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1 Introduction
The aim of this article, is to present a unique continuation result for solutions of a dif-

ferential inequalities of the form:
|PCe Dyu() e < [V(x)u () e, (1)

where

. - 3%u 5, du
P(x; D)u = ; aj .0 +Au + ;Ak o,
here a;; are real numbers, A = A (x), Ax = Ax (x) and V (x) are the possible linear
operators in a Banach space E.

Jerison and Kenig started the theory of L, Carleman estimates for Laplace operator
with potential and proved unique continuation results for elliptic constant coefficient
operators in [1]. This result shows that the condition Ve L, 5, is in the best possible
nature. The uniform Sobolev inequalities and unique continuation results for second-
order elliptic equations with constant coefficients studied in [2]. This was latter gener-
alized to elliptic variable coefficient operators by Sogge in [3]. There were further
improvement by Wolff [4] for elliptic operators with less regular coefficients and by
Koch and Tataru [5] who considered the problem with gradients terms. A comprehen-
sive introductions and historical references to Carleman estimates and unique conti-

nuation properties may be found, e.g., in [5]. Moreover, boundary value problems for
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differential-operator equations (DOEs) have been studied extensively by many
researchers (see [6-18] and the references therein).

In this article, the unique continuation theorems for elliptic equations with variable
operator coefficients in E-valued L, spaces are studied. We will prove that if

st ===+, =L Ve L, (R L(E), p, pe (1, ) and u € W, (R E(A), E)
satisfies (1), then u is identically zero if it vanishes in a nonempty open subset, where
Wff (R"; E(A),E) is an E-valued Sobolev-Lions type space. We prove the Carleman esti-
mates to obtain unique continuation. Specifically, we shall see that it suffices to show

that if i (x) = x; + "j then

1 1
e f1ymim = € Lo DYy )+ =1,
1
3 (D Dy | g ey + €A [ 1, rry <

lo]=<1

C ||e“”L(sx, D)u ||Lp(Rn;E).

In the Hilbert space L, (R"; H), we derive the following Carleman estimate
3 —la|
o2 [eDu [mim+ [ Au [y < C [l Lot | yqrrm.
la<2

Any of these inequalities would follow from showing that the adjoint operator L, (x;
D) = "L (x; D) e™ satisfies the following relevant local Sobolev inequalities

1 1
llu HLP‘(R";E) < C Ly |1, (rnE) b + pl =1,
1
S ) D o ey A [y < C et ey,

loe] <1

uniformly to ¢, where Ly, = ¢™Loe™. In application, putting concrete Banach spaces
instead of E and concrete operators instead of A, we obtain different results concerning
to Carleman estimates and unique continuation.

2 Notations, definitions, and background
Let R and C denote the sets of real and complex numbers, respectively. Let

Sp=1{§ €C, |arg§| =} U{0}, ¢ €0, 7).

Let E and E; be two Banach spaces, and L (E, E;) denotes the spaces of all bounded
linear operators from E to E;. For E; = E we denote L (E, E;) by L (E). A linear opera-
tor A is said to be a ¢-positive in a Banach space E with bound M >0 if D (A) is dense
on E and

[a+en™ i < ma+ien

with A € S, ¢ € (0, ], I is identity operator in E. We will sometimes use A + ¢ or
Ag instead of A + ¢I for a scalar ¢ and (A + )" denotes the inverse of the operator
A + ¢I or the resolvent of operator A. It is known [19, §1.15.1] that there exist frac-
tional powers A’ of a positive operator A and
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E(A%) = {u € D(A%), lullpaey = |A%u, + lull < 0o, —o0 < 8 < oo}.

We denote by L, (Q; E) the space of all strongly measurable E-valued functions on
Q with the norm

1/p
||u||L,,=||u||L,,m;E)=( fg ||u(x)||‘;dx) ,1<p<oo

By L,, (Q) and W},/q(Q) let us denoted, respectively, the (p, q)-integrable function
space and Sobolev space with mixed norms, where 1 < p, g < oo, see [20].

Let Eq and E be two Banach spaces and E, is continuously and densely embedded E.

Let [ be a positive integer.

We introduce an E-valued function space W;,(SZ; Ey, E) (sometimes we called it Sobo-

lev-Lions type space) that consist of all functions u € L, (€; Ey) such that the general-

1
ized derivatives Dju = gx'f € Ly(2; E) are endowed with the
k

n
I
Il w9, ey = IllL, (i) + Z HDk” |ry(05) <00, 1 <p < oo0.
1

The Banach space E is called an UMD-space if the Hilbert operator

(Hf)(x) = gii%lx )[|>8 {ng;dy is bounded in L, (R, E), p € (1, =) (see e.g., [21,22]). UMD
spaces include, e.g., L,, [, spaces and Lorentz spaces L,, p, g € (1, o).

Let E, and E, be two Banach spaces. Let S (R”; E) denotes a Schwartz class, i.e., the
space of all E-valued rapidly decreasing smooth functions on R”. Let F and F'denote
Fourier and inverse Fourier transformations, respectively. A function ¥ € C” (R"; L
(Ey, E5)) is called a multiplier from L, (R"; E;) to L, (R"; E5) for p, g € (1, ) if the
map u — Ku = F* W (&) Fu, u € S (R"; E;) is well defined and extends to a bounded
linear operator

K : Ly(R" E1) = L4(R™; Ey).

We denote the set of all multipliers from L, (R"; E;) to L, (R"; E,) by MZ(EI, Ey).
For E; = E; = E and g = p we denote MZ(El, E;) by M,, (E). The L,-multipliers of the
Fourier transformation, and some related references, can be found in [19, § 2.2.1-§
2.2.4]. On the other hand, Fourier multipliers in vector-valued function spaces, have
been studied, e.g., in [23-28].

A set K € L (E;, E,) is called R-bounded [22,23] if there is a constant C such that for

al Ty, Ty, ..., T,,e Kand uy by, .. ., 4, € E, me N
1| m 1| m
SZrWMTw| dy < Cf | Zr)u| dy,
0 |[j=1 E, 0 |[j=1 E

where {r;} is a sequence of independent symmetric {-1, 1}-valued random variables
on [0,1]. The smallest C for which the above estimate holds is called a R-bound of the
collection K and denoted by R (K).
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Let

Un={ﬁ=(ﬁ1r ﬂZI LR ﬂn)r ﬂi € {0,1}, i= 1,2, ..., n}r
L N T N T N TN

Forany r = (ry, 1o, . . ., 1), 1; € [0, o) the function (i&)", £ € R” will be defined such
that

PE\T (isl)‘f1 ~--(i§n)r"f 511521 cee E‘Vl #01
(i£) ‘{ 0, &, & ..., Ex=0,

where
(it)" = |t|" exp (l; sign t), t € (—o00, 00), v €0, 00).

Definition 2.1. The Banach space E is said to be a space satisfying a multiplier con-
dition with respect to p, g € (1, «) (with respect to p if ¢ = p) when for ¥ € C" (R
L (Ey, E,)) if the set

{sﬁ*é‘éDﬂW(s) LECRNO, B e un}

is R-bounded, then ¥ € MZ(EI, E).
Definition 2.2. The ¢-positive operator A is said to be a R-positive in a Banach
space E if there exists ¢ € [0, i) such that the set

La={6(A+ED)7 16 €8,)

is R-bounded.

Remark 2.1. By virtue of [29] or [30] UMD spaces satisfy the multiplier condition
with respect to p € (1, «).

Note that, in Hilbert spaces every norm bounded set is R-bounded. Therefore, in Hil-
bert spaces all positive operators are R-positive. If A is a generator of a contraction
semigroup on L, 1 < g < o« [31], A has the bounded imaginary powers with
v <7,v <7 orif A is a generator of a semigroup with Gaussian bound in E € UMD
then those operators are R-positive (see e.g., [24]).

It is well known (see e.g., [32]) that any Hilbert space satisfies the multiplier condi-
tion with respect to p € (1, o). By virtue of [33] Mikhlin conditions are not sufficient
for operator-valued multiplier theorem. There are however, Banach spaces which are
not Hilbert spaces but satisfy the multiplier condition (see Remark 2.1).

Let H, = {¥), € MZ(EI, Ey), h=(hi, ha, ..., hy) € K} be a collection of multipliers
in Mg(El, E;). We say that Hy is a uniform collection of multipliers if there exists a

constant M >0, independent on % € K, such that
—1
|F= 0nFul | oy < MUl g,

forall 7e Kand u e S (R"; E;).

Page 4 of 25
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We set

Cy(2E) = {u € C(2; E), |llim u(x) exists} .

In view of [17, Theorem A,], we have

Theorem 2.0. Let E; and E, be two UMD spaces and let
W e C(R™0; L(E;, E»)) forp,q € (1, 00).

If
1 1
R{$ﬂ+ﬂﬂD§\Dh(§) : E€RN0, Be U,,} <Ky < oo

uniformly with respect to & € K then ¥, (¢) is a uniformly collection of multipliers
from L, (R"; E;) to L, (R"; E,).

Let
11
|oz|+n<p — q>
X = ) ;o= (o1, a2 .o, 0p).

Embedding theorems in Sobolev-Lions type spaces were studied in [13-18,32,34]. In a
similar way as [17, Theorem 3] we have
Theorem 2.1. Suppose the following conditions hold:

(1) E is a Banach space satisfying the multiplier condition with respect to p, g € (1,
o) and A is a R-positive operator on E;

(2) 1 is a positive and o are nonnegative integer numbers such that 0 < y < 1 - 1,
t and & are positive parameters.

Then the embedding

D*W,(R%; E(A), E) C Ly(R%E(A'™*1))
is continuous and there exists a positive constant C, such that for
u € W,(R";E(A), E)
the uniform estimate holds
”Dau”Lq(R";E(Al-X-l‘)) <C, [h“ ||u||W}J(Rn;E(A)'E) + h_(l_u)”u”L,,(R";E)] )

Moreover, for u € W;)(R"; E(A), E) the following uniform estimate holds

”Al_X_M“”Lp(Rn;E) = Cu [hM”u”Wé(R":E(A),E) + () ”u”LP(R"?E)] ’

3 Carleman estimates for DOE
Consider at first the equation with constant coefficients

Lou = ZDiu +Au = f(x), (2)
k=1

Page 5 of 25
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where Dy, = igk and A is the possible unbounded operator in a Banach space E.
Let w(x) = x1 + xj and ¢ is a positive parameter.

Remark 3.1. It is clear to see that

n
e“Lole ™u] = Lo;(x, D)u = e™ (Z Dy(e ™u) + e‘“’Au)

k=
. ! 3)

2 Ju 2.2
= ZDk“ +Au + 2tw, +[—t"wy + t]u,
8x1
k=1

where wy = g;‘]’ Let Ly, (x, &) is the principal operator symbol of Ly, (x, D) on the

domain By, i.e.,
Lo(x, &) = &2 — 2i5qwit+ A + |£')? — 2wl = Gi(x, €)B(x, £),

where
1
Gilx, §) =1 — i [(A+ €112)2 + twl]
1 n
Bi(x, &) = & +i[(A+ 1£'17)2 —twl],| £17 =&
k=2

Our main aim is to show the following result:
Remark 3.2. Since Q(&) € S (¢) for all ¢ € [0, i) due to positivity of A, the operator
|2

function A + |¢!|% ¢ e R” is uniformly positive in E. So there are fractional powers of

A+|¢|? and the operator function (A " |5||2); is positive in E (see e.g., [19, §1. 15.1]).

First, we will prove the following result.
Theorem 3.1. Suppose A is a positive operator in a Hilbert space H. Then the fol-
lowing uniform Sobolev type estimate holds for the solution of Equation (3)

3 ]
X2 e D u e+ [ Au gy < C e Lou |1ymnm. @
la|<2

By virtue of Remark 3.1 it suffices to prove the following uniform coercive estimate

—la
PN | l”D““ | Loy 1AU |y ety < C Lot |1, et (5)
la|<2
for u € W2(R"; H(A), E).
To prove the Theorem 3.1, we shall show that Ly, (x, D) has a right parametrix 7,
with the following properties.
Lemma 3.1. For ¢ >0 there are functions K = K, and R = R, so that

Lo(x, D)K(x, y) = 8(x —y) + R(x, ¥), x,y € Bo, (6)

where 0 denotes the Dirac distribution. Moreover, if we let T = T, be the operator

with kernel K i.e.,

TF(x) = / K(x, )y, f e C(Boi )
By

Page 6 of 25
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and R is the operator with kernel R (x, y), then for large ¢ >0, the adjoint of these
operators satisfy the following estimates

2 DT ymory < C If ey,

AT'f ”LZ(Bo?H) =C ”f le(Bo;H)' (7)

loe| <2

1

L2 ”R*f ”Lz(Bo?H) =C ”f ”LZ(Bo?H)' (8)
1

t2 ”DVR*]( ||Lz(Bo7H) =C Z ”Daf ”Lz(BmH)'l = bl =2 9)

loe|<[v[—1
Proof. By Remark 3.2 the operator function (A+ ¢! |2)§ is positive in E for all e R”.
Since tw; + i&; € S(¢), due to positivity of A, for ¢ €[, 7) the factor
1
Gi(x, &) = —i |:(A +1€12)2 +wyt + i$1i| has a bounded inverse G; ! (x, £)for all e R”, ¢

> 0 and
IG (x, &) HB(H) < C(1+ | +i&]) " (10)

Therefore, we call G; (x, &) the regular factor. Consider now the second factor
1
Bi(x, &) =i |:(A+ IS‘IZ)2 — (wyt + i&l)] .

By virtue of operator calculus and fractional powers of positive operators (see e.g.,
[19, §1.15.1] or [35]) we get that - [tw; + i&;] € S (¢) for & = 0 and tw; = |§||, i.e., the
operator B, (x, £) does not has an inverse, in the following set

Ar={(x, §) € By x R": & =0, /| = tw;}.

So we will called B, the singular factor and the set A, call singular set for the opera-
tor function B;. The operator Bt_1 cannot be bounded in the set A,. Nevertheless, the
operator B;l, and hence Lgtl, can be bounded when (x, ¢) is sufficiently far from A,.

For instance, if we define
n el t t
[y=1(x, §) €BoxR": [§'] € 4,4t,|§1|§4 ,

by properties of positive operators we will get the same estimate of type (10) for the
singular factor B,. Hence, using this fact and the resolvent properties of positive opera-
tors we obtain the following estimate

ILo. (x, €) HB(E) <C(1+|g)*+ tz)_lwhen (x, £) € Ty, (11)

where the constant C is independent of x, &, ¢ and ‘T, denotes the complement of T,.
Let B € CF°(R) such that, (&) = 0 if €| € [}1,4] and B (¢) = 0 near the origin. We
then define

Po(§) = Bor(§)Po(§) = 1 — B(IE!/1)B(1 — &1/1)

Page 7 of 25
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and notice that By (&) = 0 on T',. Hence, if we define

Ko(x, ) = (22) ™" [ Bo(§)e LG (y, &)ds 12)
R"Vl

and recall (11), then by [31] it follows from standard microlocal arguments that

Lo(x, D)Ko(x, y) = (2)™" [ Bo(£)e @ M4)dE + Ry (x, y),
R'V[

where Ry, belongs to a bounded subset of S which is independent of ¢. Since opera-
tor R, also has the same property, it follows that for all f € C°(Bo; H)

DRSS |1t Ecl > DY |y, 1< v <2

al<[v|—1

By reasoning as in [31] we get that ¢R,, belongs to a bounded subset of S°. So, we
have the following estimate

t”DvRéLf ||L2(BO;H) =C ”f ”LZ(BO;H)'
Moreover, the Remark 3.2, positivity properties of A and, (11) and (12) imply that,
2—|a|ga7—1
the operator functions Z Po(E) 8 Lo, (%, &) g Bo(§)ALy (x, €) are uniformly
la|<2

bounded. Then, if we let T be the operator with kernel Ky (x, y), by using the Min-
kowski integral inequality and Plancherel’s theorem we obtain

“2:2 2l ||D"‘T0f ”Lz(Bo;H) =C “f ||L2(BO;H)/ |AT0f “Lz(Bo?H) =C “f ”LZ(BO"H)'

For inverting Lo, (x, D) on the set I', we will require the use of Fourier integrals with
complex phase. Let B; (&) = 1 - By (¢). We will construct a Fourier integral operator T4
with kernel

KM»F&M”/&@WWWJWQ@ (13)
Rn

so that the analogs of (16) and the estimates (7)-(9) are satisfied. Since G !(x, £) is
uniformly bounded on I';, we should expect to construct the phase function ® in (13)
using the factor B; (x, &). Specifically, we would like @ to satisfy the following equation

Bi(x, ®y) =Bi(y, §),y € Bo, (x, § €Ty). (14)

The Equation (14) leads to complex eikonal equation (i.e., a non-linear partial differ-
ential equation with complex coefficients).

(A+ 1Dy (x, 7, §))2 — [wn (1)t + 1Dy, (x, 7, )] =

1 (15)
(A+1€17)2 — (wi(y)e + i),
Since wy (%) = 1 + x5, wy (¥) = 1 + y1, we have
2 . 2
®=(x—y, $)+(x1—y1) & i(x —y1)IEl 16)

21+y1)  2(1+y)
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is a solution of (15). To use this we get

Loi(x, D) e ®¥8) = ¢ ®Ly (x, @) +e'® i;% .
Next, if we set
r(x, v, &) = Gu(y, §) — Gulx, &) = —i[wi(y) —wi(x)]e (17)
then it follows from Ly, (x, &) = G; (x, B, (x, &) and (14) that
Lo(x, ®x) = Lou(y, §) + Bu(y, §)r(x, y, §). (18)

Consequently, (16)-(18) imply that

(27)"Loi(x, DKy (x, y) = / B1(£)eVdE + / B, y, 6)GI( £)e®de
Rn" Rn
; 2P , (19)
f B1(§)ALy,' (v, §)e®ds + f AL o Lo (v, &)e®dt.
R® 1 1

By reasoning as in [3] we obtain that the first and second summands in (19) belong
to a bounded subset of $°. So, we see that the equality (5) must hold. Now we let K (x,
y) = Ko (x, 9) + Ky (x, y) and R (%, ¥) = Ry (x, ¥) + Ry (%, y), where

Ri(x, y) = Rio(x, y) + Ru(x, y), Rio(x, y) = /51(5)7(% y, E)G My, §)ede,
RYI
32D .
Rute )= [ B 515! %, Tof (o) =
RYI

/ Ko(x, )f )y, Tof (x) = / K3 (6, 1)F ).
Bo

Bo

Due to regularity of kernels, by using of Minkowski and Hélder inequalities we get
the analog estimate as (7) and (9) for the operators T, and R,o. Thus, in order to finish
the proof, it suffices to show that for fe L, (By; E) one has

Z 2! ”DQTTf ||L2(30?H)+ ”ATTf ”Lz(Bo?H) =C ”f ”Lz(BoJH)' (20)
] <2
1
t2 |RYf |ra@om < C |f |, (1)
1
2 [ID'RY S || ooy < C Z ID*f ooy, 1 < Ivl < 2. (22)
loe|<[v[—1

However, since R;; = tT1, we need only to show the following
ERP T rawon < C |F Jrawom- (23)

By using the Minkowski inequalities we get

/ Ki G ) ()Y | dy,

Bo

IT5f ooy <

|
‘*"‘\»»ﬂ

Page 9 of 25
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where K¥(x, y) = Ki(y, x). The estimates (13) and (16) imply that

Ki(xy) = (2m)™" [ & m(xy, y1, £)dE],

Rn-1

where

oo : _ +1_12,‘_ X _
(s, o, €)= [ pu(E)el B RO g

—00

Consequently, it follows from Plancherel’s theorem that

2
/mmMWWS?mm»hw|/WMW'. (24)

-1
Note that for every N we have

el =y IE2(1)] < Cn|[1 + t(x1 — y1)*] Non supp Bi.
Since A is a positive operator in E, we have

Lol (x, &) [|Bry < 1+ — 2i&1wnt + € — Pwi|™!

when —2i&wit + A +|£|2 — t?w? € S(¢). Then by using the above estimate it not
easy to check that

/m&ﬁ”mm%mmwmmeW@ma=mfw

Im(x1, y1, €Nl < C 1+ t(x —y)*]7n

Moreover, it is clear that

]0(1 +1x1) tdx; = O (ﬁ) .

Thus from (24) by using the above relations and Young’s inequality we obtain the

desired estimate

dx

1 =067 [ [1tes =] 0l

<C”? ”f”Lz(R";H)'

Moreover, by using the estimate (10) and the resolvent properties of the positive
operator A we have

4T3 1y = W oy

The last two estimates then, imply the estimates (20)-(22).
Proof of Theorem 3.1: The estimates (7)-(9) imply the estimate (5), i.e., we obtain
the assertion of the Theorem 3.1.
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4 L,-Carleman estimates and unique continuation for equation with variable
coefficients

Consider the following DOE

n
L(x, D)u = Zaij(x)Dizju +Au = f(x), x € R", (25)
ij=1

where Dy, = igk and A is the possible unbounded operator in a Banach space E and a;

are
real-valued smooth functions in B, = {x € R, |x| < &}.

n
Condition 4.1. There is a positive constant y such that Y aij(x)&i& > v1€1? for all &
ij=1

€ R,xe By={xeR" x| <.}
The main result of the section is the following
Theorem 4.1. Let E be a Banach space satisfies the multiplier condition and A be a

R-positive operator in E. Suppose the Condition 4.1 holds, n > 3, p = nzfzand p’ is the
conjugate of p, w = x; +xj and a;; € C” (B,). Then for u € C5°( B,; E(A)) and

e> 0, 1 < % the following estimates are satisfied:

1 1

< CHele(gx' D)“”LP(R";E)' 5 + pl =

H e"u H L, (R™E)

Z t(1+,11*\0!\) ”etha

lel<1

|
—

)

~
=

u”Lp(R";E) + ”eMA“”L,,(R";E) =

C|e™L(ex, D)”“L,,(R";E)'

Proof. As in the proof of Theorem 3.1, it is sufficient to prove the following esti-

mates
1 1
”v”LP\(R",‘E) < C”L[ (8x, D) U”LD(R",'E)’ p + pl =1, (28)
1
1 —
Z (1 \M)”Dav”LP(Rn;E) + AVl (reE) = C||Lt(sx, D)v”Lp(R,,;E) (29)
l|=<1
where,
tw —tw d 2 2 ow
L, (ex, D) = ¢"L (ex, D)e "™ = L (ex, D) + 2tun — (tw1)” —t7, wy = )
0x1 axy

Consequently, since w; = 1 on B,, it follows that, if we let Q; (ex, D) be the differen-

tial operator whose adjoint equals
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a
Q/(ex, D) = wy L(ex, D) + 200", — 12,
X1

then it suffices to prove the following

1 1
19, ey = ClQuex DIy gy )+ =1
1
> T DDy Ry + 1AV Ry < ClIQ:(ex, DYvlIL, (R E), (30)

o]

v € CP(Be; E(A)).

The desired estimates will follow if we could constrict a right operator-valued para-
metrix T, for Q,;* (ex, D) satisfying L, estimates. these are contained in the following
lemma.

Lemma 4.1. For ¢ >0 there are functions K = K, and R = R,, so that

Q (ex, D)K (x, y) =8 (x—y) +R(x, y),x,y € B, (31)

where 0 denotes the Dirac distribution. Moreover, if we let T = T, be the operator
with kernel K (x, y) and R be the operator with kernel R (x, ), then if ¢ and 1 are suffi-

ciently small, the adjoint of these operators satisfy the following uniform estimates

. 11
|T f”Lp1 (RmE) = C”f”L,,(Rn;E)' b + ol = L, (32)
D 1 e
Z (! ‘)”D T*fHLP(R";E) = C”f”L,,(Rn;E)' (33)
loe]<1
HAT*fHL,,(Rn;E) = CHfHL,,(Rn;E)'
r |
tn HR f”L,,(Rn;E) =C HfHL,,(R";E),q =p.p, (34)
71+1 * 00
t"n|VR f”L,,(R";E) = C”f”Lp(Rn;E)' feCy (B E). (35)

Proof. The key step in the proof is to find a factorization of the operator-valued
symbol Q; (ex, &) that will allow to microlocally invert Q] (ex, D) near the set where
Q7 (ex, &) vanishes. Note that, after making a suitable choice of coordinates, it is
enough to show that if L (x, D) is of the form

19

n
L(x,D) =D? a;DiD;, D; =
(x, D) 1+Z ijitjr Lj i 0x;

ij=2
therefore, we can expressed Q; (ex, §) as

Qf (ex,€) = By (ex,§) Gy (ex,§), (36)
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where
B (x,&) =w'& +i[(A+wi'a(ex &) — 1],
Gi(x &) =wy & —i[(A+wa(ex &) +1],
where
a(x &) =) aj(x) &8
i, j=2

The ellipticity of Q(x, D) and the positivity of the operator A, implies that the factor
G, (x, ) never vanishes and as in the proof of Theorem 3.1 we get that

1 —1
|Gt (ex, &) lpay = C|1+ lwi'a (ex, £') 12 + |t + wi'&l| (37)

xeB;, £cR",

i.e., the operator function G, (ex, £) has uniformly bounded inverse for (x, £) € B,
xR". One can only investigate the factor B, (ex, &). In fact, if we let

Av={(x,8) €B. xR :£ =0, [£'| =1},

then the operator function B; (x, £) is not invertible for (x, £) € A,. Nonetheless, B,
(ex, ) and Q} (ex, &) can be have a bounded inverse when (x, &) is sufficiently far

away. For instance, if we define
S t t
Pi=1&§&) €B. xRz g e ALl =

by properties of positive operators we will get the same estimate of type (37) for the
singular factor B,. Hence, we using this fact and the resolvent properties of positive
operators we obtain the following estimate

l@)™ (sx,s)HB(E) <C(1+ g + |t +wy '€ |)'when (x, £) € °T.. (38)

As in § 3, we can use (38) to microlocallity invert Q] (ex, D) away from I', . To do
this, we first fix 8 € C3° (R) as in § 3. We then define

Bo=PBo=1—B(E"/0) B (1-&/1).

It is clear that By (&) = 0 on I'.. Consequently, if we define

Ko (x,y) = @m) ™" / Bo (€) e CID(Q) ™ (ey, &) dt (39)
er

and recall (37), then we can conclude that standard microlocal arguments give that
Q; (ex,D) Ko (x,y) = (2m) ™" / Bo (&) g + Ry (x,), (40)
Rn

where R, belongs to a bounded subset of S that independent of ¢. Since the adjoint

operator R also is abstract pseudodifferential operator with this property, by reasoning

Page 13 of 25
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as in [31, Theorem 6] it follows that

I VR?)fHLP(R";E) = CHfHLP(R";E)’f € Gy (BesB), (41)

t”RSf”Lq(R";E) = C”f”Lq(R";E)'f € Gy’ (Be; B), (42)

Y
T

Moreover, the positivity properties of A and the estimate (38) imply that the operator
ol ea -1 -1
functions Z o )¢ (Qf) (ex, §) and fo (§) A (Q;k) (&%, &) are uniformly

lel <2
bounded. Next, let Ty be the operator with kernel K,. Then in a similar way as in [31]
we obtain that

Z (@ leh ||DaT3f||Lp(R";E> = C“f”Lp(R”?E)' )

le]<1

AT 1y, = IS

which also the first estimate is stronger than the corresponding inequality in Lemma

4.1. Finally, since To € S and :) - ;‘ = 3; it follows from imbedding theorem in
abstract Sobolev spaces [17] that
||T3f||Lp|(R";E) = C”f”LP(R";E)’ fe CF (B E). (44)

Thus, we have shown that the microlocal inverse corresponding to T, satisfies the
desired estimates.

Let 1 (§) = 1-Bo (&). To invert Q; (ex, D) for (x, &) € T',, we have to construct a
Fourier integral operator 773, with kernel

Ky (x,y) = 2m)™ / Br (&) e CTDQs (ey, &) dt, (45)

Rn

such that the analogs of (39) and (32)-(35) are satisfied. For this step the factoriza-
tion (36) of the symbol Qf (ey, é) will be used. Since the factor G, (ex, &) has a
bounded inverse for (x, &) € T';, the previous discussions show that we should try to
construct the phase function in (46) using the factor B, (ex, &). We would like @ (x, y,
&) to solve the complex eikonal equation

By (ex, @) = By (¢7,€), x,y € B, & € supp B, (46)

Since B, (ex, @,) - B, (ey, &) is a scalar function (it does not depend of operator A ),
by reasoning as in [3, Lemma 3.4] we get that

O(x,y,E) =, v, &)+ ¥ (x,,&),

where ¢ is real and defined as

o (W1 g) = )&+ O (W " [¢]),

Page 14 of 25
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while
¥ (52,6) = (1 —71) &+ O (Jx =" [¢])
and

Im ¢ (x,,€) = c(x; — yl)2 |€'], ¢ > 0. (47)

Then we obtain from the above that
Q* (ex, D) (1) = Q¥ (ex, ®y) + ¢ ®w; 2L (ex, D) .
Next, if we set

iy §) = Go(er §) = Giex &) = wi () [ — da (e, €)]

(48)
—wi! (%) [61 —ia (ex, )]
then it follows from (36) and (48) that
ePQf (ex, dy) = €Q} (e, &) + B, (e, &) 1 (0,7, £) + O (t™N) (49)

for every N when f3; (¢) = 0. Consequently, (49), (50) imply that

27)"Q; (ex, D) Ky (x,y) = / Bi (&) e'VdE + / B (&) (x,y,8) G (ey,€)e'PdE

wi? [ BUEQ (e0,8) (Lo D)) de + O ™), (50)
By reasoning as in Theorem 3.1 we obtain from (51) that

Qi (ex DI (57) = (21) " [ B )l + Ruo(w) + Rur 1),
where

Ru(on) = 20 "wi? [ &I 61, 8) (Lex DY @) de (51)

while R, belongs to a bounded subset of St and tRy, belongs to a bounded subset
of $°. In view of this formula, we see that if we let K (x, y) = Ko (%, y) + K (%, y) and
R (x, y) = Ry (%, ¥)+Ry (x, y), where R; = Ry +R;;, then we obtain (31). Moreover,
since R satisfies the desired estimates, we see from Minkowski inequality that, in
order to finish the proof of Lemma 4.1, it suffices to show that for f € C3°(Bs; E)

IT5f {1y ey < Cf ey, (52)
1

> 0D DT oy = C I e 63)

lal<1

1
e RS ey = C I sy, @ = pop, (54)
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1
50 [ VRS rey = CIf lryenny, (55)

where Il, + ;l =1
To prove the above estimates we need the following prepositions for oscillatory inte-
gral in E-valued L, spaces which generalize the Carleson and Sjolin result [36].
Preposition 4.1. Let E be Banach spaces and A € C3°(R", L(E)). Moreover, suppose
® e C” satisfies | V®@| = v >0 on supp A. Then for all A >1 the following holds

H/e"m(x)A(x)dx <Cw N, N=1,2,...

L(E)

where Cy-depends only on yif @ and A (x) belong to a bounded subset of C™ and
C” (R", L (E)) and A is supported in a fixed compact set.
Proof. Given x, € supp A. There is a direction v e S”' such that |(v, V®)| > ? on
some ball centered at xy. Thus, by compactness, we can choose a partition of unity
¢;j € C3° consisting of a finite number of terms and corresponding unit vectors v; such
m

that )_¢j(x) = 1 on supp A and |(vj, V®)| = ¥ on supp ¢;. For A; = A it suffices to
j=1

prove that for each j

H/ e* M)A (x)dx <Cyw " NN=1,2,....
L(E)
After possible changing coordinates we may assume that v; = (1, 0, . . ., 0) which
-1
means that gg >" on supp ¢. If let L(xD)= (gﬁ) 3 ail’ then

) -1
L(x; D)e?®®) = ¢*®(x), Consequently, if L* = azl ( a (g;‘j) ) is a adjoint, then

/ e PWA(x)dx = / O (LN A; (x)dx.

Since our assumption imply that (L*) Aj(x)=0 (A™), the result follows.

Preposition 4.2. Suppose ® € C~ is a phase function satisfying the non-degeneracy
2

RRX)
condition det [

3xi8xj] # Oon the support of

A(x,y) € C3°(R" x R", L(E)).

Then for T2f = an eMPENA(x, Y)f(P)dx, &> 0 the following estimates hold

_n—1
HT/\fHL,,(R";E) =C 7

ey 1P =2
n 11
HT)\fHL,,(R";E) =Ch7? Hf”L,,(Rn,-E)' P + o =

Proof. In view of [3, Remark 2.1] we have
[Vi[®(x,y) — @(x, 2)]| = |y — 2] (56)

where |y - z| is small. By using a smooth partition of unity we can decompose A (x,
y) into a finite number of pieces each of which has the property that (57) holds on its

Page 16 of 25
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support. So, by (57) we can assume
[Vi[®@(x,y) — @(x,2)]| = Cly —2] (57)

on supp A for same C >0. To use this we notice that

13- [ [ K02 @di

where
Ki(y,z) = / HPEN =2 A (x, y)A(x, 2)dx. (58)
Rn

Hence, by virtue of Preposition 4.1 and by (58) we obtain that
| K (y, 2) ||L(E) <Cn(1+IAlly— z|’N) , forall N.

Consequently, by Young’s inequality, the operator with kernel K acts
L,(R"; E) to Ly(R"; E).

By (59) we get that
||T/\f||L2(Rn;E) =G ||f||L2(R";E)'

Moreover, it is clear to see that

HT)"fHLOO(R";E) =G HfHLl(R";E)'

Therefore, by applying Riesz interpolation theorem for vector-valued L, spaces (see e.
g, [19, § 1.18]) we get the assertion.

In a similar way as in [3, Preposition 3.6] we have.

Preposition 4.3. The kernel K (x, y) can be written as

{12 it (x')y)

Kilon) = 2 AGD o oy

j=0,1

where, for every fixed N, the operator functions A; satisfy
D%Ai(x < Cu(1 +t(x; — 27Nx’—”"’"
(0 y) || = Ca(L+t(xr —y1)7) I =y 17",

and moreover, the phase functions ¢, are real and the property that when ¢ is small
enough, 0 < 6 < ¢ and y; € [-¢ ¢] is fixed, the dilated functions
W, y) = (=187 (85, y1, 87)

in the some fixed neighborhood of the function ¢o(x’,y’) = |[x' —y’| in the C” topol-
ogy. Then, the following estimates holds

IK1(x,y)] < C"2(1 + tlx; —y1]) " (59)

Proof. By representation of K; (x, y) and @ (x, y, &) we have

Kilsn) = 07 [ B Os ey, 6) ds.
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Then, by using (36) in view of positivity of operator A, by reasoning as in [3, Preposi-
tion 3.6] we obtain the assertion.
Let us now show the end of proof of Lemma 4.1. Let n € C(R) be supported in

00 0
[4.4] such that Y 7(2's)=1,5>0 and set no(s)=1— > n(2"s). Then we
v=—00 v=—00

define kernels K3, v=0, 1, 2, ..., as follows

K n(27 1 —y' Ky (x,y),v > 0
Lv = ’ ’
no(tlx" —y')Ki(x,y), v = 0.

Let T7, denotes the operators associated to these kernels. Then, by positivity proper-
ties of the operator A and by Prepositions 4.2, 4.3 we obtain for f € C3(B,; E) the fol-

lowing estimates

1 1
||Tivf Ly (R™E) < C2_2v/n ||f||Lp(R"}E)/ b + pl =1, (60)
* —\ 1 *(1+1)
I1T3,.f L(riE) < C(1277) t " ||f ”Lp(R"?E)- (61)

By summing a geometric series one sees that these estimates imply (52) and (53) for
case of o = 0.

Let us first to show (60). One can check that the estimate (59) implies that the L,
norm of K, is O ("%t ™). But, if we let r = n/n - 2, it is follows from Young inequal-

ity and the fact that 117 - pl, = 2 that

n—2 tfn/r

I73of IF ey = €I Nepirmy

L, (rrE) < Ct

as desired. To prove the result for v >0, set B, = {x' € R""!, |x'| < ¢} and let K7, be
the kernel of the operator Tf,,. Then, if we fix x; and y;, it follows that the
Ly(B,; E) — Ly(B,; E) norm of the operator

Tig() = / K5, (6 )80 )y
B,

equal (2vt—1)(n—1)(1_ ;lﬁ ;) times the norm of the dilated operator

T18() = [ KG9, 0,890
B,
where § = 2" t'!. By Preposition 4.3, the kernel in last integral equals the complex
conjugate of
ei(t&)ﬁ‘le((ﬁy’,xl,dx’)

tn72 2"V —v A ,3,, ,3, ,
n( |~x Y|)Z ](yl Y xl X)|t(x/—)//)|(”_2)/2|t(xl,536/,}/1,3}//)|

j=0,1

and, consequently by using the Proposition 4.2, for 0 < J < ¢ and for supp g C B, we
obtain that
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C(t8) == =2 (18) D2 (g — y1)? + 82172 | g |1, ey

vag ) H L,(R%E) =

This estimate implies

2
/ K}, (x7)8 (V) dy < Ctnf(x —y1)? + (2017 |8 | w.im)-

/

: Ly(B'iE)

_ n
Forr= ", we set

o0 1/r

[ lo=nr e @np] M| - oy

oo

Then, the desired estimate (60) follows from the above estimate and Young’s
inequality. The other inequality (61), follows from a similar argument.

Preposition 4.4. The estimates (32)-(34) imply (30).

Proof. Indeed, (31) implies that

v(x) = T*(Qu(ex, D)v) — R*v(x),
and so Minkowski’s inequality, (32) and (34) give that
I e = [ T*(Qi(ex, DIv) [+ [R7v

|Q:¢(ex, D)v

pE=

1
pE+Ct n v

p.E

which implies that the first inequality in (30) for sufficiently large ¢. Moreover, in a
similar way, using (32) and (33) we get (30) for & = 0. To prove (30) for || = 1, we
use (33), (34) and obtain

IV [pe < [VT*(Qi(ex, D)) [+ [ VRV [pe <

1 1
Ct™n | Qi(ex, DY |pe + Ct' " n [|v ||z

Hence, the result follows.

Now we can show the end of the proof of Theorem 4.1. Really, we obtain the esti-
mate (30), which implies the estimates (26) and (27). That is the assertion of Theorem
4.1 is hold.

Theorem 4.2. Assume all conditions of Theorem 4.1 are satisfied, then for

u € W 1oc(Bo; E(A), E) if |L(x, D)u [l < Vi | and V € L1 1, (BoiE) then u is identi-
cally 0 if it vanishes in a nonempty open subset.

Proof. Suppose

|L(x, DY lle < IV llg + |V'.Vullg (62)

in a connected open set G, where VEL;‘JOC(GELV,ELoo,loc(GiE) and

ue w2

o10c(Gi E(A), E). Then, after the possibly change of variables, one sees that Theo-

rem 4.2 would follow if we could show that if
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supp uN{x € B;,x1 > 0} C {0} (63)

then 0 ¢supp u. Moreover, by making a proper choice of geodesic coordinate system,

we may assume L (x, D) as

n
19
L(x,D) =D} + Y agDiDj, D;= N
ij=2 ]

Then argue as in [29], first set u, (x) = u (ex) where ¢ is chosen small enough so that
(26) and (27) hold for B,. Let n € C{°(B¢) be equal to one when |x| <5 and set U, =
Nu,. Then if V; (x) = V (ex) and

L(ex, D)U, = e?n(Lu)(ex) + Y al'D"‘n(L(a)(sx,D))uE

0<lal<2
which implies that
|L(ex, DYU. [[g < Co(1+ IVe llE) IUe Nl + Co VU e, x € Bea. (64)
Let
Ss={xeB;,: -8 <x1<0,§ >0}.
If the condition (63) holds, then we can always choose J to be small enough that
Ss Nsupp u C Bepa,

and so that if C is as in (26), (27) and C, is as in (64) then
2/n

1
CCo f(1+||v8 llg )" dx <,
,50

Next, (26), (27) imply

le™u. Ly (S5iE) + et v, s

< |le"L(ex, DYU: |1,(5.:5)
< C|e™L(ex, D)U |1,(s,:k) + C || L(ex, D)Ue |1, s,:5)-

If we recall that :, - ;/ = 7, then we see that (64) and Hélder’s inequality imply
C||e"L(ex, DYU; ||1,(s5:) < CCo [Jo(1 + Ve llg)e™ Us ||1,(s,:8) + CCo VU, |1, (s5:E)

1
=, [emue

Ly(ss) + CCo ¢V Up [[1,(s:m)-

Thus, by (63) for sufficiently large ¢ >0 and Bs = {x € B, : x; < —8} we can conclude
that

le“Ue |1y sm+ [€“VUe [1ysim) = 2C [€Lex, DYUe |15,

finally, since w’ (x) = 1 + ;>0 on B, , this forces U, (x) = 0 for x € S5 and so 0 ¢
supp u which completes the proof.
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Consider the differential operator
n n
P(x,D)u =Y " aiDiDju+Au+» " ADy,
ij=1 k=1

where a;; are real-valued functions numbers, A = A (x), A = Ax (%), V (x) are the
possible linear operators in a Banach space E.

By using Theorem 4.2 and perturbation theory of linear operators we obtain the fol-
lowing result

Theorem 4.3. Assume:

(1) all conditions of Theorem 4.1 are satisfied;

1
@) palz=) Loo(Bo; L(E)) for 0 < pu < 1.

Then, for D*u € Lo (Bo; E) if ||P (x, D) u||z < ||Vu||g and Ve Lg,loc(Bo;E)’ then
u is identically O if it vanishes in a nonempty open subset.
Proof. By condition (2) and by Theorem 2.1, for all ¢ >0 there is a C (¢) such that

n ’
k=1

Then, by using (29) and the above estimate we obtain the assertion.

A ou
k Xy,

<elu ng(BO;E(A),E) +C(&) llu | L,(8o:E)-
Ly(Bo;E)

5 Carleman estimates and unique continuation property for quasielliptic PDE
Let Q € R’ be an open connected set with compact C*”-boundary 9Q. Let us consider
the BVP for the following elliptic equation

Lu= Z aij(x)DiDju + Z dy.(x, y)Dru

ij=1 k=1 (65)
+ Z aq(y)Dyu =f(x,y), xeR",ye Q C R,
la|<2m

Bju = Z bjﬁ(y)Dfu(x,y)=O,xeR",ye 90Q,j=1,2,...,m,

|Bl<m;

(66)

] .
where u = (x, y), Dj = iy T=(Ti,--., Tus1)- Let O = R" x Q.
j

Let Q denotes the operator generated by the problem (64), (65).
Theorem 5.1. Let the following conditions be satisfied;

(1) a, € C(Q) for each |a| = 2m and dy € [Loo + Ly, |(£2) for each |of| = k <2m with

1.
'

ry 2 gand 2m —k >
m

(2) bjge C*™ (3Q) for each j, B and m; <2m, 2. bjp ()aj #0, for |B| = m;, yle
j=1

0G, where ¢ = (01, Oy, . . ., 0,) € R is a normal to 0G ;

(3) fory € 2,6 € R, 1 €8(9). ¢ €(0,7), €] +2l #OIet)“Ll Y aa(y)E* #0;

al=2m
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(4) for each yy, € 9Q local BVP in local coordinates corresponding to y,

et Y au(yo)D9(y) = 0,

loe|=2m
Bo? = Y big(yo)DPu(y) =hj, j=1,2,...,m
|B|=mj;
has a unique solution 9 € Cy (R,) for all & = (hy, h, . . ., h,,) € R™, and for &' € R
with
€'+ 1] #0;

(5) Condition 4.1 holds, a; € C” (B,), n 2 3,p = 2n and p’ is the conjugate of p and

n+2

x,
w=Xx+ 97

(6) die L., (R" x Q).
Then:

(a) for sufficiently large b >0, t = ¢, and for n (}J — ;) < 2,p € (1, 00) the Carle-

man type estimate

”e_twu Lpﬂ(fz) S C ”e_rW(Q + b)u LPz‘!(Q)

holds for u € ngq(fZ).

(b) for V e L, () and , = , —  the differential inequality

IA

1(Q+byulx, ) @) < [VEul ) L@

has a unique continuation property.
Proof. Let E = L, (Q3). Consider the following operator A which is defined by

D(A) = W™ (2 Bu =0), Au= Y as(y)Du(y).

la|<2m
For x € R” also consider operators
Ap(x)u = di(x, y)u(y), k=1,2,...,n

The problem (5.1), (5.2) can be rewritten in the form (4.1), where u (x) = u (x, .),
(%) = f (x, .) are functions with values in E = L, (Q). Then by virtue of [24, Theorems
3.6 and 8.2] the (1) condition of Theorem 4.1 is satisfied. Moreover, by using the
embedding W;™(2) C L4(£2) and interpolation properties of Sobolev spaces (see e.g.,

[19, §4]) we get that there is ¢ >0 and a continuous function C (¢) such that

9
4 "

a | =€ HWé’" +C(e) Ilu |1,

Ly
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Due to positive of the operator A, then we obtain that

d
ey
oxy, Ly

< e llAu |1, + Cle) llu |1,

Then it is easy to get from the above estimate that (2) condition of the Theorem 4.3
is satisfied. By virtue of (5) condition, (2) condition of the Theorem 4.1 is fulfilled too.
Hence, by virtue of Theorems 4.1 and 4.3 we obtain the assertions.

6 Carleman estimates and unique continuation property for infinite systems
of elliptic equations

Consider the following infinity systems of PDE

> ar(x) Dt (x) + (dm (%) + XYt (x)

k=1

n oo (67)
+ Y digm () Dytgj(x) = fn(x), x € R, m = 1,2,
k=1 j=1
Let
D(x) = {dm(x)}, dm > 0, u = {up}, Du={dyty}, m=1,2,...,
1
- q
14(D) = Yu:u€lyllu ) = 1Du |, = (Z |d'"”’"|q) =0
m=1
xeR" 1<q<o0.
Let O denotes the operator generated by the problem (66).
Theorem 6.1. Let the following conditions are satisfied:
1) are C, (R"), ar (x) #0,xe R",k=1,2,...,nand the Condition 4.1 holds;

(2) there are 0 < v < ; such that

L

N
~(
sup Y bu(x)dy,2  (x) < M,
m =1

a.e. forxe R".
Then:

1

(a) for sufficiently large b >0, t > ¢, and for n(lJ

—;‘)52, 1<p<p <oothe

Carleman type estimate
le™u |1, = C €™ (O + b)u [,y

holds for u € Wg(R"; I;(D), 1y).
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(b) forVelL, (Q; L(E))and /i = ’1] — ;l the differential inequality

[(©+b)u) [, = [VEu) [,

has a unique continuation property.
Proof. Let E = [, and A, Ay (x) be infinite matrices, such that

A = [dn(x)8jm], Ar(x) = [dijm(x)], m, j=1,2,...,00.

It is clear to see that this operator A is R-positive in /, and all other conditions of

Theorems 4.1 and 4.3 are hold. Therefore, by virtue of Theorems 4.1 and 4.3 we obtain

the assertions.
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