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Abstract For a positive integer k ≥ 2, the kth-order slant weighted Toeplitz operator Uβ
k,φ on L2(β) with

φ ∈ L∞(β) is defined as Uβ
k,φ = WkM

β
φ , where Wken(z) = βm

βkm
em(z) if n = km,m ∈ Z and Wken(z) = 0 if

n �= km. The paper derives relations among the symbols of two kth-order slant weighted Toeplitz operators
so that their product is a kth-order slant weighted Toeplitz operator. We also discuss the compactness and the
case for two kth-order slant weighted Toeplitz operators to commute essentially.

Mathematics Subject Classification 47B37 · 47B35

1 Introduction

Toeplitz operators, introduced byToeplitz [21] in the year 1911, arise inmany applications, constitute one of the
most important classes of non self-adjoint operators. The ideas and methods prevailing in the field of Toeplitz
operators are a fascinating illustration of the fruitful interplay between operator theory, complex analysis and
a Banach algebra (see [1,7–10,15,16]). The study of Toeplitz operators becomes more demanding with the
inception of the notion of slant Toeplitz operators by Ho [17] in 1995, which has widely appeared in connection
with the wavelet theory, having the property that their matrices with respect to the standard orthonormal basis
could be obtained by eliminating every alternate row of the matrices of the corresponding Toeplitz operators.
The study in this direction is enhanced with the introduction of various new classes of operators over various
function spaces, like, kth-order slant Toeplitz operators, essentially slant Toeplitz operators, λ-Toeplitz and
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essentially λ-Toeplitz operators, λ ∈ C, the set of all complex numbers (see the references [2–6,11,17] and the
references therein). Shields [20], during his study of multiplication operators and the weighted shift operators,
discussed weighted sequence spaces which have the tendency to cover Hardy spaces, Bergman spaces and
Dirichlet spaces. We begin with the following notational familiarity needed in the paper.

Let β = {βn}n∈Z be a sequence of positive numbers with β0 = 1, r ≤ βn
βn+1

≤ 1 for n ≥ 0 and r ≤ βn
βn−1

≤ 1

for n ≤ 0, for some r > 0. Let f (z) = ∑∞
n=−∞ anzn , an ∈ C, be the formal Laurent series (whether or not

the series converges for any values of z). Define ‖ f ‖β as

‖ f ‖2β =
∞∑

n=−∞
|an|2βn

2.

The space L2(β) consists of all f (z) = ∑∞
n=−∞ anzn , an ∈ C for which ‖ f ‖β < ∞. The space L2(β) is

a Hilbert space with the norm ‖ · ‖β induced by the inner product

〈
f, g

〉 =
∞∑

n=−∞
an bnβn

2,

for f (z) = ∑∞
n=−∞ anzn, g(z) = ∑∞

n=−∞ bnzn . The collection {en(z) = zn/βn}n∈Z forms an orthonormal
basis for L2(β).

The collection of all f (z) = ∑∞
n=0 anz

n (formal power series) for which ‖ f ‖2β = ∑∞
n=0 |an|2βn

2 < ∞,

is denoted by H2(β). H2(β) is a subspace of L2(β).
Let L∞(β) denote the set of formal Laurent series φ(z) = ∑∞

n=−∞ anzn such that φL2(β) ⊆ L2(β) and
there exists some c > 0 satisfying ‖φ f ‖β ≤ c‖ f ‖β for each f ∈ L2(β). For φ ∈ L∞(β), define the norm
‖φ‖∞ as

‖φ‖∞ = inf{c > 0 : ‖φ f ‖β ≤ c‖ f ‖β for each f ∈ L2(β)}.
L∞(β) is a Banach space with respect to ‖ · ‖∞. H∞(β) denotes the set of formal power series φ such that
φH2(β) ⊆ H2(β). In [20], Shields discussed various properties of the operator Mβ

φ ( f 	→ φ f ) on L2(β)

with the symbol φ ∈ L∞(β), which we call as weighted Laurent operator. We refer [20] as well as the
references therein, for the details of the spaces L2(β), H2(β), L∞(β) and H∞(β). If φ ∈ L∞(β) is given by
φ(z) = ∑∞

n=−∞ anzn , an ∈ C then for an integer k ≥ 2, we define φ(zk) as φ(zk) = ∑∞
n=−∞ anzkn . If the

sequence β = {βn}n∈Z is such that {βkn
βn

}n∈Z is bounded, then φ(zk) ∈ L∞(β) [14].

Let Pβ : L2(β) → H2(β) be the orthogonal projection of L2(β) onto H2(β). Lauric [18], in the year
2005, discussed the notion of weighted Toeplitz operator T β

φ = PβMβ
φ on H2(β). The operators of the kind

Sβ
φ = WMβ

φ on L2(β), whereW is the operator on L2(β) given byWe2n = βn
β2n

en andWe2n−1 = 0 for n ∈ Z,
are discussed in [4] and are named as slant weighted Toeplitz operators. For a positive integer k ≥ 2, let Wk
be the operator on L2(β) given by

Wken(z) =
{

βm
βkm

em(z) if n = km for some m ∈ Z

0 otherwise
.

A kth-order slant weighted Toeplitz operator Uβ
k,φ on L2(β) with φ ∈ L∞(β) is defined as Uβ

k,φ = WkM
β
φ

(see [5]). The second-order slant weighted Toeplitz operatorsUβ
2,φ are nothing but the slant weighted Toeplitz

operators (denoted by Sβ
φ ).

Liu and Lu [19] discussed the following questions about the slant Toeplitz operators.

(1) What is the product of slant Toeplitz operators?
(2) When do slant Toeplitz operators with different orders commute?
(3) When do slant Toeplitz operators with different orders essentially commute?
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Motivated by the direction of study made by Liu and Lu [19] along with mathematicians whose papers are
referred in the paper, we discuss the above-mentioned questions for slant weighted Toeplitz operators on L2(β).
If we assume βn = 1 for each n, then our results provide results for kth-order slant Toeplitz operators, quite
of which are proved in [19]. We derive a relation among the symbols of two kth-order slant weighted Toeplitz
operators on L2(β) so that their product is a kth-order slant weighted Toeplitz operator on L2(β).

The algebra of all bounded operators on the Hilbert space L2(β) is denoted by B(L2(β)). We say that
operators A and B essentially commute if AB − BA is a compact operator.

2 Commutativity

We recall the following definitions.

Definition 2.1 [4] A slant weighted Toeplitz operator Sβ
φ on L2(β) is defined as Sβ

φ = WMβ
φ , where Mβ

φ is

the weighted Laurent operator on L2(β) induced by φ ∈ L∞(β) and We2n = βn
β2n

en and We2n−1 = 0 for
n ∈ Z.

Definition 2.2 [5] A kth-order slant weighted Toeplitz operator Uβ
k,φ , k ≥ 2 induced by φ ∈ L∞(β), is an

operator on L2(β) defined as Uβ
k,φ = WkM

β
φ , where Wk is the operator on L2(β) given by

Wken(z) =
{

βm
βkm

em(z) if n = km for some m ∈ Z

0 otherwise.

Then, if φ(z) = ∑∞
n=−∞ anzn , for each integer j ,

Uβ
k,φe j = 1

β j

∞∑

n=−∞
ank− jβnen and Uβ∗

k,φe j = β j

∞∑

n=−∞
a jk−n

en
βn

.

It is evident to see that ‖Wk‖ = supn
βn
βkn

≤ 1 and the adjoint W ∗
k of Wk is given by W ∗

k en(z) = βn
βkn

ekn(z) for

n ∈ Z. As a consequence, ‖Uβ
k,φ‖ ≤ ‖φ‖∞. It is apparent to see that the doubly infinite matrix [λi, j ]i, j∈Z of

the kth-order slant weighted Toeplitz operator Uβ
k,φ with respect to the standard orthonormal basis {en(z) =

zn/βn}n∈Z of L2(β) satisfies

β j

βi
λi, j = β j+k

βi+1
λi+1, j+k,

where λi, j = 〈
Uβ
k,φe j , ei

〉
, for all i, j ∈ Z. If k1 and k2 are integers satisfying 2 ≤ k1 ≤ k2 then ‖Wk2‖ =

supn
βn

βnk2
≤ supn

βn
βnk1

= ‖Wk1‖ ≤ 1. Further, it is easy to prove the following.

Proposition 2.3 Let k1 and k2(≥2) be two integers. Then Wk1Wk2 = Wk1k2 .

Proof It is sufficient to prove that (Wk1Wk2)
∗ = W ∗

k1k2
. This follows as for each integer n,

(Wk1Wk2)
∗(en(z)) = W ∗

k2W
∗
k1(en(z))

= βn

βnk1

βnk1

βnk1k2
enk1k2(z)

= βn

βnk1k2
enk1k2(z) = (Wk1k2)

∗(en(z)).

�
The following is obvious from here.

Corollary 2.4 Let k1 and k2 be integers with min{k1, k2} ≥ 2. Then Wk1Wk2 = Wk2Wk1 .
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We utilize the above results and the fact that if φ ∈ L∞(β) is such that φ(zk) ∈ L∞(β) then Mβ
φ Wk =

WkM
β

φ(zk )
(see [6]) to conclude that the product of two slant weighted Toeplitz operators of different order is

again a slant weighted Toeplitz operator.
In [14], it is shown that, in case Sk(β) = { f (z) = ∑∞

n=−∞ anzn ∈ L2(β) : f (zk) = ∑∞
n=−∞ anzkn ∈

L2(β)} is a closed subspace of L2(β) then φ(zk) ∈ L∞(β) for each φ ∈ L∞(β). This helps to provide the
following.

Theorem 2.5 Let k1, k2(≥ 2)be integers such that the space Sk2(β) is closed. ThenUβ
k1,φ

Uβ
k2,ψ

= Uβ

k1k2,φ(zk2 )ψ
.

Proof Result follows as

Uβ
k1,φ

Uβ
k2,ψ

= Wk1M
β
φ Wk2M

β
ψ

= Wk1Wk2M
β

φ(zk2 )
Mβ

ψ

= Wk1k2M
β

φ(zk2 )ψ
= Uβ

k1k2,φ(zk2 )ψ
.

�
An immediate observation using Theorem 2.5 is the following.

Corollary 2.6 Let k2(≥ 2) be such that {βnk2
βn

} is bounded. Then Uβ
k1,φ

Uβ
k2,ψ

= Uβ

k1k2,φ(zk2 )ψ
.

Proof The assumption of {βnk2
βn

} is bounded ensures that the space Sk2(β) is closed (see [14]). Rest of the proof
is immediate using Theorem 2.5. �

Now we can conclude from Theorem 2.5 that two kth-order slant weighted Toeplitz operators, in general,
do not commute. In fact, we have Uβ

k,φU
β
k,ψ = Uβ

k2,φ(zk )ψ
and Uβ

k,ψU
β
k,φ = Uβ

k2,ψ(zk )φ
.

It canbe seen througha straightforward computation that ifUβ
k,φ = Uβ

m,ψ forφ(z) = ∑∞
n=−∞ anzn, ψ(z) =

∑∞
n=−∞ bnzn ∈ L∞(β) then for each j ∈ Z,

〈 1
β j

∑∞
n=−∞ ank− jβnen, e0

〉 = 〈 1
β j

∑∞
n=−∞ bnm− jβnen, e0

〉
,

which provides that a j = b j for each j ∈ Z. This implies that φ = ψ . As a consequence, the mapping

φ 	→ Uβ
k,φ is one–one between L∞(β) and B(L2(β)), which is also shown in [6]. Linearity of this mapping

implies that, in this case, φ = ψ = 0. We extend this result to obtain the following.

Theorem 2.7 Let φ ∈ L∞(β) and m �= k. Then Uβ
k,φ is a mth-order slant weighted Toeplitz operator on

L2(β) if and only if φ = 0.

Proof Let φ(z) = ∑∞
n=−∞ anzn ∈ L∞(β) be such that Uβ

k,φ is a mth-order slant weighted Toeplitz operator.
Then for all i, j ∈ Z, we have

β j

βi

〈
Uβ
k,φe j , ei

〉 = β j+m

βi+1

〈
Uβ
k,φe j+m, ei+1

〉
(2.1)

As Uβ
k,φ is a kth-order slant weighted Toeplitz operator, we have

〈
Uβ
k,φe j , ei

〉 = βi
β j

β j+k
βi+1

〈
Uβ
k,φe j+k, ei+1

〉
and

Uβ
k,φe j = 1

β j

∞∑
n=−∞

ank− jβnen . Now (2.1) gives that

〈
Uβ
k,φe j , ei

〉 = βi

β j

β j+mk

βi+k

〈
Uβ
k,φe j+mk, ei+k

〉
,

equivalently,

βi

β j
aki− j = βi

β j

β j+mk

βi+k

βi+k

β j+mk
ak(i+k)− j−mk
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for each i, j ∈ Z. This yields that

aki− j = ak(i+k)− j−mk (2.2)

for each i, j ∈ Z. From (2.2), we get that a0 = atk|k−m|, a1 = atk|k−m|+1, . . . , ak|k−m|−1 = atk|k−m|+k|k−m|−1.
But φ ∈ L∞(β) ⊆ L2(β), so we have

∑∞
n=−∞ |an|2 ≤ ∑∞

n=−∞ |an|2βn
2 < ∞. Thus, an → 0 as n → ∞,

and this helps us to conclude that a0 = a1 = . . . , ak|k−m|−1 = 0. As a consequence of this (2.2) helps to
provide that an = 0 for each n ∈ Z, which gives that φ = 0.

The converse is straightforward. �
Theorems 2.5 and 2.7 suggest the following without any extra effort.

Corollary 2.8 If Uβ
k,φ = Uβ

m,ψ for φ, ψ ∈ L∞(β) and m �= k, then φ = ψ = 0.

Corollary 2.9 Let φ, ψ ∈ L∞(β). Then Uβ
k1,φ

Uβ
k2,ψ

is a kth-order slant weighted Toeplitz operator if and
only if one of the following holds:

(1) k = k1k2.
(2) φ(zk2)ψ = 0, when k �= k1k2 .

The following information about the kth-order slant weighted Toeplitz operator, which is shown in [3], can
be justified from here on replacing k1 and k2 by k.

(1) Product of two kth-order slant weighted Toeplitz operators can not be a non-zero kth-order slant weighted
Toeplitz operator.

(2) No non-zero kth-order slant weighted Toeplitz operator can be an idempotent.

Corollary 2.10 Let φ, ψ ∈ L∞(β) be such that φ(zk2), ψ(zk1) ∈ L∞(β). Then we have the following.

(1) Uβ
k1,φ

Uβ
k2,ψ

= 0 if and only if φ(zk2)ψ = 0.

(2) Uβ
k1,φ

Uβ
k2,ψ

= Uβ
k2,ψ

Uβ
k1,φ

if and only φ(zk2)ψ − ψ(zk1)φ = 0.

We need the following result [13, Lemma3.6] to proceed ahead.

Lemma 2.11 If φ ∈ L∞(β) is such that φ(zm) = φ(z) for any integer m �= 1, then φ is constant.

Proposition 2.12 Let {βnk
βn

} be bounded. Then for φ, ψ ∈ L∞(β), Mβ
φU

β
k,ψ = Uβ

k,ψMβ
φ if and only if

ψ(z)φ(z) = ψ(z)φ(zk). In particular, if ψ is invertible then Mβ
φU

β
k,ψ = Uβ

k,ψMβ
φ if and only if φ is constant.

Proof Under the hypothesis, Mβ
φU

β
k,ψ = Uβ

k,φ(zk )ψ
andUβ

k,ψMβ
φ = Uβ

k,φψ . Now result follows as the mapping

φ 	→ Uβ
k,φ is one–one. The forward part of the particular case follows using Lemma 2.11 and its converse is

trivial. �
Continuing on in the same vein, we state another result, which provides a result analogous to Corollary

2.9.

Theorem 2.13 The operator WkU
β
k,φ , φ ∈ L∞(β), is a kth-order slant weighted Toeplitz operator if and only

if φ = 0.

Proof Let φ(z) = ∑∞
n=−∞ anzn ∈ L∞(β) be such that WkU

β
k,φ = Uβ

k,ψ for some ψ(z) = ∑∞
n=−∞ bnzn ∈

L∞(β). Then for all i ∈ Z,WkU
β
k,φei = Uβ

k,ψei . It gives that ak2n−i = bkn−i for each n, i ∈ Z. This on taking
n = 0 provides ai = bi and hence for each i ∈ Z, we have ak−i = ak2−i = ak3−i = · · · . As an tends to zero
as n → ∞, we get that φ = 0. The converse is apparent. �

If the sequence β = {βn} is such that {βkn
βn

} is bounded then for φ, ψ ∈ L∞(β), Uβ
k,φU

β
k,ψ = WkU

β

k,φ(zk )ψ
and hence Theorem 2.13 delivers the following.

Corollary 2.14 Let {βnk
βn

} be bounded. A necessary and sufficient condition for the product Uβ
k,φU

β
k,ψ of two

kth-order slant weighted Toeplitz operators Uβ
k,φ and Uβ

k,ψ on L2(β) to be a kth-order slant weighted Toeplitz

operator is that φ(zk)ψ = 0.
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3 Compact and essentially commuting operators

The aim of this section is to investigate the compact kth-order slant weighted Toeplitz operators on L2(β) and
conditions for two kth-order slant weighted Toeplitz operators on L2(β) to essentially commute. To discuss the
compactness of the operators, we consider the transformation Vk on L2(β) given by Vken = βkn

βn
ekn for each

n ∈ Z. It is a bounded operator if the sequence β = {βn} is such that {βkn
βn

} is bounded. For more properties
and applications of this operator, we refer [13,14]. A simple computation using the definition of the symbols
gives the following.

Proposition 3.1 Let β = {βn} be such that {βkn
βn

} is bounded and φ(z) = ∑∞
n=−∞ anzn ∈ L∞(β). Then the

following hold.

(1) Uβ
k,φVk is a weighted Laurent operator. In fact, Uβ

k,φVk = Mβ
ψ , where ψ(z) = ∑∞

n=−∞ aknzn.

(2) Uβ

k,φ(zk )
Vk is a weighted Laurent operator. In fact, Uβ

k,φ(zk )
Vk = Mβ

φ .

(3) For each1 ≤ i ≤ k−1,Uβ
k,φM

β

zi
Vk is theweightedLaurent operator M

β
ψi
, whereψi (z) = ∑∞

n=−∞ akn−i zn.

It is shown in [12, Lemma3.1] that a weighted Laurent operator Mβ
φ is compact if and only if the inducing

symbol is zero. This fact along with Proposition 3.1 immediately provides the following.

Theorem 3.2 Let β = {βn} be such that {βkn
βn

} is bounded. The kth-order slant weighted Toeplitz operator

Uβ
k,φ on L2(β) is compact if only if φ = 0.

Proof Letφ(z) = ∑∞
n=−∞ anzn be such thatU

β
k,φ is compact. Then eachUβ

k,φVk andU
β
k,φM

β

zi
Vk , 1 ≤ i ≤ k−1

is compact. Using Proposition 3.1 and [12, Lemma3.1], we get that φ = 0. Converse is obvious. �
Another result that we get immediately from here in the light of Theorem 2.5 (or Corollary 2.6) is the

following.

Corollary 3.3 Let β = {βn} be such that {βk2n

βn
}n∈Z is bounded. Let φ, ψ ∈ L∞(β). Then the following are

equivalent.

(1) Uβ
k1,φ

Uβ
k2,ψ

is compact.

(2) Uβ
k1,φ

Uβ
k2,ψ

= 0.

(3) φ(zk2)ψ = 0.
We conclude this study with our next results which again follow using Theorem 3.2 and Corollary 2.10 and
prove that the notion of essentially commuting and commuting coincides for kth-order slant weighted Toeplitz
operator on L2(β).
Corollary 3.4 Let φ, ψ ∈ L∞(β) be such that φ(zk2), ψ(zk1) ∈ L∞(β). Then the following are equivalent.

(1) Uβ
k1,φ

and Uβ
k2,ψ

essentially commute.

(2) Uβ
k1,φ

and Uβ
k2,ψ

commute.

(3) φ(zk2)ψ − φψ(zk1) = 0.

Corollary 3.5 If 2 ≤ k1 ≤ k2 and β = {βn} is such that {βk2n

βn
}n∈Z is bounded. Then the following are

equivalent for φ, ψ ∈ L∞(β).

(1) Uβ
k1,φ

and Uβ
k2,ψ

essentially commute.

(2) Uβ
k1,φ

and Uβ
k2,ψ

commute.

(3) φ(zk2)ψ − φψ(zk1) = 0.
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