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By employing a nonlinear alternative for contractive maps, we investigate the existence of solutions for a boundary value problem
of fractional g-difference inclusions with nonlocal substrip type boundary conditions. The main result is illustrated with the aid of

an example.

1. Introduction

In this paper, we consider the following boundary value prob-
lem of fractional g-difference inclusions with nonlocal and
substrip type boundary conditions:

CD;x(t)eF(t,x(t)), te0,1], 1<v<2, 0<g<l,

1

x(w)=0b L x (s) dqs,

O<w<d<l,

)

x(0) = g(x),

where D! denotes the Caputo fractional g-derivative of
orderv, F: [0,1]xR — 2(R) isa multivalued map, 2(R) is
the family of all nonempty subsets of R, g : C([0,1],R) — R
is a given continuous function, and b is a real constant. Here,
we emphasize that the nonlocal conditions are regarded as
more plausible than the standard initial conditions for the
description of some physical phenomena. In (1), g(x) may be
understood as g(x) = 25:1 (xjx(tj),wherew,j =1,...,p,are
given constantsand 0 < ¢; < --- < t, < 1. For more details,
we refer to the work by Byszewski and Lakshmikantham [1, 2].

Boundary value problems with integral boundary con-
ditions constitute an important class of problems and arise
in the mathematical modeling of various phenomena such
as heat conduction, wave propagation, gravitation, chemi-
cal engineering, underground water flow, thermoelasticity,

and plasma physics. They include two-point, three-point,
multipoint, and nonlocal boundary value problems.

The topic of fractional differential equations has been of
great interest for many researchers in view of its theoretical
development and widespread applications in various fields
of science and engineering such as control, porous media,
electromagnetic, and other fields [3, 4]. For some recent
results and applications, we refer the reader to a series of
papers ([5-13]) and the references cited therein.

Fractional g-difference (g-fractional) equations are re-
garded as fractional analogue of g-difference equations. Moti-
vated by recent interest in the study of fractional-order dif-
ferential equations, the topic of g-fractional equations has
attracted the attention of many researchers. The details of
some recent work on the topic can be found in ([14-20]). For
notions and basic concepts of g-fractional calculus, we refer
to a recent text [21].

The present work is motivated by a recent paper of the
authors [22], where the problem (1) was considered for a
single valued case. To the best of our knowledge, this is the
first paper dealing with fractional g-difference inclusions in
the given framework. Moreover, the main result of our paper
can be regarded as an improvement and extension of some
known results; see, for instance, [18, 19].

The paper is organized as follows. Section 2 contains some
fundamental concepts of fractional g-calculus. In Section 3,
we show the existence of solutions for the problem (1) by
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means of the nonlinear alternative for contractive mappings.
Finally, an example illustrating the applicability of our result
is presented.

2. Preliminaries

First of all, we recall the notations and terminology for g-
fractional calculus [21, 23, 24].

For a real parameter g € R*\{1}, ag-real number denoted
by [a], is defined by

1-4°

lal, = =g aeR. 2)

The g-analogue of the Pochhammer symbol (g-shifted
factorial) is defined as

k-1 .
(59),=1, (x9), = H(l —aq’), keNU{oo}. (3)

i=0

The g-analogue of the exponent (x — )" is

k-1
(0) (k) i
(x-»)"=1 (x-»)"=]](x-»d),
=0 (4)
keN, x,yeR.
The g-gamma function I (y) is defined as
(1-9"7"
L) ="—51 ®)
-

where y € R\ {0,-1,-2,...}. Observe that Fq(y +1) =
1L, ().

Definition I (see [23]). Let f be a function defined on [0, 1].
The fractional g-integral of the Riemann-Liouville type of
order f > 0is (Igf)(t) = f(t) and

‘o qs)(ﬁ—l)

“(
e

B
_B(1_ B\ k(q ’q)k k (6)

r-g) ;)q (q;q)kf(tq)’
B >0,

Observe that 8 = 1 in Definition 1 yields g-integral:

tel0,1].

t o0
L©= | f©ds=t(1-q) Ydr(d). o

For more details on g-integrals and fractional g-integrals, see
Sections 1.3 and 4.2, respectively, in [21].

Remark 2. The g-fractional integration possesses the semi-
group property ([21, Proposition 4.3]):

DIf@) =187F @) yBeR" (8)
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Further, it has been shown in Lemma 6 of [24] that

I (c0+1)
B () _ q (B+0)
I‘] ((x) )_rq([)’+0'+l) X) ’ (9)
BeRT,

0<x<a, o€ (-1,00).

Before giving the definition of fractional g-derivative, we
recall the concept of g-derivative.
We know that the g-derivative of a function f(¢) is defined

as
f®)-f(qt)
(Dyf)® = e t#0, o
(Dgf) (0 = lim (Dyf) (&).
Furthermore,
Dif=f D.f=D,(Di'f), n=123....

Definition 3 (see [21]). The Caputo fractional g-derivative of
order 3 > 0 is defined by

‘ph — [IB1-BplBl
Dy f () =1"""DS f (1), (12)
where [ 8] is the smallest integer greater than or equal to 3.

Next, we recall some properties involving Riemann-Liou-
ville g-fractional integral and Caputo fractional g-derivative
([21, Theorem 5.2]):

[Bl-1 &
BepBrinefi - S —b  (DEf) (o
LD O =50 3 e (D)),
(13)
vVt € (0,a], >0

‘DEIPf(t)=f(), Vte(oa], p>0.

Lemma 4 (see [22]). Let y € C([0, 1], R). Then, the following
problem

CDZx(t):y(t), l<v<2,

1

O =y x(@=b| x©dgs

¥ €R, te[0,1],
(14)

is equivalent to an integral equation:

t _ (v-1)
x(t) = Jo %y(s) dqs
q

t
—1b
+9{

s— qu)(u_l)

MR

_J‘”(w—qs

o I

y (u) dqu> dqs
(15)

)(U—l)

y(s) dqs}

+y0[1+é(b(1—6)—1)],
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where

9=w-——=#0. (16)

3. Existence Results

First of all, we outline some basic definitions and results for
multivalued maps [25, 26].

For a normed space (X, || - 1), let 2 4(X) ={Y € P(X) : Y
is closed}, P, (X) = {Y € P(X) : Y is bounded}, (@CP(X) =
{Y e P(X) : Y is compact}, and g’cp,c(X) ={Y e PX):Y
is compact and convex}. A multivalued map G : X — 2P(X)

(i) is convex (closed) valued if G(x) is convex (closed) for
all x € X;

(ii) is bounded on bounded sets if G(B) = U,zG(x) is
boundedin X forall B € 9, (X) (i.e., sup,..g{sup{|y| :
¥ € G(x)}} < 00);

(iii) is called upper semicontinuous (u.s.c.) on X if, for
each x, € X, theset G(x,) is anonempty closed subset
of X and if, for each open set N of X containing G(x,),
there exists an open neighborhood ./, of x,, such that
G(/y) € N;

(iv) is said to be completely continuous if G(B) is relatively
compact for every B € %, (X);

(v) is said to be measurable if, for every y € R, the
function

t+—d(y,G()) =inf{|y-z|:z € G(t)} (17)

is measurable;

(vi) has a fixed point if there is x € X such that x € G(x).
The fixed point set of the multivalued operator G will
be denoted by Fix G.

For each x € C([0, 1], R), define the set of selections of F
by
SF,x

={ve L' ([0,1],R) : v(t) € F(t,x (t)) for ae. t € [0,1]}.
(18)

Definition 5. A multivalued map F : [0,1] x R — P(R) is
said to be a Carathéodory function if

(i) t — F(t, x) is measurable for each x € R;

(ii) x — F(t,x) is upper semicontinuous for almost all
t € [0,1].

Further, a Carathéodory function F is called L'-Carathéo-
dory if

(iii) for each o > 0, there exists ¢, € L'([0,1],R™) such
that

IF (¢, )l = sup{[v] : v € F (£, x)} < @, (t) (19)

for all |x|| < « and fora.e. t € [0,1].

We define the graph of G to be the set Gr(G) = {(x, y) €
X xY, y € G(x)} and recall two results for closed graphs and
upper-semicontinuity.

Lemma 6 (see [25, Proposition 1.2]). IfG : X — P,(Y) is
u.s.c., then Gr(G) is a closed subset of X x Y, that is, for every
sequence {x,},eny € X and {y,}en C Y, ifn — 00, x, — x,
Y, = V. and y, € G(x,), then y, € G(x,). Conversely, if G
is completely continuous and has a closed graph, then it is upper
semicontinuous.

Lemma 7 (see [27]). Let X be a separable Banach space. Let
F:[0,1]xX — % (X)bean Ll—Carathéodoryfunction.
Then, the operator

cpsc

®oS:C([0,1],X) — 2., (C([0,1],X)),

i (20)
x+— (©08p) (x) = O(Sg,,)

is a closed graph operator in C([0, 1], X) x C([0, 1], X).

Definition 8. A function x € AC ([0, 1], R) is called a solu-
tion of problem (1) if there exists a function f € L'([0,1],R)
with f(t) € F(t,x(t)), a.e. on [0, 1] such that DZx(t) = f(),

a.e. on [0, 1] and x(0) = g(x) and x(w) = b j; x(s)dqs.
To prove our main result in this section we will use the

following form of the nonlinear alternative for contractive
maps [28, Corollary 3.8].

Theorem 9. Let X be a Banach space and let D be a bounded

neighborhood of 0 € X. Let x; : X — P, (X) and x, :

D — P ep(X) be two multivalued operators such that
(a) x, is contraction,

(b) x» is u.s.c and compact.
Then, if x = x; + X, either

(i) x has a fixed point in D or

(ii) there is a point u € 0D and A € (0, 1) with u € Ay(u).
Theorem 10. Assume that

H)F:[0,1]xR — P
valued map;

pc(R) is L'-Carathéodory multi-

(H,) there exists a continuous nondecreasing function v :
[0,00) — (0,00) and a function p € C([0,1],R")
such that

IE )l = sup {|y| : y € F(t, 0} < p (&) y (Ix])
for each (t,x) € [0,1] x R;

(H;) g : C([0,1],R) — R is a continuous function satisfy-
ing the condition

Yu,v € C([0,1],R), € > 0;
(22)

lgw)—g )| < ellu-vl



(H,) there exists a number M > 0 such that
1-¢ky) M
(1-ek)M
[plly (M) po
with €k, < 1, where

(23)

: {'b' (1-8") }
o= ——— + — + ,
L,w+1) 9] | TL,+2) L,(+1) o)

ko +—b1—6—1
|‘9||( ) =11

Then, the problem (1) has at least one solution on [0, 1].
Proof. To transform the problem (1) into a fixed point prob-

lem, we define an operator & : C([0,1],R) — (C([0,1],
R)) as

F (x) = {h e C([0,1],R) : k(1)

)(U 1)

_(f(t-gs
_JO S s

1+ 500-8-1] g0,

e[0,1], f GSF’x]m
(25)

Next, we introduce two operators %, : C([0,1],R) — C([0,
1,R) and &, : C([0,1],R) — 2(C([0, 1], R)) as follows:

Fox(t) = [1+§(b(1—5)—1)]g(x), telo],
F, (x) = {h € C([0,1],R) : h(t)
)(U 1)

ZL( T

1 (©)

o maw
{b | <L S g s

[
0

I, @

f(s)ds

+

ol =+

fs) qu} ,

€ [0,1], feSF,x]».
(26)
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Observe that # = F, + F,. We will show that the operators
F, and &, satisfy all the conditions of Theorem 9 on [0, 1].
For the sake of clarity, we split the proof into a number of steps
and claims.

Step 1. %, is a contraction on C([0, 1], R). This is a conse-
quence of (H;). Indeed, we have

|F % (t) - F 1y ()] = [1 + g (b(1-9)- 1)] lg (x)-g ()|

[1+ﬁ|b(1—6)—1|]€||x—y||

<kt ey
(27)

Taking supremum over t € [0, 1], we have

[F1x - F y| <kl |x-y||, €ky<1. (28)

Step 2. &, is compact, convex valued, and completely contin-
uous. This will be established in several claims.

Claim 1. %, maps bounded sets into bounded sets in C([0,

1], R). For that, let B, = {x € C([0,1],R) : ||x|| p} bea
bounded setin C([0, 1], R). Then, foreachh € #,(x),x € B,,
we have
t(t-gs)""
Ih(0)] < L Py Ol
1 s— qu)(v Y
e {|b| | (j Ty @ld ) s
(v-1)
“(w-gs)” "
+JO T |f(s|ds]»
|b| (1 _ 81}+1)
<l (p) [F w+l) |9| {W
)|
+
Fq (v+1)
<|elv (p) po>
(29)
and consequently, for each h € F,(B,,), we have
Il < llpl v () to- (30)

Claim 2. %, maps bounded sets into equicontinuous sets. As
before, let B, be a bounded set and let h € F,(x) for x € B,.
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Let t,,t, € [0,1] with f; < f, and x € B,. Then, for each
h € F,(x), we obtain

|(F1x) (t,) = (F,x) (t,)]

T 1(0) Ll [(tz - qs)(v_l) - (t; - qs)(v_l)] |f )] dgs
q

<

1 (" @-1)
+ m J (t;=qs)" " |f (9)|dys

t

t,—t L (s - qu)®
+Lﬁiﬂ{wq;<L9L§g}—+fwn%u>%s

w (1 _ (v-1)
[ e

o T

If(S)lqu}

< Hp” V/(P) Jtl [(tz _ qs)(vfl) _ (tl _ qs)(v—l)] dqs

Fq (U) 0
ply(p) (" -
lel v (p) [t — 1] L s—qw)
' 9] i L L L )%

¢ (@-a)""
+L Tq(v) dqs ,

(31)

which is independent of x and tends to zero ast, —t; — 0.
Therefore, it follows by the Arzeld-Ascoli theorem that &, :
C([0,1],R) — 2(CI0,1], R) is completely continuous.

Claim 3. %, has a closed graph. Let x,, — x,, h, € F,(x,),
and h, — h,. Then, we need to show that h, € F,(x,).
Associated with h, € F,(x,), there exists f, € Sp, such
that, for each t € [0, 1],

)(U*I)

hn (t) = Jt (t_qs fn (S) qu

o L)

(G
+§{bL<L Py s

) J @ (w-gs)""
o I

. (s) dqs]» .
(32)

Then, we have to show that there exists f, € S, such that,
for each t € [0, 1],

NGO
ho= | )

(e
+§{bL<L P g s

B J“’ (@-gqs)""

0 I, (v)

£ (s) dqs

(33)

f. (s) dqs]» .

Let us consider the continuous linear operator ® : L'([o,
1],R) — C([0, 1], R) defined by

t t— (v-1)
fH®UWFLL#%—ﬂmw
q
£, 1 S(S—qu)(u_l) Y
+510), (U, L )W)
@ (w—g9)"”
L —Tq ) f(s)dyst.
(34)

Observe that
|h, (t) = h, (1)

t —gs (v-1)
J % (fn (s) - f* (5)) dqs

o I,

t Vs (s—qu)”
*5 ‘[bL (L W (fu @)~ fo W) dgu |dgs

[l

0 I, (v)

—0,

(fn (S) - f* (5)) dqs}

(35)

asn — 00. Thus, it follows by Lemma 7 that ®» S is a closed
graph operator. Further, we have b, (t) € ©(Sg,, ). Sincex,, —
x,, therefore, we have

t _ (v-1)
h () = JO % £ (s)dys
q

+ é {bLl (
B J “ (w-gs)""

0 I, (v)

[

. rq o) f. ) dqu> dqs (36)

ﬂw%*,

for some f, € Sp, . Hence, #, has a closed graph (and
therefore has closed values). In consequence, the operator &,
is compact valued.



Thus, the operators %, and &%, satisfy hypotheses of
Theorem 9 and hence, by its application, it follows that either
condition (i) or condition (ii) holds. We show that the
conclusion (ii) is not possible. If x € AF,(x) + AF,(x) for
A € (0,1), then there exists f € Sy, such that x = AF(x),
that is,

(g
X(f) =1 JO W'f(s) qu
P bjl r—(s_q”)(v_l)f( Yd,u )d
o 17\ T ) (37)
©(w=g9*
_ L T f(s)dys

+/\[1+§(b(1—8)—1)]g(x); telo].

In consequence, we have
)( v-1)

()] < L (tza) _rqs(v)
q

L

v (- g9
" L I, ®)

|f(s)|dqs

S (e (w-1)
L % |f ) dqu> dys
q

um%%

+ [1+ i|b(1—6)— ll]fllxll

191
<ol ) | ——
SIPIVARV T s
1 [lbl(1-6"") @’
+— +
9| T, 0+ L+

1
+ [1 + @ |b(1-9)- 1|] 2|
< llpllw (el o + ko l1xI -

(38)

If condition (ii) of Theorem 9 holds, then there exist A €
(0,1) and x € 0B,; with x = AF(x), where By, = {x €
C([0,1],R) : ||x]| < M}. Then, x is a solution of x = AF(x)
with |lx|| = M. Now, by the last inequality, we get

(1- ko) M B
lelw (M) e ~
which contradicts (23). Hence, # has a fixed point on [0, 1] by

Theorem 9, and consequently the problem (1) has a solution.
This completes the proof. O

(39)
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Example 11. Consider the following g-fractional boundary
value problem:

CDZ/zx (t) e F(t,x (), tel[0,1],

)c(0)=%+étan_1 <x(i>), x(}):éj;x(s)dqs.
/ (40)

Here,v = 3/2,q = 1/2,b = 1/5 w = 1/4,6 = 3/4,
£ =1/15,and
3 [ x| Cos X 1
3 + s+ -— . (4D
G+’ 1+|x] @4+t)> 2 10

F(t,x) = [

Obviously,
R
B+t (4+1)

=p®ylxl.

With the given values, it is found that 9 = 0.191667, y, =
1.3990, k, = 3.9564, [pll = 43/48, y(llx[) = 1, and M >
1.7026 by (H;). Thus, all the conditions of Theorem 10 hold.
In consequence, the conclusion of Theorem 10 applies to the
boundary value problem (40).

1
sup{lul :u € F(t,x)} < +E

(42)
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