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Abstract

Under the assumption that g is a nondoubling measure on R satisfying the growth
condition, the author proves that the commutator My, generated by the
Marcinkiewicz integral operator and the Lipschitz function is bounded from the Hardy
space H;lff"'o(u) into L9(u) for 1/qg =1 - B/n with the kernel satisfying a certain
Hormander-type condition. Moreover, the author shows that for p =n/f, My is
bounded from the Morrey space eMg([,L) into RBMO(t), from L™ () into RBMO(1t)
and from eMg(,U/) into Lip(ﬁ,g)(u), respectively.
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1 Introduction
In recent years, harmonic analysis on spaces with nondoubling measures has become a
very active research topic. There has been significant progress in the study of boundedness
for singular integrals on these spaces; see [1-8]. Among a long list of research papers, some
of them [9-11] are on the Marcinkiewicz integral operators. The motivation for developing
the analysis with nondoubling measures and some important examples of nondoubling
measures can be found in [12].

We recall that a nonnegative Radon measure i on R is said to be a nondoubling mea-
sure if there is a positive constant Cy such that for all x € R? and all 7 > 0 it satisfies:

w(B(x,r)) < Cor”, (1.1)

where 7 is a positive constant and 0 < n < d, B(x,r) is the open ball centered at x and
having radius 7.

Let K(x,y) be a locally integrable function on R% x R\ {(x, y) : x = y}. Assume that there
exists a constant C > 0 such that for any x,y € R? with x # y,

|K(x,9)| < Cla—y|7"Y, (1.2)

and for any x,y,y € R4,

1
/ /
/ [|K(x,y)—l((x,y)|+ |I((y,x)—l((y,x)|]—du(x)§C. (1.3)
w—y1=2ly—y'| =1
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The Marcinkiewicz integral M associated to the kernel K(x,y) and the measure u as in
(1.1) is defined by

M) = ( [

Let b € Lioc(1t), the Marcinkiewicz commutator M, is formally defined by

My = ( fo N

If w is the d-dimensional Lebesgue measure in R, and

2 1/2
dt
73) , xeR% (1.4)

/ K 0)du0)
x—y|<t

2 1/2
dt .
t_3> , xeR% (1.5)

/| 159~ B 0) i)
x—y|<t

K(y) = ——=

with € homogeneous of degree zero and Q € Lip, (5% 1) for some a € (0,1], then it
is easy to verify that K(x,y) satisfies (1.2) and (1.3), and M in (1.4) is just the higher
dimensional Marcinkiewicz integral Mg, defined by Stein in [13], which is important
in classical harmonic analysis and is a focus of active research; see [14—-20]. Particu-
larly, we should mention the work of Torchinsky and Wang [21], where they estab-
lished the Z”(R?) boundedness for the commutator generated by the Marcinkiewicz in-
tegral Mg and BMO(R?) function with p € (1,00). However, it is also worth to study
the different behavior of another type commutator generated by the Marcinkiewicz in-
tegral Mg and Lipﬁ(Rd) function, which was recently studied by Mo and Lu in [22]
when © is homogeneous of degree zero and satisfies the cancellation condition. They
obtained its boundedness from L?(R?) into LY(R?%) for 1 < p < n/B and 1/q = 1/p —
Bin.

When u satisfies growth condition (1.1), M as in (1.4) was first introduced by Hu et al.
in [9], where the boundedness of such an operator in (i) with 1 < p < 0o and the Hardy
space H'(u1) were established under the assumption that M is bounded on L?(u) with
the kernel K (x, y) satisfying (1.2) and (1.3). Moreover, they got the same estimates for the
commutator M, defined as (1.5) with » € RBMO() when the kernel K(x, y) satisfies (1.2)
and (1.6), which is slightly stronger than (1.3) and is defined as follows:

o]

sup k / K(x,y) — K(x,5'
y,y/eRd,bO,kX:l: 2kl<\x—y\52k+ll[| ( )|

ly=y'1<t

+ |K(y,%) —K(y’,x)|]ﬁdu(x) <C. (1.6)

However, in our problem, we discover that the kernels should satisfy some other kind of

smoothness to replace condition (1.6).
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Definition 1.1 Let 1 <s< 00, 0 < ¢ < 1. We say that the kernel K satisfies a Hormander-
type condition if there exist ¢; > 1 and C; > 0 such that for any x € R% and [ > ¢4|x],

ad 1
2ke 2"1"( / [ K(x,y) — K (x,y
l>0,§/j/’pe]deX:1: ( ) (2kl)" SKicey|<2k*1] (’ (x J’) (x_)/)’
ly—y'I<l

s 1/s
+|K (%) - K (¥, x)|)ﬁ] d/L(x)) <C,. (1.7)

Directly, one can see that condition (1.7) can be rewritten as

[ee]

sup oke (9kp) /s~ ( /‘ Ky~ K(s.y
1>0,y,y' R4 k2=1: ( ) 2kl<\x—y|52k+11[(i ( ) |

ly-y'I<t
1/s
+ |K(y,x) —K(y’,x)|)]sd,u(x)> <C,. a.7)

We note that this kind of smoothness was not new. Condition (1.7’) is similar to the
Hoérmander-type condition which allows that the integral operator can be controlled
by a maximal operator in doubling measure spaces, and also useful in the research of
Schrodinger operators; see [23—-25] for details. We denote by #¢° the class of kernels sat-
isfying this condition. It is clear that these classes are nested,

H2CHICH, 1<s5<sy<00.

We should point out that #! is not condition (1.6).

In [11], by supposing that the kernel K satisfies (1.2) and (1.3), the authors studied the
commutator M, in the case of b € Lip4(1) and established that it is bounded from L” ()
into L7(u) for 1 < p < n/B and 1/q = 1/p — B/n. Furthermore, when condition (1.3) is re-
placed by (1.7), M, is bounded from L”(u) into Lipg_,,, (1) for some 0 < 8 < 1/2 and
n/B < p < oo, from L"P(11) into RBMO(11) for some 0 < 8 <1 and n/8 < p < 00, respec-
tively.

The purpose of this paper is to get some estimates for the commutator M, with the
kernel K satisfying (1.2) and (1.7) on the Hardy-type space and RBMO() spaces. To be
precise, we establish the boundedness of M, in Hé’:o(ﬂ) for 1/qg =1 - B/n in Section 2.
In Section 3, we prove that M, is bounded from RBMO(u) to the Morrey space M‘;(u),
from RBMO() to L™ (1) for p = n/B.

Before stating our result, we need to recall some necessary notation and definitions. For
acube Q C R?, we mean a closed cube whose sides are parallel to the coordinate axes. We
denote its center and its side length by x, and £(Q), respectively. Let o > 1, «Q denote the
cube with the same center as Q and £(«xQ) = «£(Q). Given two cubes Q C R in R, set

w(2+Q)
=l Z €@ QI

where N is the smallest positive integer k such that £(2KQ) > £(R). The concept So,r was
introduced in [1], where some useful properties of Sgr can be found.
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The following characterization of the Lipschitz space Lip,(u) for 0 < 8 <1in [26] plays
a key role in the proof of theorems.

1
loc

(I) There is a constant Cy > 0 such that

Lemma 1.1 For a function b € L, (1), conditions 1, Il and 111 below are equivalent.

|b(x) - b(y)| < Cilx -y’

for p-almost every x and y in the support of .
(II) There exist some constant Cy > 0 and a collection of numbers bg such that these

two properties hold: for any cube Q,
1
- _ B
T /Q 1b) — bo du®) < C(QY, (1.8)
and for any cube R such that Q C R and £(R) < 2£(Q),
|mq(b) - me(b)| < C:L(Q)’. (1.9)

(II) For any given p,1 < p < 00, there is a constant C(p) > 0 such that for every cube Q,

we have

1/p

/
[ L /Q |b<x>—mQ<b)|’”du(x)} < )Y, (L10)

wQ

where, and in the sequel,

1

molb) =115

[ prdui,
Q
and also for any cube R such that Q C R and £(R) < 2£(Q),

|mo(b) - me(b)| < Cp)E(Q)

In addition, the quantities inf{C,}, inf{Cy} and inf{C(p)} with a fixed p are equivalent
and denoted by ||b||Lipﬁ.

Remark 1.1 Lemma 1.1 is a slight variant of Theorem 2.3 in [26]. To be precise, if we
replace all balls in Theorem 2.3 of [26] by cubes, we then obtain Lemma 1.1.

Remark 1.2 For 0 < 8 <1, (1.9) is equivalent to
lbg — br| < C,Sort(R)” 1.11)
for any two cubes Q C R with £(R) < 2£(Q); see Remark 2.7 in [26]. Note that for g =0

(1.9) and (1.10) is just the space RBMO(u) of Tolsa; see [27]. Therefore, the space Lip,(1)
for 0 < B <1 can be seen as a member of a family containing RBMO(u).

Page 4 of 16
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We also need the following lemma for the L”(i1)-boundedness of My, which was proved
in [11].

Lemma 1.2 Let b € Lipg(u), 0 < B < 1. Suppose that K(x,y) satisfies (1.2) and (1.3) and
that My is as in (1.5). If M is bounded on L*(w), then there exists a positive constant C > 0
such that for all bounded functions f with compact support,

M) ||Lq(u) = CllbllLipy IUf lr ) (112)

wherel<p<n/B andl/qg=1/p - B/n.

Throughout this paper, we use the constant C with subscripts to indicate its dependence
on the parameters. We denote simply by A < B if there exists a constant C > 0 such that
A < CB; and A ~ B means that A < B and B < A. For a u-measurable set E, xg denotes
its characteristic function. For any p € [1, oo], we denote by p’ its conjugate index, namely,
1/p+1/p' =1

2 Boundedness of M, in Hardy spaces
This section is devoted to the behavior of the commutator M}, in Hardy spaces. In order to
define the Hardy space H*(u), Tolsa introduced the ‘grand’ maximal operator Mg in [27].
Definition 2.1 Given f € L. (u), we define

loc

/Rdfwdu

where the notation ¢ ~ x means that ¢ € L'(x) N C1(R%) and satisfies

(i) 0 <@(y) < = forall y € R?,

ly—"

(iii) |¢'()| < m for all y € R.

Mof (x) = sup

p~x

’

Based on Theorem 1.2 in [27], we can define the Hardy space H'(u) as follows; see

also [1].

Definition 2.2 The Hardy space H'(u) is the set of all functions f € L!(u) satisfying that
Jzaf diw =0 and Mof € L'(w). Moreover, we define the norm of f € H' (i) by

W ey = Wl + IMaf 1l

We recall the atomic Hardy space H;;EO’O(/L) as follows.

Definition 2.3 Let p >1. A function % € Llloc(ﬂ) is called an atomic block if
(1) there exists some cube R such that supp/ C R,
(2) fra hx) dpa(x) = 0,
(3) fori=1,2, there are functions a; supported on cubes Q; C R and numbers ; € R

such that 1 = A4y + Apas, and

-1
il < [1(pQ)Squr] ™ -

Page 5 of 16
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Then we define
|h|H§{§°‘O(M) = |A1] + A2l

Define H**°(11) and Hé’rfo’o(u) as follows:

atb
[e¢] [o¢]
”f”H;ho’o,O(ﬂ) = inf{z |h/‘|H;$O,O(M) :f = Zh,», {h}jen are (1, 00, 0)—atoms}
j j=1
and

k k
“fHHfI{,fO‘O(/A) = inf{z |h/‘|H;£o,O(M) :f = Zh,», {hj}ll.‘:l are (1, 0o, 0)—atoms},

j1 j1

where the infimum is taken over all possible decompositions of f in atomic blocks,
H}l;’o O(11) is the set of all finite linear combinations of (1, 00, 0)-atoms.

Remark 2.1 It was proved in [1] that for each p > 1, the atomic Hardy space H:;Eo () is
independent of the choice of p.

To establish the boundedness of operators in Hardy-type spaces on R”, one usually ap-
peals to the atomic decomposition characterization (see [28, 29]) of these spaces, which
means that a function or distribution in Hardy-type spaces can be represented as a linear
combination of atoms. Then the boundedness of linear operators in Hardy-type spaces can
be deduced from their behavior on atoms in principle. However, Meyer [30] (see also [31])
gave an example of f € H'(R") whose norm cannot be achieved by its finite atomic decom-
positions via (1, 00, 0)-atoms. Based on this fact, Bownik [31] (Theorem 2) constructed a
surprising example of a linear functional defined on a dense subspace of H'(R"”), which
maps all (1, 00,0)-atoms into bounded scalars, but yet cannot extend to a bounded linear
functional on the whole H'(R").

Recently, in [32], a boundedness criterion was established via Lusin function character-
izations of Hardy spaces on R” as follows: a sublinear operator T extends to a bounded
sublinear operator from Hardy spaces H?(R") with p € (0,1] to some quasi-Banach space
Bif and only if T maps all (p, 2, s)-atoms into uniformly bounded elements of B for some
s > [n(1/p — 1)]. Here and in what follows [£] means the integer part of real . This result
shows the structural difference between atomic characterization of H?(R") via (p,2,s)-
atoms and (p, 00, s)-atoms. On the other hand, Meda et al. [33] independently obtained
some similar results by grand maximal function characterizations of Hardy spaces on R”.
In fact, let p € (0,1], p < g € [1,00] and integer s > [n(1/p —1)], and let Hg;lq’s(R") be the set
of all finite linear combinations of (p, g, s)-atoms. Denote by C(R") the set of all continuous
functions. For any f € Hgf’s(R"), wheng<ooorf e Hgf's(R”) N C(R") when g = co, Meda
et al. in [33] proved that f € H?(R") can be achieved by a finite atomic decomposition via
(p,q,s)-atom when g < co or continuous (p, g, s)-atom when g = oo; from this, they further
deduced that if T is a linear operator and maps all (1,¢,0)-atoms with g € (1,00) or all
continuous (1, ¢, 0)-atoms with g = co into uniformly bounded elements of some Banach
space B, then T uniquely extends to a bounded linear operator from H*(R") to B which
coincides with T on these (1, g, 0)-atoms.

According to the theory of Meda et al. [33], we get the result as follows.
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Theorem 2.1 Let 0 < B <1, b € Lipg(u) and 1/q =1 — B/n. Suppose that K satisfies (1.2)
and H1 condition. If f € Hflifo'o(,u), then My, is bounded from the Hardy space into the
Lebesgue space, namely, there exists a positive constant C such that

||Mh(f) ||Lq(ﬂ) = C”b”Lipﬁ ”f”Héfo’o(u)'
Proof of Theorem 2.1 Via Remark 2.1, without loss of generality, we may assume that p = 4
and f = )/ as a finite sum of atomic blocks defined in Definition 2.3. It is easy to see
that we only need to prove the theorem for one atomic block /. Let R be a cube such that
supph C R, [pa h(x)dju(x) = 0, and

h(x) = May(x) + Aaar (%), 21

where A; for i = 1,2, is a real number, |h|H1,oo(M = |M] + |A2l, a; for i = 1,2, is a bounded
atb
function supported on some cube Q; C R and it satisfies

laillzo < [1(4Q)Sq,r] " (2.2)

[ M) Loy

1/q
S (/ {Mh(h)(x)lqdu(x)> + (/ IMb(h)(x){qdu(x))
2R R4\ (2R)

1/q
< ( / |Mb(h)(x)|"du(x)>
2R

1/q

|x—xR|+2£(R)
K (x,
’ {/Rd\(zk) (/o /|xylsz1 G y)
Zdt ql2 1/q

(b0 - b)) 5 ) o}

00 Zdt ql2 1/q

S| b(x) — b(y) |h(y)d — d

+{ /R d\(m( / o / Kb =0 JH0) ) ts) M(x)}

=1+1II+IIL
By (2.1), we have
1/q 1/q
1<l ( [ M@ du(x))  al ( [ M@ du(x))
2R 2R
= Il + 12.
To estimate I;, we write

1/q 1/q
L < w( / |Mb(a1)(x>|qdu(x)> . w( / |Mb(a1><x)|qdu(x>)
2Q1 2R\2Q;

= 111 + 112.

Page 7 of 16
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Choose p; and q; suchthat1 < p; <n/B,1< g < g, and1/q; = 1/p; — B/n. By the Holder in-
equality, the fact that Sg, z > 1 and the (L' (u), L% (11))-boundedness of M, (Lemma 1.2),
we have that

g
=l [ (Mot )] iz
2Q1

S 1DllLipy 1Al 21 ((2Q)aVan
< ||b||LipBI)ql||a1||LOO(M)M(2Q1)1/p1+1/q—1/q1

S blLipg Al

Denote Nag, 2r simply by Nj. Invoking the fact that [|a; || 1o < [1£(4Q1)Sq, 2]}, we thus

get
Np+l - 2 12 1/q
o bx)-b dt?
Ly < 1M Z/ / / Lﬂg)]m(y)du(y) —3} dju(x)
= Jonke Lo [ ieyi<e X =l ¢
N+l - 1/q

|b(x) - b(y)| < > dt>”2 T
<
= ;/2“‘@1\%01 _/Ql e =y 10) /x—y p) WO A

N+l - l/q
|b() - b(y)| e
slf - [ [ 2= ) )| o
o Sk L X -l
N1+l q lq
S bl bal{ 3 62" [ [ / |a1(y)|du(y)] du®)
k=1 212k L/
Ni+1 1/q
< 18 lLipg I Ze(zkol)”"””)u(2<k+”Q1)||a1||zm(mu(Ql)4}
k=1
Ni+1 1/q
< 1B lip 1] > e(zkol)"“”)u<4ol)-qsgf,Ru(2<k+1>Ql)u(Ql)q}
k=1
Ny+1 1/q
< Wbl Il 552, 3 A2
~ Pp Q1 — 2(2kQy)"
S 1B1ILipg A1l

here we have used the fact that

Ny+1
— 1(25Q)
Z 1(2kQ)n = CSaus

k=2

see [1, 27] for details.
The estimates for I;; and I;; give the desired estimate for I;. A similar argument tells us
that

I S 11BlILipy [A2]-

Combining the estimates for I; and I, yields the desired estimate for I.
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Fori=1,2,y€ Qi C R, x € R?\ (2R), we have |x — y| ~ |x —xg| ~ |x — xz| + 2¢(R). By the
Minkowski inequality, we get

lx~xp|+26(R) g4 1/2 | h(y)l q 1/q
< — b(x)-b d d
< { [ d\(m[ [, ( [ - t3> O bt - ) um] M(x)}

1 1 \2
< —_
~ /{A;{d\ 2R) |:<(|x xr| +2€(R))? |x—y|2)

1h@)l

o — |-t

LR)Y2  |h(y) q 1/q
S /‘{/l‘%d\ ) (|x Y1372 |x — (}J’/V’ l‘b(X)—b(Y)’) d,u(x)} auy)
(R)V2 /g
/R{ /m R\2’<R<|x y|n=B+172 ”b”Llpﬂ> dﬂ(x)} |h(y)|dp,(y)
k=1

2 e8]
S, ||b||Lipﬁ (Z |)\j| ||aj||L1(;4)) {ZE(R)ME(T(R)”+ﬂllzu(2k+1R)1/q}

j=1 k=1

1/q
1b() —b(y>|] du(x)} du)

2
< 11bllLip, (Z |A,-|).

j=1

For any y € R, we have t > |x — xp| + 20(R) > |x —xg| + |y — xr| > |x — y|. It follows that

w=f [ o [ K [b0) - b0))6) ey ( / iw(m %)m qdum}uq
<{f . [ Kb - b0)0) i) dum}uq
<{f . [ e [ba) - )] i) qdum}uq
, { [ o [ e - 50)] qdum}w
= III; + III,.
For III;, by the Minkowski inequality, we have

q 1/q
/X (/ [”b“Uvﬂ'x"“R'ﬂ|K(x'y) K(x’xR)q du(x>) )| du)
R 2k+1R\2k R |x —y

k=1

1/q
< 1Bluip, | | 2kRﬁ|K(x’y)_K(x’xR)|Td ) d
Bl / () |Z( /Mm[ R ww)  du)

< ||h||Llpﬂ /|h(y)| 22/(/3 e-n+nlq) (R)ﬁ n+n/q2ke[2k£([\>)]

k=1
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# |K(x,) _K(x’xR)|:|qd >1/qd
([2"€(R)]" /kf(R <Ix—yl<2’<+1e(1e)[ lx — ¥l ) m0)

< 1Bl Z IAlal

j=1
2

S 1Bllips D 41,
j=1

here we used the fact that1/g=1-8/nand 0 <e <1.
We now turn to estimate III,. Note that for any y € R, x € R? \ 2R, we have |x — y| ~
|z — xg| + 2£(R), so by the Minkowski inequality,

q 1/q
s [ ( Lo 52 o) - 50 | o) 10 iy
R oksipakr L |x =y

k=1
|mR(b>—b(y>|T )“q
< — ¥ ld h(y)|d
L2l P55 ) 0]t

2
< 5 lblhin, €RIEAR) (2 R)" S 1yl )| )

k=1 j=1

< 1BllLip, Z 2l

j=1
2

S 1BllLipy D IAl-
j=1

Then

2
LS [1BllLipy Y I41-

j=1
Combining the estimates for I, I and III yields that

”Mb(h)”Lq(u) = C|h|HiE§O'O(u)’

and this is the result of Theorem 2.1. O

3 Boundedness of M, in RBMO(1t) space
In this section, we investigate the boundedness for the commutator M, as in (1.5) in the
space RBMO(u) for f € Mf;(u) and f € L"#(u), respectively.

Firstly, we recall the definition of the Morrey space with nondoubling measure denoted
by Mﬁ; (), which was introduced by Sawano and Tanaka in [34—36].

Definition 3.1 Let k>1and 1 <g < p < co. We define the Morrey space M} (1) as

M) = {f € L GOIIF ez < 00},

Page 10 of 16
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where the norm ||f|| M) 18 given by

1l ety 3= sUP M(kQ)}f% (f lf|qd,u> a
Q Q

We should note that the parameter k > 1 appearing in the definition does not affect the
definition of the space M{; (), and the space M’; (w) is a Banach space with its norm; see
[34]. By using the Holder inequality to (1.5), it is easy to see that forall1 < ¢, < ¢q; < p, we
have

LP(p) = ME(p) C ME (1) C ME ().

Theorem 3.1 Let b € Lipg(1), 0< B <1,1 < q<p = 5. Suppose that K satisfies (1.2) and
J¥ condition, M is bounded on L?(u) and My, is defined as in (1.5). Then there exists a
positive constant C such that for all f € My (w),

™I

”Mb(f) ”RBMO(m = C”bHLiPﬁ ”f”mﬁ,’(u)-

Theorem 3.2 Let b € Lipg(u), 0 < B <1 and p = n/B. Suppose that K satisfies (1.2) and
HMP) condition. If M is bounded on L* (i) and My, is defined as in (1.5), then there is a
constant C > 0 such that for all bounded functions f with compact support,

”Mb(f) ”RBMO(/L) S C“b”Llp/g |V||L”/ﬂ(#)'
Theorem 3.3 Let b € Lipg(n), 0 < B <1,1 < g <p and p > n/B. Suppose that K satisfies

(1.2) and 3¢* condition, M is bounded on L*(1) and M, is defined as in (1.5). Then there
exists a positive constant C such that for all f € M5 (w),

Moy, = €Ol I g

Remark 3.1 By the Minkowski inequality and the kernel condition, we get that

00 Zd 1/2
My(F)) = ( /0 t—f)

N 2 2\ 12
:( / ’1 / [b) - b) K 3)f 0) dia(y) Tt)
0 -yl <t
* dt

t
1/2
=AJmeww%h@Wbﬂ(Lﬂﬂ§> dp(y)
< [ Lo
R4

~ |x_y|n—1

/| [ - 0) )
x—y|<t

lx =y du(y)

S Wbl [ %du@)

S 16 llips I (1f1) G0),

where I is the fractional integral operator. Then M,(f) € Ll (w).

loc
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Remark 3.2 Theorem 3.2 can be deduced as a conclusion of Theorem 3.1 in the case of

p:q:%,

Remark 3.3 Applying Lemma 1.1, a slight change in the proof of Theorem 3.1 actually
shows Theorem 3.3 and we leave the details to the reader.

Proof of Theorem 3.1 For any cubes Q and R in R? such that Q C R satisfies £(R) < 2£(Q),
let

ag = WlQ[Mb(fX]Rd\%Q)]
and
ar = mR[Mb(fXRd\%R)]'

It is easy to see that a4 and 4 are real numbers. By Lemma 1.1, we need to show that for
some fixed r > g there exists a constant C > 0 such that

1/r
(—M(;Q)/Q}Mb(f)(x)—adrdu(x)) S 1Bl W1 sz (3.1)

and
laq — arl S 1lipg I 1l et - (3.2)

Let us first prove estimate (3.1). For a fixed cube Q and x € Q, decompose f = f; + f2,
where f; =fX%Q and f, = f — fi. Write that

M(;Q)/Q|Mb(f)(x)—ﬂ()|rdu(x)
1 ) . r
< M(zQ)/Q|Mb(f1)(x)| dp(x) + M(zQ)/Q|Mb(fz)(x)—aQ| dp(x)
=Il+12.

For 1/r=1/q — B/n and p = n/p, it follows that

1r
< __ - r
S w(2Q) [/Q|Mb(f1)(x)| du(x)]

- 1 . . rlq
S m”bﬂupﬂ (/%Qlf(@ |d,U«(x)>

1 l/igyr
< ||b||£ipﬂ{(u<2<2)””-“q / Qlf(x)lqdu(x)> } pQUrtar

~ u(2Q)
< T r (1/g-1/p)r-1

< T r 1/r+B/n-1/p)r-1
SIBlLi, 1, 0(2Q)

S 1B, W
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In order to estimate the term I, set

* 2 dt
Dl(x’y):</o [/x-z|<t<|y—z|K(x’Z)||b(Z)_mQ(b)M(z)'du(z)] t_3> '

2 1/2

Dy (x,y) = </(; |:/|y—zst<|x Z||K(y ,2)||b(2) — mo(B)||f2(2) |d,u(z} —3>

and

1/2

Ds(x,y) = </O [/;yzq |K(x,z)—K(y,z)||b(z)—mQ(b)Hfz(z)|dM(z)} t_3t>

lx—z|<t

It is easy to get that for any x,y € Q,

| My () (%) = My () ()|

|0
1

3
<Y Dy
j=1

2dlf 1/2
5)
zdt 1/2
5)

/ b9 - @K 250 e

/| | [b() - b(2) [K (3, 2)f(2) dpu(z)
y—z|<t

For D (x,%), since x,y € Q, z € %Q, we thus get

o0 |b(z) — mq(b)| 2de\"?
Dl = (/O [[xz|§t<yz| |x_z|n—1 le(Z)’dM(Z):| t_3>
b Ix—z\d 1/2
< / 1bz) = ma(bl | |[ / t—f] du(z)
S
|

lzl<ly-z| ¥ — Z|” T -zl

|b(z) — mq(D)] €{(Q)?
/—z|<y z| Lf( ||x Z|3/2 M()

lx — 2|1

b(z) - b
su” [ . PO @) duca)

<y / 16@) = maB) ) 412

_ »|n+l/2
1 22kQ\ k= lQ |x Z|

1/2 I b , )
Q) ;g(%sz)VH—l/z '/%sz’ (Z) I’}’IQ( )Hf(z)‘ /'L(Z)

0o , 1q' lq
Y2 i ([ o0 -mal aue) ([ ol aue)

k=1

_ o (3 1-lg g1/
snbuupﬁnfumg(mZkz “20(2¢Q)” u(izka) p(22Q)
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o0
S 1Blipg I sy D k27
k=1

S 16 Ling 11 ez

here we used the Minkowski inequality, 8 = n/p, (1.10) of Lemma 1.1 and the fact that

|b(2) ~ mo(b)| < £(2°Q)" 1bllLip, forze R\ SQ
By a similar argument, it follows that

D, S/ ”b”Lipﬂ “f”J,Q?(M

Finally, by the condition #?, which the kernel K satisfies, and the fact that 8 = n/p,

applying the Minkowski inequality, we have

00 Zd 1/2
D)= (7] [ . K62 - K62 o0 - moto @) o) )
0 \ié\si
dt 1/2
< [ e -Koalse -mawllpal| [, 5| o

- If(2)]
< / ’K(x,z)—K(y,z)Hb(z)—mQ(b)‘ 2 du(z)

32kQ\32+1Q

k=1
S B If
< bl 3 0(24Q / K2 - K09 L2 de)
LpﬂkX:; ( ) %ZkQ\%Zk'1Q| (y ||y_ |
> / /
S 1Blipg I Lz D €(2Q)" e (25Q)™
k=1
q/ l/ql
><< [\K - K(y, z)| } du(z))
ZkQ\ 2k 1Q
o0
S 1Bl 1 agz e D €24
k=1
1 q/ l/ql
} dM(Z))
—z]

1
2(2k0) K(x,z) — K(y,
" <E(2kQ)n /%ZkQ\%zleD (6,2) - K(,2)] B

5 ”b“Liplg “f”w%’(m

Combining these estimates, we conclude that

I S 11blILip, Ilfll

and so estimate (3.1) is proved.
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We proceed to show (3.2). For any cubes Q C R with x € Q, where Q is arbitrary and R
is a doubling cube with £(R) < £(Q), denote N + 1 simply by N. Write

|ﬂQ —ag| < }mR[Mb(fX]Rd\zNQ)] - WIQ[Mb(fXRd\zNQ)”

+ |mQ[Mb(fX2NQ\%Q)]| + |mR[Mb(fX2NQ\%R)]|

= E1 + Ez + Eg.
As in the estimate for the term I,, we have

< .
E; ~ ”b”Llpﬂ |Lf”w{{;(u)‘

We conclude from y € R, z € 2N Q \ %Q that

o0 d 1/2
Molf xov 3000 S /2NQ\3R|K(y,z)(b(y)—b(z))f(z)|< / l) du(2)

-2 £
5/ 1b(y) — b(2)]
wWo\3r  ly—zl"

V4
< blsp VO
p aNQ\3r 1Y —2l" A

f(2)| ()

1/q )
S “b”LiPﬂz(R)ﬂ_" (/ If2)|* du(z)) ,u(2NQ)1/q
2NQ
S ||b”Lipﬂ ”f”,Ms(ﬂ)g(ZNQ)ﬂ7n+n7n/q+n/q’”/p

S 1M 1 L

Taking mean over y € R, we obtain

Es S 1BLin, I

Analysis similar to that in the estimate for E3 shows that

Es S 1BLing I ey

Finally, we get (3.2) and this is precisely the assertion of Theorem 3.1.
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