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Abstract

We are describing the stable nonautonomous planar dynamic systems with complex
coefficients by using the asymptotic solutions (phase functions) of the characteristic
(Riccati) equation. In the case of nonautonomous dynamic systems, this approach is
more accurate than the eigenvalue method. We are giving a new construction of the
energy (Lyapunov) function via phase functions. Using this energy, we are proving
new stability and instability theorems in terms of the characteristic function that
depends on unknown phase functions. By different choices of the phase functions,
we deduce stability theorems in terms of the auxiliary function of coefficients RA(t),
which is invariant with respect to the lower triangular transformations. We discuss
some examples and compare our theorems with the previous results.

MSC: 34D20

Keywords: nonautonomous dynamic system; stability; attractivity to the origin;
asymptotic stability; asymptotic solutions; characteristic function; Lyapunov function;
energy function

1 Introduction
We are interested in the behavior of a given solution u(t) of the nonlinear planar dynamic
system

(1.1)

() = A(t, wu(d), A(t,u)z(”“(t’”(t)) “12“’”“))), £> T,

an(t,u(t))  axn(t u(t))

where ay;(t, u(t)) are complex-valued functions from C*(T, 00), and u(t) = ( :2153 ). Since we
are assuming that the solution u(¢) of (1.1) is given (fixed), system (1.1) may be considered
as a linear nonautonomous system with coefficients A(¢) = A(¢, u) depending only on a
time variable.

Here and further, C*¥(T,00) is the set of k times differentiable functions on (T, 0c0),
Li(T, 00) is the set of Lebesgue absolutely integrable functions on (T, 00), and BV(T', 00)
is the set of functions of bounded variation on (7', 00).

Dynamic system (1.1) is said to be stable if for any ¢ > 0 and for any solution u(t)
of (1.1) there exists §(7,&) > 0 such that ||u(¢)|| < & for all £ > T, whenever ||u(T)| =
\/ |1 (T)|? + |up(T)|? < 8(T, €). Dynamic system (1.1) is said to be attractive (to the origin)
if for every solution u(t) of (1.1)

Jim u(®) = 0. (1.2)
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Dynamic system (1.1) is asymptotically stable if it is stable and attractive.

A solution u(t) of (1.1) is stable if for any & > O there exists §(T, ¢) > 0 such that || u(¢)|| < ¢
for all t > T, whenever ||u(T)|| = /|u1(T)|? + |ua(T) [ < 8(T, &).

A solution of (1.1) u(t) is asymptotically stable (attractive to the origin) if (1.2) is true.

It is well-known that for a nonautonomous system with the complex eigenvalues 1;(¢),
j=1,...,n, the classical Routh-Hurvitz condition of stability Re[};] <0, j=1,...,n, fails.
Indeed, nonautonomous system (1.1) with

)\,1 e”‘

A(t) = » Re[A] <0,Re[2;] <0 (1.3)
0 A

is unstable if Re[u] > —Re[A,], although the Routh-Hurvitz condition is satisfied. Neces-

sary and sufficient conditions of asymptotic stability of this system,

Re[A] <O, Re[A2] <0, Re[A2] < —Re[u], (1.4)

could be found from the explicit solutions
Czet(/ukz)

—_— + Clet)‘l, I/lz(t) = Czet)\z. (15)
M+ Ao — M

u(t) =
This example shows that the description of stability of nonautonomous dynamic systems
in terms of the eigenvalues is not accurate.

The usual method of investigation of asymptotic stability of differential equations is the
Lyapunov direct method that uses energy functions and Lyapunov stability theorems [1-
3].

The asymptotic representation of solutions and error estimates in terms of the charac-
teristic function was used in [4—6] to prove asymptotic stability. In this paper we describe
the stable dynamic systems by using energy approach with the use of the characteristic
function (see (1.7) below), which is a more accurate tool than the eigenvalues.

The main idea of this paper is to construct the energy function in such a way that the
time derivative of this energy is the linear combination of the characteristic functions (see
(2.15) below). Using this energy, we prove main stability theorems for two-dimensional
systems in terms of unknown phase functions (see Theorems 3.1-3.3).

Theorems 3.1-3.3 are similar to Lyapunov stability theorems with additional construc-
tion of an energy function in terms of the phase functions. Theorems 3.1-3.3 are applicable
to a wide range of nonlinear systems with complex-valued coefficients (see Example 5.2
below or the linear Dirac equation with complex coefficients in [7]) since they have the
flexibility in the choice of an energy function.

To show that our theorems are useful, we deduce different versions of stability theorems
(old well-known and some new ones) by using different phase functions as asymptotic so-
lutions of the characteristic equation (see (2.8) below). Moreover, we formulate some of
the conditions of stability in terms of the auxiliary function RA(¢) (see (2.10) below), which
is invariant with respect to the lower triangular transformations (see Theorem A.1). Note
that there is no universal stability theorem in terms of coefficients for nonautonomous
system (1.1) since there is no universal formula for an asymptotic solution of the charac-
teristic equation.
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As an application (see Example 5.5), we prove the asymptotic stability of the nonlinear
Matukuma equation from astrophysics [8, 9].
Consider the second-order linear equation

Liv] =vV'(t) + 2P(t)V (t) + Q(t)v(¢) = 0. (1.6)
Define the characteristic (Riccati) equation of (1.6)
CLy(t) = & JTHOBL(elr94) = /() + 5 2(6) + 2P(8)x,(8) + Q1) = O, (1.7)

where CL;(t) is said to be the characteristic function, and yx1,2(¢) are the phase functions.

In Section 6 (see Lemma 6.1) the following lemma is proved.

Lemma 1.1 Assume that every solution v(t) € C*(T,o0) of (1.6) approaches zero as t — oo,
then

[ x106) = x67 ,
tlirgo/T R [2P(s) + 7)(1(3) — Xz(S)] ds = 00, (1.8)

where x1,(t) € CY(T, 00) are solutions of characteristic equation (1.7).

In the proof of Lemma 1.1, it is shown that (1.8) is also a sufficient condition of attractivity
of solutions of (1.6) to the origin under additional condition

-InC < / (m[xl(s) - Xz(s)])ds <InC, C =const>0. 1.9)
T

If the asymptotic behavior of x;i(t) — x2(¢) as ¢ — oo is known, then the condition of
attractivity (1.8) could be clarified. Unfortunately, there is no a simple formula for asymp-
totic behavior of x;(¢) — x2(t) depending on the behavior of P(¢), Q(¢) as t — oco. Anyway,
under some restrictions, one can obtain stability theorems for (1.6) by considering differ-
ent asymptotic expansions of y;(t) — xa(%).

Assume that for some positive constants P;, Qg, Q,

QO]+ [P(®)| <P, Qo <Qt) < Q. (1.10)

Theorem 1.2 (Ignatyev [10]) Suppose that the functions P(t) € C(T,00), Q(t) € CY(T, 00)
are real, and they satisfy conditions (1.10) and

/
t
240 >m>0 forsomem = const. (1.11)

2P(t) + 200 =

Then linear equation (1.6) is asymptotically stable.

Condition that |Q'(¢)| is bounded above in (1.10) was removed in [11].
Note that if

X1 = x3(t) Q1)

00— 200 T (112)
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then condition (1.8) turns to

© Qv
/T JL[ZP(S) + 2Q(t)] ds = 00, (1.13)

and is an integral version of (1.11).
In [12] Ballieu and Peiffer introduced a more general condition than Ignatyev’s one (1.11)

for the attractivity (see (1.15), (1.16) below) of a nonlinear second-order equation.

Theorem 1.3 (Pucci-Serrin [9], Theorem B) Suppose that functions P(t) € C(T,00),
Q(t) € CHT,00) are real, and there exists a non-negative continuous function k(t) of
bounded variation on (T, 00) such that

vf(v)>0 forv#0, (1.14)
220+ 20 > KOVQD, =T, (115)

/ " KOV dt = o, (L16)
T

JrK($)[2P(s) + 23 ds
o )~

lim inf ; (1.17)
t—>00 J7k(s)x/Q(s) ds

then every bounded solution of the nonlinear equation
V(£) +2P()V () + Q) (v) =0, t>T, (1.18)

tends to zero as t — oo.

In this paper we prove general stability Theorems 3.1-3.3 in terms of unknown phase
functions. Using these theorems we derive the versions of stability theorem of Pucci-Serrin

[9], Smith [13], and some new ones.

2 Energy and some other auxiliary functions
Assuming ai,(t) # 0, consider the following second-order nonlinear equation associated
with system (1.1):

Lu] = uf (¢) + 2P(t, w)u (£) + Q(¢, w)ua () = 0, (2.1)
where
_ 3 aj, (¢, u(t)) _ Wlai, arz]
2P(t, u) = Tr(A(t)) 7a12(t,u(t))’ Q(t,u) det(A(t)) + 7@2(’:, 20)’ (2.2)
Tr(A(2)) = an (6 u(t)) + axn (6 u(?)),
det(A(2)) = an (t, u(t))az (¢, u(t)) — ara (¢ u(0))ax (¢, u(t)), (2.3)

W lan, an] = an (¢, u(t))ay, (8, u(t)) — ayy (¢ u(t))ara (¢, u(t)). (2.4)
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Remark 2.1 Note that using equation (1.1), one can eliminate dependence aj, (¢, u(¢)) on

da 2 dayy uj(t) da 2 da o
u'(t). Indeed ay, (£, u(t)) = 52 + o1 a—ulf 3 = ot ijl 3;,2 (aju1 + ajpus). Similar cal-

culations show that af, (¢, u(¢)) depends only on ¢, u(t), coefficients ay;(¢, u(t)), and their

derivatives.

Here and further, often we suppress the dependence on ¢ and u(t) for simplicity.
Introduce the characteristic function of (2.1) that depends on an unknown phase func-

tion 6;(¢):
Lley®
CLi(t)= CL(6) = =0/(2) + 67(2) + 2P(t, u)0;(¢t) + Q(¢, ), (2.5)
eq(t) 7 !
and the auxiliary function:
HL(z) = % _0,() + 0y(0) + 99((;) +2P(t 1), (2.6)
where
eq(t) = 190d o109 e = w. (2.7)

2

Define the characteristic (Riccati) function of system (1.1)

CA;(t) = CA(6)

ay(t) ] Wlan, arz]
(D) +det(A(2)) + T (2.8)

= 9}!(,:) + 0],2(1,‘) - 0;() |:Tr(A(t)) +

Equation CAj(¢) = 0 is the characteristic equation of system (1.1). For diagonal system (1.1),
formulas (2.8) fail (for this case, see (A.23)).
Introduce the auxiliary functions

CAy(t) - CAx(8)  6{()—65(2) aj(2)
A = = - )
HAD = 6 0=0,0) ~ 60 =6:00) a0
(TrA(2))? . Wt, a1 — az, a1s] . ai,(t) _ 3a(t)

4 2a15(2) 2a15(8)  4a,(t)

+601(t) + 0,(¢) - Tr(A(t)) (2.9)

RA(2) = det(A(t)) - (2.10)

To explain the motivation for the choice of an energy function for system (1.1) (assuming
ay(t, u) # 0), consider a representation of solutions of (1.1) in Euler form (see [6]):

uy = CleXl (t) + C2€X2 (t), Uy = ClLll(t)eXl (t) + CzUz(t)exz (t), (211)

where x;(t),j = 1,2, are exact solutions of the characteristic equation CA;(x;) = 0, eX/.(t) are
defined as in (2.7), and

_ xi(8) —an(t, u(?))

Ut ==y L2 (2.12)

For the case of linear system (1.1), representation (2.11) gives the general solution of (1.1),
where C;, C, are constants. For a nonlinear system, C;, C, depend on a solution u(t).
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Solving equations (2.11) for Cj 5, we get

C = aputy — (X2 — an) ) C, = _ﬂlzuz —(x1- ﬂu)lll. (2.13)
(X1 — x2)e,, () (1 = x2)ex, (2)

Replacing x;(¢) by arbitrary differentiable functions 6;(t), we define auxiliary energy

functions

larau — (6 — an)u |
(61 — 6a)eq, |

Ei(t) =Ei(6;(0) = |G)* = , j=12. (2.14)

Remark 2.2 Although (2.14) are not constants for a nonlinear or nonautonomous system,
they are useful for the study of stability. One can expect that for an appropriate choice of
0;(¢) these energy functions are approximately conservative expressions for some nonlin-
ear systems that are close to linear.

The derivative of the energy functions (2.14) may be written (see (6.23) below) as a linear
combination of the characteristic functions:

2R[(0; — an) |1 |*CA; — Uaanu1 CAj — HA|(6; — an)uy — arou|?]

E|(t) = : (2.15)

1Oes; ;

From (2.15) it follows that if for any given solution u(£) of (1.1) the phase functions 6;(¢)
satisfy characteristic equation, that is, 6;() = x;(¢), j = 1,2, then energy conservation laws
E;(t) = const, j = 1,2 are satisfied.

Otherwise, (2.15) means that the error of asymptotic solutions is measured by the char-
acteristic function.

Define (total) energy function as a non-negative quadratic form
E(t) = Ei(¢) + Ex(2). (2.16)

Remark 2.3 If the phase functions are chosen as

0'(t) THA®) a0

O12(t) = £0(t) — , 2.17

1,2(2) () 29(t)+ 5 +2a12(t) (2.17)
where 0(t) is an arbitrary differentiable function, then

HA(t) = 0. (2.18)

3 Stability theorems in terms of unknown phase functions
In this section we formulate the main Theorems 3.1-3.3 of the paper.

Theorem 3.1 Suppose that for a solution u(t) of (1.1), we have A(t, u) € CX(T, 00), and there
exist the complex-valued functions py(t), p(t); 61(¢), 02(t) € CH(T, 00) and the real numbers
¢ >0, a such that for all t > T we have ay,(t,u) # 0 and

6:(t) — an(t,u)|?

ara(t, u)

Oa(t) — an(t, u)

2
2 2a
vl ISR LR QIR Ol 3.1)
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(1+ e )R [Jo@) + HA®] > (1 - |es@) )R [p1(0) - p2(0)], (32)

fm](t, u(t)) dt <c< oo, (3.3)
T

where s(t) = 01(t) — 02(2) — p1(£) + pa(2), J (&, u(2)) = Ji(t), 20(t) = 6:(t) — 62(t)

aly (L, u)

Ca-10'0) e
12\65

o(t)

_ [|CA@)le8)]  CA@)le(®)] [( B CA1<t)+CA2(t)>]2 35
fol® ‘\/ G0-60  ao-no | L\OPOT 00w )] 6

L(t) = 9*[290) + (A@®) + +p2(2) —pl(t)] +Jo(0), (3.4)

Then the solution u(t) of system (1.1) is stable.

Remark 3.1 Since stability conditions (3.1)-(3.3) of Theorem 3.1 are given in terms of
estimates with constants that depend on solutions of (1.1), system (1.1) is stable if these
estimates are satisfied uniformly for all solutions (with constants that do not depend on

solutions).

Remark 3.2 Note that for a linear nonautonomus system (1.1) with the choice 6;(£) = x;(¢),
j=1,2,R[pa(t) — p1(t)] = 0, the error function Jy(¢) = 0 and conditions (3.1), (3.3) are close

to the necessary and sufficient condition of the stability.

Theorem 3.2 Suppose that for a solution u(t) of (1.1) A(t,u) € CX(T,00), there exist the
complex-valued functions p\(t), p2(t); 61(¢), 0:(t) € CY(T, 00), and the real numbers ¢ > 0, o
such that for all t > T, a15(t, u) # 0 and conditions (3.1), (3.2),

/Ooj(t, u(t)) dt = —o0 (3.6)
T

are satisfied with J (¢, u(t)) = Ji(¢) as in (3.4), (3.5).
Then the solution u(t) of system (1.1) is asymptotically stable.

Theorem 3.3 Suppose that for a solution u(t) of (1.1), we have A(t,u) € CY(T,00), and
there exist the complex-valued functions p\(t), pa(t); 61(t), :(t) € CY(T, 00) such that for all
t > T we have a5 (t,u) # 0,

N[HA(0)] < Jo(t) -

R[pi(0) - p2(0)]], (3.7)

exp [y Jo(s, u) ds

lim =00, (3.8)
=00 (0 — an)es|? + 102 — an|? + |an|?(1 + leg|?)(t)

where Jo(2) is defined in (3.5), and

0'(t)
0(2)

ay,(t)
ain(t)

Jo(t,u) = % [el(t) = 05(t) + pa(t) — pr(2) + +Tr(A(2)) + } —Jo(2). (3.9)

Then the solution u(t) of system (1.1) is unstable.

Page 7 of 38
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Example 3.1 From Theorem 3.3 it follows that the linear canonical equation
VI(£) + 26" W () + et 20() =0, ¢>0,b<0,>y >0 (3.10)
is unstable.
Remark 3.3 If
Re[61(2) — 65(2)] = Re[pa(£) - p2(8)] = 0, (3.11)
then Re[s] > 0, |es(£)| > 1 and condition (3.2) is satisfied if Re[HA(¢) + Jo(£)] > 0.
Otherwise (3.2) is satisfied if Jy(£) > 0, Re[HA] > | Re[p1(¢) — p2(2)]|.
Under condition (3.11), condition (3.1) turns to
|61 — an|* + | (62 - 6111)6‘—5‘2 +lapes|* < lanl*(cl6y - 621> - 1),
which is satisfied if
|61 — an|* + | (62 - 6111)’2 < lap|?(cl6y - 6,1 - 2)
or

3[61(8) — an@)]” +2[6:(0) - 6>(8)|” < lawa > (clr(®) — 62(8)* - 2). (3.12)

Sometimes it is convenient to use other than (3.4) formula for J;(¢):

206’ (¢)
0(¢)

Si(t) = m|:291(t) + —HA(?) + p2(2) —p1(t)] +Jo(0). (3.13)

Remark 3.4 If p;(t) = p»(t) = 0, and there exists a function 6(¢) € C!(T, c0) such that

r

then HA(t) € L1(T, 00), Jo(t) € L1 (T, 00). In this case formula (3.5) is simplified

e120(£)CA;(2) ‘ at
)

’ .=172’ 3.14
i 00, j (3.14)

, 2 | CAID)les®)] + CAs(Dles(t)] |
Jo(2) =\/ (R[HA(®)]) +‘ o) 6ot ) , (3.15)

and we get Re[Jo + HA] > 0 . From Theorem 3.1 it follows that in this case the solution

u(z) of system (1.1) is asymptotically stable if for some real numbers «, /

m|:91(t)+ o | =

uld (t)} <1<0, t>T (3.16)

are satisfied (see (3.13), (3.6)).
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Note that (3.16) is a nonautonomous analogue of the classical asymptotic stability crite-
rion of Routh-Hurvitz.
If the phase functions 6,; are chosen by formula (2.17), then HA(¢) = 0, and

(3.17)

1) = E}t|:291(t) s 206'(t) o 1] . ‘ CA1(t)]ex ()] + CA1(2)|e—26(2)] '

0(t) 26(¢)

From Theorems 3.1-3.3 one can deduce stability theorems for second-order equation (2.1).
The attractivity to the origin for the solution of equation (2.1) is valid even by removing
condition (3.1) (compare Theorem 3.2 with the following theorem).

Theorem 3.4 Suppose that for a given solution u; (t) of (2.1), there exist the complex-valued
functions py, py; 012 € CHT, 00) such that conditions (3.2), (3.6) are satisfied with J(t,u) =

J3(t) defined as
0'(2)
J3(6) = m|:91(t) —0a(8) - ) = 2P(t,u) + p2(2) —P1(t)] +Jo(8), (3.18)
_ ||CLiles| ~ CLale||® CL +CL\ T’
Jo(t) —\/ 66 o-a | " [iﬁ(pz -p1+ W)} . (3.19)

Then the solution u;(t) of (2.1) approaches zero as t — 0.
Choosing
n)=20(1), p(t)=0, =1 (3:20)
from Theorem 3.1 (in view of s = 0), we obtain the following theorem.

Theorem 3.5 Suppose that for a given solution u(t) of (1.1), A(t,u) € CX(T, 00), and there
exist complex-valued functions 0,(t),0,(t) € CY(T,00) such that for all t > T we have

aix(t,u) #0,
16:(8) — an (6, w)|” + 62(6) — an (6, )| + 2| ans(t,w)|* < c|ant,w)|* |60, (3.21)
Jo(t) + R[HA®)] = Jo(£) + R [Ol(t) +6,00) + ZT(;)) ~Tr(A) - ZEZ Zﬂ >0, (3.22)
and (3.6) are satisfied, where J (£, u) = J4(£),
0@ ay,(t,u)
Jau(t) = m( 50 +Tr(A@®) + () +]o(t)>, (3.23)
CAt) CAO [ .. [CA)+CA) 2
= | A0 Ty A2 A0 ) e

Then the solution u(t) of system (1.1) is asymptotically stable.

By choosing

a=0,  p(O)=pa(t) =0, (3.25)
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we have s(£) = 26(¢), and assuming (3.11) we get |es(¢)| > 1. From Theorem 3.2 we deduce
the following theorem.

Theorem 3.6 Suppose that for a given solution u(t) of (1.1), A(t, u) € CX(T,00), and there
exist complex-valued functions 0,(t),0,(t) € CX(T,00) such that for all t > T we have

a(t,u) #0,
R[61(6)-6:(8)] =0, |61(6) —an(t, W] + |6:(6) - an(t, w)|* < Clan(t,u)|’, (3.26)
Jo(t) + R[HA®)] = Jo(t) + éﬁ[i/((tt)) +601(2) + 62(2) - Tr(A(2)) - %] >0, (3.27)
and (3.6) are satisfied with Jo(t) is as in (3.5), and ] (t, u) = Js(t):
J5(t) = Jo(t) + R[261(£) — HA(t)). (3.28)

Then the solution u(t) of system (1.1) is asymptotically stable.

Theorem 3.7 Suppose that for a given solution u(t) of (1.1), A(t,u) € CH(T, 00), there exist
complex-valued function 0,(t) € L1(T,t) and the real numbers ¢ > 0, « such that for all
t > T we have a1 (t,u) # 0 and the conditions

d o mams 22 96,p)a
R[o(6)] = o, 29(t)5%1n<1+29(T) / e'T 2= -20,(3)) dy d5>, (3.29)
T
200 + [262(6) - 2an(t, w)|* < |arn(t,w)|*(c10* - 1), (3.30)

equation (3.3) (or (3.6)) are satisfied, where J (¢, u(t)) = Jo(2),

Jo(®) = Jo(t) + m[z Tr(A(®)) + % —20,(t) + W} (3.31)
or
Jo(®) = Jo(0) + R |:20( <Tr(A(t)) + Zig Z; ~20,(t) - 29(t)) +40() + 262(t):|,
L1 20(T) [ SHTAD Y 2mipay o
Jo(t) = |CAz(t)|[ +[1+20(T) Jre 5 d } (3.32)

2|9(T)|ef; RITrAG)+ 2~ -2620) dy
Then the solution u(t) of system (1.1) is stable (or asymptotically stable).

Theorem 3.8 Suppose that for a solution ui(t) of (2.1), P(t,u) € CY(T,00), Q(t,u) €
C(T,00), there exist the real numbers ¢ > 0, o« and the complex-valued function 6,(t) €
Li(T,t) such that for all t > T, conditions (3.29) and

/ N m[zp(r, 0+ 2O p) —]o(t)j| dt = / " R [<26,(0)-20(0—Jo(0)] dt = 00 (3.33)
T () T

are satisfied, where 0(t), Jo(t) are given by (3.29), (3.32).
Then the solution u;(t) of equation (2.1) approaches zero as t — oo.
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4 Stability of the planar dynamic systems
From Theorems 3.1-3.3 one can deduce more useful asymptotic stability theorems in
terms of coefficients of (1.1) by choosing the phase functions as asymptotic solutions of

the characteristic equation.

Theorem 4.1 Suppose that for a solution u(t) of (1.1), we have A(t, u) € C3(T, 00), and for
all t > T the conditions

R[s®)]=0,  R[p@®)-p(0] =0,  s(t) =2V-RA() - p1(2) + pa(2), (4.1)
2

[RA(2)| + |Tr(A@)) + <|an®[*(c|RA®|" - 1), (4.2)

—2an(2)

ay,(t)
ay

2(2)

and (3.3) (or (3.6)) are satisfied, where J(t,u(t)) = J;(t),

J7(8) =Jo(t) + R [2 —RA(®) + Qo —DRA'(t,u)

2RA(t)
+ Tr(A(®)) + ZZEZ Z; +pa(t) - p1(t)], (4.3)
’ 2 , _
1® =9 RA'(t,u) +(Re[p2_pl])2(t)+'RA(t)|2(|es(t)| 2|efs(t)|)2‘ (4.4)
2RA(2) 16|RA(t)|

Then the solution u(t) of system (1.1) is stable (or asymptotically stable).

Theorem 4.2 Suppose that for a solution u(t) of (1.1), we have A(t,u) € C*(T, 00), and for
all t > T we have ay(t,u) #0 and

) (t, u) >

%2 +|Tr(A(0) + i) 2an(t,u)| < c|a(t,u) 2 (4.5)
*anl 2 ap(tu) 28 B
/T m[; +Tr(A@®)) + TN 7|RA(t)|] dt = —oc0. (4.6)

Then the solution u(t) of system (1.1) is asymptotically stable.

Theorem 4.3 Suppose that for a solution u(t) of (1.1), A(t, u) € C*(T,0), for some numbers
¢>0,a,and forallt > T, we have ay5(t,u) #0,

1 d 4 s Y
R 0, =-"n(1+28(T foTZRA@v”)d“’yd), 4.7
fz0]z0,  E0=32 n( +26( )/Te s (4.7)
/ t 2
|§(t)|2 + Tr(A(2)) + % —/T 2RA(s, u) ds — 2ay1(t, u)
< |antw)|* (c|s@)* - 1), (4.8)

and (3.3) (or (3.6)) are satisfied with J(t, u(t)) = Js(t), where

aiy(t, u)

aa(t, u)

Js(8) = Jo () + ER[Tr(A(t)) + + (20— 1) /T t 2RA(s, u) ds + 4(1 - a)g(t)], (4.9)
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(4.10)

2|:1+ |1+2%-(T)f;ef;f¥2RA(z,u)dzdy|21|

t
t) = RA ) d
Jo(£) ‘_/T (s,u) ds 21E(T) e/ 7 M2RAG ) dy ds

Then the solution u(t) of system (1.1) is stable (or asymptotically stable).
Example 4.1 From Theorem 4.3 it follows that system (1.1) with
an =0, ap =1 an =t = Bt — (y + 1)y + 27, ay = -2,
—1</3§0,V§§—2
(small damping) is asymptotically stable.

By using Jeffreys-Wentzel-Kramers-Brillouin (JWKB) approximation, we will prove the
following theorem.

Theorem 4.4 Suppose that for a solution u(t) of (1.1) A(t,u) € CH(T,0), for all t > T, the
conditions a(t,u) # 0, (4.1),

a,,(t,u)  RA'(t) 2
|RA(D)| + | Tr(A(®®)) + oG  IRAD 2an (¢, u)
< |an®[*(c|RAM®|" - 1) (4.11)

and (3.3) (or (3.6)) are satisfied, where J (¢, u(t)) = Jo(t),

Jolt] = Jo(t) + N |:2i\/RA(t) + w +Tr(A®1)) + %] (4.12)
Jo(t) = %|RA‘”4 (RA™™ ' (t,u)|(|egs za(®)] + |e_niyza(®)])- (4.13)

Then the solution u(t) of system (1.1) is stable (or asymptotically stable).

The following theorem is proved by using the Hartman-Wintner approximation [14].

Theorem 4.5 Suppose for a solution u(t) of system (1.1), A(t, u) € C*(T, 00), there exist the
constants ¢ > 0, a such that and for t > T, we have ay(t,u) #0,

R[s] >0, s=i,/RA(t)(1 - r2(2)),

)= s, W= 500, o
Tr(A(D)) + Zig Z; - 5;1;((?) (e + IRA( 1))
< lan*(e|RA(* - 1)[" - 1) (4.15)
and (3.3) (or (3.6)) are satisfied, where J (£, u(t)) = Jio(t),
Juo®) = Jolt) + Re[zm
M g B2
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lw(@)|?

]o(t)z\/(Re[w(t)])2+ . lle_s@)| + |es(®)] + V1= 2@ (|es®)| - |es(®)])) [ (417)

Then the solution u(t) of system (1.1) is stable (or asymptotically stable).

Remark 4.1 Note that if RA(f) > 0 and r2(¢) < 1, then |ey(¢)]| = 1,

2 2 ' ()r(2)

Jo&) =\ Re[w@))” + [wO <[ WO V2 wie)= HAW = & O

In this case, asymptotic stability condition (3.6) is simplified:
©rd JRAM - )|V (t,u)
—1In ~ Tr(A(®)) - |w(®)|v/2 ) dt = 0. (4.18)

/T (dt lara(t, u)| (4@) - [wee)
Remark 4.2 For the Euler equation u”(¢) + RA(t)u(t) = 0 with RA(¢) = ﬁ, we have r(t) =
-1, and the Hartman-Wintner approximation fails. To consider this case, one may consider
the choice 65 = —% = 2% with the other phase function 6; = 2% + tl;(t) that could be found

by solving the equation HA(¢) = 0 (see (6.56)).

The following theorem is deduced from Theorem 4.1 by taking p; =61 — 62, p2 =0, =1,
s=0.

Theorem 4.6 Suppose that for a solution u(t) of system (1.1), A(t,u) € C3(T, 00) and for
t> T, we have a;(t,u) # 0 and

R[v-RA(1)] = 0, (4.19)

/ 2
Tr(A(2) + Gra(bis) _ 2an(t,u)| +|RA®)| < lanl*(c|RA()| - 1), (4.20)
ara(t, u)
* o[ RA'(D) d (t,u) -
/T ‘h[zRA(t) A0+ 2 e ”0(”] dt = ~oo, (a.21)
where

, 2
Jo(t) = \/ 4(R[V-RA®)))* + <m[ Ra D : (4.22)

2RA(t)

Then the solution u(t) of system (1.1) is asymptotically stable.

5 Stability theorems for the equations with real coefficients
Theorem 5.1 Assume that for a solution u,(t) of (2.1), the coefficients P(t,u;) € C*(T, 00),

Q(t, uy) € CHT, 00) are real-valued, for some positive constants ¢, j =1,2, the conditions

Rt,u)=0,  1+|Ptm)| < |R(tm)

0 , / (5.1)
f <2P(t,u1)— IR (t’ul)|+R(t'ul))dt:oo
T 2R(t1 ul)

) tZTY
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or

Rt,u) =0,  Rt,m)+|Ptw)| <,

o , o (5.2)
/ <2P(t,u1)—|R(t’u1)| R(t’”1)>dt:oo
T

2R(t, Ml)

are satisfied.

Then the solution u,(t) of equation (2.1) is asymptotically stable.

Example 5.1 By Theorem 5.1 the canonical linear equation
V@) + 208" W (@) + ct?P2v(@) =0, b>0,c>0 (5.3)

is asymptotically stable if one of the following conditions is satisfied:
(i) 0<y <8,
(i) B=y>0,c-b*>>0,
(iii) y=0,b>B-1>0,
(iiil) ¥ =0,b=1,0<B <2.

A region of asymptotic stability of equation (5.3) described in Example 5.1 may be ex-
tended to

0<y <28 (5.4)
by using another asymptotic solution of (5.3) (see Example 5.4 or [15, 16]).

Theorem 5.2 Assume that for a solution u,(t) of (2.1), the coefficients P(t,u;) € C*(T, o),
Q(t,u1) € CHT,00) are real-valued, and for t > T,

R(t,um) = 0, /OO(ZP(t, up) + R(t,u) ‘ R(t,m)
T

2R(t,u1) | 2R(t,u1)

) dt = oo. (5.5)

Then the solution u(t) of equation (2.1) approaches zero as t — 0o.

Theorem 5.3 Assume that for a solution u,(t) of (2.1), the coefficients P(t, u;) € C(T,0),
Q(t,u1) € C(T, 00) are real-valued, and for t > T,

P(t,m)| < C, (5.6)
| |

o R(t,uq (¢t
/ <2P(t, up) — ‘W - k‘) dt =00 for some positive number k. (5.7)
T

Then the solution u;(t) of equation (2.1) is asymptotically stable.

Theorem 5.4 Suppose that for a solution u(t) of (2.1), the coefficients P(t,u;) € CX(T, 00),
Q(t,u1) € C(T,00) are real functions, and condition (5.7) is satisfied. Then the solution
u1(t) approaches zero as t — oo.
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Example 5.2 By Theorem 5.3 the equation

V(&) + 208V () + (K + (o + i)t P) () =0, 1-B<y<Lb> % (5.8)
k

(where 8, o, u are real numbers and b, k, y are positive numbers) is asymptotically stable.

Theorem 5.5 Assume that for a solution u,(t) of (2.1), the coefficients P(t, u;) € C(T, o),
Q(t,u1) € C(T, 00) are real functions and

|P(t,m)| <C, t>T>0, (5.9)

o0 2 2£%|R(t,
/ (2P(t, up) — e M) dt=00, t>T5>0. (5.10)
T

Then the solution u,(t) is asymptotically stable.

Theorem 5.6 Suppose that for a solution u,(t) of (2.1), the coefficients P(t, u;) € C*(T, o),
Q(t,u1) € C*(T, 00) are real and condition (5.10) is satisfied. Then the solution u,(t) ap-
proaches zero as t — 0.

Example 5.3 By Theorem 5.5 the linear equation

B 2aV'(t) (a’>-a b B
V() + —+ ( 7t lnz(t))v(t) =0, a>1 (5.11)

is asymptotically stable.

Theorem 5.7 Assume that for a solution u;(t) of (2.1), the coefficients P(t,u;) € C3(T, 00),
Q(t,uy) € C*(T, 00) are real functions, and for allt > T,

R(tr ul) = Q(t’ Z'tl) - PZ(t7 M]) - P/(t: ul(t)) =<0, (5.12)
/ 2
1+ |P(t,u) + fR((t:;ll)) <c|R(t,m)|, (5.13)
/ b <2p _R_ |((=R)*)" (~R)™* - 2@\) dt = cc. (5.14)
T 2R

Then the solution u;(t) of (2.1) is asymptotically stable.

Example 5.4 From Theorem 5.7 the asymptotic stability of the equation (see also [9, 15,
16]) follows:

V'(8) + 268" W (8) + P Pu(t) =0, b>0,c>0,1<B<y <2B. (5.15)

Example 5.5 By Theorem 5.7, the nonlinear Matukuma equation

-u; A 2
! (r t i Lf'”tlzl -0, B>0,n>3 (5.16)
+

is asymptotically stable.
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Theorem 5.8 Suppose that for a solution u,(t) of (2.1), the coefficients P(t, u;) € C(T,0),
Q(t,uy) € C*(T, 00) are real functions, and the conditions

R(t,u (1)) (1-7*(2)) = 0, (5.17)
*© R'(t,u1)
fT <2P(t, up) + SR, m) —4&(t) - Jo(t, u1)> dt = 00 (5.18)

are satisfied, where

1+]|1+2& f; VIR(s, uy) |2 /7 28/ RA=)0)dy g2

Jo@®) =|(vr2=1-7r)'| 5 , (5.19)
£o
£(t) = %%ln(l+2§o/ VIRGs, 1) |23 VI st) (5.20)

Then the solution u;(t) of (2.1) approaches zero as t — 00.

Remark 5.1 By taking r(f) = R3/2 €BV(T,00), r(t) < B <1, weget Jo(£),&(2) € L1(T, 00),
and Theorem 5.8 becomes a version of Pucci-Serrin Theorem 1.3. In this case, (5.18) is

simplified to

> R(t) R(2)
/T <2P(t)+2R(t)>dt_1ggo</ 2P(s)ds + 5 'R(T)> 00. (5.21)

Example 5.6 Due to Theorem 5.8, every solution of (1.6) with

P(t) =0, Q(t) =R(t) = Wt n*°(t), y>-lory=-1,0>0,

approaches zero as t — 00, since

/
Y o
r(t) = = + — 0, t— oo.
( ) 4.R3/2 2,ut1+y 1n1+a (t) 2Mt1+y 1n® (t)

Theorem 5.9 Suppose that for a solution u,(t) of (2.1), the coefficients P(t, u;) € C*(T, o),

Q(t,uy) € C*(T, 00) are real functions, and for some constant & > 0, we have

Re[£(8)] > 0, S(t)———ln(l+2$0 / VIRE)/R(T) |27 /R dyds) (5.22)

f “a <2P(t, w) + R 2i/R(E) — 4&(t) - ]o(t)> dt = 00, (5.23)
T 2R(2)
where
t 2 [5.24/RO)dy 12
To(8) = 11 +2& [ /IR(s)/R(T)le Vds|* +1 (R 0. (5.24)

2|RV4 ()€ RT(T)]

Then the solution u,(t) approaches zero as t — oo.
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Theorem 5.10 Suppose that for a solution u;(t) of (2.1), the functions P(t,u;) € C(T, 00),
Q(t,u1) € C(T, <) are real and

oo o0
f S(t, u1)<1 —25(¢,u1) f s @PUn)-25t.)) dy ds) dt = oo, (5.25)
T T
¢ S
S(t,up) = / Q(s, ul)eft 2P dy g (5.26)
T

Then the solution u;(t) of (2.1) approaches zero as t — oo.

If

0 "
S%(t, uy) / els @POM)-2S0u)dy o o (T, o0), (5.27)
T

then the attractivity condition (5.25) is simplified

[e%e] 0 t "
/ S(t,uy) dt = / / Q(s, uy)e™ s PO s gy — oo, (5.28)
T T T

Note that (5.28) is Smith’s [13] necessary and sufficient condition of asymptotic stability
of (2.1) inthe case of Q(£) =1, P(t) > ¢>0.

Theorems 5.1-5.10 are new versions of the stability theorem proved in [1-5,9-13,17-21]
by a different technique of construction of the energy function.

6 Proofs
Lemma 6.1 Assume that all the solutions of linear system (1.1) are attractive to the origin,
and functions x1, x» € CH(T, 00) are solutions of CA(xj) =0,j=1,2. Then

i 14201 expUf; RITHAG)]ds) _

=00 [x1(2) — x2(2)] (61)

Proof of Lemma 6.1 and Lemma 1.1 First, we derive formula (2.8) for the characteristic

function. Solving for u, the first equation of (1.1), we get

(€) — an(t, u(t))u (¢)

_ i
wall) = = L u®)

(6.2)

To eliminate u,, we substitute it in the second equation of (1.1) u5(2) = ax (¢, u(t))ui(t) +
an (t, u(t))us(t), so we get (2.1): L[] = uf (£) + 2Pu;(t) + Quy(t) = 0, where P, Q are as in
(2.2). From definition (2.5), we get (2.8). Formula (A.22) (see the Appendix) for CCA(¢) is
proved similarly by elimination of 1.

The first component of a solution of linear system (1.1) may be represented in the Euler

form
ul(t) = Cle)(1 (t) + CZe)(z (t)r (63)
where x;, j = 1,2 are solutions of CA; = 0. From HA(f) = 0 we get

ayy(t) & x(t) = M (6.4)

x0(0) + o) =Tr(A®) + 20 =~ g
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Since we are assuming that the solutions er(t), j=1,2 of linear system (1.1) are attractive
to the origin, we have

elF0n ) ds _ [T AGu(E)+aly ulsDan—x /0 ds _, ¢ 6.5)

as t — 0o, that is, (6.1) is satisfied. Note that if additional condition (1.9) is satisfied, then
(6.1) is also a sufficient condition of attractivity of solutions of (1.6), since in view of (6.5)

as t — 00, we have
| eIt xds| /T Rba-xalds ofr R +xalds _,

’efé xods| /T 0e-x1lds o [rRia+x2lds _y
To prove Lemma 1.1, rewrite equation (1.6) in the form of system (1.1)

i v(e)\ 0 1 v(t) (6.6)
dt \vie)] \-Q@) -2r@)) \v®))’ '

which means that

an(t) =0, ap(t) =1,

Tr(A) = an(t) = —2P(),  det(A) = —ax (®) = Q). o
Then (1.8) follows from (6.1). a
Lemma 6.2 IfK(t) is a Hermitian 2 x 2 matrix with the entries ky(t) such that

det(K(2)) = ku (ko (£) — [ki2|* > 0,  kpa(£) > 0,6 > T, (6.8)
then the matrix K(t) is non-negative (K(t) > 0), and for any 2-vector u

u K(t)u> % lul>,  Tr(K(®) = ku(t) + kaa(2). (6.9)
Remark 6.1 If

det(K(2)) = ku(Okaa(t) — lkia|* = 0, kna(8) = 0,ku(2) > 0,¢ > T, (6.10)
then ki5(£) =0, and

u K(O)u = ky|uy|* > 0. (6.11)
Proof of Lemma 6.2 From the quadratic equation for the real eigenvalues of K(¢)

A2 = ATr(K(2)) +det(K(2)) =0, (6.12)
we have

. Tr(K(2)) + /[Tr(K(2))]2 - 4det(K(t)), Xy = det(K (2)) ’ (6.13)

2 A
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From det(K(t)) = ki1 (£)kaa (£) — |ki2(£)|> = 0, we have ky;(£) > 0 and
Tr(K(2)) = ki () + ka2 (£) > 0. (6.14)

Further from

det(K(t))
0<i <Tr(K(®), M=ki=> % (6.15)
we get
o _ det(K(®)

Lemma 6.3 If there exist the complex-valued functions p;(t), p2(t),012 € Li(T,¢t), and a
real-valued function B(t) € Li(T,t) such that

2R[p1(8)les(8)* + pa(2)]

N[HA ,
B(t) + 20[HA(D)] + O 1 >0 -
5(2) = 01(t) — 62(2) — pr(£) + pa(2),
B(t) = Jo(t) - RIHA + py + p2], (6.18)

where Jo(t) is defined in (3.5), then the energy inequality
Vi(t) + Va(t) < Cegl(2) (6.19)

is satisfied, where the energy functions are defined in a more general form than in (2.14):

G @) - an@®)m @) - an@)ua (O
= 16(®)ep;s0,, (1)1 bR (620

Proof of Lemma 6.3 Denoting

L (4P Fanuw)
j = T 2
—dlﬂlz(t, u(t)) law(t, u(t))

>’ dj=6;(t) —an(tu®), j=12, (6.21)

we can rewrite energy formula (6.20) in the form

U Zu Z Z
\/j(t) - 712, j=12, Vit) = u iy uiu
|99p1‘+93,]‘|

2
= es|”. 6.22
|93p1+92|2 |96p2+01|2 el ( )

By differentiation, we get

, u'Yu
Vi(t) = ——
| ep/+93,/ | (623)

Y =Z + A'Zj+ ZA - 2ZR[p; + 05+ 0'10], j=1,2,
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u [Z1les(D)) + Zolu
10ep, 1, (£)]?
ul(BZi—-Y)lel> + BZa—Yolu  u' Nu
|9€172+91(t)|2 - |96p2+91(t)|2

Vi(t) + Va(t) =

,3(V1+ Vz)—V{—VZ’ =

)

where
N = (B2~ Y)|e )] + BZ2 - Yo.
By direct calculations

_ A+ AL+ BAg  an(A; - BiAs)
an(As - piAds)  lan*(As+ BiAds))’

where

CA CA
Ao = |dres|* + |da)?, A= (- =2 )ldies + [ po— =2 )Ida )%,
dp dy

CA _ _
Ay = (71 -p1 —1‘91>6l'1|es|2 + CAy —dy(p2 + p2), Az = dile|* + dy,
1

Ay =(p1+Dp)les|” +p2 + P2, As =1+ e AoAs — A3 = lesbral?,

B =B +2Re[HA],  HA1=HA-p -p>.
Further

det[N] = ningy — many = |ﬂ12€s912|2[/312 - 281N (HA;) - F],

where
A2 - (A + ADA,
lestr2|?
or
- ‘CA1|6S| + CAgle||” " _)< CAy,  CA, _)
= —(p1 + — + +po +
61— 0, L 01—0 0,-06, parp
—( CA CA; )
+ + + ,
(02 p2)<91 B
or
F(o) - | CaDIe®] _ CADle-(0) ’
el(t) - 92(t) Ol(t) — 92 (t)

CA] (l’) + CAz(t)

+ |:5R <p2(t) —pi(6) + 01(£) — 65(2)

or using notation (3.5), we get

F() =72(8) - [R(HAW®)], o= F2+ (RHA)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)
(6.30)

(6.31)

(6.32)

2
)} — (Re[HA(?) - p1(2) - p2®)]),

(6.33)
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By Lemma 6.2 to have the non-negativity of the matrix N (with the entries ny;), it is
sufficient to show that

n = lan*[Bi(1+ les|?) + 2Re(piles]* + p2) ] > 0, det[N] > 0.

The first condition is condition (6.17), and the second condition follows from (6.18) and
(6.31):

B1 =B +2R[HA] > R[HA — p1 — pa] +Jo = R[HA1] ++/ (?R[HAl])2 +F.
So, from conditions (6.17), (6.18) it follows N = (BZ; — Y1)|es(£)|*> + BZ, — Y5 > 0,

u (Yiles* + Ya)u - u (Ziles)* + Zy)u

Vi) + Vi (t) = <
! > 0 eg,+py | |0 es, 1 py |

=B (V1+Va) (6.34)

or (6.19) by integration. O

Lemma 6.4 Ifthe phase functions 0; are such that (3.1) is satisfied, then

clu(t))?
i)+ Va(t) > ———. (6.35)
R AN TP
Proof of Lemma 6.4 Introducing the Hermitian matrix K(¢) with the entries k;;(z)
K@) = Zi|e;®|" + 2,
_ |dies(t)|* +|da|*  —aa(diles(t)| + da) (6.36)
—an(dile O +dy)  lan(1+le@)P), )’
we have
det(K(2)) = |ara(dh - dz)es(t)’2 = |a12(61 — 62)es(2) g (6.37)
Te(K(0)) = lara* (1 + |es)[*) + |dies()|” + 1da . (6.38)
From condition (3.1) we get
2 Tr(K(t)) _—
Tr(K(t)) < (61 —605)“|, ——— <6 — 0,7 6.39
t(K(2)) < c|anes (61 - 62) Btk () < |6 - 6, (6.39)
Further, by using Lemma 6.2, we obtain (6.35)
‘K det(K)|ul* D
Vit Vy= 28 s> etli)lu s> C|”2( ) - (6.40)
|9301+p2| Tr(l()|9691+p2| |61 — 05 O(|391+pz| 0

Proof of Theorem 3.1 First let us check that under the conditions of Theorem 3.1, Lem-
ma 6.3 is applicable. Condition (6.18) is satisfied by choosing

B =Jo(&) ~RHA+pr+ps), Jolt) = \/F + [RHA - py - po) - (6.41)
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Condition (6.17) is satisfied as well in view of condition (3.2)
(1+ les]?)Jo(®) + N[ les|*(HA; + 2p1) + HA; +2p5] > 0.

From Lemma 6.3 and Lemma 6.4, we get

clul*

|(91 - 82)a691+p2 |2

2
C|M(t)’ < Ceg.29i(6) +4py+a0'10) = Cey, (£), (6.43)

<Vi+Vy<Ceslt)  ept)=elrPO%, (6.42)

where J;(¢) is defined as in (3.13):
Ji=R(26,+200'10 —HA+p, —p1) +Jot),  Jo(t) =/ F + [R(HA)]". (6.44)

Substituting here formula (2.9) for HA(z), we get (3.4). Further from (3.3) and (6.43) the
boundedness of |u(£)| and the stability follow. (I

Proof of Remark 3.2 Note that if for linear system (1.1) 6;(t) = x;(¢), j = 1,2, R[xu(¢) -
x2(8)] = 0, R[pa(t) — p1(8)] = 0, then CA1,5(¢) =0, Jo(¢) = 0, and solutions of (1.1) could
be represented in the form (see (6.2))

wy () = CrelTn0ds o ¢, ot 06)ds

~GiGa@) - au ()T 109 4 Cy(xa(t) - an(r)e/r 0%
B ara(t) ‘

us(%)

Solution u(t) = (uy,uy) of (1.1) is bounded and stable if and only if for all t > T and j = 1,2

x1(2) — an(?)

t
ex R x;(s) | ds < comst.
() p/T o] ds <

t
exp/ m[xj(s)] ds < const,
T

These exact conditions are close to conditions (3.1), (3.3) of Theorem 3.1 which, under
assumption 6;(¢) = x;(t), R[x1(t) — x2(£)] = 0, turn to (see also (3.13))

2 2
X1(121;(ttl)11(f) ‘ Xl(ZI;(ﬂtl)u(t) e()] +2 =) - Xz(f)|2a;
! a(x1(t) — x»(2))
/T (5]{[)(1(5)] + 7){1“) ") ) ds < const. 0

Proof of Theorem 3.2 From (3.1), (3.2) we get estimate (6.43) as in the proof of Theo-
rem 3.1. Further from (3.6) and (6.43) the boundedness of |u(¢)| and |u(¢)|> — 0 as t — oo,
that is, the asymptotic stability, follow. O

Proof of Theorem 3.3 Choosing

B(t) = =Jo(t) = R[HA + p1 + p2], (6.45)
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we have again det(N) > 0. In view of

B = B+ 2R[HA()] = R[HA(t) — p1 - p2] - Jo(®)

from assumption (3.7), we have Re[HA] < Jy — Re[p1 — p2] and Re[HA] < Jy + Re[p; — po]
and

Bi+p1+p1 <0,

nao

P = Ay + BiAs = les|*(Bu+ p1 + P1) + Pu+p2 + P2 < 0,
12

Bi+pr+p2<O,

which implies 7155 < 0, det(N) > 0, N(£) < 0, and from (6.25) Y1 |e|? + Yo > B((Z1|es|? + Z2))
So,

“(Yiles|* + Y- (Ziles)? + Z
Vi) + vy = LIEl e gu @il 2o gy Ly (6.46)
|9691| |9391+p2|

or by integration

9
U u Ku
ol 5 = 5 = Vi(e) + Va(e) = Ceg,
|0691+p2 | |0691+p2 |

(6.47)
where u is the largest eigenvalue of the non-negative matrix K = Z; |es|? + Z,.
Since both eigenvalues of the matrix K are non-negative, we have
1w = Te(K) = |dres|* + |da|* + |ara|* (1 + les]?), (6.48)
(o) = Sl zpﬁwm](t) Z el 1d Eef |(22|2(1 o) (6.49)
From this estimate and (3.8), it follows |u()|> — oo as t — oo. O
Proof of Example 3.1 We have
P(t) = bt" ™, R=Q-P*-P =ct?2_p* 24 b1-y)'2>0 (6.50)

for t > T, and T sufficiently big positive. Choosing

01 =ivR R P() 6, =
1=1 4R ’ 2

iv/ R P(t) 0
=— - = , = =0,
4R pr=p

/

we have

9 R
0=ivVR,  |e(®)]=lewl =1, =

0 2R
5R? R’
CLi=CLy= s -7 HL=0,
16R2 4R
CL1 + CL2 5R/2 R// )
t) = = - =0(t -B cl T, ,
ol ‘ 20 ’ 32R52  32R312 (t77) € L(T, 00)
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/

bm:mh—%+%_w}%m:Rm

2R(¢)

- 2P(t) - Jo(t)
=-2bt" 1 - O(1/¢).

So, conditions (3.7), (3.8) are satisfied, and from Theorem 3.3 it follows that equation (3.10)
is unstable. 0

Proof of Theorem 3.4 Consider equation (2.1) written in the form

4 (m)) _ 0 1 uy(t) . (6.51)
dt \uy(t) —Q(t,u1) —2P(t,u1)) \uy(t)

Let us choose
B() =Jo(t) - R[HA®) + pr(0) + p2 ()], HA(¢) = HL(2), (6.52)

where Jy(2) is defined in (3.5) with CA;(t) = CL;(¢). Then the conditions of Lemma 6.3 are
satisfied, and we get from Lemma 6.3

u Ku

e B Vi + Vo < Cep(t) = Cejy—siLp +p2] (2); (6.53)
61+p2

where the matrix K is defined in (6.36). Since from (3.11) it follows |e(¢)| > 1, by applying
Lemma 6.2, we have

16 - 6a)es|*

u Ku
1+ Jegl?

lu|> >0

or

61 -6 2 T2 g
dies|* + |da* - KA —dileP~da _
—d, |es|* - dy 1+ el B

It means that for equation (2.1) we get

(61 = B2)es*|a | |(61 = 6a) % |vI?

Ku > = =v, =V ().
A T e 1+ e m=v, o =v(D)
From (3.11) it follows |e_s(#)| < 1, and we have also
1 2
AES, |(61 = 02)v(2)|". (6.54)

Further, using notation (3.18), (2.6) from (6.52), (6.53), we get

1 2
3 }V(f)| < CerelJy-HL+26, +ps-p1] = CeRelJ+61-03-0"10-2P+py—p1] = Cep (£),
and from (3.6) it follows v(¢£) — 0, t — oo. O

Proof of Theorem 3.7 By substitution

CTRA®)  a(0)

&i(t) = 6;(t) 5 2an®’

28(t) = £:1(2) - 52(2) = 61(2) — 62(1), (6.55)
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functions (2.8), (2.9) may be simplified

E'(t)
£(r)°

CAi(t) = &) + §} () + RA(t),  HA®) = &(0) +&(0) + (6.56)

Theorem 3.7 follows from Theorem 3.1, Theorem 3.2 by taking a given function &(¢)
and choosing p; = p, =0, and phase function & (¢) as follows (see (6.55)):

§(Defr2ad

&1(t) = & (1) + 2£(2), £(t) = 26T [ R g (6.57)
S -50-20), HAD =680+ 0 -0 (658)
t
e(t) = esg () = /T EW s _ %eﬁ’%zﬁw =1+2&(T) /T e Jriadz g (6.59)
Further from (6.56), (3.15)
CA,(2) = CAy(t) = &(t) + £5(2) + RA(2), (6.60)
(L+|exs)|CAy| 1+ |1+ 2&(T) [1.e T284 g2
= = CA,|. 6.6
P = e e (e s ! (©61
So, conditions (3.1), (3.2) turn to (3.29), (3.30). From (3.13) we have
Jo(t) =i =Jo(2) + R |:291 + 20? i|
\ a 208’
=Jo(t) + Eh|:2§2 +Tr(A) + —= +4&(t) + : ],
12
k&%ﬁdﬂ+m[HMJ+gﬁ—2&+zgligq (6.62)
[250) &
or (3.31). O

Proof of Theorem 3.8 Theorem 3.8 follows from Theorem 3.4 applied to the system (6.51).
By choosing p; = p» =0 and 6 asin (3.31), in view of HA = §; + & + 2:2 =0, we get (3.33)

from (3.6) and (3.18). O

Proof of Theorem 4.1 Theorem 4.1 follows from Theorems 3.1 and 3.2 by choosing, as the

approximate solutions of CA;(t) = 0 (see (6.56)), the eigenvalue approximation

&12(t) = £V -RA(1), (6.63)
CA '+E2+RA  RA RA’

z= L _GtEARA ) CAy=-CA,, HA=—, (6.64)
& -§& & -6 4RA 2RA

s=& & +pr—p1 =2/ -RA(t) + p2 — p1. (6.65)

Condition (3.1) turns to (3.12) (see Remark 3.3), or to (4.2).
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In view of (6.64) and
_ 2 2 2 2
|zles] +Zles]|” = [Re(22)]" + 2> (les| - le=s])”, (6.66)

we get from (3.4), (3.5) formulas (4.3), (4.4):

Jo = [eles] + Zle_al[* + (Relpy - pa])’

2

= \/[Re(Zz)]z + |22 (Jes] — |e_s|)2 + (Re[p1 - p2l)~. (6.67)

From (4.1) we have |es(#)| > 1, and condition (3.2) is satisfied since from (4.4) we have
Re[Jy + HA] > 0. O

Proofof Theorem 4.2 Theorem 4.2 follows from Theorems 3.1 and 3.2 by choosing p,(t) =
p1(t) = 0, and the special Riccati equation approximation

51%, £ =0, el—ezzgl—&:%, T>0. (6.68)
By direct calculations,

CA\(t) =& +E2 + RA=RA(t) = CAy(t),  s=26=8 &= % (6.69)

HA® =0,  ex(d)= % > 1. (6.70)

Condition (3.2) is true, since (3.11) is satisfied (see Remark 3.3). Condition (3.1) with

« =0 turns to (3.12): 2|& — &% + 3|61 — an|? + 2|a12|? < c|a|* or

2

2 1 Tr(A Lo (t
), %@ SC|ﬂl2|2,

—2+3|—+—+
t t 2 2&112

—ail

which follows from (4.5). From (3.15), since 0 < T < £, we get

CA1|€2§| + CA2|6_2§| t T 2t2
t) = =t| =+ — J|RA(¢)| < — |RA(2)|. 6.71
o) - [ £+ ) rao] < 2 |raco) 671
Further from (3.13) we get
2t 2 aj,
Ji =Jo + M[2& — HA] < = [RA(®)] + R| = + Tr(A) + 2 |, (6.72)
T t a
and condition (3.6) turns to (4.6). O

Proof of Theorem 4.3 Theorem 4.3 follows from Theorem 3.7 by choosing the linear equa-

tion approximation

t t 2
& = —f RA(s)ds, E)+E5 +RA = (/ RA(s) ds) . (6.73)
T

T
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Proof of Example 4.1 Example 4.1 follows from Theorem 4.3. Since y < -2, we have

a, a?
RA(t)=—2 -2 —an=(y+ly +2¢",  Tr(4)=-2¢,
e/t [T RAG) dyds _ Cexp(t'*?) > Ce® =C, t— oo,

to
/ eJT/%ZRA(Z)dZdde:O(t), t — oo.
T

Choosing &(T) =1, by using I'Hospital’s rule, if 8 <0, y < -2 < -1, we get

14114 125(T)| [L e/t J7H2RAR) dzdy|2
| | ‘é;:( )|,{TS . | _ O(tz), %.(t) — O(t_l), t— 00,
2|E(T)|efT J7R2RA()] dyds

£ + |2t‘3 +(y +2)t”+1| +1<C,
and conditions (4.7), (4.8) with o = 0 are satisfied.

Jo(t) = O(£7**),  t— oo,

/ t
Js(t) =Jo(t) + ER[TrA + @] —/ 2RA(s) ds + 4€
arn T
=O(£27+) =26 —2(y + )" + o(%). (6.74)

Asymptotic stability condition (3.6) is satisfied as well:

t 2tﬂ+1 t2y+5
/ Js(s)ds = O(In(t)) - —2t"?2 4+ 0 +C— —00, t— 00. 0
T B+1 2y +5

Proof of Theorem 4.4 Theorem 4.4 follows from Theorem 3.1, Theorem 3.2 by choosing
1 =p2 =0, and JWKB approximation:

RA’
12 = iV RA() - 4RA((tt))’ 01— 0, =8 —&. (6.75)

We have from (6.56), (3.15)

. §-& RA®) . -t _
s=& —& =2iy/RA(t), S = 2RA(t)’ HA=§&+& + P =0, (6.76)

5(RA")>  RA'(t) "
CA; =CAy =& +E2 +RA = - = (R7V*)"RV4, 6.77
1= CA =546+ 16RA%(2) _ 4RA(2) (&) (6:77)

_ |CA1|es| + |e—s|CA2| _ l —1/4\" ~1/4
Jo(t) = D) = 2|(RA ) RA™*|(Jes(®)| + |e_s(®)]). (6.78)

Conditions (3.11) and (3.2) are satisfied. Condition (3.1) turns to (3.12) or (4.11), and
from (3.13) we get (4.12)

20— 1)RA'(t /
Jol£] = 1(8) = Jo(®) +m[2i\/m+ % +Tr(A) + Z_ﬂ .
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Proof of Theorem 4.5 We deduce Theorem 4.5 from Theorems 3.1 and 3.2 assuming p; =
p2 =0, and by choosing the Hartman-Wintner approximation [14]

§(t) = q(t)VRA®), j=1,2, (6.79)

where g ,(£) are solutions of the quadratic equation qj2 +2rq;+1=0,

RA/(t) 1 -1/2 /
qu(t) == Vz(t) -1- r(t), r(t) = W = —E (RA ) (t). (6'80)
By calculations,
§-& [RA(-DI
=& —& = (q1 - @2)VRA =2, /RA(r2 — 1), = , 6.81
s=& -6 =(q1-92) (> -1) £—& 2RA(Z-1) (6.81)
, 2 ’ CA; q;
CAj=qiVRA+RA[q; +2rgj+1] = gVRA, 2= = . (6.82)
§i-86 Vri-1
Denoting
Wr2-1-ry B (=r2=1-r)
1= —, =
W WV
(-1 r@re)
t)=HA(t) =z -2 = = , 6.83
w(t) H=z1-2 22-1) () -1 ( )
we have
w w, ——
212—5( 1—7'_2—1), 22:—5( 1—7"_2+1); (6'84)
and
2
|z1les] + zale || = % (V1=r2-1)le,| - le,|(VI-r2+1)|. (6.85)
From (3.15)

Jo(t) = \/(Re[w])z + %K\/l —r2-1)|e| - le_g|(VI-r2+ 1)|2

or (4.17)

2

’

2
Jo(t) = \/(Re[W])z + %“e—ﬁ + les| + V1 _r_2(|e—s| - |es|)

since 1 — % <1, |e_s| <1, we have
Jo(®) </ (Re[w])” + [wf2 < |w|v/2.
From (3.4)

o) - Re[sl gy QDG gy, @] Io(®),

&1-6 a2
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(20 - D[RA(? - 1)) 1
Ji(t) = Re[21/RA(r2 —1) 4o SRAG? _rl) + Tr(A) + @] +Jo(8).

ai
From (4.14) we get |es| > 1, and in view of (3.12), condition (3.1) turns to

3 RA’ !
—12,/ (r2 - l)RA - +Tr(A) + G2 _ 2a11
4 2RA a1

o
’

2
+8|RA(r* - 1)| + 2la|?

< clap|? |RA(r2 - 1)

and it follows from (4.15).
From (4.17) we have w = HA, Re[HA + J5] > 0, and condition (3.2) is satisfied.
To prove Remark 4.2, note that if RA = ﬁ, we have r = -1, and from the quadratic

equation ql.z -2rgi+1=(q-1)*=0,wegetg=1or& = —% = % Further, from the
equation HA = %/ +2E+2& =0,wegetf = ﬁn(t) and the other phase function & = &, +2£ =
1 1

+ . O

2t T tIn(z)

Proofof Theorems5.1,5.2 Theorem 5.1 follows from Theorem 4.1 applied to system (6.51).
Indeed, by substitution RA(£) — R(¢), a12 =1, ai; =0, Tr(A) = -2P, p; = p» = 0, condition
(4.2) of Theorem 4.1 turns to [R| + [2P|? + 1 < ¢|R|*. Further, from condition R > 0, we get
Re[s] = 0 and (4.1) is satisfied. From (4.4) we get Jy = |% [

By choosing « = 1, the conditions of Theorem 4.1 turn to (5.1) (big damping case).

By choosing o = 0, the conditions of Theorem 4.1 turn to (5.2) (small damping case).

Theorem 5.2 follows from Theorem 3.4 by choosing

&2 = £iVR(), p1=p>=0. (6.86)
g

Proof of Example 5.1 Since

P(t) = bt"}, Q=ct?2,

(6.87)
R=Q-P>—P =ct? 2 _p2>2 4+ bQ - y)t" 2,
from B > y > 0 we get R(¢) = Q(t)(1 + o(1)) > 0, and
/ -1
R 26-D_ r"¥10(1) e Li(T,0), t— oo. (6.88)

R(?) t

IfB>1,8>y>y/2>0,then cR(t) > 1+ |P(¢)|? and condition (5.1) of Theorem 5.1 is

satisfied:
/t(zp(t) _ M) db - /:(thy_l _ w) dt+C— oo
T 2R(t) T t

If 0 < y < B <1 (small damping), then |R| < C, |P| < C, and condition (5.2) of Theo-
rem 5.1 is satisfied:

/t<2P(t) - w) dt = /t<2bt’/‘1 - M) dt + C — oo.
T 2R(t) T t
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If =y >1,c—b?>> 0, then condition (5.1) is satisfied again:

R=(c-0)" 2+ b1-y) >0, 1+|P]?2 <C|R|,

R@) 2(y-1)_ 0@)
R(¢) ¢

€ LI(T, OO)

If0<B =y <1,c-b*>0, then condition (5.2) is satisfied:

R=(c-0)t" 2 +b(1-y)" > >0, IR| <C, |P| < C.

Further, if y =0, 8 > 1, b > B — 1, then in view of (6.87) condition (5.1) is satisfied:

R(t) =t + (b-b*)t 2 >0, 1+ |P)? < CR(®),

! IROI+R@) . [(26-2(B-1)

Ify=0,0<B<1,b>1-p, then in view of (6.86) condition (5.2) is satisfied:

IR = [et?# + (b-b*)t?|<C, |PI=Ct'<C, R =<0,
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' RO-IROI\ . _ [ R\ ,  [f(2b+28-2

Finally, wheny =0,b =1, we have P =}, P’ + P? = 0,
R=Q-P*-P=Q=ct??,  —="—.

If1 <B<2,thenR > 0,1+ |P|?> < CJR|, and condition (5.1) is satisfied:

e |R'(t)] + R'(¢) o R(2) ©2+2-28

If0< B <1,then|P| <C,|R| <C,R <0, condition (5.2) is satisfied:

> IROI-R@)\ [~ R@ON . [T28,

O

Proof of Theorem 5.3 We deduce Theorem 5.3 from Theorem 3.1 applied to system (6.51),
and by substitution &, = ik = const, @ = 0, Tr(A) = 2P, a;1 =0, a1 =1, p1 = p2 =0,

Re[s] =0,

CA/  CA, R(H)-K
q-& &-& 2ik

HA=0.

From (3.5), (3.13)

R(t) - k?

R(t) - k2
. )

fo=‘

, J1=9[261] +Jo = Re[-2P] + ‘
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Conditions (3.1), (3.6) turn to (5.6), (5.7). If R(t) — k> #0, then (3.2) is satisfied. The case

+ikt- [ Pds

R(t) = k2 is trivial, since in this case CA; = 0 and the functions e are exact solu-

tions of (2.1). O

Proof of Theorem 5.4 We deduce Theorem 5.4 from Theorem 3.4 by choosing
& =ik, & =—ik, k= const>0, p1=p2=0.
From

£ = ik, Rel[s] = 0, CL =& +& +R=R-K?, CL,=R-k*>, HL=0,

we get from (3.19)
CLi| |R(t)- k|
Jo=|—7|=—77F—
ik k

and from (3.18)

/

J3 = Sﬁ|:§1 -& - % - 2P} = -20[P(t)],

so (3.2) is satisfied if |R(t) — k2| > 0 and condition (3.6) turns to (5.7). Case R(t) = k? is
trivial. O

Proof of Example 5.2 This example follows from Theorem 5.3.
From y <1 we get |P(¢)| = |bt"!| < C.

RO =Q-P —P =K+t b2 _p(y 1)t 2.
If1-B<y <Lkb>3,then

_ k2 _1A-y-B _ p24y-1 _ _ -1
p_ IR kk | _ 26kt blt b =D
K

If1—,3:y§1,kb>%,then

—_ k2 P2yl 11
9p_ IR kk | _ 2bk — |1 - bt . b(y - 1)t |ty_1 ey

Ify:O,,le,bk>%,then

IR—Kk%*| 2bk—|t'P+(b-b*)t1 ¢
2P - = Z —.
k kt kt
In all these cases, (5.7) is satisfied since y > 0. O

Proof of Theorem 5.5 Theorem 5.5 follows from Theorem 4.2 applied to (6.51). O
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Proof of Theorem 5.6 We deduce Theorem 5.6 from Theorem 3.4 by choosing

From ¢t > T > 0 we have

t T
CA1=CA=R(), HA=0, el=ex()=7, ed)=—=r,

NI~

and from (3.19) we get

2£2|R()|

Jo() = [y (les] ~le-s])” +4 = |tR@O)(les] + le-s])] < =

From (3.18) and (3.6) we get (5.10)

J3(8) = f’f[% - 2P(t) +]0(L‘)] < m[% —p() + th'zlf(t” ]

Condition (3.2) is satisfied if R(¢) # 0. The case R(¢) = 0 is obvious since in that case the
exact solutions of (2.1) are u; = te~/TPEWds 1y, — o= [7Plsu)ds, O

Proof of Example 5.3 This example follows from Theorem 5.5:

p-2 Q= 6;2—_“ + _b
t’ 2 B3I’k
R= Q—P, —P2 = b s t2R(t) € LI(T, OO) 0
3 1n2(¢)

Proof of Theorem 5.7 Theorem 5.7 follows from Theorem 3.2 applied to (6.51), and by
choosing

R/
QI’ZZ:EV_R_EQ_P’ p1=8—-& =2¢, p2=0,

EI R/
=1, =0, =+/-R, -
o s & £ "R
CLy, ClL, 5R?-4R'R 1
&1-& &-&  32R2/-R 2

CLi+CLy 25‘ = (=R (=R)™* — 23R
s-&

(=R)™)"(=R)4, (6.89)

HL =0, ]o='

’
/ /

& R /a7 _
~J1=2P- T ~Jo=2P- - |(R)™)"(-R)™* - 2/-R|.

For this case (3.2) is true, (3.1) turns to (5.13), and (3.6) turns to (5.14). O

Proof of Example 5.4 Example 5.4 follows from Theorem 5.7.
In view of (6.89), we have conditions (5.12), (5.13) of Theorem 5.7 are satisfied if 1 < 8 <
)/ )

R(®) = Q) - PX(t) - P'(t) = -1’ (14 0(1)) <0, t— o0.
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Further, in view of

C+o(1)

t1+7/

16((-R) ™) (—R) 4 = € Li(T, o),

condition (5.14) or

/TOO<P—£/—«/3>dt=oo

4R
is satisfied if y < 2 since

R P +R R Q-P R
4R P+J—R 4R P+ /—R 4R
_ Q@ +o(1)) V- 1+0(1) _ c(1+0(1)) 2By-1

P—+v-R-

t — oo.
2P 2t 2b
Proof of Example 5.5 Example 5.5 follows from Theorem 5.7. Indeed
p il mD=3) AW (-D)-3)
2t 412 1+¢2 42
Choosing
. ; 1+/1+4n-1)(n-3
=Y by B=Y an- +4n-1)(n )’ Y
t t 2
we get

Ae/t (201 ds n-1)(m-3) CtPCa+rl=n (5 _1)(n-3)
To1+2 a2 1+2 4

Ifn>3, >0, then
B(n-1-2a)<0
or
(n-2?-1-4(n-1)(n-3)=-3(n-3)(n-1<0,

and conditions (5.12), (5.13) are satisfied:

o(l)—(n-1)(n-3) <0 R'(¢¥) _ 0(1)—2.

R(t) = , =
® 442 4R(t) t
From
5R? 4R" C+o(1
_CHol) ) 7o)

R>-R RJ-R P

condition (5.14) is satisfied since

p-=— = >

R \/_—_0(1)+n—«/(n—1)(n—3) o(l)+4n-3 E
4R - 2t 2+ n—-1)n=3)) _ t

(6.90)
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Proof of Theorem 5.8 We deduce Theorem 5.8 from Theorem 3.4 by choosing p;(t) =
p2(8) = 0, the phase & (£) from the Hartman-Wintner approximation

/

& (t) = —iy/R(1-1r?) - f—R, (6.91)

and &(¢) from (6.57)
d £
&) -&@) = — ln<1 + 2§(T)/ e—fr2§2dy dS)
dt T
or (5.20)
t
25(2) = &1(0) - &) = % ln<1 +2& /T |R(s)/R(T)|'" 2 /7 /RO dy ds). (6.92)
Since 2§ + 2§, + %/ =0, we get, from (3.18), /3 = Jo + N(2& - %/ —-2P)

Js=Jo+N4E +26-2P)=Jo + R [-2;‘, /R(1-12) - §—R +4& — 2Pi|. (6.93)

Condition (3.6) with J = J5 turns to (5.18). From (3.32) in view of (6.90), we get (5.19):

1+|1+2&(T) f; VIR(s)| e /T2 RA=r)dy gg2
216(T)

Jo®) = |(Vr2-1-r)]

Condition (3.2) is satisfied in view of Remark 3.3 and Jo(¢) > 0. O

Proof of Theorem 5.9 We deduce Theorem 5.9 from Theorem 3.8 by choosing

/

& = —iy/R(t) - iR’
By calculations

E5(t) + &5 (t) + R(t) = (R_M)NR”‘*,

we get (5.22) from (3.29). Further, from (3.33) we get (5.23) since

2P—252—4S—]0=2P+§—R+2i\/R(t)—4“§—]0. 0

Proof of Theorem 510 We deduce Theorem 5.10 from Theorem 3.4 by taking
t
a0-P0-50,  S0- [ Qe iP0as
T

and assuming HL =0 or & + & + %, =0.
Since S'(t) + 2P(£)S(t) - Q(t) = 0, CL; = §/(t) + f;‘jz(t) +R(t), we get

CLy=CLy = &/(t) + EX(t) + R(t) =P = S + P> —=2PS + §* + Q— P> — P' = §%(¢).
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From (3.33) and 2P — 2§, — Jo = 25 — ]y, we get

ft R[25(8) — Jo(t)] dt = o0,

T

where in view of & + & + %/ =0 we have

/1 (25-2P)dy

o0 [7(25-2P)d >
27 elr Y ds

’

s
/ ejT(2S—2P) dy dS’ _
t

ftoo elT2s-2P)dy ¢

e(t)=———F———<1.
e (2) [ eI R gy =

Further from (3.15)

CL, (625 + 6_2§) a ftoo ef%(23—2P) dy s
28 e [5(25-2P) dy
ftoo elT(2s-2P)dy ¢ f;o elT(28s-2P)dy ¢ ftoo elT(28-2P)dy g 2( )
- ftoo e/7(28-2P)dy ¢ f;o elt(28-2P)dy ¢

Jo(t) = ‘ (e26(2) + €2¢)S*(2)

e [5(25-2P) dy

00 00
< Zef%(ZP—ZS)dySZ(t)/‘ ef%(ZS—2P)dy ds = 252(t) / efts(2S—2P) dy ds,
T T

and (3.6) turns to (5.28). O

Appendix: Some invariants of the planar dynamic systems

By a linear time-dependent non-singular lower triangular transformation

_ _[su@®) O
v(t) = S(t)u(t), S(t)—(m(t) Sn(t)> (A1)

from linear system (1.1) (A(¢) does not depend on u(¢)), we get another linear system
V() = B)v(¢), B(t) = SOA@®)S() + S')S7L(2). (A.2)

Define auxiliary functions associated with system (A.2) that depend on phase functions
nj(t) as follows:

/ bi,(2) W(bn, bi2]
CB;(£) = mj(2) + 7 (¢) — () [Tr(B(t)) + bz (t)] +det(B(2)) + ﬁ, (A.3)
_ CB(m) - CB(n2) _ m®) - m@ |\
HB(t) = W = nl(t) + T]z(t) - Tr(B(t)) + (ln 7b12(t) ) 5 (A4)
RB(?) = det(B(?)) - (TrB(t))*> Wby — by, bis(t)] B (ble/z)”(t)bﬂz(t), (A5)

4 * 2b15(8)

where 7;(¢) are the phase functions of system (A.2).
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Theorem A.1 Assume that A(t) € C*(T,00), B(t) € C*(T,00), and S(t) € C*(T,0) is a
non-singular lower triangular transformation, and 0;(t), n;(t) are solutions of the charac-

teristic equations of linear systems (1.1), (A.2)
CA(9) =0, CB(;)=0, j=12

with the initial values

s;(T)
su(T) ’

ni(T) =6;(T) + =1,2.

Then we have the invariance

RB(t) = RA(t), RB'(t) = RA'(¢),

RA'(t) _RB(®) (det(S))
kA W= 280 " T sy

01— 6y =n1—m2,

(A.6)

(A7)

(A.8)

(A.9)

Remark A.1 From Theorem A.1 it follows the well-known result that the function

R(£) = Q(t) - P*(t) - P'(2)
is invariant of (1.6) with respect to the transformation V(¢) = v(£)w(¢).

Proof of Theorem A.1 By substitution

Tr(A())  a},(t) _ o TeB@) - by(®)
2 2ap()’ §(8) = mt) - 2 2bp()

§(t) = 0,(t) -
we get from (2.8)
CAj(t) =&/ (£) + §(1) + RA(£) =0, CBy(t) = ¢/(£) + {(t) + RB(1) = 0,

where RA(t), RB(t) are defined in (2.10), (A.5).
By direct calculations, from (A.2) we get

/
b _ ara(t)su(2) b = Si1 S21412 by — 821412
) = —————, n=dan+—-—, 22 =+ ——
522(8) S11 S22 S22
! /

$21 $21412  Syy $22d21  So1

by =—\|an-axn- - )ttt

Su 822 822 S11 S

and (A.8). Further, we get CA;(¢) — CB;(t) = 0, or
-5 0+ E-0)E+5)=0,  (§-g)=Ce 1
In view of by; = 211, and
22

(det(S))'

Tr(B) = Tr(A) + &et(S)

/
S
)

(A.10)

(A.11)

(A.12)

S )
2 (A13)

(A.14)

(A.15)
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assuming initial conditions (A.7), we get

sp(T) _

& —-4)(T) = (6 —m)(T) + su(T)

0o G

0, &)=¢(), j=12. (Al6)

So, the solutions 6;, n; of characteristic equations CA; = CB; = 0 are connected:

TrA(t) ap()
2 2ap(t)

TeB() b,y (0)
2 2bp(t)

0,(t) - n(t) - j=1,2. (A.17)

From these expressions, we get (A.9). O

Proof of Remark A.1 Rewrite equation (2.1) in form (6.6). Choosing

S= (W(t) 0 ) , (A.18)
w() wt)
we have
B=SAS1+8§t= P { , (A.19)
-Q(t) —2P(¢)
where
S w () N W (OP(t) w'(t) 2w2(t)
P(t) = P(t) - W) Q1) = Q) - W0 wo T W (A.20)
R@) = Q) - P*(t) - P (v), (A.21)
and (A.8) becomes R(¢) = R(2). O

Remark A.2 There are several characteristic functions of (1.1) depending on the structure
of the matrix A(f). Indeed, if a;5(¢) # 0, then the characteristic function CA;(¢) of (1.1) is
given by (2.8). If a1, = 0, but ay # 0, the characteristic function may be defined by the
similar formula

CCA(2) = /() + (8) - 6,(2) |:Tr(A) + Ziig] +det(A(2)) + % (A.22)
If system (1.1) is diagonal, that is, a1, (t) = a5 (t) = 0, then
CA;(t) = an(t) - 61(2) = 0, CAx(t) = an(t) — 62(t) = 0. (A.23)
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