps,...,p,) is an arbitrary real
n-tuple such that 0 <Py <P, (k=1,...,n), P, >0, where P} = Zlepi. His result is called
the Jensen-Steffensen inequality.

Boas [2] gave the integral analog of the Jensen-Steffensen inequality.

Theorem 1.1 ([2]) Let ¢: I — R be a continuous convex function, where I is the range of
the continuous monotonic function (either increasing or decreasing) f: [a,b] — R, and let

A: [a,b] — R be either continuous or of bounded variation satisfying

Ma) < AMx) < A(b) forall x € [a,b], AMa) < A(D).
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Then

b b
g0(@ S dw)) _ Ja 9N D (1.2)

[? dr(x) 7 dx(x)

The generalization of this result is also given by Boas in [2]. It is the so-called Jensen-

Boas inequality (see also [3]).

Theorem 1.2 ([2]) IfA: [a,b] — R is either continuous or of bounded variation satisfying
Ma) < A1) = A(n) < Aw2) < -+ < AYna1) < M) < A(D)

for all xi € (Yk—1,Yk), Yo = a, yu = b, and AMa) < M(b), and if f is continuous and monotonic
(either increasing or decreasing) in each of the n intervals (yi_1,yx), then inequality (1.2)
holds.

The following theorem states the well-known Levinson inequality.

Theorem 1.3 ([4]) Let f: (0,2¢) — R satisfy f" > 0 and let p;,x;,y:, i =1,...,n be such
thatp;>0,% " ,pi=1,0<x; <cand

X1+y1=%+Y2=" =Xy +Yn. (1.3)

Then the following inequality is valid:

Y pif @) -f® <Y pif i) -£G), (1.4)
i=1

i= i=1
wherex =) | pix;and y = Y .| p;y; denote the weighted arithmetic means.

Numerous papers have been devoted to extensions and generalizations of this result, as
well as to weakening the assumptions under which inequality (1.4) is valid (see for instance
[5-8], and [9]).

A function f: I — R is called k-convex if [xg,...,x¢]f > 0 for all choices of k + 1 distinct
points xg, 1, ...,xx € L. If the kth derivative of a convex function exists, then f' ® >0, but

f® may not exist (for properties of divided differences and k-convex functions see [3]).

Remark 1.4
(i) Bullen [6] rescaled Levinson’s inequality to a general interval [, b] and showed that
if function f is 3-convex and p;, ;,9;, i = 1,...,n, are such that p; >0, > 7, p; =1,
a <x;,y; < b, (1.3) holds for some c € (a,b) and

max{xy,...,%,} < max{y,..., ¥} (1.5)

then (1.4) holds.
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(i) Pecari¢ [8] proved that inequality (1.4) is valid when one weakens the previous
assumption (1.5) to

Pi%Xi + Pu-is1¥n-i+1 ,
Xi+Xy_s1<2c and ———— <¢, fori=12,...,n.

bPi* Pn-iv1
(iii) Mercer [7] made a significant improvement by replacing condition (1.3) with a
weaker one, i.e. he proved that inequality (1.4) holds under the following conditions:

n

=0, pi>0, Y pi=1, as<xy<bh
i=1

max{xi,...,%,} <max{y,...,y.},

Zpi(xi -%)?= Zpi(yi -2 (1.6)
i1 i-1

(iv) Witkowski [9] showed that it is enough to assume that f is 3-convex in Mercer’s
assumptions. Furthermore, Witkowski weakened the assumption (1.6) and showed

that equality can be replaced by inequality in a certain direction.

Furthermore, Baloch, Pecari¢, and Praljak in their paper [5] introduced a new class of
functions K{(a, b) that extends 3-convex functions and can be interpreted as functions
that are ‘3-convex at point ¢ € (a,b)’ They showed that K{(a,b) is the largest class of
functions for which Levinson’s inequality (1.4) holds under Mercer’s assumptions, i.e. that
f € K$(a, ) if and only if inequality (1.4) holds for arbitrary weights p; >0, Y ", p; =1 and
sequences x; and y; that satisfy x; <c <y; fori=1,2,...,n.

We give the definition of the class K{(a, b) extended to an arbitrary interval /.

Definition 1.5 Letf: I — R and c € I°, where I° is the interior of I. We say that f € K{(I)
(f € KK5(D)) if there exists a constant D such that the function F(x) = f(x) — %xQ is concave
(convex) on (—o0,c] NI and convex (concave) on [c, +o0) N 1.

Remark 1.6 For the class K{(a, b) the following useful results hold (see [5]):

(1) Iff e Ki(a,b),i=1,2,and f"(c) exists, then f”(c) = D.
(2) The function f : (a,b) — R is 3-convex (3-concave), if and only if f € K{(a,b) (f €
KC5(a, b)) for every ¢ € (a, b).

Jakseti¢, Pecari¢, and Praljak in [10] gave the following Levinson type generalization of
the Jensen-Boas inequality.

Theorem 1.7 ([10]) Let ¢ € I° and let f: [a1,b1] — R and g: [az,b3] — R be contin-
uous monotonic functions (either increasing or decreasing) with ranges I N (—oo,c| and
I N [, +00), respectively. Let \: [a1,b1] — R and p: [ay,b;] — R be continuous or of
bounded variation satisfying

AMar) < A1) < A1) < Axg) < -0 < AW-1) < Alxy) < A(b1)
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Sor all xi € (yk_1,9x)> Yo = a1, Yu = by, and Ma1) < L(b1), and

wlaz) < plur) < p(n) < Au) < -+ < puvuor) < pulu,) < p(bs)

for all ux € (vik_1,vi), vo = ag, vy = by, and p(as) < (ba). If ¢ € K5(I) is continuous and if

S f2 ) da) (f:;ﬂx) dx<x>)2

S () 2 da(x)
~ ff & @) du(x) B ( fa”; g(x) d,u(x)>2
fab; dpu(x) fab; du(x)
holds, then

Jo o) dr) (f;j‘f(x) dx(x)>

Ju A1) 2 dx)
[ o) dutx) 2 g du)
=" & - ( 5 ) (17)
faz d(x) faz du(x)

On the other hand, in [11] Pecari¢, Peri¢, and Rodié Lipanovi¢ generalized the Jensen
inequality (1.2) for a real Stieltjes measure. They considered the Green function G defined
on [o, B] x [a, B] by

(=p)(s—a) fora <s<t,

Gts)={ #= - (1.8)
b=Plee)  forp<s< B
pa =s5=p

which is convex and continuous with respect to both s and ¢. The function G is continuous
under s and continuous under ¢, and it can easily be shown by integrating by parts that any
function ¢ : [, 8] — R, ¢ € C?([a, B]), can be represented by

_/B—x X—o
px) = 'Bfofﬂ(‘l)‘F B—a

B
o(B) + / G(x,5)¢"(s) ds. (1.9)

Using that fact, the authors in [11] gave the conditions under which inequality (1.2) holds
for a real Stieltjes measure, which is not necessarily positive nor increasing. This result is

stated in the following theorem.

Theorem 1.8 ([11]) Let g: [a,b] — R be continuous function and [«, 8] interval such that
the image of g is a subset of [, B]. Let A : [a,b] — R be continuous function or the function
of bounded variation, such that A(a) # »(b) and

1 g(x) dA(x)

1) dnx) el

Then the following two statements are equivalent:
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(1) For every continuous convex function ¢ : [o, ] - R

g0([5’ &) dk(x)) _ [ eve@ o)
[Pavx /T [Pdi) '
holds.
(2) Foralls e [a,B]
b b
G(fﬂ gb(x) de)J) S L G(gb(x),s) d(x) o
[, di(x) [, dn(x)

holds, where the function G : [a, 8] x [o, B] = R is defined in (1.8).

Furthermore, the statements (1) and (2) are also equivalent if we change the sign of inequal-
ity in both (1.10) and (1.11).

Note that for every continuous concave function ¢ : [«, 8] — R inequality (1.10) is re-

versed, i.e. the following corollary holds.

Corollary 1.9 ([11]) Let the conditions from the previous theorem hold. Then the following

two statements are equivalent:

(1) For every continuous concave function ¢ : [o, 8] — R the reverse inequality in (1.10)
holds.
(2") Foralls € |a, B] inequality (1.11) holds, where the function G is defined in (1.8).

Moreover, the statements (1') and (2) are also equivalent if we change the sign of inequality
in both statements (1') and (2').

The main aim of our paper is to give a Levinson type generalization of the result from
Theorem 1.8. In that way, a generalization of Theorem 1.7 for real Stieltjes measure, not

necessarily positive nor increasing, will also be obtained.

2 Main results
In order to simplify the notation, throughout this paper we use the following notation:

S f @) da ) [P e dp)
Sy ANx) o du)

1 2

f=

The following theorem states our main result.

Theorem 2.1 Let f: [a1,b1] — R and g: [az, by] — R be continuous functions, (o, 8] C
R an interval and c € (o, ) such that f([ay, b)) C [, c] and g([az, by]) C [c, B]. Let
At [a,b1] = Rand o [az, ba] — R be continuous functions or functions of bounded vari-
ation such that May) # M(by) and p(ay) # (by) and such that

fela,cl and gelc Bl
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and

) dr _ by 2
_ falfl;( ) ( ) _ 2 _ f i _g2 (2'1)
St d(x) o 2du(x)

holds.
Iffor all s, € [, c] and for all s, € [c, B] we have

) e d b G )d
GiF.s) < f (f(x),51) dr(x) wnd GG s,) < f (‘i ,82) dju(x)
fal )\' x) f 2 d (x

) (2.2)

where the function G is defined in (1.8), then for every continuous function ¢ € K{([«, 8])

we have

SO o DL et

<-=C
2 d()

_ 2.3
a2 2

The statement also holds if we reverse all signs of inequalities in (2.2) and (2.3).

Proof Let ¢ € K{([«, B]) be continuous function on [«, 8] and let ¢(x) = p(x) — %xz, where
D is the constant from Definition 1.5.

Since the function ¢ is continuous and concave on [«, ¢] and for all 5; € [«, ¢] (2.2) holds,
from Corollary 1.9 it follows that

St o (f (x)) dn(a)

o(f) = 7

When we rearrange the previous inequality, we get

b1 L)
Bogoos_, prsede o) o
2

/ﬂ"; dr(x) f dr(x)

Since the function ¢ is continuous and convex on [c, 8] and for all s, € [c, 8] (2.2) holds,
from Theorem 1.8 it follows that

2 ¢(g(x)) dpa(x)

o0 =

and after rearranging we get

J 2] Jor @) dp@
| e T T e T (@), 2.5
Al P 17 om0 @

Inequality (2.3) follows directly by combining inequalities (2.4) and (2.5), and taking into
account the condition (2.1). O
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Corollary 2.2 Let the conditions from the previous theorem hold.

(i) Ifforall s, € [, c] and sy € [c, B] inequalities (2.2) hold, where the function G is
defined in (1.8), then for every continuous function ¢ € K5([«, B]) the reverse
inequalities in (2.3) hold.

(ii) Ifforalls, € a,c] and s, € [c, B] the reverse inequalities in (2.2) hold, then for every
continuous function ¢ € K5([o, B]) (2.3) holds.

Remark 2.3 It is obvious from the proof of the previous theorem that if we replace the
equality (2.1) by a weaker condition

b1 2 d _ )d
C = 5 [M fZ] <Cyi= > [u _;gZ], (2.6)

S Jp dn(@)
then (2.3) becomes

f”ldx() =

Since the function ¢ belongs to class IC{([«, B]), we have ¢”(c) < D < ¢”(c) (see [5]), so if
additionally ¢ is convex (resp. concave), the condition (2.6) can be further weakened to

fbl di(x) B sz d(x) ’

Remark 2.4 It is easy to see that Theorem 2.1 further generalizes the Levinson type gen-
eralization of the Jensen-Boas inequality given in Theorem 1.7. Namely, if in Theorem 2.1
we set the functions f and g to be monotonic, and the functions X and u to satisfy

May) < Ax) < An) < Axg) < -+ < AWu-1) < Axy) < A(b1)
for all xx € (yk-1,9%), Yo = a1, yu = b1, and A(az1) < A(b1), and

wlaz) < p(u) < pv) < Aug) < -+ < uVy-) < pluy,) < p(bs)

for all uy € (vi_1, Vi), Vo = an, v, = by, and u(ay) < u(b,), then since the function G is con-
tinuous and convex in both variables, we can apply the Jensen inequality and see that for
all s € [o, c] and s; € [¢, B] inequalities (2.2) hold, so we get exactly Theorem 1.7.

3 Discrete case

In this section we give the results for the discrete case. The proofs are similar to those in
the integral case given in the previous section, so we will state these results without the
proofs.

In Levinson’s inequality (1.3) and its generalizations (see [5]) we see that p; (i=1,...,n)
are positive real numbers. Here, we will give a generalization of that result, allowing p; to
also be negative, with the sum not equal to zero, but with a supplementary demand on p;
and x; given by using the Green function G defined in (1.8).
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Here we use the common notation: for real n-tuples (xi,...,x,) and (py,...,p,) we set
=YX p, Py=P,— Py (k=1,..,n) and & = 5 2 pi%i- Analogously, for real m-
tuples (y1,...,%m) and (q1, . .., qm) we define Qx, Q_k (k=1,...,m) and .

We already know from the first section that we can represent any function ¢ : [, 8] —
R, ¢ € C*([a, B]), in the form (1.9), where the function G is defined in (1.8), and by some
calculation it is easy to show that the following holds:

<p(5c)—Pini<p(x,-)= / ( x,s)——Zpl (x5 ><p”(5)
n i-1 o

Using that fact the authors in [11] derived the analogous results of Theorem 1.8 and
Corollary 1.9 for discrete case, and here, similarly as in the previous section, we get the

following results.

Theorem 3.1 Let [o, 8] C R be an interval and c € (o, B). Let x; € [a1,b1]) < [a,c], p; €R
(i=1,...,n) be such that P, # 0 and x € [a,c|, and let y; € [as,b3] C [c,B], gj € R (j =
1,...,m) be such that Q,, #0 and y € [c, B] and let

Zp,x —-x? Zq,yl (3.1)
Iffor all s, € [a,c] and for all s, € [c, B] we have
_ 1 « _ 1 —
G(x,81) < B, ;piG(xi,Sﬂ and G(,8) < o ;q;G(y;,Sz), (3.2)

where the function G is defined in (1.8), then for every continuous function ¢ € K{([«, 8])

we have

Nlb

1 m
5 szW(xz -p(x) < Q_ Z 1(/7()/1 (3.3)
j=1

where D is the constant from Definition 1.5.
Inequality (3.3) is reversed if we change the signs of inequalities in (3.2).

Corollary 3.2 Let the conditions from the previous theorem hold.

(i) Ifforall s, € [, c] and sy € [c, B] the inequalities in (3.2) hold, where the function G
is defined in (1.8), then for every continuous function ¢ € K5([o, B]) the reverse
inequalities in (3.3) hold.

(ii) Ifforall s, € [a,c] and s, € [c, B] the reversed inequalities in (3.2) hold, then for every
continuous function ¢ € K5([o, B]) (3.3) holds.

Remark 3.3 Theorem 3.1 is the generalization of Levinson’s type inequality given in [5].
Namely, since the function G is convex in both variables, in the case when all p; > 0 and
g; > 0 we can apply the Jensen inequality and we see that for all 5, € [, c] and s, € [c, B]
inequalities (3.2) hold. Now from Theorem 3.1 and Corollary 3.2 we get the result from [5].
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Remark 3.4 We can replace the equality from the condition (3.1) by a weaker condition

in the analogous way as in Remark 2.3 from the previous section.

4 Converses of the Jensen inequality

The Jensen inequality for convex functions implies a whole series of other classical in-
equalities. One of the most famous ones amongst them is the so-called Edmundson-Lah-
Ribari¢ inequality which states that, for a positive measure x on [0,1] and a convex func-
tion ¢ on [m, M] (—oo0 < m < M < +00), if f is any p-measurable function on [0,1] such
that m < f(x) <M for x € [0,1], one has

1
Jo o du M-

f
T = om0

(M), (4.1)

where f = folfdu/ fol du.

It was obtained in 1973. by Lah and Ribari¢ in their paper [12]. Since then, there have
been many papers written on the subject of its generalizations and converses (for instance,
see [13] and [3]).

In [14] the authors gave a Levinson type generalization of inequality (4.1) for positive
measures. In this section we will obtain a similar result involving signed measures, with a
supplementary demand by using the Green function G defined in (1.8). In order to do so,
we first need to state a result from [11], which gives us a version of the Edmundson-Lah-

Ribaric¢ inequality for signed measures.

Theorem 4.1 ([11]) Letg: [a,b] — R be continuous function and [«, B] be an interval such
that the image of g is a subset of [a, B]. Let m, M € [a, B] (m # M) be such that m < g(t) <
M for all t € [a,b]. Let A : [a,b] — R be continuous function or the function of bounded

variation, and Aa) # M(b). Then the following two statements are equivalent:

(1) For every continuous convex function ¢ : [a, ] - R

b da M-3g g -
Ja wﬁ?ﬁ | @ _ € gm) + £ (42)
a x B -
holds, where g = %~
(2) Foralls e [a, ]
b _ _
Lu 6.9 &) < M-g Gim,s) + £ G(M,s) (4-3)
M-m M-

[P drx)

holds, where the function G : [a, 8] x [o, B] = R is defined in (1.8).

Furthermore, the statements (1) and (2) are also equivalent if we change the sign of inequal-
ity in both (4.2) and (4.3).

Note that for every continuous concave function ¢ : [o, 8] — R inequality (4.2) is re-

versed, i.e. the following corollary holds.
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Corollary 4.2 ([11]) Let the conditions from the previous theorem hold. Then the following

two statements are equivalent:

(1) For every continuous concave function ¢ : [a, 8] — R the reverse inequality in (4.2)
holds.
(2") Foralls € |a, B] inequality (4.3) holds, where the function G is defined in (1.8).

Moreover, the statements (1) and (2') are also equivalent if we change the sign of inequality
in both statements (1') and (2').

In the following theorem we give the Levinson type generalization of the upper result,
and we use a similar method to Section 2 of this paper.

Theorem 4.3 Let f: [a1,b1] — R and g: [ay,b;] — R be continuous functions, (o, 8] C
R an interval and ¢ € («, B) such that f([a1,b1]) = [m1, M1] C [, c] and g([az, b)) =
[my, M5] C [c, Bl, where my # My and my # M,. Let A: [ay,b1] - R and w: [a, b,] > R
be continuous functions or functions of bounded variation such that \(a;) # *(b1) and
wlaz) # u(by) and

S f2 @) dax)

M ~f f-m
C:= A m% + M M% o
1= 1= /“1 dr(x)
_ — by 2
My—-g g-my 2 & (x)du(x)
= m§+M - M3 - =2 o ) (4.4)
2 — My 2 — My faz du(x)

Iffor all s € [a, c] we have

bl G ’ d - f f B
o YRADE) M g T=m g g (45)
[ o M,
and for all s € [c, B] we have
by G , d _ 5 o —
., Ggx),s)dpu(x) L Mg Gy s) + S22 G(M,, s), (4.6)
Fam = om ™ i

where the function G is defined in (1.8), then for every continuous function ¢ € K{([«, 8])

we have
M, -F Fem o) drw)
M, —m plm) + My —m o fabll di(x)
b
D M,—-g g-m [l o)) dpu(x)
= EC = me(”’lz) + mfﬂ(Mz) - W- (4.7)

The statement also holds if we reverse all signs of inequalities in (4.5), (4.6) and (4.7).

Proof Let ¢ € K{([«, B]) be continuous function on [«, 8] and let ¢(x) = p(x) — %xz, where
D is the constant from Definition 1.5.
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Since the function ¢ is continuous and concave on [«, ¢] and for all s € [«, c] (4.5) holds,
from Corollary 4.2 it follows that

Jar $F@)drGx) _ py -
[lda) T Mi—m

f

¢(Wl1) + ¢(M1)

When we rearrange the previous inequality, we get

_7 7 _ b )d
AiIVIl f f iy gD(Ml) _ fal wgf(x) )‘(x)
1 — My —m f L (x

< D[ M) m; + S = M; _fabllf(x)d)\(x)]
M —m M —m fall dr(x)

(4.8)

Since the function ¢ is continuous and convex on [c, 8] and for all s € [¢, 8] (4.6) holds,
from Theorem 4.1 it follows that

Jo2 e du) _ M,y-g s
S () = My, Mz—mz(p(MZ)’

and after rearranging we get

D[Mz—g ), g-m fb”x)dux)}
- my; + M; -
2| My —my My —my f d/,L x)

Mz— ny faz (0(3 x) d;u(x)
< Mz_ngo(mz)+ Mz_mzw(Mz) 4sz di)

(4.9)

Inequality (4.7) follows directly by combining inequalities (4.8) and (4.9), and taking into
account the condition (4.4). |

Corollary 4.4 Let the conditions from the previous theorem hold.

(i) Iffor all s € [o, ] the inequality in (4.5) holds, and for all s € [c, B] the inequality in
(4.6) holds, then for every continuous function ¢ € KS([a, B]) the reverse inequalities
in (4.7) hold.

(i) Ifforallse€ [w,c] the reversed inequality in (4.5) holds, and for all s € [c, B] the
reversed inequality in (4.6) holds, then for every continuous function ¢ € K5([a, 8])
the inequalities in (4.7) hold.

Remark 4.5 It is obvious from the proof of the previous theorem that if we replace the
equality (4.4) by a weaker condition

- 7 b1 g2
D[ M, - _ 112 () ()
c1;=—[ A N LV flfb ]
My —m My —m fall dr(x

D[ M- , Z-m 5 o "ng(x)du(x)] w10)

<G:=
- 2[M2—m2 2T My-my P szdux)
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then (4.7) becomes

_ - b
M -f f-m S o(f (@) da(x)
Mil o o(my) + Mil — m1§0(M1) - —fbl 20(0)

My -3 7- o @ du(x
cC<C e MR o Em fz‘g—.
My —my My —my faz du(x)

Since ¢”(c) <D < ¢! (c) (see [5]), if additionally ¢ is convex (resp. concave), the condition
(4.10) can be further weakened to

M-f L, Fom o ) d()
JyAm my + M= 1 I
1= 1= fa dir(x)

- — by 2 d
§ Nﬁ—gné+ E-m o [, &) M@)
My —my My —my f dp(x)

5 Discrete form of the converses of the Jensen inequality
In this section we give the Levinson type generalization for converses of Jensen’s inequality
in discrete case. The proofs are similar to those in the integral case given in the previous
section, so we give these results with the proofs omitted.

As we can represent any function ¢: [a, 8] — R, ¢ € C%([«, 8]), in the form (1.9), where
the function G is defined in (1.8), by some calculation it is easy to show that the following
holds:

1 o b-% X-a
B ;piw(x» ~ 9@~ — o)

Bl1 - o N
:/a (17" ;:PiG(xi,s) - mG(a,s)— mG(b,s))(p (s)ds.

Using that fact the authors in [11] derived analogous results of Theorem 4.1 and Corol-
lary 4.2 for discrete case.
In [14] the authors obtained the following Levinson type generalization of the discrete

Edmundson-Lah-Ribari¢ inequality.

Theorem 5.1 ([14]) Let oo <a <A <c<b < B < +oo. If x; € [a,A], y; € [b,B], p; > 0,
q>0fori=1,...,nandj=1,...,maresuchthat 3 p;=3" q;=1and

A—‘
A—a

B be quyl’

where X =Y, pix; and y = 3, qy;, then for every f € K5(a, B) we have

%{;ﬂm fM) Epwu»_B ﬂm B bﬂ& E:%ﬂ%
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Our first result is a generalization of the result from [14] stated above, in which it is al-
lowed for p;, g; to also be negative, with the sum not equal to zero, but with supplementary
demands on p;, g; and x;, y; given by using the Green function G defined in (1.8).

Theorem 5.2 Let [«, B] C R be an interval and c € («, B). Let x; € [ay, b1] C [a,c], a1 # by,
pieR(i=1,...,n),andy; € [as, by] C [c,B], a2 #bs,q; € R (j =1,...,m) be such that P, #0

and Q,, #0 and
C bl —-X 2 + X — 6{1 Z
= a 3
b1 -m 1 pix
by-y , y-ar , 1 . 2
= as + b5 — — Y (5.1)
by—ay ° by-ay ° Qu ;q]y]

Iffor all s € [«, c] we have

— ZplG(x,,s) < G(al, )+ L G(by,s), (5.2)
1— a1
and for all s € [c, B] we have
- iq'G(y»S) <oy Glay,s) + Y- G(by,s), (5.3)
Q3 P T by —ay by —ay

where x = i S Pk Y = Q%n Z]'Zl q;yj and the function G is defined in (1.8), then for every
continuous function ¢ € K{([o, B]) we have

b
bf (@) +s w(bl) -— Zp,go(xl
D by -y y—a
= EC = by —ay <,0(ﬂ2) by — ﬂZ 2 Qm Z_:q](p(y] (54)

The statement also holds if we reverse all signs of the inequalities in (5.2), (5.3), and (5.4).

Remark 5.3 If we set all p;, g; to be positive, then Theorem 5.2 becomes the result from
[14] which is stated above in Theorem 5.1.

Corollary 5.4 Let the conditions from the previous theorem hold.

(i) Ifforalls € |a,c] inequality (5.2) holds and for all s € [c, B] inequality (5.3) holds,
then for every continuous function ¢ € K5([«, B]) the reverse inequalities in (5.4)
hold.

(ii) Ifforalls € [w,c] the reversed inequality in (5.2) holds and for all s € [c, B] the
reversed inequality in (5.3) holds, then for every continuous function ¢ € IC5([«, 8])
(5.4) holds.

Remark 5.5 We can replace the equality from the condition (5.1) by a weaker condition
in the analogous way as in Remark 4.5 from the previous chapter.
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6 The Hermite-Hadamard inequality
The classical Hermite-Hadamard inequality states that for a convex function ¢: [a,b] — R
the following estimation holds:

b
w(‘”b) < [ owar= M (6.1)

Its weighted form is proved by Fejér in [15]: If ¢: [4,b] — R is a convex function and
p: [a,b] — R nonnegative integrable function, symmetric with respect to the middle point
(a + b)/2, then the following estimation holds:

b b
w(“; b) / () da < / o ()p(x) dx W“‘”“’) / (x) d. 62)

Fink in [16] discussed the generalization of (6.1) by separately looking the left and right
side of the inequality and considering certain signed measures. In their paper [17], the
authors gave a complete characterization of the right side of the Hermite-Hadamard in-
equality.

Rodi¢ Lipanovié, Pecarié, and Peric¢ in [11] obtained the complete characterization for
the left and the right side of the generalized Hermite-Hadamard inequality for the real
Stieltjes measure.

In this section a Levinson type generalization of the Hermite-Hadamard inequality for
signed measures will be given as a consequence of the results given in Sections 2 and 4.

Here we use the following notation:

. f“xdxw> [P ydut)

and y= .
) 2 du(y)

Corollary 6.1 Let [, 8] C R be an interval and c € (o, B) and let [a1,b] C

(o, c] and
[as, b2] € [c, B]. Let A: [a1,b1] — R and w: [az, by] — R be continuous functions or func-
tions of bounded variation such that *(a1) # A(b1), u(az) # u(by) and x € [a,c], y € [c, B],
and such that

fb1 2dk( ) S ff;yZdM(y) L
X = — .

C.c - 6.3
o 122 du(y) ©3
Iffor all 5, € [, c] and for all s, € [c, B] the inequalities
"L G(x, 51) dn "2 Gly,52)d
G(% s) < M and G(3,87) < w (6.4)
f L d)(x) f > dul(y)

hold, where the function G is defined in (1.8), then for every continuous function ¢ €
K{([«, B]) we have

fao@dis) D[ e0)dut)

— (). 6.5
Paow 05Ty Y (62

The statement also holds if we reverse all signs of the inequalities in (6.4) and (6.5).
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Remark 6.2 Let the conditions from the previous corollary hold.
(i) If for all 5; € [, c] and s € [c, B] inequalities (6.4) hold, then for every continuous
function ¢ € K5([a, B]) the reverse inequalities in (6.5) hold.
(i) Ifforalls; € [, c] and s, € [c, B] the reversed inequalities in (6.4) hold, then for
every continuous function ¢ € KC5([«, 8]) (6.5) holds.

Note that for the Levinson type generalization of the left-side inequality of the general-
ized Hermite-Hadamard inequality it is necessary to demand that ¥ € [«, c] and y € [c, B].

Remark 6.3 Ifin Remark 2.3 we put f(x) = x and g(x) = x, we can obtain weaker conditions
instead of equality (6.3) under which inequality (6.5) holds.

Similarly, from the results given in the fourth section we get the Levinson type gen-
eralization of the right-side inequality of the generalized Hermite-Hadamard inequality.
Here we allow that the mean value x goes outside of the interval [«, c] and y outside of the

interval [c, B].

Corollary 6.4 Let [o, 8] € R be an interval and c € («, B), and let (a1, 0] C [, c] and

[az, b2] € [c, B]. Let A: [a1,b1] — R and w: [az,by] — R be continuous functions or func-
tions of bounded variation such that M(a;) # *(b1) and p(ay) # (be) and such that

b
bl—ﬁ? 2 5(3—&11 2 fallxzd)‘(x)

C:= ai + -
bi—ar ' bi-a ! f:}l dr(x)

- - by 2
by - - du(y)
S e A B i bg—f”bzy ) (6.6)
by —ay by —ay faz du(y)
Iffor all s € [a, c] we have
by - ~
G(x,s) dr(x) _ _
Jo h < 7% Glans) + 22 Gy, ), (6.7)
[ d(x) by -a by —ay
and for all s € [c, B] we have
by - -
G(y,s)du(y) _ _
Je DIIO) _ b2 i g I g, (6.8)
S du(y) by —ay by —ay

where the function G is defined in (1.8), then for every continuous function ¢ € K{([«, 8])

we have
by - i P St () dax)
plar) + p(b) - ——
h-a b-a [P )
- - by
D by — - )du(y)
<202 22 ga) + L2 4(y) - Je f(y v . (6.9)

2 by —ay by —ay fa; du(y)

The statement also holds if we reverse all signs of the inequalities in (6.7), (6.8) and (6.9).
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Remark 6.5 Let the conditions from the previous theorem hold.

(i) If for all s € [o, c] inequality (6.7) holds and for all s € [c, 8] inequality (6.8) holds,
then for every continuous function ¢ € K5([«, B]) the reverse inequalities in (6.9)
hold.

(ii) If for all s € [, ] the reversed inequality in (6.7) holds and for all s € [c, 8] the
reversed inequality in (6.8) holds, then for every continuous function ¢ € K5([e, 8])
(6.9) holds.

Remark 6.6 Ifin Remark 4.5 we put f(x) = x and g(x) = x, we can obtain analogous weaker

conditions instead of equality (6.6) under which inequality (6.9) holds.

It is easy to see that for A(x) = x and u(x) = x the conditions (6.4), (6.7) and (6.8) are
always fulfilled. In that way we can obtain a Levinson type generalization of both sides in

the classical weighted Hermite-Hadamard inequality.

Corollary 6.7 Let [«, ] € R be an interval and c € (a, 8), and let [a1,b1] C [a,c] and
[ﬂ2, b2] g [C’ IB]'
(i) IfC:= é(bg —a)? = é(bl —a1)? holds, then for every continuous function

¢ € Ki([o, 1)

1 b ﬂ1+b1
oo [, oeel(*57)

D 1 by 612+l’)2
<-Cc< dx - .
=3 _bz_@/az p(x)dx w( 5 )

(i) IfC:= é(bg —ay)? = é(bl —m)? holds, then for every continuous function

¢ € Ki([o, 1)

b
<P(6l1)+</7(b1)_ 1 / o(x) dx

2 b1 —a)

ay

by
§§C§¢(a2)+¢(b2)— 1 / o) .

2 bz—&lz

az

If ¢ € K5([o, B]), then the inequalities in (i) and (ii) are reversed.

7 The inequalities of Giaccardi and Petrovic

The well-known Petrovi¢ inequality [18] for convex function f: [0,4] — R is given by

> flx) Sf(ZM) +(n=1)f(0), (7.1)
i-1 i1

where x; (i = 1,...,n) are nonnegative numbers such that x;,...,x,, Y -, %; € [0,4].

The following generalization of (7.1) is given by Giaccardi (see [3] and [19]).
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Theorem 7.1 (Giaccardi, [19]) Let p = (p1,...,pn) be a nonnegative n-tuple and x =
(%1, ...,%,) be a real n-tuple such that

n
(xi—xo)(Zp/xj—xi> >0, i=1,...,n,
j=1

n n
X0, Zpixi €la,b] and Zpixi #%0.
i=1

i=1

Iff: [a,b] — R is a convex function, then

> pf ) < Af (Zm) - B(Zpi - 1)/(xo), (7.2)
i=1

i=1 i=1
where

A= Z:l:1pi(xi —%0) B= Z?:lpixi

> i1 Di%i = Xo > Di%i = %o '
In this section we will use an analogous technique as in the previous sections to obtain
a Levinson type generalization of the Giaccardi inequality for n-tuples p of real numbers
which are not necessarily nonnegative. As a simple consequence, we will obtain a Levinson

type generalization of the original Giaccardi inequality (7.2). In order to do so, we first need
to state two results from [11].

Theorem 7.2 ([11]) Let x; € [a,b] C (o, B), a # b, p; € R (i = 1,...,n) be such that P, # 0.
Then the following two statements are equivalent:

(1) For every continuous convex function f : [, B] = R

1 « b—x X —
5 D pf) < g —f(a) + T—f(b) 7.3)
"=l
holds.
(2) Forallse |a,B]
LS G < L Gl + %G (7.4)
E;pl Xiy S _m a,s +m , S .

holds, where the function G : [a, B] X [o, B] — R is defined in (1.8).
Moreover, the statements (1) and (2) are also equivalent if we change the sign of the inequal-
ity in both inequalities, in (7.3) and in (7 .4).
Corollary 7.3 ([11]) Under the conditions from the previous theorem, the following two

statements are also equivalent:

(1) For every continuous concave function ¢ : [a, B] — R the reverse inequality in (7.3)
holds.
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(2') Foralls € |a, B] inequality (7.4) holds.
Moreover, the statements (1) and (2) are also equivalent if we change the sign of inequality

in both statements (1') and (2').

Our first result is a Levinson type generalization of the Giaccardi inequality for n-tuples

p and m-tuples q of arbitrary real numbers instead of nonnegative real numbers.

Theorem 7.4 Let [«, 8] C R be an interval and ¢ € (a, 8) such that [a1,b,] C [«,c] and
[az, B3] € [c, B]. Let p and x be n-tuples of real numbers, and let q and y be m-tuples of
real numbers such that P, =Y ;- pi 70, Qu =Y -1 q; #0, and

(xj—xo)(Zpixi—x/) >0 (j=1...,n);
i=1

n n
%0, Zpixi € [a1, bi]; Zpixi 7 Xo;
i1

i=1

0’}"3’0)(2%% —y;) >0 (j=1,...,m);

i=1

Y0, Zqij/i € [az, by]; qu 7 ¥o.
i-1

i=1

Let
n 2 n n
C:= Al (me) + Bl (Zp, - l)xé - Zp,-x?
i=1 i=1 i=1
m 2 m m
=4y (Z q/yj) + By (Z q; - 1)3’3 - ) (7.6)
j=1 j=1

J=1

where
>y Pilxi — xo) Yo Pii
A =T5—— Bl ——
i1 PiXi = Xo Y pi%i — Xo o
s > a0 — o) B a9y ’
2= ) 2= .
4= Yo gy = Yo

IfP, - Q> 0 and for all s € [a, B] and the function G defined in (1.8) the inequalities

Y piGlx,s) <AIG (Z i s) +By (Zpi - 1) G(xo, s), (7.8)
i=1 i=1

i= i=1

Z q/G()/j,S) < AzG(Z qiYj» S) + By (Z qi— 1) G()/o,s), (79)

Jj=1 Jj=1 Jj=1
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hold, then for every continuous function ¢ € K{([o, B]) we have
Arp (Zpixi) + B, (Zlﬂi - 1) (x0) — Y pio(x:)
i-1 i=1 i=1
D m
=5C=4 (Z q;y;) + By (Z qi - 1) 0(0) = > qip ). (7.10)
j=1

The statement also holds if we reverse all signs of the inequalities in (7.8), (7.9), and (7.10).

Proof We follow the same idea as in the proof of Theorem 4.3 from Section 4. We apply
Theorem 7.2 and Corollary 7.3 to the function ¢ (x) = ¢(x) — §x2, which is concave on [, ]
and convex on [c, B]. We set a = min{xo, Y ., pixi}, b = max{xo, Y ., pix;} on [«,c], and

then we set a = min{yy, Z]'Zl gjy;} and b = max{yo, Y, q;;} on [c, B], as well as consider

J
the signs of P, and Q,,. We omit the details. O

Corollary 7.5 Let the assumptions from the previous theorem hold.
(i) IfPy>0and Q,, <0 and if for all s € [a, B] inequality (7.8) holds and inequality
(7.9) is reversed, then (7.10) holds.
(ii) If Py <0 and Q,, >0 and if for all s € [a, B] inequality (7.8) is reversed and
inequality (7.9) holds, then (7.10) holds.
Statements (i) and (ii) also hold if we reverse the signs in all of the inequalities.

Corollary 7.6 Let the assumptions from the previous theorem hold.
i) If Py - Q>0 and if for all s € [«, B] inequalities (7.8) and (7.9) hold, then for every
continuous function ¢ € K5([o, B]) the reversed inequality in (7.10) holds.

(ii) IfPy- Qum >0 and ifforall s € (o, B] inequalities (7.8) and (7.9) are reversed, then for
every continuous function ¢ € K5([er, B1) (7.10) holds.

(iii) If Py, >0 and Q. <0 and if for all s € [, B] inequality (7.8) holds and inequality
(7.9) is reversed, then for every continuous function ¢ € K5([o, B]) the reversed
inequality in (7.10) holds.

(iv) IfP, <0 and Q,, > 0 and if for all s € [, B] inequality (7.8) is reversed and
inequality (7.9) holds, then for every continuous function ¢ € K5([e, 8]) the reversed
inequality in (7.10) holds.

Statements (iii) and (iv) also hold if we reverse the signs in all of the mentioned inequalities.

Remark 7.7 One needs to notice that if we set p; (i=1,...,n) and g; (j=1,...,m) to be
positive, Theorem 7.4 becomes the Levinson type generalization of the original Giaccardi

inequality (7.2).

Remark 7.8 As in the previous sections, we can replace the equality (7.6) by a weaker

condition

C1:=§|:A1<inl x,) +Bl(2pl—1)x0 Zp, }

<Cyi= { (Z q,y,) +B, (qu - l)y% - Zq/yf} (7.11)
j=1 j=1
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and then (7.10) becomes

Arp (szxl) +By (sz - 1) Zpl W) <G
<G< A2<P(Z qm) +By (Z g~ l)w(yo) - a9
j=1 j=1 j=1

Since ¢”(c) < D < ¢/(c) (see [5]), if additionally ¢ is convex (resp. concave), the condition
(7.11) can be further weakened to

n 2 n n
A (Zp,-xl) + B (Zp,' - l)xé - Zpix%
i=1 i=1 i=1
m 2 m m
<A, (Z qjyj> +B, (Z g - 1)% - ap;
j=1 j=1 j=1

8 Mean-value theorems
Let f: [a1,01] — R and g: [ay,b2] — R be continuous functions, [«, 8] € R an interval
and ¢ € (&, B) such that f([a1,b1]) = [m1, Mi] C e, c] and g([az, b2]) = [m2, M>] < [c, B].
Let A: [a1,b1] — R and u: [a,, b2] — R be continuous functions or functions of bounded
variation such that A(a;) # A(b1) and p(ay) # (by), and let ¢ € K{([«, B]) be a continuous
function.

Motivated by the results obtained in previous sections, we define the following linear
functionals which, respectively, represent the difference between the right and the left
side of inequalities (2.3) and (4.7):

[ZoE@)dut) _ [Te(f)dix)
r = 2— - 1— , 8.1
1(9) sz e P(@) - fb1 D (8.1)
wherej_” €la,cl, g€ lcBl;
i S22 0(@(x)) du(x)
Terr(p) = M2 Qﬂ(mz) + Mz <ﬂ( 2) — W
M, —-f Fom S0 o(f (%) din(x)
~ ML @(m;) - My =, (M) + —fbl o (8.2)

where m, # My and my # M.
We have:
(i) Ty(¢) >0, when (2.1) holds and for all s; € [o, ], 52 € [¢, B] (2.2) holds;
(if) Tgrr(e) > 0, when (4.4) holds, and for all s € [«, ¢] (4.5) holds and for all s € [c, B]
(4.6) holds.
In the following two theorems we give the mean-value theorems of the Lagrange and
Cauchy type, respectively.

Theorem 8.1 Let f: [a1,b1] — R and g: [az, by] — R be continuous functions, (o, 8]
R an interval and c € («, B) such that f([a1,b1]) = [m1, M1] C [, c] and g([az,b,]) =
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[my, M3] C [, B]. Let &: [a1,b1] — R and p: [ay, by] — R be continuous functions or func-
tions of bounded variation such that M(a1) # M(b1), u(az) # w(be). Let 'y and T'g1r be linear
functionals defined above, and let ¢ € C*([a, B]).
(i) If(2.1) holds and for all s, € [« c], 53 € [c, B] (2.2) holds, then there exists & € [, B]
such that

Ty(g) = (8.3)

¢///(§1) I:f:; g?’(JC) dju(x) fblfg(x) drx +J_c3 _ '3]
6 [ dp () Jur g'

(il) If(4.4) holds, and for all s € [«, c] (4.5) holds and for all s € [c, B] (4.6) holds, then
there exists & € [«, B] such that

</>”’(€z)[ My=§ 5 E-my 5 2 g3 du()

F =
eLr(9) My—my 2 My—my 2 sz du(x)

CM—f L Fem o S x)dx(x)} 64

1 1t )
My —m M —m f di

Proof Since ¢""(x) is continuous on [¢, 8], it attains its minimum and maximum value on
[a, B], i.e. there exist m = minye[q,p) ¢ (¥) and M = max,e[a,p) ¢ (x). The functions ¢y, ¢, :
[e, B] — R defined by

m M

P1(x) = p(x) — gxs and  ¢y(x) = e o(x)
are 3-convex because ¢;"(x) > 0 and ¢}’(x) > 0, so from Remark 1.6 it follows that they
belong to the class Kf([«, B]). From Theorem 2.1 it follows that I';(¢;) > 0 and I';(¢2) > 0,
and from Theorem 4.3 it follows that I'gir(¢1) > 0 and I'err(@2) > 0 and so we get

1)) = Ty(e) < %F’(@’ (8.5)
2P (@) = Tan(e) < ]‘6—4rm(¢>, (8.6)

where @(x) = x>. Since the function ¢ is 3-convex, we have ¢ € K¢([«, B]), so by apply-
ing Theorem 2.1 (resp. Theorem 4.3) we get I';(¢) > 0 (resp. I'eLr(¢) > 0). If T'y(¢) = 0
(resp. TeLr(@) = 0), then (8.5) implies I';(¢) = 0 (resp. (8.6) implies 'gLr(¢) = 0), so (8.3)
(resp. (8.4)) holds for every & € [, B]. Otherwise, dividing (8.5) by I';(¢) > O (resp. (8.6)
by I'er(@) > 0) we get

cy\|§

I'y(p) M M m _ Fer(p) M
T S (reSp 6 = Ter@) — 6)

n

and continuity of ¢” ensures the existence of & € [«, 8] satisfying (8.3) (resp. & € [«, ]
satisfying (8.4)). O

Theorem 8.2 Let the conditions from Theorem 8.1 hold. Let ¢,y € C3([a, B]). If () #0
and Tg r(¥) # 0, then there exist &1, &, € [a, B] such that

Ty(e) 9" (&)

) e TV
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and

Ter(e) ¢ (6)

= n — " =0.
Ter(W) ¥ (&) " (&) =¥ (&)

Proof Let us define a function x € C3([a, B]) by x(x) = [';(¥)@(x) — [';(¢)¥ (x). Due to the
linearity of I'; we have I';(x) = 0. Theorem 8.1 implies that there exist &;,§ € [«, 8] such

that
000 = & f”mz),
) = 2 6(5)&(@,

where @(x) = x3. Now we have I';(¢) # 0, because otherwise we would have I';(y) = 0,
which is a contradiction with the assumption I';(y) # 0. So we have

X" (&) =T;(¥)e" (&) - TH@)y" (&) = 0,

and this gives us the first claim of the theorem. The second claim is proved in an analogous
manner, by observing the linear functional I'g g instead of T';. O

Remark 8.3 Note that if in Theorem 8.2 we set the function v to be ¥ (x) = x3, we get
exactly Theorem 8.1.

Remark 8.4 Note that if we set the functions f, g, A, and u from our theorems to fulfill
the conditions from Jensen’s integral inequality or Jensen-Steffensen’s, or Jensen-Brunk’s,
or Jensen-Boas’ inequality, then - applying that inequality on the function G which is con-
tinuous and convex in both variables - we see that in these cases for all s; € [a, ], s; € [c, B]
inequalities in (2.2) hold, and so from our results we directly get the results from the paper
[10].

Remark 8.5 If in the definition of the functional I'; (resp. ['grr) we set f(x) = x and g(x) =
x, then we get a functional that represents the difference between the right and the left
side of the left-hand part (resp. right-hand part) of the generalized Hermite-Hadamard
inequality. In the same manner, adequate results of Lagrange and Cauchy type for those
functionals can be derived directly from Theorem 8.1 and Theorem 8.2.

8.1 Discrete case
Let [, ] CRand c € (@, B). Let x; € [a1,b1] C [, c], p; € R (i =1,...,7n) be such that P, #
0, and let y; € [a2, 2] C [c, B], g € R (j=1,...,m) be such that Q,, #0. Let ¢ € K{([, B])
be a continuous function.

As before, motivated by the discrete results obtained in previous sections, we define the
following linear functionals which, respectively, represent the difference between the right
and the left side of inequalities (3.3), (5.4), and (7.10):

()= = Y aw) = 5 Dopes) + o) - o) (8.7)
" =1 "=l
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where x € [«,c], y € [¢, B];

b2 y — 1 "
Pourp () = - -9(aa) + g (ba) = o= ;qﬂp(y;)

X 1
o P = g o)+ 5 ) pil), (8.8)

where a; # b; and a, # b;

L) = Az (Z 61;‘)’;'> +B) (Z qi - 1)‘/’0’0) - Z q;9(y))

j=1 j=1 j=1
—Am(Zm) - B (Zpi - 1>§0(x0) + Y piolx), (8.9)
i=1 i=1 i=1

where the conditions (7.5) hold and A;, Bi, A,, By are defined in (7.7).
We have:
(i) Ty,(p) =0, when (3.1) holds and for all 5, € [a,c], s € [c, B] (3.2) holds;
(ii) Terry(@) = 0, when (5.1) holds, and for all s € [«, c] (5.2) holds and for all s € [c, B]
(5.3) holds;
(iii) T'g(p) > 0, when P, - Q,, > 0 and (7.6) holds, and for all s € [«, 8] (7.8) and (7.9)
hold.
The following two results are mean-value theorems of the Lagrange and Cauchy type,
respectively, and they are obtained in an analogous way to the theorems of the same type

in the previous sections, so we omit the proof.

Theorem 8.6 Let (o, 8] C R be an interval and c € («, B). Let x; € [ay,b1] C [a,c], p; € R
(i=1,...,n) be such that P, # 0 and let y; € [az, by] € [c,B], g € R (j=1,...,m) be such
that Q,, #0. Let Iy, T'erry,, and U be the linear functionals defined above, and let ¢ €
C3([a, B)).
(i) If (3.1) holds and for all s, € [a,c], sz € [¢, B] (3.2) holds, then there exists & € [, B]
such that

///(é— ) 1 m 1 n _ _
Cole) = | oo 240}~ 5 Pt + -7 | (8.10)
" =1 |

(i) If(5.1) holds, and for all s € [, c] (5.2) holds and for all s € [c, B] (5.3) holds, then
there exists & € [a, B] such that

¢"E)| b=y 5 F-a ;1 <~ g
r - - =g
LRy (¢) 6 by —ay “r by—ay * Qu i1 i

bt g Sy, % 3 pixﬂ, (8.11)
"oin1

b —ay ! b —a
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(iii) If Py - Qu >0 and (7.6) holds, and for all s € [, B] (7.8) and (7.9) hold, then there
exists &3 € [, B] such that

m 3 m m
elp) =2 fg) |:A2 (Z 61;')’;’) + By (Z qj - 1)3’3 - Z 45;
j=1

j=1 j=1

n 3 n n
-4 (Z pixl) -B (Z pi— 1>x§; £y pix?]. (8.12)
i=1 i=1 i=1

Theorem 8.7 Let the conditions of Theorem 8.6 hold and let ¢,y € C*([a, B]). Iy, (y) #
0, Cerrpy (W) # 0, and T'g(Y) # 0, then there exist &1,&,&; € [, B] such that all of the fol-
lowing statements hold:

Up(@) _ ¢"(&)
() ¥"(&)
Cerrp (@) _ ¢" (&)
Cerr, (W) ¥ (&2)
I'cle) _ ¢ (&3)
Le(y)  ¢"(&)

or ¢"(&)=vy"(&)=0, (8.13)

@"(&) =¥" (&) =0, (8.14)

" (&) =¢" (&) =0. (8.15)

Remark 8.8 Note that if in Theorem 8.7 we set the function v to be ¥ (x) = x>, we get
exactly Theorem 8.6.

As a consequence of the previous two theorems, we now give some further results in
which we give explicit conditions on p;,x; (i=1,...,n) and g;,§; (j = 1,...,m) for (8.10) and
(8.13) to hold, where using the properties of the function G we can skip the supplementary
conditions on that function.

Corollary 8.9 Letx; € [a,cl,p; e R* (i=1,...,n)and y; € [c,Bl,q; eR* (j=1,...,m), and
let , ¥ : [a, B] —> R.

() If(3.1) holds and ¢ € C3([a, B]), then there exists £ € [a, B] such that (8.10) holds.

(ii) If (3.1) holds and ¢, € C3([at, B), then there exists & € |, B] such that (8.13) holds.

Proof Note that p;,q; > 0 implies that x € [«,c] and y € [c, 8], so we can set the interval
[a1,b1] to be [« c] and [ay, b,] to be [c, B]. The function G is convex, so by Jensen’s in-
equality we see that the inequalities in (3.2) hold for all s; € [« ], 52 € [¢, B]. Now we can
apply Theorem 8.6 and Theorem 8.7 to get the statements of this corollary. O

Corollary 8.10 Let (xy,...,x,) be monotonic n-tuple, x; € [a,c] (i =1,...,n) and (y1,...,Ym)
be monotonic m-tuple, y; € [c, B] (j=1,...,m). Let (py,...,p,) be a real n-tuple such that

0<P<P, (k=1,...,n),P,>0,
and (q1,...,qm) be a real m-tuple such that
0<Qr<Q, (k=1,...,m),Q,>0.

Let o,V : (o, B] = R.
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() If(3.1) holds and ¢ € C3([a, B]), then there exists & € [a, B] such that (8.10) holds.
(ii) If (3.1) holds and ¢, € C*([a, B), then there exists & € [, B] such that (8.13) holds.

Proof Suppose that x; > xy > --- > x,,. We have

Pyr—%) =) pile—x) =) (%1 —%)(Py = P1) = 0
i=2 j=2

so it follows that x; > X. Furthermore,

n-1 n-1
Py(x —x,) = Zpi(xi — %) = Z(x] - xj+1)Pf =0,
i=1 J=1

so x > x,. We see that we have obtained x,, < X < x;, that is, ¥ € [, c]. In an analogous
way we can get y € [c, B]. Therefore, as well as in the proof of the previous corollary, we
can set the interval [a, ;] to be [« c] and [ay, 2] to be [c, B]. By the Jensen-Steffensen
inequality we see that for the convex function G the inequalities in (3.2) hold for all s; €
[, c], 52 € [¢, B]. Now the statements of this corollary follow directly from Theorem 8.6
and Theorem 8.7. O
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