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1 Introduction

Generally speaking, differential equations with singularities have been considered from
the very beginning of the discipline. The main reason is that singular forces are ubiquitous
in applications, gravitational and electromagnetic forces being the most obvious examples.
In 1979, Taliaferro [1] discussed the model equation with singularity

t
y’/+$=0, O0<t<l, (1.1)

subject to

$(0) = 0 = y(1),

and obtained the existence of a solution for the problem. Here & > 0, g € C(0,1) withg > 0
on (0,1) and fol t(1 - £)q(t) dt < co. We call it the equation with the strong force condition
if > 1 and we call it the equation with the weak force condition if 0 < & < 1.

Ding’s work has attracted the attention of many specialists in differential equations.
More recently, topological degree theory [2—4], the Schauder fixed point theorem [5, 6],
the Krasnoselskii fixed point theorem in a cone [7-9], the Poincaré-Birkhoff twist theorem
[10-12], and the Leray-Schauder alternative principle [13-15] have been employed to in-
vestigate the existence of positive periodic solutions of singular second-order, third-order
and fourth-order differential equations. In 1996, using coincidence degree theory, Zhang
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[2] considered the existence of T-periodic solutions for the scalar Liénard equation

& (t) + f (x(2))x (¢) + g(¢,%(2)) = 0,

when g becomes unbounded as x — 0*. The main emphasis was on the repulsive case,
i.e. when g(t,x) — +00, as x — 0*. In 2007, Torres [5] studied singular forced semilinear
differential equation

&' +a(t)x = f(t,x) + e(r). (1.2)

By the Schauder fixed point theorem, the author has shown that the additional assumption
of a weak singularity enabled new criteria for the existence of periodic solutions. After-
wards, Wang [3] investigated the existence and multiplicity of positive periodic solutions
of the singular systems (1.2) by the Krasnoselskii fixed point theorem. The conditions he
presented to guarantee the existence of positive periodic solutions are beautiful. Recently,
Cheng and Ren [14] discussed a kind of fourth-order singular differential equation,

V() +ax" (t) + bx'(t) + cx/ (¢) + dx(t) = f (£, x(2)) + e(t). 1.3)

By application of Green’s function and some fixed point theorems, i.e., the Leray-Schauder
alternative principle and Schauder’s fixed point theorem, the authors established two exis-
tence results of positive periodic solutions for nonlinear fourth-order singular differential
equation.

Motivated by [2, 3, 5, 14], in this paper, we consider the high-order p-Laplacian differ-
ential equation with singularity

(2o (%)) + £ (x(0))x' (2) + g (£, x(t — 0)) = e(t), (1.4)

where p > 2, ¢, (x) = [x|P~2x for x # 0, and ¢, (0) = 0; g is continuous function defined on R?
and periodic in ¢ with g(¢,-) = g(t + T, -), g has a singularity at x = 0; o is a constant and 0 <
o0 < T; e:R — R are continuous periodic functions with e(¢ + T) = e(f) and fOT e(t)dt =0.
T is a positive constant; # is positive integer.

The paper is organized as follows. In Section 2, we introduce some technical tools and
present all the auxiliary results; in Section 3, by applying coincidence degree theory and
some new inequalities, we obtain sufficient conditions for the existence of positive peri-
odic solutions for (1.4), an example is also given to illustrate our results. Our new results

generalize in several aspects some recent results contained in [2, 3, 5].

2 Lemmas

For the sake of convenience, throughout this paper we will adopt the following notation:

, |u|o = min |u(t)

|t|s = max ’u(t)
te[0,T]

te[0,T]

T 5 1 (T
|u|p:</ |u|pdt> , h:—/ h(t)dt.
0 T Jo

)
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Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm operator with
index zero, here D(L) denotes the domain of L. This means that ImL is closed in Y and
dimKerZ = dim(Y/ImL) < +o0o. Consider supplementary subspaces X3, ¥; of X, Y, respec-
tively, suchthat X =Ker L@ X;, Y =ImL@ Y;.Let P: X — KerL and Q: Y — Y] denote the
natural projections. Clearly, Ker L N (D(L) N X;) = {0} and so the restriction Lp := L|p()nx,
is invertible. Let K denote the inverse of Lp.

Let Q be an open bounded subset of X with D(L) N Q # . A map N : Q@ — Y is said to
be L-compact in Q if QN(L2) is bounded and the operator K(I — Q)N : @ — X is compact.

Lemma 2.1 (Gaines and Mawhin [16]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx #ANx, Vx € 9Q N D(L), A € (0,1);

(2) Nx¢ImL,Vx € dQNKerL;

(3) deg{JQN,Q2NKerL,0} #0, where ] : Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in @ N D(L).

Lemma 2.2 ([17]) If v € CH(R,R) and (0) = o(T) = 0, then

T T p T
/0 |w(t)|pdt§(n—p) /0 WO dt,

f(p 1)/p ds _ 2a(p-D)P
a-Lyup = psin(aip)
p-1

wherel < p <00, 7, =2

Lemma 2.3 Ifx(t) € C"(R,R) and xV(t + T) = x9(t),j = 0,1,2,...,n -1, then

p(n—i)
/[x”t)]pdt<< ) /|x OFdt, i=12...n-1

Proof From x09(0) = x“1(T), there is a pomt t; € [0, T] such that x9(¢) = 0. Let w;(¢) =
#9(t+1;), and then w;(0) = w;(T) = 0. From x?(0) = ¥ (T), there is a point t;,; € [0, T] such
that 2 (t,1) = 0. Let w1 (t) = xX@D(¢ + t;,1), and then w;,1(0) = w;,1(T) = 0. Continuing
this way we get from x"~(0) = x"~)(T) a point ¢,_,; € [0, T] such that x"(¢,_;,;) = 0. Let
wni(t) = 2" (¢ + £,_;,1), and then w,_;(0) = w,_;(T) = 0. From Lemma 2.2, we have

T ) T
/yWWWm:f|@me
0 0

Page 3 of 13
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pn=i) »T
(5) [ lehaora
7Tp 0

(n=i) pT
_ <n1>p /0 I (0)? d. 1)
b

In order to apply coincidence degree theorem, we rewrite (1.4) in the form

2 (8) = g, (xa(2)),

o (2.2)
Xy (t) = =f (1 (£))x) (1) — g(t, %1 (t = 0)) + e(2),

where 1% + é = 1. Clearly, if x(t) = (x1(),x2(¢)) " is a T-periodic solution to (2.2), then x;(¢)
must be a T-periodic solution to (1.4). Thus, the problem of finding a T-periodic solution
for (1.4) reduces to finding one for (2.2).

Now, set X = {x = (x(£),%2(t)) € C(R,R?) : x(t + T) = x(¢)} with the norm |¥|s =
max{|#1|oos [%2]00); ¥ = {x = (x1(£),%2()) € CL(R,R?) : x(t + T) = x(¢)} with the norm ||x| =
max{|x|oo, [¥'|co}. Clearly, X and Y are both Banach spaces. Meanwhile, define

L:D(L)={xe C*(R,R*):x(t+ T)=x(t),teR} CX > Y

by

(n)
_[* (t)
(Lx)(t) = <x(2n)(t))
and N: X — Y by

(2.3)

(Nx)(t) = Pq(%2(2))
—f )% () - g(t, i (t— o)) +elt))

Then (2.2) can be converted into the abstract equation Lx = Nx. From the definition of L,
one can easily see that

T
~ T2 _ . 1) (0
KerL = R, ImL—{ye Y./(; <y2(5)> ds = (O)}

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R? be
defined by

0 1 [T
Dy = x1(0) ; Qy=— / y1(S) ds,
%2(0) T Jo \»2s)
then ImP = Ker L, Ker Q = ImL. Setting Lp = L|p(1)nkerp and LI‘,I: ImL — D(L) denoting
the inverse of Lp, then

(L7150 - ((Gyl)(n) ’

(Gy2)(2)
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n-1

(6110 =Y O +

i=1

1
(n—1)

/ t(t—S)”‘lyl(S) ds, (2.4)
0

- 1 i i 1 ! n—
1610 = Y 3 O + = [ -9,

i=1

where x](»i)(O), i=1,2,...,n—1and;j=1,2, are defined by the following:

1 0 0 0 0
a 1 0 0 0
1 0 0
EiZ =B, whereE; = @ a
Cn3 Cpa Cps -+ 1 0
Cha Cp3 Cpga -+ ¢ O

(n-1)x(n-1)

Z =" 0),...,4/(0),x,(0)T, B= (b1, by, ..., by1)T, b; = L foT(T () ds, and o =
(](TTI;)V /(:1,2;'”,1’1—2.
From (2.3) and (2.4), it is clearly that QN and K(/ — Q)N are continuous, QON(Q) is

bounded and then K(I — Q)N() is compact for any open bounded €2 C X, which means
N is L-compact on Q.

3 Existence of positive periodic solutions for (1.1)
Assume that

g(t,x)

¥()= lim sup prmt (3.1)
exists uniformly a.e. ¢ € [0, T, i.e., for any & > O there is g, € L*(0, T) such that
gt %) < (Y () + &)™ + g (o) (3.2)

forallx >0 and a.e. ¢ € [0, T]. Moreover, ¥ € C(R,R) and ¥ (¢ + T) = ¥ (¢).

For the sake of convenience, we list the following assumptions which will be used re-
peatedly in the sequel:

(H;) There exist constants 0 < D; < D, such that if x is a positive continuous T-periodic
function satisfying

T
/ g(t,x(0))dt =0,
0

for some 7 € [0, T].

(Hy) g(x) < 0 for all x € (0, D;), and g(x) > O for all x > D,.

(Hs) g(t,x) = go(x) + @1 (¢, %), where go € C((0,00); R) and g1 : [0, T] x [0,00) — R is an
Lz—Carathéodory function, i.e. it is measurable in the first variable and continuous in the
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second variable, and for any b > 0 there is /;, € L*(0, T; R,) such that
|g1(t,x)| <hy(t), ae.tel0,T],VO<x<bh.

(Ha) [y go(x) dx = —00.

p
q+l

Theorem 3.1 Assume that conditions (H,)-(Hy) hold. If |/ | oo £

T (%)’”(’"1) <1, then (1.4)

has at least a positive T-periodic solution.
Proof Consider the equation
Lx=ANx, Ae(0,1).

Set 1 = {x: Lx = ANx, A € (0,1)}. If 2(2) = (1), %2(£)) T € 1, then

() = hg(xa(2)),

L (3.3)
%y (£) = =Af (21(£))x1 (£) — Ag(t, 21 (£ — 0)) + he(t).
Substituting x,(¢) = A1 Pg, [xi")(t)] into the second equation of (3.3)
(2o (£ O)) " + W2 (11(0)), () + Mg, 21 (¢ — 7)) = APe(2). (3.4)
Integrating both sides of (3.4) from 0 to T, we have
T
/ g(t,xl(t - 0)) dt=0. (3.5)
0

In view of (H;), there exist positive constants Dy, D,, and & € [0, T] such that
D < |x1(§)] < D,.

Then we have

|x1(t)| =

xl(“g‘)+/S x(s) ds

t
<D, +/ |xi(s)| ds, tel€,&+T],
&
and
o1 (t)| = |16 = T)| =

& &
xl(é)—/‘Tx/l(s)ds §D2+/T‘xi(s)’ds, telg,E+T).
- -

Combing the above two inequalities, we obtain

[%1]00 = max |x1(t)| = max |x1(t)’
te[0,T] tel£6+T]

1/ [t §
< max {Dz + —(/ |x/1(s)}ds+/ |x/1(s)| ds)}
tel£,£+T) 2\ Je T

1 T
<Dy + —/ |x1 ()| dis. (3.6)
2 Jo
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Multiplying both sides of (3.4) by x;(¢) and integrating over interval [0, T], we get

T ) T T
/ (0o (&) 21 () dt + 32 / £ (@0 (D), ()1 (2) dt + 22 / g(tx(t—o))x()dt
0 0 0

T
:Ap/ e(t)x1(¢) dt. (3.7)
0

Substituting [ (¢, (" ()P () dt = (<1)" [ 15 (©)1P dt, [ £ (£)x, (D)%, (£) dt = 0 into
(3.7), we have

T T T
(-1)" /0 x| dt = - /0 g(tx(t - o)) (@) dt + 37 /0 e(t)x: (1) dt.

Namely,

T T T

/ x| dt < / lg(t,%1(t - 0)) |1 (2)| dt + / |e(t)||x1(0)| dt

0 0 0
T

<ok [ [e(tnle—a)|de + el . (338)
0
Write
L ={te[0,T]:g(t,x(t-0))>0}; I_={te[0,T]:g(t,x(t-0)) <0}.

Then we get from (3.2) and (3.5)

T

/ |g(t,x1(t—a))|dt:/g(t,xl(t—a))dt—/g(t,xl(t—a))dt

0 I I_
=2/1g(t,x1(t—a))dt
52/{ (W (@) + &) (t - o) + g (1)) dt

2( )/T| @) dt 2/T| (2)| dt (3.9)

< . .
<2(|Y]ec + & A X1 + A e

Substituting (3.9) into (3.8), we have

T T 1
/ !x§”)(t)|”dt§2|x1|oo(|wloo+e)f e () de
0 0

T
+|x1|<>o(2/0 |gg(t)|dt+|e|mT)

r %
<2(|¥leo + ) Tlxals, + |xl|oo<2T% (/0 \ge(t)fzdt> + |e|ooT)

=2(1¥loo + &) Tlor %, + |x1|oo(2T% 1gel2 + leloo T). (3.10)
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From (3.6) and Lemma 2.3, we have

1 1
1 [T Ta [ (T v
|%1]00 < Dy + Ef ’x/l(t)| dt <D, + 7(/ |x/1(t)‘pdt)

n-1
<D2+—<—> ( / | t)|"dt>. (311)

Substituting (3.11) into (3.10), we have

f [ ()| dt
0
% n-1 T 5\ 7
2(|I/I|OO+S)T<D2+T7<1) (/ ‘xyﬁ)(t)‘l’dt)p)
Np 0
% n-1 T ,% 1
(o T (LY ([eera) Yortian ey
2 \7mp 0
p 21
Ta [ T\P" D T T 7 (T \% V0D
=2(I¢leo +&)T (%(—) / |x§n)(t)|pdt+pD2 21:1 (n_)
P
r-1 q n-1 T 1
([0 ot (2 ([ ore) o)
)4 0
Ta [ T T 1% 1
+<D2+—<—) (/ |x§”)<t)|"’dt) )ertgh + )
2 \7p 0
241 (n-1) T
T4a T\? n
=(|1//|oo+8)F(n—> / |x§>|1’dt
T (p-1)(n-1) 1071
+ (Wl + €)pD2 ( ) (/ @) d )

T T n-1
# (Yo +€) ToDL 42T H gl el )2( )
TTp

Q=

T 1
(/ | (0) |"dt> +2(|1/f|oo+8)TDp+D2(2T2|g5|2+|e|oo T).
0

Since ¢ sufficiently small, we know that |1/f|oo

there exists a positive constant M such that

) < 1. So, it is easy to see that

T
/ x| dt < M.
0

From (3.11), we have

n-1
[%1]00 < Do + —(—) (/ |x1 (t)|pdt)

Ta (T\"" 1
5D2+7(—> (M})? = M.

(3.12)
Tp
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Since x1(0) = x1(T), there exists a point 1, € [0, T] such that x;(1;) = 0. From Lemma 2.3,
we can easily get

1 1
Ti [T (n-2) T 5
2 7Tp 0
1
Ta [ T\"? 1
57<—> (M)? := M. (3.13)

On the other hand, form x2 2)(0) " 2)(T), there exists a point 7, € [0, T] such that
(172) =0, from the second equation of (3.3) and (3.9), we have

T
/ x(t) dt‘
0

A T
<3 / |~ (), (8) — g6, (6,1t — 0) + ()| dt
0

’x(zn_l)|oo < %max

A -
< 5 (Ul TM: + 2(19 loo + &) TMY ™ + 29T gils + Tleloo) =AMy,

where |f|y, = . n(lax [f(x1(2))|. Since x2(0) = x2(T'), there exists a point n3 € [0, T] such
<x1(¢

that &5 (n3) = 0. From the Wirtinger inequality (see [18], Lemma 2.4), we can easily get

1 (7 T3
|x/2|oo§§f |x5(0)| dt < (f 5 ()| dt)
0
T/ T\"?
= §<g) e |
T/ T\"?Y
<3 (E) (OM,_1) := AMs. (3.14)
By the first equation of (3.3), we have
/ |x2(t) x2(t) dt =0,

which implies that there is a constant 14 € [0, T] such that x5(n4) = 0, so

1 [T T AT
%200 < 5/0 |x5(2)| dt < §|x;|0o < Mz =AMy, (3.15)

Next, it follows from (3.4) that

(gop(xl (¢ + o))) +22(f (21t +0))x (¢ + 0) + g(t + 0,%1(0))) = Melt + ). (3.16)
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Namely,

(0o (£t + 0))) ™ 4 WPF (1 (£ + 0))) (2 + ) + A2 (g0 (1(2)) + @ (¢ + 0, 31(2)

=Me(t + o). (3.17)
Multiplying both sides of (3.17) by ¥/ (t), we get

(op (xin)(t + 0)))(")xi(t) + MPf (1 (2 + 0))a (& + o) (2)
+ Mg (xl(t))x/l(t) + Mg (t + o,xl(t))x/l(t)

= Me(t + o)x(2). (3.18)

Let r € [0, T], for any T <¢ < T, we integrate (3.18) on [z, ] and get

x1(2)
pYe / go(u)du
x1(7)

=)\ / go(x1(5))x1(s) ds
= /t(wp(x§”>(s + a)))(")xi(s) ds— )\ /tf(xl(s + a))xi(s +0)x(s)ds

— A /tgl (s +0,x1(5))x(s) ds + A” /t e(s + o)x(s) ds. (3.19)

By (3.12), (3.13), and (3.16), we have

/ t(% (xYI) (s+o )))(”)xi (s)ds

= [N+ ) ] s
! (n)
= [#1 /0 (o ("t + 0))) ™| it

T T T
5)\P|x/1|oo(f0 [f(xl(t))||x;(t)|dt+/0 |g(t,x1(t—o))|dt+/0 |e(t)|dt>

<My (If |y Mo + 2(1¥ | + ) TME™ + 2T 3|7 |, + Tleloo)-

»

Also we have

< flm,M5T,

/tf(xl (s +0))x; (s + o) (s) ds

t T
/ g(s+a,x1(s))xi(s)ds < ’x”w/ |g(t,x(t—cr)‘dt§M2ﬁ|gM1|2,
T 0

where gy, = ,max lg1(t,%)| € L*(0, T) is as in (H3).
<x<M

/t e(t + o)xy(t) dt

SM2T|e|oo
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From these inequalities we can derive form (3.19) that

x1(2)
/ go(u)du

1(7)

<M, (3.20)

for some constant M; which is independent on A, x, and ¢. In view of the strong force
condition (H,), we know that there exists a constant M5 > 0 such that

x(t) > Ms, Vtelr,T). (3.21)

The case ¢ € [0, ] can be treated similarly.
From (3.12), (3.13), (3.14), (3.15), and (3.21), we get

Q={x=(x,%)" : E1 < %1]00 < Ea,

x|, < Es, |%2l00 < E4and

|x/2|oo SES’Vt € [01 T]},

where 0 < E; < min(Ms, D), Ey > max(My, D), E3 > Mo, E4 > My, and E5s > M3. Q5 = {x:
x€0QNKerL}, then Vx € 9Q2 NKerL

T
o= L [ 0 2(0) W
T Jo \fea@)(® - glem(e - 0) + elt)

If QNx = 0, then x,(¢) = 0, x; = E5 or —E,. But if x,(¢) = E,, we know

T
0=/0 {g(t.E5) - e(t)} d.

From assumption (Hj), we have x;(t) < D, < E,, which yields a contradiction. Similarly if
x1 = —E,. We also have QNx # 0, i.e., Vx € 3Q NKer L, x ¢ Im L, so conditions (1) and (2) of
Lemma 2.1 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:

](751,962)—r = (xz,—xl)T~

Let H(u,x) = —ux + (1 — n)JQNx, (u,x) € [0,1] x 2, then V(u,x) € (0,1) x (02 NKerL),

H(u,x) = _”xl_l_TMfoTLg(t»xl)—_Ze(t)]dt '
=y = (1= p)laa |72,

We have fOT e(t)dt = 0. So, we can get

_ T
—px1 = 1% Jo &t,x1)dt
—pxy — (1= ) |%2] % 2x,

H(u,x) = ( ) , V(u,x) €(0,1) x (0 NKerlL).

From (H,), it is obvious that x T H(u,x) < 0, Y(i,%) € (0,1) x (32 N KerL). Hence

deg{/QN, 2 NKerL,0} = deg{H(0,x), 2 N KerL,0}
=deg{H(1,%),2 NKerL,0}

=deg{l,2NKerL,0} #0.
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So condition (3) of Lemma 2.1 is satisfied. By applying Lemma 2.1, we conclude that the
equation Lx = Nx has a solution x = (x,4,) " on Q N D(L), i.e., (1.4) has a positive T-
periodic solution x; (¢). O

Example 3.1 Consider the high-order p-Laplacian differential equation with singularity

(0 (x@®)"))"" +f (x(6))%' () + é(sin 2 +3)x°(t - 0) - = cos2t, (3.22)

1
x*(t—o0)
where k¥ > 1and p = 4, f is continuous function, o is a constant,and 0 <o < T.

It is clear that T =, n =3, g(¢,x) = %(sinZt +3)x3(t—o0) — m, Y(t) = é(sin2t +3),
[V oo = % It is obvious that (H;)-(H4) hold. Now we consider the assumption condition

T§+1 T p(n-1)
|W|00F(n—p)

T‘s +1 T p(n-1)

2r-1 \ 2n(p-1)lP
psin(r/p)

B 2 n% T 8
T3 93\ et

4sinm/4

=|1/f|oo
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So by Theorem 3.1, we know (3.22) has at least one positive 7 -periodic solution.
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