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Abstract A marked lattice is a d-dimensional Euclidean lattice, where each lattice point is
assigned a mark via a given random field on Z¢. We prove that, if the field is strongly mixing
with a faster-than-logarithmic rate, then for every given lattice and almost every marking,
large spheres become equidistributed in the space of marked lattices. A key aspect of our
study is that the space of marked lattices is not a homogeneous space, but rather a non-trivial
fiber bundle over such a space. As an application, we prove that the free path length in a
crystal with random defects has a limiting distribution in the Boltzmann-Grad limit.

Keywords Equidistribution - Random process - Homogeneous dynamics - Measure rigidity -
Lorentz gas

Mathematics Subject Classification 37A17 - 60B10

1 Introduction

Consider a Lie group G, a non-compact one-parameter subgroup ®X and a compact subgroup
K. Let A be a probability measure on K that is absolutely continuous with respect to Haar
measure on K . Given a measure-preserving action G x X — X, (g, x) > xg on a probability
space (X, <7, ), it is natural to ask under which conditions the “spherical” average Py
defined by P f = f xf (xok®")d)\(k) converges weakly to u, or any other probability
measure. In general the best one can hope for is convergence for p-almost all xg. Proofs
typically require an additional average over ®', and may be viewed as generalizations of
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the classic Wiener ergodic theorem; see Nevo’s survey [21] and references therein. If the
space X is homogeneous, then the weak convergence of the spherical average P; can be
proved for all xo, with a complete classification of all limit measures, by means of measure
rigidity techniques that are based on Ratner’s measure classification theorem for subgroups
generated by unipotent elements [22]. There is now a large body of literature on this topic,
see for instance [7,8,16,17,19,24]. In some settings, spherical equidistribution may also
be deduced directly from the mixing property of ®® [7]. The first example of spherical
equidistribution in the non-homogeneous setting for all (and not just almost all) xq is given
in [10], where the analogue of Ratner’s theorem is proved for the moduli space of branched
covers of Veech surfaces, which is a fiber bundle over a homogeneous space. A major advance
in this direction is the recent work by Eskin and Mirzakhani [11] and Eskin, Mirzakhani and
Mohammadi [12], who prove a Ratner-like classification of measures in the moduli space of
flat surfaces that are invariant under the upper triangular subgroup of SL(2, R). This is used
to prove convergence of spherical averages in that moduli space, with an additional ¢ average
as above, which yields an averaged counting asymptotics for periodic trajectories in general
rational billiards.

The goal of the present study is to construct a natural example of a non-homogeneous
space (the space of marked Euclidean lattices), which is a fiber bundle over a homogeneous
space (the space of Euclidean lattices), and to prove spherical equidistribution for every
point in the base and almost every point in the fiber. Our findings complement a theorem of
Brettschneider [3, Theorem 4.7], who proves uniform convergence of Birkhoff averages for
fiber bundles with uniquely ergodic base under technical assumptions on the test function
and fiber transformation.

This paper is organized as follows. We introduce the space of lattices in Sect. 2, then the
space of marked lattices in Sect. 3, where the marking is produced by a random field on Z<.
The main results of this study, limit theorems for spherical averages in the space of marked
lattices, are stated and proved in Sects. 4 and 5. The former deals with convergence on average
over the field, the latter with a fixed realization of the random field. Section 6 applies these
results to the setting of defect lattices, where lattice points are either randomly removed, or
shifted from their equilibrium position. Section 7 explains how these findings can be used
to calculate the limit distribution for the free paths lengths in the Boltzmann—Grad limit of a
Lorentz gas for such scatterer configurations.

2 Spherical averages in the space of lattices

Let Go = SL(d, R) and let I'o = SL(d, Z). We represent elements in RY as row vectors, and
define a natural action of Go on R by right matrix multiplication. The map

ToM — 7¢M 2.1)

gives a one-to-one correspondence between the homogeneous space I'g\Go and the space
of Euclidean lattices in R? of covolume one. The Haar measure o on G is normalized, so
that it projects to a probability measure on I'g\ G¢ which will also be denoted by .

Let G = G x RY be the semidirect product with multiplication law

(M, &) (M, &)= (MM M +§) (2.2)

where &, £ are viewed as row vectors. The group G is a bundle over G with fiber R?. The
subgroup I' = I’y x Z? is a lattice in G. The Haar measure on G is it = g X Lebga. It
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induces a probability measure on I'\ G which will also be denoted by w. The groups G and
G act on R? by linear and affine transformations, respectively, which are given by

R? A Gy R ~ G (23)
(v, 8) > vg (v, (M, §) > vM + & =v(M,§), 24
and
74 A Ty 74 AT (2.5)
(v,8) — vg (v, (M, §) > vM +§=v(M,§), (2.6)

where concatenation denotes matrix multiplication. We embed Go < G by M +— (M, 0),
and identify G with its image under this embedding.
As in the linear case, the map
g Z%% 2.7

gives a one-to-one correspondence between the homogeneous space I'\G and the space of
affine Euclidean lattices in R of covolume one.
We will need other subgroups of G in addition to Gg. For & € R?, put
. d\ od
G§=‘G . ff‘SERd\Q’ (2.8)
(1,8)Go(L, &) if§ € Q%
The subgroup I'e = I' N G¢ is a lattice in G¢. We denote by g be the Haar measure on Gy,
normalized so that a fundamental domain of the I'g-action in G¢ has measure 1. We denote
the induced probability measure on I'¢\G¢ also by ug. When & ¢ Q4, we put I'g =T and
pg = . Thus, when § € Q4, g can be identified with a singular measure on I'\ G supported
on the closed subspace '\I'G¢ >~ I'g\ G¢ of X. Define the translate

Xg :=T\I'Gg(1, §), (2.9)

again a closed subspace of X, which we equip with the subspace topology. Note that X =
I'\I'(1, §)Go. The measure ji; on X defined as the translate of s,

figA = g (AL, §)7) (2.10)

for any Borel set A C Xg. Forr e Randu € U C RA-! with U open and bounded, define
the matrices

—(d—1)t 0 0
r_ (€ o u
o' = ( o7 Ild_le’) ) R(u) = exp (—uT lld_10) . 2.11)

The map U — S‘f*l, u — e R(u)~!, where e; is the first standard basis vector, is a
diffeomorphism onto its image if U is sufficiently small; cf. Remark 5.5 in [17]. More
generally, we can take any smooth map E: U — SO(d) such that

E:U—EU)CS ™ urseE@), (2.12)

is invertible and the inverse is uniformly Lipschitz. We will furthermore assume in the fol-
lowing that the closure of E (U) is contained in the hemisphere {v € S‘ffl tep-v > 0},and
that Leb(dU) = 0.

For a given absolutely continuous probability measure Aon U, ¢ > Oand & € R?, M € Go,

let P, = Pt()"M’g) be the Borel probability measure on X¢ defined by
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P,f:/fdP,: / £ (T, &)MEu)®") A(du) (2.13)

uecl

for any bounded continuous f: X¢ — R. Note that the restriction to maps E: U — SO(d)
is purely for technical convenience. There is no loss of generality, since M is arbitrary and
the maps U +— S‘li_l, u — e Em)~'M~! cover the sphere for finitely many choices of
M € SO(d); cf. [17].

Theorem 2.1 ([17, Sec. 5]) Fort — o0,
P g (2.14)

Recall the above weak convergence means that for every bounded continuous f: X; — R,
lim; oo P f = ﬁ&f

We will now show how the space of lattices can be viewed as a subspace of the space of
point processes in R?. The extension of this to marked point processes will be a key element
in this paper.

Let M(R?) be the space of locally finite Borel measures on R”, equipped with the vague
topology. The vague topology is the smallest topology such that the function

FiMERY) >R, s puf (2.15)

is continuous for every f € C.(R?) (the space of continuous functions R? — R with
compact support). The space M(R?) is Polish in this topology [13, Theorem A 2.3]. We
embed the space of affine lattices in M (R¥) by the map

X > MR, x>y (2.16)
yeZdx

For technical reasons (which will become clear in Corollary 2.4) we will need to treat the
space of lattices X slightly differently; define

0: Xo—> MRY), x> > 8 (2.17)
yezdx\(0)

Proposition 2.2 The maps ¢ and 1y are topological embeddings.

Proof To establish the continuity of ¢, we need to show that, for every f € C.(RY), x =X
in X implies ¢(x;) f — t(x) f. By the I'-equivariance of ¢, it is sufficient to show that g; — g
in G implies

D rm=> D f). (2.13)

yezZdg; yeZdg

Let A be the compact support of f. Since g; — g, the closureof A" = U;(A gj_l) is compact.
Hence Z¢ N A’ is finite. For a € Z¢ \ A’ we have flagj) = f(ag) =0, and for the finitely
many a € Z¢ N A’ we have f(ag;) — f(ag).

The map ¢ is injective, since the lattice Z¢x uniquely determines x € I'\G. Leti: X —
1(X), x > t(x). To establish the continuity of 7~!, we need to show that txp)f =) f
for every f € C.(R?) implies xj — xin X.Fix g = (M,§) € I'x. Thene| M, ..., e, M
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forms a basis of Z¢ M, where e, are the standards basis vectors of Z<. Set eq = 0 and define
fork=0,1,...,n,

1 if |y —exgll <3
fis =12—2ly —exgll if3 <lly—egll < (2.19)
0 if |y — exgll = 8.

Note that fi s € Ce (Rd ). By the discreteness of ng, there is 89 > O such that for all
6 €(0,60],allk=0,1,...,n,

W) fis = D fis() = frslerg) = 1. (2.20)
yezig

Since by assumption ¢(x;) fx.s — t(x) fx,s = 1, given § > 0, there is jo € N such that for
every j > jo and for every k, there is at least one element in Z%x j within distance 6 to e g.

Call this element y,({j ) Then

yW > eg=exM+E foreveryk=0,1,....d, (2.21)
and therefore
y,i‘i) — y(()j) — exg —eog =exM foreveryk=1,...,d. (2.22)
Because of this and the fact that the lattices dej - y(()j ) and Z9x — & both have covolume
one, the vectors yi’ ) _ y(()] Doy — yf)J ) form a basis of Z4x - yé’ ) (for all sufficiently
large j). Then
ygj) _ y(()./)
Mj = : €Go, & =y (2.23)
» =59

Now (2.21) implies g; = (M;, §;) — g = (M, §) and thus x; — x.
The proof for ¢ is almost identical. O

Every random element ¢ in X defines a point process ® = ¢(¢) in M(R?). Let ¢ be the
random element distributed according to P;, and ¢ according to jig, with & ¢ Z%. Theorem 2.1

can then be rephrased as ¢; LN ¢. In view of Proposition 2.2 and the continuous mapping
theorem [13, Theorem 4.27], this is equivalent to the following convergence in distribution
for the point processes ®; = () and ® = ((¢) in the case & ¢ 74, ®o,; = (&) and
O = 19(¢) for & € Z?. To simplify notation we suppress the dependence on &; ® depends
on the choice of £ € RY \ Z¢.

Theorem 2.3 Fort — oo,

o, -5 o (§¢Zd), 00, -5 @ (’;‘eZd). (2.24)

We now turn to the finite-dimensional distribution of the above point processes, cf. [17,
Sec. 5].
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Corollary 2.4 Letn € Nand Ay, ..., A, C R? bounded Borel sets with Leb(dA;) = 0 for
alli. Then, fort — o0,
d d
(O,A1,....0,A) -5 (OA,,...,04,) (g ¢z ) , (2.25)
d d
(©0.A1....B0,4,) —5 (OpAl, ..., OpAy) (5 e ) . (2.26)

In view of [13, Theorem 16.16], the main ingredient in the derivation of Corollary 2.4
from Theorem 2.3 is to show that Leb(dA;) = 0 implies that ®d A; = 0 almost surely, and
®pdA; = 0 almost surely. This follows from Siegel’s integral formula [25,26], which says
that E®¢gB = Leb(B), E®B = Leb(B) for every B € ZRY) (note that this identity is
straightforward for & ¢ Q¢, since it follows directly from the translation invariance of ©).
Note that @9 A; = 0 fails for & € Z? if 0 € dA;. This is the reason for removing 0 in the
definition (2.17) of ¢g. But Siegel’s formula implies Leb(d A;) = 0 if and only if ®gdA; =0
(resp. ®9A; = 0) almost surely. Therefore the statement of Corollary 2.4 is in fact equivalent
to Theorem 2.3 via [13, Theorem 16.16]. We will exploit the analogue in the treatment of
marked lattices.

The following lemmas will be useful below.

Lemma 2.5 For A € B(RY),
P(OA > 1) <Leb A (.s ¢ Zd) . P(@gA >1)<LebA. .27
Proof This follows from Chebyshev’s inequality followed by Siegel’s formula. O

Lemma 2.6 For A € ZR?) and L € Z>0,

A+t (£¢Q?),
P(®GA > L 2.28
and
P(GgA > L) <4 (1+ L)~ (2.29)
Proof See [15, Theorems 4.3, 4.5]. O

3 Marked lattices and marked point processes

We will now extend the discussion in the previous section to the space of marked lattices,
which is defined as a certain fiber bundle over the space of lattices. The key point is now to
identify this space with a marked point process.

Each map w: Z¢ — Y, where Y is the set of marks, produces a marking of the affine
lattice Z%g with g € G: the point y € Z%g has mark w(yg~!). A Y-marked affine lattice is
thus the point set

[omg. o)) | m e 7] (3.1)

in R? x Y, and can be parametrized by the pair (g, ) € G x , where Q = {w : Z¢ — Y}
is the set of all possible markings. Note that, for y € T, the pointy = myg € 74 g has mark

w(yg ) =wmy) =0, Yy, 3.2)
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where @, (m) := w(my). Hence (g, w) and (yg, w,) yield the same marked affine lattice.
This motivates the definition of the left action of I' on G x Q by y (g, w) := (yg, w,). We
define aright action of G on G x Q by (g, )¢’ := (gg’, ). In analogy with the homogeneous
space setting we define

X =T\(G x Q) (3.3)

and
X :=T\I'(Gg x Q)(1, &). 3.4

For the case & € 74, we have
Xg = C\['((1,&)Go x Q) =T\I'(Gg x (1, —&)Q2) =T'\I'(Gg x 2) = Xp. 3.5)

which in turn can be identified with the space I'g\(Go x €2) via the map I'((M, 0), ®) —
I'o(M, w). Note that the point ' ((1, §) M, w) = I'(M, w(1,—¢)) ismapped to o (M, o, —¢))
under this identification.

Lemma 3.1 The map
Fg . > {mg wm) |mez!] 3.6)

yields a one-to-one correspondence between X and Y -marked affine lattices of covolume
one.

Proof For (g, ) and (g’, ') to yield the same marked lattice, it is necessary that Z%g =
79g'. Hence g’ = yg for some y € T'. But this implies @ = w, and hence (g, ') =
Y (g, ®). o

We now extend the above correspondences to the topological setting. Let Y be a topological
space, and endow the space of all markings 2 = YZ' with the product topology. Define the
topology of G x € by the product topology, and on X', X by the quotient and subspace
topology, respectively. If Y is locally compact second countable Hausdorff (IcscH), then
R? x Y is lcscH. Consider the measurable space (Y, A(Y)) with Borel o-algebra #(Y'), and
define M(R? x Y) as the space of o-finite Borel measures on R? x ¥ equipped with the
vague topology. Under these assumptions, M(R? x Y) is Polish [13, Theorem A 2.3].

Set

0 X > M(RTXY), T o) D 8(yuet) 3.7
yezdg

and

%t Xo — M(Y) x M (Rd x Y), (g, o) > (50)(0(1), > a(y,w(ygfl))).
yELI\{0}
(3.8)

These maps are well-defined and injective by Lemma 3.1. Note that »p maps the point
(1, 6§)M,w) =T (M, 0, —g) with§ € Z¢, M € Gy to

(Sw(—E% Z 5(mM,w(m—§))- 3.9)

mezd\{0}
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Proposition 3.2 The maps x and g are topological embeddings.

Proof To prove continuity of », we need to show that (g;, w;) — (g, @) in G x £ implies

> (e (ve) > D Frelre™) (3.10)

yezdy; yezd

for every f € C.(RY x Y). As in the proof of Proposition 2.2, the compact support of
f reduces the problem to showing that f(ag;, wj(a)) — f(ag,w(a)) for finitely many
a € 7¢. The latter follows from the continuity of f.

Letx: X — x(X), x — x(x). To establish the continuity of 7#~1, we need to show that
x(xj)f — x(x)f forevery f € C. RY x Y) implies x; — x in X'. We already know from
Proposition 2.2 that g; — g. Fixm € 74, and define for g€G, heC.(Y),

3

h(t) if |y —mgll <3
fns( ) =12 =2y —mglDh(t) if3 < |y —mg| <38 (3.11)
0 if |y —mg| > 6.

Note that fj s € C. (R x Y). By the discreteness of 74 g, there is §p > 0 such that for all
§ € (0, dol,

X frs= D fus (.0 (y87")) = fis (mg. 0(m) = h(w(m)). (3.12)

yeZig

Since g; — g, for given § > 0, there is jo € N such that for all j > jo,

2o = 2 fns (305 (v87")) = fis (mgj. 05 m) = hiw;m). (3.13)

yezZdg;

Now x(x;)f — x(x)f for every f € C.(RY x Y) implies h(wj(m)) — h(w(m)) for
every fixed h € C.(Y) and m € Z4. That is, 8wjm) = Swm) iIn M(Y). Any open set B
containing  (m) satisfies 8,m)B = 1 and 8, ()0 B = 0. Thus (Swj n)B — 1 for any open
set B containing w(m) [13, Theorem A 2.3], and therefore w;(m) — (m). This implies
w; — w in the product topology of €.

The proof for x is similar to the above, with the following modifications. Equation (3.10)
is replaced by

(Aos). X n(re ("))

yeZig;\{0}

a(fl(w(Og“)), > fz(y,w(yg‘l))), (3.14)

yeZ4g\(0)

for every (f1, f2) € Co(Y) x C, (R? x Y), which is seen to hold as in the argument for »x.
Let ip: & — »x0(X), x = x0(x). To establish continuity of Uitis enough to show
that

[20(x))(f1. ) = %(x)(fi. fo). forall (fi, f2) € Ce(Y) x Ce (R* x V)] = [x; — x].
(3.15)
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We know from Proposition 2.2 that g; — g, and need to show that w; — w. For any
m e 74 \ {0}, define fj, s as in (3.11). It follows from discreteness of ng that there is
8o > 0 such that for all § € (0, 8¢],

xo(x)(hl,fhz,a)z(hl(m, > fhz,a(y,w(yg*'))) (3.16)
yezd g\{0}

= (h1(@(0)), fi, 5(mg, w(m))) (3.17)

= (h (@(0)), ha(w(m))). (3.18)

Since g; — g, we have

x0(xj)(hi, fiy.s) = (1 (@(0)), ha (w;(m))) (3.19)
forall j > jo. Thus, we have
(h1(@j(0)), ha(wj(m))) — (hi(@(0)), ha(w(m))) (3.20)

for all bounded continuous functions /1, 4> andm € Z¢ \ {0}, inasmuch as (8w 0)» S (m)) —>
(Ber(0)s Swomy) in M(Y) x M(RY x Y) for each m € 74 \ {0}. This implies that »; —  in
the product topology on €2, as needed. O

To define probability measures on the space X of affine marked lattices, let us fix arandom
fieldn : Z? — Y, m — n(m) defined by the probability measure v on the measurable space

(2, $B) (where # = HA(R2) is the Borel o-algebra on 2 = YZd with respect to the product
topology) via
P(n(my) € Ay, ....n(my) € Ap) =vi{w € Q| w@m) € Ay, ..., o@my) € A}
3.21)

forall Ay, ..., Ax € A(Y).Inother words, n is a random element in 2 distributed according
to v.
We define the mixing coefficient of order k of the random field n by

Ok (s) = sup {Dx(my, ..., mQ)|my, ... mg € 2%, |lm; —m;|| > sifi # j}, (322

where || - || is the Euclidean norm, and
Oe(my,....mp) ;= sup |P(n(my) € Ay, ..., n(my) € Ap)
Al,..., Ak€ABY)
—P(n(m) € Ay)...P(n(my) € Ap)|. (3.23)

We say n is mixing of order k if
lim 9 (s) =0, (3.24)
§—>00

and mixing of all orders if it is mixing of order k for all k € N. Note that mixing of order two

need not imply mixing of order three; cf. Ledrappier’s “three dots” example [6,14].
Given £ € R? and a probability measure p on Y, we also define

Be(s)= sup  sup [P(nm) € A)=p(A)]. (325)
m+§|>s AcB(Y)

If lims_, oo Bo(s) = 0, we say n has asymptotic distribution p. The presence of & in (3.25) is
purely for notational convenience further on.
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The above mixing conditions will be sufficient for the results in Sect. 4. We will need the
following stronger variant for our main results in Sect. 5.
Given a non-empty subset J C Z¢ and amap a : J — Y, we define the cylinder set

Q={weQ|wm)=a(lm) VYmeJ}. (3.26)

The subalgebra generated by all cylinder sets 2, for a given J is denoted by ;. The
separation of two non-empty subsets Jy, Jo C 74 is defined as

sep(J1, J2) = min{||m1 —my|| :my € J, mp € Jz}. (3.27)
We define the strong-mixing coefficient of the random field n by
a(s) = sup {a(J, L)|J1, ~» C 74 non-empty, sep(J;, J») > s}, (3.28)
where
a(Ji, o) :=sup {|v(A; N Ay) —v(ADV(A)| - A € By, Ay € By} (329

We say n is strongly mixing if
lim a(s) =0. (3.30)
§—>00

Note that, in the case of singleton sets, we have

a ({m1}, {m2}) = 02 (my, my). (3.31)

Thus strong mixing implies mixing of order two. In fact, strong mixing implies mixing of
any order. This follows from the following observation. For k > 2, put

a(s) == sup {or(Jy, ..., J)|J1, ..., Jk C Z% non-empty, sep(J;, J;) > s fori # it
(3.32)

where

ar(Ji, ..., Jx) = sup[

k
v(Arn-nA) = [Jv@n|: A e@,,.]. (3.33)
i=1

Lemma 3.3 Ifa(s) — O then ax(s) — 0 and 04 (s) — O forallk > 2.
Proof Note that ax(s) — 0 implies 9 (s) — 0, since
oap({m1}, ..., {mi}) = Ox(my, ..., my). (3.34)

We will show that o (s) — 0 implies ag41(s) — 0. The claim then follows by induction on
k. We have 4. C %, for J := J1 U--- U J; and therefore

A=AN---NA, € Ay. (3.35)
This in turn implies
k+1
op1(J1, ..., Jeg1) = sup [ V(AN Aggr) — H v(A;)| A € 931,-} (3.36)
i=1

< Supl V(AN Agy1) = v(A(Arg1) | 2 A € By, Apq € ﬂka]
(3.37)
k+1
+ sup[ v(A)(Arn) — [ van|: A € 2, ] (3.38)

i=1
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The first term equals «(J, Jx+1), and the second satisfies

sup [

gsup‘

k+1

(A (A — [T vean

i=1

IA,‘ 633‘/[.]

k
v(A) =[] v(dn

i=1

ZAiE%ji] =Olk(.]1,...,.[k), (3.39)

because v(Ag4+1) < 1. Therefore oy 41(s) < ax(s) + a(s), which yields the desired conclu-
sion. m]

An important example of a (strongly) mixing random field is the case when 7 is a field
of i.i.d. random elements with law p, and thus a(s) = O for all s. In this case we write
v = v,. Note that v, is invariant under the I'-action on 2. Given such v, consider the
product measure 1g X v, on Gg x 2. We denote the push-forward of this measure (restricted
to a fundamental domain for the I"-action) under the projection map

Ge x Q — X, (g, 0) —~ T'(g,w)(1, &) (3.40)

by tg ,. Recall pig is normalized so that it projects to a probability measure on X¢, which
implies jig , is a probability measure. Note that fig , is well defined thanks to the I'-invariance
of vp.

A random element ¢ in X defines a point process & = x(¢) in M@®R? x Y). The Siegel
formula for the space of lattices yields:

Lemma 3.4 Ler& ¢ Z¢. For D € B(R? x Y),
EED = (Lebxp)D. (3.41)

Proof Tt suffices to consider D = A x B with A € B(R?) and B € #(Y). Since the
n(m) are independent with law p, we have ED = ®(A)p(B). The expectation is E ED =
E(®A)p(B) = Leb(A)p(B) by Siegel’s formula. O

A further special case is when {n(m), m € 7%} is a collection of independent random
variables with 7(0) distributed according to pg and n(m) distributed according to p when
m # 0. In this case we write v = v, ,. Note that v,, , is now invariant under the I'g-action
on . Given such v, ,, consider the product measure (1o X V., on Go x 2. We denote the
push-forward of this measure (restricted to a fundamental domain for the I'p-action) under
the projection map

Go x Q — X, (g, w)—~ I'(g,w) (3.42)

by 120, py,p- Since jio is normalized so that it projects to a probability measure on X, also
140,09, p 1S @ probability measure. Here [ig, 4, is well defined because of the I'g-invariance
of vy, p. A random element ¢ in Xg defines a random product measure (¢, Eg) = x({) in
M(Y) x M@R? x Y), where @ is a point mass and Eg a point process.

Lemma 3.5 For D € (Y xR¢ x Y),
E(p, Eg)D = (pg x Leb xp)D. (3.43)

Proof 1t is sufficient to consider D = By x A x B with A € 2[R and By, B € B(Y).
Since the n(m), n(0) are independent with law p and pg respectively, we have ED =
p0(Bo)Bg(A)p(B). The expectationis E ZED = po(Bp) E(®gA)p(B), and the claim follows
from Siegel’s formula E ®9A = Leb A. O
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4 Spherical averages in the space of marked lattices: convergence on
average

Lett e R, M € Gy, & € R, w e Q, U c RY! a bounded set with measure zero boundary
(asin Sect. 2), A an absolutely continuous Borel probability measure on U, and v a probability
measure on 2 defined by the random field 7.

We define the Borel probability measures P® = P& and 0, = 0&M"» on Xg
by
Plf = / FT((L, )ME m)®', w)A(du), 4.1
uclU
O = / / FT(LEHME@P, o)r(du)dv(e), 4.2)
w'eQuel

for bounded continuous functions f : Xy — R. The principal result of this paper is that
P/ converges weakly to g , (if & ¢ 29y or [ py.p (if & € Z%) for v-almost every w
(Theorem 5.1). We will first prove this fact for the averaged Q;.

Theorem 4.1 Assume the random field n is mixing of all orders with asymptotic distribution
p. Then, fort — oo,

w ﬁé,p (§ ¢ Zd)
Qt — [ﬁo,po,p (§ c Zd) 7 (4.3)

where pg is the law of n(—§).

Let ¢; be the random element distributed according to Q;, and ¢ according to g ,.

Theorem 4.1 (£ ¢ Z%) can then be rephrased as ; LN ¢. Similarly, for & € Z4, let ¢, be
the random element distributed according to Q;, and ¢ according to [Lg, 5y, p. Theorem 4.1
(6 € Z7) can then be expressed as well as ¢; LN ¢. In view of Proposition 2.2 and
the continuous mapping theorem [13, Theorem 4.27], this is equivalent to the following
convergence in distribution for the random measures &, = »(¢;) and E = x(¢)(§ ¢ z4,
(¢, Bo,0) = x0(¢1) and (¢, Eo) = x0(0) (€ € Z9).

Theorem 4.2 Assume n is mixing of all orders with asymptotic distribution p. Then, for
t — 00,

g > 2 (5¢27). B > @80 (§ez7). (4.4)

Theorem 4.2 (and hence Theorem 4.1) follows from the convergence of finite-dimensional
distributions by [13, Theorem 16.16] stated in the following propositions.

Proposition 4.3 Let €& ¢ Z¢, and assume 1 is mixing of all orders with asymptotic distribution
p.Letn e N, Dy,...,D, € %(Rd x Y) bounded with 20 D; = 0 almost surely for all i.
Then, fort — o0,

- - d — -
(§/Dy,...,8/D,) — (EDy,...,ED,). 4.5)
Proposition 4.4 Let& € Z¢, and assume 1 is mixing of all orders with asymptotic distribution

p.Letn €N, Dy,...,D, € BRE x Y) bounded with E0d D; = 0 almost surely for all i,
and By € A(Y) with 93 By = 0 almost surely. Then, fort — oo,

@ Springer



Geom Dedicata (2017) 186:75-102 87

- - d — -
(¢1Bo. Eo,D1, ..., Bo Dy) —> (@Bo, D1, ..., EoDy). (4.6)

Proof of Proposition 4.3 1t is sufficient to consider test sets of the form D; = A; x B; with
A; € ZR?) bounded and B; € Z(Y) such that Z9(A; x B;) = 0 almost surely. In view
of Lemma 3.4 the latter is equivalent to (Leb x p)d(A; x B;) = 0. We also assume without
loss of generality that A; are pairwise disjoint.

Corollary 2.4, Lemma 2.5 and the Chebyshev inequality imply that for every bounded
Do = Ag x By we have

limsupP (8,Dp > 1) < limsupP (0,49 > 1) < P (©Ag < 1) < Leb Ay. 4.7)
t—00 1—>00

Hence sets Do = Ag x Bg where the closure of Ag has small Lebesgue measure have small
probability, and we can thus remove such sets from the D;. This explains why, without loss
of generality, we may assume from now on that the A; are convex and that the hyperplane
{x1 = 0} does not intersect the closure A of A := U A;. Set

Liuw=71,8MEu)d', (4.8)
and write ¢ = m(1, §) ME (u)®' € L, with m € Z¢ uniquely determined by g. Writing
e; = (1,0, ...,0) for the first standard basis vector in R?, we have

g-ei=m(L,EMEWP -e; =e " V(m+EME®) e (4.9)

and hence for some constants cys > 0, ca i > 0 (depending only on M resp. A and M)
|m+ & > culm+ M| > cpe Vg -er] > came ™ (4.10)

uniformly forallg € A, > 0.
For a small parameter ¢ > 0 to be chosen later write U = U 1(8) U U. (6), where

UI(S) ={ueU:3q, #q, € ANLiust (g, —q,) €| <&} 4.11)

and U = U\ U, The set U comprises directions corresponding to lattice points
m € 79 that are se(d’l)’-separated. That is, for ¢, = m(1,E)ME(u)®" and ¢, =
my(1, §)ME u)®' with u € US®, we have

(g1 —q2)-e1 =(m —m)ME@)® ey =e " “"DV(my —m)MEw)-e; (4.12)
and hence
[my — mall > cp||(my — m)M|| > cpe " (g, — q5) - e1] = cpee ™V (4.13)

We will use the higher-order mixing property to show that markings at such points become
independent. The set U 1(8) includes directions in which there are some lattice points that are
close. We will show that the measure of such directions tends to zero as ¢ — O.

For non-negative integers ry, . .., 1y,

P(S/(Ai x By) =r; Vi) = IP(E[(Ai X B)=riVilue UZ(S)) +o0 (A(Uf”)) . (4.14)
We deal with the first term by writing
IP’(E[(A,» X B)=riVilue UZ(S))

- ZP(E,(A,- X B)=ri, B(A; xY) =1 Vi |ue U,jg)). (4.15)
Lo >0
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Split the summation into terms with max; /; < L and max; [; > L for some large L. For the
latter,

D IF’(E,(A[ X B)=ri, B(A; xY)=1Vi|ue Uz(”) (4.16)
Il =0
max; [;>L
< D P(EA; xY) =1 Vi) 4.17)
ool =0
max; [;>L
<P(E/(AxY)>L)=P(0,(A) > L), (4.18)

and by Corollary 2.4 there is fo(L, A) such that for all r > ty(L, A),
P(©/(4) > L) < LOI x P(0(4) > L) = 0 (1 + 1)™), (4.19)
where the last bound follows from Lemma 2.6. We conclude that, for all L > 1,

limsup > IF’(Et(AI- X B)=ri, Bi(A; xY) =1L Vi|uec Uz“))

1—00

ey =0
max; li>L
-0 ((1 n L)_d) . (4.20)
Let us now turn to the remaining term
D IP’(E,(A,- X B)=ri, B(A; xY)=1; Vi |ue UZ“)). “.21)
0K/, ln <L

The only terms which contribute are those with /; > r;. We have

P (E,(A,- X B)=ri, Bi(A; xY)=1Vi|uec UQ(E)) (4.22)
=" / P#{me J; :n(m) € Bi} =r; Vi | w) Ligg, =1y - - - Lg, =1, d 1 (),
wusy
U2

where J; = £; , N A;. By the choice of U(S), all contributing lattice points are cpyeed=Dr
separated, and so, by mixing of all orders,

P#{m e J; :n(m) € Bi} =r; Vi | u)

:ﬁ(z (HP(n(m) € B) x [ P (r(m) ¢B,~>))

i=1 *SCJi “meS m¢S
+01 (9nr (cpeed™11)), (4.23)

where the sum is over all subsets S of J; of cardinality r;. There are (i’l ) such subsets.

Again by the choice of U (€ , all contributing lattice points are furthermore at distance at least

c A,Me(d =D from &. Since 7 has the asymptotic distribution p, we therefore have

n

P#me J:nm) e By=r;Vi|u) = H (Q‘_)p{fa — )"+ O (Onr (cmee ™))
i=1

+ 0L (Bg (came’™ 1)), (4.24)
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where p; = p(B;). Now

1 .
— / Lg=1y - Lpg,=ydA(u) =P (EI(A,' xY)=1Vi|lue Uz(g)) (4.25)
AU,™) e
=P E A x ) =1 ¥+ 0 (» (U)).
(4.26)
and thus
L L n
S>3 (E,(A,- XY)=1;Vi|uc Uz(”) [Ty — poti
li=r ly=rn i=1
- Z Z P(E,(A; x ¥) =1 VI)H — )it 0 (A (Uf”)) ,
li=r ly=ry
(4.27)
where the implied constants are /-independent. Therefore, using Corollary 2.4,
limsup| > P(E,(Al- X B)=ri, B(A; xY) =1 Vi|ue UQ(“)
1200 1 oghy ln<L
- Z Z P(O(A) =; \mH —p) T < E©, (4.28)
li=r; ly=ry,
where
E® := limsup A(U"). (4.29)
11— 00
As observed earlier,
> PO@U) =LY =0 ((1 + L)’d) , (4.30)
ey =0
max; [;>L

by Lemma 2.6. This yields

lim sup
—00

_ Z Z P(O(A) = I; V’)H ()57 (L= piyi=

> IP’(E,(A[ X B)=ri, B(A; xY) =1 Vi |ue UZ(S))

< (1+L)y 4+ E®.

l=r In=ry
(4.31)
By the definition of E,
o0
li—ri _ = _ :
> ZIP’(G)(A)_Z VI)H —p)li T =P (E(Ai x Bi) =r; Vi).
lLi=r ly=ry
(4.32)
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Combining the estimates (4.20) and (4.31) yields for L — oo,

lim sup IP’(E,(A,- X B)=rVi|ue Uz“)) —P(E(A; x Bi) = r; Vi)| < E®.

t—>0o0

(4.33)

Here ¢ > 0 is arbitrary. In view of (4.14) and (4.33), what remains to be shown is that
E® — 0ase — 0. To this end, notice that

MUP) <D a{u e U #(AN (ke ke +26] x R N 291, §)MEw)@') > 2}
keZ

= > P(O,(AN (ke ke +2¢] x RI7")) > 2).
keZ
(4.34)

Since A is bounded, the number of non-zero terms in this sum is O(1/¢), where the implied
constant depends only on A (not on ¢). Taking the limit # — oo yields (Corollary 2.4)

E® < P (O(AN (Ike, ke + 261 x RT71)) > 2). (4.35)
keZ

Because we have assumed that the closure of A does not meet the hyperplane {x; = 0}, for
eachk > Otheset AN ([ks, ke + 2¢] x Rd_l) is contained in the cylinder

31,62, C) = {(x1, ... x) €RY tep <xp <o, (2, .o x) <€) (4.36)

form some ¢; > 0, ¢p > ¢1+2¢, and C sufficiently large in terms of A. (The case of negative
k is analogous.) Therefore, when d = 2 and § € Q2, we have [17, Lemma 7.12]

P (©(A N ([ke, ke +2¢] x R71)) > 2) = O(e? loge), 4.37)

and so E®) = O(e loge) — 0 as e — 0. In all other cases we have (use [17, Lemmas 7.12]
for& € Q9 d > 3,and [17, Lemmas 7.13] for £ ¢ Q¢, d > 2)

P (O(A N ([ke, ke + 261 x RI71)) > 2) = 0(e?), (4.38)
thatis E® = O(¢) — 0ase — 0. O

Proof of Proposition 4.4 The proof is almost the same as that of Proposition 4.3. We have that
Zo,; 1s a random point process on R4 that is jointly measurable with a random variable on ¥
whose marginal is ¢,. We follow the steps of the previous proof until (4.14). For r; € NU{0},
i > 1, we have

P (@:Bo = 1, Eo,/(A; x Bj) =r; Vi) (4.39)
—P (go,BO — 1, Eo,(A; x B)=r; Vi |u e Uz“)) +0 (A(Uf”)) . (4.40)
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The next substantive modification is in the application of mixing of order nL in (4.21), which
becomes

> P(eBo=1.Z0s(Ai x B) =ri, Bo,(A; x V) =1; Vi |ueUS) 441)

L L
=> > By = 1)P(EOJ(AI- XY)=1Vi|uc Uz(s)) (4.42)

l1=r; ly=ry,

n
) (H (ii)p;i(] = p)"T 4 OL (nrr1 (emee ™)) + OL (g (CA’Me(dil)t))).

i=1

(4.43)

Note that here P(¢;Bp = 1) = P(¢By = 1) = po(Bop). The remainder of the proof runs
parallel to that of Proposition 4.3. O

5 Spherical averages in the space of marked lattices: almost sure
convergence

Let us now turn to the main result of this paper. We say the random field 7 is slog-mixing
(slog stands for strongly super-logarithmic), if for every § > 0

o0
Za(e‘”) < 0. (5.DH
1=0
This holds for instance when
a(s) < C (logs)™ = (5.2)

for all s > 2, with positive constants C, €.

Main Theorem 5.1 Fix & € RY and M € Gg. Assume the random field n is slog-mixing
with asymptotic distribution p. Then there is a set Qo C Q2 with v(20) = 1, such that for
every w € Qo and every a.c. Borel probability measure X on U,

o W ﬁf-ﬂ (§ ¢ Zd)
P’ — 5.3
! lﬁO,po,p (& € Zd) ) G

ast — 0o, where pg = 84 (—g)-

Let ¢/ be the random element distributed according to P;?, and ¢ according to g ,.

Theorem 5.1 (§ ¢ Z9) says that £ 4, ¢ for v-almost every . Similarly for & € 74, let
¢/ be the random element distributed according to P/, and ¢ according to fto, ,, » Where pp =

8w (—g)- Theorem 5.1 (§ € Z%) can then be expressed as well as —d> ¢® for v-almost-
every w. (The w-dependence of ¢ is only through pg.) Again, in view of Proposition 2.2
and the continuous mapping theorem [13, Theorem 4.27], this is equivalent to the following
convergence in distribution for the random measures E¢ = x () and E = x(¢) (§ ¢ 74,
(e Egt) = %0(¢”), (9°, Bo) = #(”) (§ € Z%). Note that here P = % = Sp(—g)-
Thus, if w is fixed, then ¢{” is deterministic and independent of ¢, and we may state the
convergence solely for £, rather than the joint distribution (¢}, Ef ;) used in the case of
random o (Proposition 4.2).
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Theorem 5.2 Under the assumptions of Theorem 5.1, for every w € Qg and every a.c. Borel
probability measure A on U,

g -4 (§¢Zf’), 52, 5 & (§¢Zd). (5.4)

63}

Again by [13, Theorem 16.16], Theorem 5.2 (and hence Theorem 5.1) follows from the
convergence of finite-dimensional distributions:

Proposition 5.3 Under the assumptions of Theorem 5.1 with & ¢ 7%, for every w € Q,
every a.c. Borel probability measure ) on U, everyn € Nand all Dy, ..., D, € B(R? x Y)
that are bounded with 29 D; = 0 almost surely for all i,

= - d o =
(E¢Dy,...,E¥D,) —> (ED,...,ED,). (5.5)

Proposition 5.4 Under the assumptions of Theorem 5.1 with & € 7%, for every o € Q,
every a.c. Borel probability measure ). on U, everyn € Nandall Dy, ..., D, € B(R? x Y)
that are bounded with E00 D; = 0 almost surely for all i,

- - d - -
(d((ich..., L'LSJJD,,) —> (EoDq,...,EoDy). (5.6)

The proof of these two propositions will require the following lemma. For each ¢ > O,
define ¢, C #(R? x Y) as the collection of sets D = A x B with the following properties:

(i) A € Z(RY) is convex and contained in the ball of radius 1 /¢ around the origin,
(i) B € B(Y) such that (Leb xp)d(A x B) =0,
(i) (¢, ¢IxRIHNA=02.

Lemma 5.5 Givene > 0, { < oo, there are constants s, ty such that for all t > ty, |s| < so,
w € , and every D € 6; (in fact we only require property (i) in the definition of 6 ),

P(E¢D # E{ D) <&, P(EF,D # Ef,, D) <e. (5.7)
Proof We have

EY (A x B)=#1(m(1,§) MEm)®' ", w(m)) € Ax B:m ¢ Zd}
(

- #{ m(L, §)ME@)®', w(m)) € A~ x B:m e Zd] (5.8)
=EY (AP~ x B),

and therefore
P(EYD # EY D) < P(O,(ALAD™) > 1). (5.9

For the latter we have

lim P (©,(AAAD™) > 1) = P(O(AAAD™) > 1) < Leb(AAADT),  (5.10)
— 00

by Corollary 2.4 and Lemma 2.5. The claim follows from the fact that

lir%Leb(AAAGD_S) =0 (5.11)
s>
uniformly for any convex A contained in a fixed ball. The proof for EF; is identical. O
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Proof of Proposition 5.3 We have

/]P’ (E¢D; = ri Vi)dv(w) =P (E,D; = r; Vi), (5.12)
Q

where E; is the process considered in Proposition 4.3. Our first task is to show that

V3(1) = / [B(E¢D; =ri Vi) — P (E/:D; = ri Vi) dv(w) (5.13)
Q

= / [P(2¢D; = r; Vi) dv(w) — P (:D; = r; Vi)’ (5.14)
Q

decays sufficiently fast for large ¢, uniformly for all a.c. Borel probability measures A on U
and all Dy, ..., D, € ¢; (with n arbitrary but fixed), thus allowing an application of the
Borel-Cantelli lemma to establish almost sure convergence.

Let EY;, EY, be two independent copies of Ef. The corresponding rotation parameter
u is denoted by’ u1, uy, respectively, which are independent and distributed according to X.
Then

/[]P’(E;”Di = r; Vi) dv(w) :/IP(E;‘lei = 11, EO,Di = r; Vi)dv(w).  (5.15)
Q Q

We condition on e E(u1)~!, +e; E(uy) ™! being close or not. Let 8p < 1 be small to be
chosen later depending on ¢. If miny ||elE(ul)‘1 + e E(uy)™! | < 6p, then we estimate
trivially to get

/P(E;’lei =ri, B,D; =r; Vi | min lerEm) ™" £e1Ey) ™" || < 6p)dv(w)

Q
(5.16)
< Oox W{@iw) € U iminfle) E@i) ™' £ e1 E@) ™| < 6o} (5.17)
=Ox ) {@i,u) e U et Eu) ™" — e E(u) ™" < 6o}, (5.18)

for 6y sufficiently small, since E (U) is contained in a hemisphere (recall the assumptions

following (2.12)). Let M be the Lipschitz constant of the inverse of the map U — E(U) C

S‘f_l, u +— e E(u)~!. Then, using the fact that A has density A" € LY(U, du), we bound
(5.16) by

O x 2) {1, u2) € U : [luy — ua|| < Mbo} (5.19)

< x 2 {r,u) € U luy — usll < M6y, max{x'(uy), V' (u2)} < K} (5.20)

+ (0 x 2 {1, u2) € U 2 luy — u|| < M6y, max{\'(u1), V' (u2)} > K} (5.21)

< K*(Leb x Leb) {(u1, u2) € U : [luy — us|l < M6} (5.22)

+r{ueclU:Nw > K} (5.23)

1

K

for any K > 1, where the implied constant depends only on U. If we pick K =

0y @=D73 e get the bound 00(‘1_1)/ 3 for this regime. Consider the complementary case,

letEm) '+ e E(us)~"| > 6. Recall that for every i, the closure of A; does not intersect

<u KM g 4 (5.24)
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a ¢-neighborhood of the hyperplane {x; = 0}, and A; is contained in a ball of radius 1/¢. This
implies that the set A; ® " E(u)~! asymptotically aligns in direction +e; E (1) !, avoiding
a e'?~D"_neighborhood of the origin. More precisely, there is a constant C ¢ > 0 such that

g1 @ E@)™" —q,® " E@ua) || > Ceboe " (5.25)
forallg, € A;,q, € Aj and all i, j. Hence for m;, m, defined by
g1 =m +EHMEm)®', g, = (my+EMEuy)®', (5.26)

we have
lmi —ma|| > cpll(my — m)M|| > cpCrbpe ", (5.27)

This shows that the lattice points m1, my € 7 that contribute to u| and u» respectively, are
at distance at least ¢y C; Gge' =D apart. Thus, by strong mixing,

/P(E;‘lei =r;, BY,Di=r; Vi | letEm) ™" £e1Ea) ™" || > 6p)dv(w)  (5.28)

Q
=P (EDi =ri, BiaDi=rVi|lletE@)™ e E)”"|| > o) (5.29)
+ O(a(cmCepe' D)), (5.30)
where E; 1, &, 2 are independent copies of &;, and the implicit constant in the error term is
independent of the choice of A and of Dy, ..., D, € ¢;. Estimate (5.19) yields
P (81D =ri, EaDi =ri Vi | |lerE@)™" £ e E)™"[| > o) (5.31)
=P (81Di =i, EiaDi =r Vi) + 0 (6)"°) (5.32)
=P (2D =n) +0 (05""7). (5.33)

Altogether we therefore have

sup V() <« (cMcgeoeW—“’) + oI5, (5.34)

where the supremum is taken over alla.c. Aand all Dy, ..., D, € €;.If we choose 6y = e V!
forany y € (0,d — 1), we get

sup Z Vi) < Z (Ol (CMC;e(d_l_V)’) + e_y(d_l)’/S) < o0 (5.35)
2oD1s D gy tesN

for every § > 0 by the slog-mixing assumption (5.1) and monotonicity of «. All of the above
estimates are uniformin A and Dy, ..., D, € ¢;.
From the Borel-Cantelli Lemma we conclude that, for every ¢ > 0,

v[weQ: sup |P(EfD; =r; Vi) —P(ExsDi =r; Vi)| > e forim. k e N} =0.
A

.Di,...Dy
(5.36)
Now choose § > 0 and kg such that for all k > kp, 0 < s < §,
. —_ . &
sup {P(E%Di =r \7’1) — ]P’(QZ)HXD,- = Vz)| < 7 (5.37)
A, Di,....D,
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This is possible in view of Lemma 5.5, since
|P (84D =r; Yi) — P (EY, Di =ri ¥i) ZIP’ (B D # B D).  (5.38)
This shows that (set t = k§ + )

weQ: sup |P (E;DD, =r; Vi) _P(E(SU/BJDi =r; Vi)| > %fori.m. t e R+ =0.

*Di,....Dy,
(5.39)
By Proposition 4.3, for every a.c. A and all Dy, ..., D, € ¢,
Jim P (Es105) D; = r; Vi) =P (EDi = ri Vi). (5.40)

Hence (5.39) implies that there is a set £ ,, of full measure, such that for every w € Q ,,
alla.c. Aand all Dy, ..., D, € ¢,

lim P (ED; = r; Vi) =P (EDi =ri Vi). (5.41)

Corollary 2.4, Lemma 2.5 and Chebyshev’s inequality imply that for every Dy = Ap x By
we have

limsupP(E® Dy > 1) < limsupP(®;A¢ > 1) < P(OAp < 1) < Leb Ag (5.42)

—00 t—00

for all w € Q. That is, the probability of having at least one point in a small-measure set
is small, which shows that (5.41) in fact holds for all sets of the form D; = A; x B; with
A; € B(R?) bounded and B; € Z(Y) such that (Leb x p)d(A; x B;) =0, provided

o0
®€ Q=) Qikn (5.43)
k=1

The convergence in (5.41) holds for all n for a given w, if

o0
w € Qo = ﬂ Qs (5.44)

n=1

which still is a set of full measure. The extension of (5.41) from product sets A; x B; to
general sets D; follows from a standard approximation argument. O

Proof of Proposition 5.4 Thisisidentical to the proof of Proposition 5.3, with Proposition 4.3
replaced by Proposition 4.4. O

‘We conclude this section with two corollaries of Theorem 5.1.

Corollary 5.6 Under the assumptions of Theorem 5.1, for every w € Q, every a.c. A, and
every bounded continuous f : R~ x Xy — R,

dﬁ&,p (E ¢ Zd)
dito.p.p (&€ Zd) )
(5.45)

tlirgo/f(u,F((]l,E)ME(u)th,w))k(du): / fdxx
U

UXXE

where pg = 8¢ (—¢g).-
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Proof This follows from Theorem 5.1 by the same argument as in the proof of Theorem 5.3
in [17]. O

Let us assume that there is a continuous map ¢ : U x Q — Q. Then the following is an
immediate consequence of Corollary 5.6.

Corollary 5.7 Under the assumptions of Theorem 5.1, for every w € Qq, every a.c. A, and
every bounded continuous f : R9~! x Xy — R,

tl_lpgo/ FTLEHME@P', ¢(u, w)r(du)
U

/ dﬁg’p(gva)’) (s ¢ Zd)
= / F(I(g, o, ) dr(m) x 1 . (5.46)
U diio,py.0(8. ) (E€Z7),

where py = 8. (—g)-
Proof Apply Corollary 5.6 with the test functions f defined by
f@,T(g w) = fTEg pu ). (5.47)

6 Random defects

Spherical averages were used in [17] and [19] to establish the limit distribution for the free
path length in crystals and quasicrystals, respectively. The plan for the remainder of this
paper is to explain how spherical averages on marked lattices can be exploited to yield
the path length distribution for crystals with random defects. The idea is to start with a
perfect crystal, whose scatterers are located at the vertices of an affine Euclidean lattice
£ = 74(1, &)M, and then remove or shift each lattice point with a given probability. This
can be encoded by a marking of £ as follows. The set of marks is ¥ = {0, 1} x R?, where
the first coordinate describes the absence or presence of a lattice point, and the second
its relative shift measured in units of » = e~’. The corresponding marking is denoted
by w = (a,z) with a : 7% - (0,1} and z : Zz¢ — R?. The defect affine lattice is
thus

{(m+3;‘)M+rz(m):m e 724 st a(m) = 1}. (6.1)

In the case when & € Z¢, it is natural to shift the above point set by —rz(—£) so that the
shifted set contains the origin. To unify notation, let us therefore define the field z¢ by

z(m) —z(—§) (§ e Z9)
zg(m) = 6.2)
z(m) (& ¢ 7.

In fact, for our application to the Lorentz gas, it will be convenient to shift the point set by
a more general vector 78, where B is a fixed bounded continuous function U — R?; we
denote the shifted set (for all £ € RY) by

Pru = {(m FEOM 47 [zg(m) — Bw)] :m € Z% s.t.a(m) = 1} . (6.3)
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As in the case of lattices (4.8), we are interested in the rotated-stretched point set Py, =
Pr.uE(u)®', which reads explicitly (for r = ™)
Pruw = {(m+EME@)®' + ([z¢(m) — Bw)| E@)) |
+e ™ (e1 - [zg(m) — B@)| E@)) e : m € Z% s.t. a(m) = 1} . (6.4
where (-) is the orthogonal projection onto the hyperplane perpendicular to e;.

We map the marked affine lattice (viewed as an element in X) to a defect lattice (viewed
as an element in M (R?)) by

o: X > MERY), To)— > ag )8 e (§ ¢Zd), (6.5)
yezig
o0: ko> M(RY), T(gw) > > ag )dype (gez"),
yeZ4g\{0}
(6.6)

where w = (a, z). The motivation for this definition is as follows. Define the family of maps
Ji 1 Q — Qby

Ji(@) = Ji(a,2) = (a,z1 +e ¥ (e1 - 2)e1) (6.7)
and (for later use)
Joo(@) = Jo(a, 2) = (a, z1). (6.8)
Then
o(C((LEME@D', Ji(a, [zs — BWIE@W)) = > 8, (6.9)
YEPu

and, for & € 74,
oo(T((1, &) MEm)®', Ji(a, [zg — BW)]E(w))) = Z Sy. (6.10)
yePru\{0}

We will first discuss the relevant spherical averages in X, and then show they map to the
above point processes.

Theorem 6.1 Assume n is slog-mixing with asymptotic distribution p, and p has compact
support. Fix M € Gy and & € R?. Then there exists a set Qo C 2 with v(Q0) = 1, such that
forevery w = (a, z) € Q, every a.c. A and every bounded continuous f : R4~! x Xy — R,

lim / FO(@HME@S', Ji(a. [z5 — B@))))(du) (6.11)
U

ditg »(g. (@', 7)) (& ¢ 29

= r , Joo /, E— E dx it
/ F(0 (g, Joola' 12, — B@E@)))) (u)x[ G, (2 (& €2

X
where po = 8o (—¢).-

Proof Since p has compact support and f is bounded,

sup sup le; - [zg(m) — B(w)]E(u)| < oo, (6.12)
uel mezd
and hence J;(a, [z¢ — B(W)]E(w))(m) — Joo(a, [z — B(w)]E (w))(m) uniformly inu € U,
m € Z%. The claim now follows from Corollary 5.7. O
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The following is the key to translate the above convergence into the setting of point
processes.

Lemma 6.2 The maps o and g are continuous.

Proof The proof is similar to that of Proposition 2.2; we sketch it in the case of o.
We need to show that x; — x € & implies that, for every f € C, RY),

> a (ygjl)f(y+z]' (ygj’l)) - > alyg)f(y+z(rg™). 613
yezZdg; yeZdg

Since f is of compact support, the sums above are finite, and we can rewrite the left hand
side as

> ai(ver") £ (v+zi (ve7!)) = D aomf (mg; +z;0m).  (©.14)
yezig; meZd

which is another finite sum. In particular, for all m in the support, we have thata; (m) = a(m)
and |z (m) — z(m)| < € once j > jo. The statement (6.13) now follows from continuity of

S o

For u randomly distributed according to A, we define the random point processes

E= D 8. Ep= > & (6.15)

YE€Pru y€Pru\{0}
for & ¢ Z¢ and & € Z9, respectively. If £ ¢ Z9, we furthermore set
E =0 (I(g. Joola. zEm)))) (6.16)

with (g, (a, z)) distributed according to fi¢, , and u distributed according to A. That is, Zisa
random affine lattice Z¢ g distributed according to y, where each lattice point is removed, or
shifted in the hyperplane V; = {0} x R?~!, according to the push-forward of the probability
measure A X p on U x {0, 1} x R? under the map (u,a,z) — (a,(zE(u))1).If p is
rotation-invariant, then this measure is independent of A. In the case & € Z¢, we put

Eo = 00(I (g, Joo(a, [z¢ — B@)IE(w)))) (6.17)

with (g, (a, z)) distributed according to [to, ,, , and u distributed according to A. This means
that ¢ is a random lattice Z¢ g \ {0} distributed according to (1o, where each lattice point is
removed, or shifted in the hyperplane V| = {0} x R?~!, according to the push-forward of
the probability measure A x p on U x {0, 1} x RY under the map

(u,a,2) = (a,([z —2(=§) — B@)E@)) ). (6.18)

This measure depends on A even if p is rotation invariant.
Theorem 6.1 implies via Lemma 6.2 and the continuous mapping theorem the following
convergence in distribution.

Corollary 6.3 Under the conditions of Theorem 6.1, for every w € Q2 and every a.c. X,

0 4

d

(£¢Zd), gy, — Bo (Eezd). (6.19)

(o]
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The following Siegel-Veech type formula allows us to simplify the assumptions on the
test sets for the finite-dimensional distribution. Set

7= p(1,RY). (6.20)
Lemma 6.4 For A € Z(R?),
EEA=7pLebA (5 ¢Zd), EEoA = plebA (.s eZd). 6.21)
Proof For f € C.(R%),
EEf= / > am) f(mg + (lz(m) — B@)E@))1))diw) dfig (3. (@.2)). (6.22)
Xg meZd
By Lemma 3.4, we have then
EEf = / fx+(ly — B@)]Em))1)) Leb(dx)p(1, dy)di(u), (6.23)
R xR4 x U
which, after translating x by —([y — f(u)]E(u)) 1), yields
E @f = / f(x)Leb(dx)p(1,dy)dA(u) = pLeb f. (6.24)
R xR xU
The proof for Z is identical. O
The following is a direct consequence of Corollary 6.3 and Lemma 6.4.

Corollary 6.5 Assume the conditions of Theorem 6.1. Then, for every w € Q, every a.c. A,
everyn € Nandall Ay, ..., A, € BRY) that are bounded with Leb A; = 0 foralli,

(Erar....Bra) - (BA... . Ba,) (8¢7) (6.25)
and

(Eg,Ar . B8, A) -5 (Boar....BoAn) (8e27). (6.26)

Proof Lemma 6.4 implies thatLeb 0 A; = Oimplies EaAi = O almost surely and éoaA,» =0
almost surely, and the claim follows from [13, Theorem 16.16]. O

7 Free path lengths in the Lorentz gas

For a given point set P C R?, center an open ball Bf + y of radius r at each of the points y
in P. The Lorentz gas describes the dynamics of point particle in this array of balls, where
the particle moves with unit velocity until it hits a ball, where it is scattered according to a
given scattering map. The configuration space for the dynamics is thus C, = R? \ (B¢ +P).
Given the initial position ¢ € K, and velocity v € S?!, the free path length is defined as
the travel distance until the next collision,

t(q,v;r):=inf{t >0:q+1v & K,}. (7.1)
The distribution of the free path length is well understood for random [2], periodic [1,5,17]

and quasiperiodic [19,20] scatterer configurations. We will here consider the periodic Lorentz
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gas with random defects introduced in the previous section, where the scatterers are placed
at the defect lattice

P, = {mM +rzm) :m e 7% st a(m) = 1} ) (7.2)

Note that the papers [4,23] discuss the convergence of a defect periodic Lorentz gas to
a random flight process governed by the linear Boltzmann equation in the limit when the
removal probability of a scatterer tends to one. In this case the free path length distribution
is exponential, whereas for a fixed removal probability < 1 the path length distribution has
a power-law tail; cf. (7.13).

As in [17], we will consider more general initial conditions, which for instance permit
us to launch a particle from the boundary of a scatterer (which is moving as r — 0). Let
B: S‘ll_1 — R? be a continuous function, and consider the initial condition q+rp).If
g € 7% M and the initial condition is thus very near (within distance O (r)) to a scatterer, we
will avoid initial conditions inside the scatterer, or those that immediately hit the scatterer,
by assuming that B is such that the ray B(v) 4+ R-ov lies completely outside Bﬁl, for each
vE Sf_l.

The following theorem proves the existence of the free path length distribution for (a)
random initial data (g + rB(v), v) for ¢ ¢ 7 M fixed, and v random with law A, and (b)
random initial data (g + rB(v) +rz(gM~"), v) forq € 7% M fixed, and v random with law
A.

Theorem 7.1 Assume n is slog-mixing with asymptotic distribution p, and p has com-
pact support. Fix M € Go and q € R?. There exist continuous, non-increasing functions
Fy: Rxyo — Rwith Fg(0) =1 (s € Zx0) and a set Qy C Q with v(20) = 1, such that the
Jollowing hold for every T > 0, every (a, z) € Q2 and every absolutely continuous Borel
probability measure A on Sﬁl_ :

(i) Ifq € RY\ Q?M, then
lim 2. {v e ST T (g 4 rB(v), vi ) > T} — Fy(T). (1.3)

r—0

(ii) If q = sT\mM with s € L), m € 74, ged(m, s) = 1, then

lim A {v e ST e (g 4 rB(v), v r) > T} — F,(T). (7.4)

r—0

(iii) If ¢ € Z¢ M, then
tim i {ves{™:r e (g +rB) +rz(gM ™) vir) > T) = A(T). (75)
r—
Proof The proof follows from Corollary 6.5 in the case of one-dimensional distributions
(n = 1) by the same arguments as in [17]. This proves the existence of the limits with

Fo(T) =P (EZ(T,1) =0) with& ¢ Q°, (7.6)
Fy(T) =P (EZ(T,1) =0) with§ =s""m, (1.7)
FI(T) =P (EoZ(T, 1) = 0) with& € 2%, (7.8)
where
Z(T,R) :={(x1, ..., x) € R :0 <x1 < T, [|(x2, ..., xa)ll < R}. (7.9)

Note that the limit process Z is independent of the choice of € when & ¢ Q7, and only depends
on the denominator of & when & € Q9 \ Z¢; cf. [17] for a detailed discussion. Furthermore
Ey is independent of & € Z4. O
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Let rmax be the infimum over the radii of balls centered at the origin that contain the
support of p(1, -) (which we have assumed to be compact). Then the maximal distance
between a point in the random affine lattice ® and its displacement in Z i rmax. Denote by
F, the corresponding path length distribution

F(T)=P(OZ(T,1)=0) (s#1), Fi(T)=P(0Z(T,1) =0). (7.10)
Lemma 7.2 For T > 0,
Fy(T) = Fs((1 + rma)'T). (7.11)
Proof We have
P(EZ(T, 1) =0) > P(OZ(T, 1 + rma) =0) =P (OZ((1 + rmax)?~'T, 1) = 0),
(1.12)

where the last equality follows from the Go-invariance of ©. O

This lemma allows us to obtain lower bounds for the tails of F;(7T') in terms of the free
path length asymptotics derived in [18]. In particular, Theorem 1.13 in that paper implies the
power-law lower bound

d—1
T2 (I+ rmax)l_d

7'+ o(r1-7). 7.13
24d T (43 ¢(d) +0( ) 713

Fo(T) >

Note that this bound becomes ineffective in the limit of large rax . The bound is also consistent
with the exponential distribution in the limit of removal probability — 1 discussed in [4,23],
if the free path length is measured in units of the mean free path length, which diverges as
the removal probability tends to one.
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