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Existence result together with multiplicity result of positive solutions of higher-order fractional multipoint boundary value
problems is given by considering the integrations of height functions on some special bounded sets. The nonlinearity may change
its sign and may possess singularities on the time and the space variables at the same time.

1. Introduction

Very recently, Henderson and Luca [1] obtained the existence
result of positive solution for the following singular differen-
tial equation with fractional derivative:

Dyu(t)+ f(tu(t) =0, 0<t<1, 1)
subject to multipoint BCs

u©@=v 0 =-=u"?) =0,

m 2
D0P+u 1= ZaiDg+u (Ez) .
i=1

Here Dy, is the traditional Riemann-Liouville derivative
with order o, n -1 < a« < n(n 2 3),q, = 0,1 =
L2,...mmeN"),0<& <& <o <& <1,pqeR,
1 <p<n-2ad0 < g < pwith A = I'(a)/T(x -
p) — (D(e)/T(a — @) Y1, a,-ffﬁqfl > 0. The nonlinear term
f permits sign-changing and singularities at ¢ = 0, 1.

Fractional derivative gives a more precise exhibition on
long-memory behavior owing to its nonlocal characteris-
tic. Nowadays, researchers have reached a consensus that
fractional calculus is one of the effective tools to describe
phenomena in almost every field of science and technology.

For example, people have realized that electrical conductance
of cell membranes of biological organism took on fractional-
order style [2]. As a consequence, fractional-order ordinary
differential equations can give a more accurate description on
spread process of some infectious diseases such as HIV, hand-
foot-mouth disease [3], malaria, tuberculosis, and measles.
Arafa et al. [4] formulated a model with orders «;, ot;, 03 > 0
to describe the infection of CD4™ T cells.

In 2015, Wang et al. [5] concentrated on the positive
solutions for a class of modified HIV-1 population dynamics
model presented in [6]

Dfu(t) + /\f(t,u(t),Dfu ®),v () =0,
Dlv(it)+Ag(tbu(t) =0, 0<t<]l,
DPu(0) = DF"'u(0) =0,

DPu) = Jl DPu(s)dA(s), )
0
v(0) =+ (0) =0,

1
v(1l) = J- v(s)dB(s),

0
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where 2 < &,y < 3,0 < B < 1,1 > 0is a parameter,
a—pf > 2,and Dy, Df ,and D! are traditional R-L derivatives.
_[01 Df u(s)dA(s) and jol v(s)dB(s) represent R-S integrals and
A, B are bounded variations, and the nonlinearities permit
sign-changing and singularities at t = 0, 1. Other relative
papers on nonlocal boundary value problems can be found
in [7-20].

Motivated by the above papers, we devote ourselves to
the existence result as well as multiplicity result of positive
solutions for BVP (1)-(2). This article admits some new
features. First, the nonlinear term f may take negative
infinity and change its sign. Compared with [1], f permits
singularities on the time and the space variables at the same
time. Second, the method exploited in this paper is different
from that in [1] in essence. More precisely, height functions
with their integrations on some special bounded set are
utilized to get the existence result for positive solutions of
BVP (1)-(2). Thirdly, a result of multiple positive solutions is
also given in this paper. Conditions employed in this paper
are easy to be verified.

2. Preliminaries and Several Lemmas

Two traditional Banach spaces E = C[0,1] and L'(0,1)
are involved in this article, where E = C[0,1] and
L'(0,1) represent the spaces of the continuous functions
and Lebesgue integrable functions equipped with the norms

1 .
lull = maxy_,; |u(t)| and [[ull, = IO |u(t)|dt, respectively.

Lemma 1 (see [1]). If A # 0. Given y € C(0,1) N L'(0,1), the
solution of the following differential equation:

Dyu(t)+y(t) =0, 0<t<]1,

u@© =u' (0)=-=u"?(0) =0, "
Dg+u (1) = ZaiDg+u (Ez)
i=1
satisfies
1
u(t):J G(t,s)y(s)ds, te[0,1], (5)
0
and here
a-1m
G(t,s) =G, (t,s) + tA Zal-G2 (&), 6)
i=1
G, (ts) = ﬁ
(7)

S)a—l ,

{tvc—l (- S)zx—p—l (-

ttX*I (1 _ S)(X*pfl ,
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G, (t,s) = ﬁ

{taql (1 _ s)"‘_P_l _ (t _ s)zx—q—l ,

ttx—q—l (1 _ S)oc—p—l ,

V(t,s) € [0,1] x [0, 1].

Lemma 2 (see [1]). Assume thata; > 0 (i = 1,2,...,m)
and A > 0. Then the Green function G of (4) given by (6) is
continuous on [0, 1] x [0, 1] and meets

(a) G(t,s) < J(s), Vt,s € [0,1], and here J(s) = h,(s) +

(1/A) Y2 4Gy (&), by(s) = (1 -9 P71 - (1 -
$)P)/T(a), and s € [0,1];

(b) G(t,s) = t*J(s), Vt,s € [0, 1];

(c) G(t,s) < ot* ' Vt,s € [0,1], and here o = 1/T(«) +
Y @& (AT - q)).

Lemma 3. Let u € CI0,1] satisfy (4), where y € L0, 1),
y(t) 2 0,and 0 <t < 1. Then, u(t) > t* '|ul, and 0 < t < 1.

Proof. It can be easily seen from Lemma 5 in [1]; we omit the
details. O

Lemma 4. Suppose that w(t) € C[0, 1] be the solution of
Dy u(t)+k(t)=0, 0<t<]1,

u@© =u'(0)=--=u"?(0) =0, 9)

D0p+u 1= iaiDngu (Ez) >

i=1

where k € L'(0,1) and k(t) > 0. Then, w(t) < o|k|,t*" and
0<t<l.

Proof. Forany 0 < t < 1, we get by Lemma 2

1 1
w (t) L Gt s)k(s)ds < ot*! L k (s) ds

(10)
o [k, 7

O

Lemma 5 (see [21]). Let Q, and Q, be two bounded open sets
in Banach space E such that 0 € Q, and Q, ¢ Q, and A :
PN (Q,\Q,) — P acompletely continuous operator, where 0
denotes the zero element of E and P a cone of E. Suppose that
one of the two conditions holds:

@) IAull < lull, Vu € PNoQ; |Aull = lull, Vu € PNOLY,.
(ii) | Aull = Jlull, Vu € PNOQy; [ Aull < llull, Yu € PNOCQ,.

Then A has a fixed point in P N (52 \ Q).
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3. Main Results

Let

K={u:u() 2" ul}. (11)
Obviously, K is a cone in E and (E, K) is a partial ordering
Banach space.

(Ag) f € C((0,1) % (0, +00), (—00, +00)), and there exists
afunction k € L'(0,1) and k(¢) > 0, such that f(t,u) = —k(1),
vVt € (0,1),u > 0.

(A,) For any positive numbers r; < r,, there exists a
nonnegative function y, , € L'(0, 1) such that

Iftw| <y, @, 0<t<l, nt*'<u<r, (12)

with
1
J (1-s)* P! Vror, (8) ds < +00. (13)
0

(A,) There exists a 7; > o|/k|l; such that

1
J J(s)o(s,7)ds <7, (14)
0

where ¢(t,7,) = max{f(t,u) : (7, — okl )t*" <u <7} +
k(t).

(A;) There exists a 7, > 7, such that

1
J JS) vy (s,7)ds > 7, (15)
0

IN

where y(t,7,) — o[kl

k(t).

= min{f(t,u) : (7, u <+

Theorem 6. Suppose that conditions (A,), (A,), (A,), and
(A;) hold. Then BVP (1)-(2) admits at least one positive
solution.

Proof. First of all, we concentrate on the following modified
approximating BVP (MABVP for short) to overcome difficul-
ties caused by singularities:

Dy, u(t) + f (£ x, (u—w) (t)) + k(t) =0,
0<t<l,

u@© =u(0)=--=u"?0) =0, (16)
Dg+ 1) = ZaiDg+u (&)
i=1

and, here,

<
\%

RNI—=I |~

u,

Xn (”) = (17)

S | =
<
AN

3
The operator T, is given by
(Tu) (2)
1
- | GeI pw-w @) klds 08
0

0<t<1.

Next, we will give the proof from three steps.

() For Anyolkl, < <1, T, : KN(Q,\Q, ) = K,n>1/r,
Is Completely Continuous. For any 0 < t < 1, considering that
u(t) — w(t) = (r, - ol )t*" > 0, one has

(r, = o Ikl,) £ < max {u(t) - w(t),%} <r,

which means
(r—o k)t <y, (u-w)(t) <7y 0<t< 1. (20)
Thus, one gets from (A), (A,), and Lemma 2 that

1
(Tu) @) = J-o Gt s)[f (s x, u—w)(s)) +k(s)]ds

1
< L J()[f (s xn (u—w)(s) +k(s)] ds

IN

jl (1-s)* P (1-(1-9)P)
0 I' ()

a—g-1 a—p-1
Ach ng -9 ] (21)

[ f (5 ) (w = w) (5)) + k (5)] ds

<Jl (1-s)* P (1-(1-9)P)
o I (a)

a—g-1 a—p-1
Ar((x qZ«s (1-5) ]

- (Vr—olllr, (8) + K (5)) ds < +o0.

So, T, : KN (Q, \Q,) — Eiswell defined.
At the same time, for givenu € KN (Qr2 \ er)’ te[0,1],
one gets from (21) and Lemma 2 that

1
(Tu) @) = L G(t,9) [f (s x, (u—w)(s)) + k(s)] ds
(22)

1
< j J($) LS (5, x (1 — ) (5)) + k (5)] s

Hence,

1
[ T,u] < L J()[f (s x, (w—w)(s)) +k(s)]ds.  (23)



Given u € K, it follows from Lemma 2 that
1
(Tu) @) = L G@t,s)[f (s, xn (u—w)(s)) +k(s)]ds

> ! Jl J(S)[f (s x, u—w) () +k(s)]ds (24)
0

2t T

which means that 7,, : Kn (2, \ Q, ) — K.

Given bounded set D ¢ K N (Qr2 \ er), we can see
from (21) that T,,,(D) is uniformly bounded. By Ascoli-Arzela
theorem, in order to show the complete continuity, we need
only to prove that T, (D) is equicontinuous. It follows from

(6), (7), (8), and (A,) that

(@) 0= |[} 26691 (st 0)6)

+k(s)]ds| < Jl 2G1 (t,s)

o Ot

(s ) @ =w) (5)) + k(s)] ds

s J (oc—l)t“ Zi

=1

[f (5 x (w=w) () + Kk (5)] ds

1
< —

(«)
(- s)”‘_z] [f (s, x0 (u—w)(5)) + k(s)] ds

Lt [(@-Dt*? 1= —(a-1)

1
[ @DE A en -0 ©) o

+k(s)]ds
1 ((X
! J AT (a

S (5 xn (w—w) (5) + K (5)] ds

I)ZEtqu(l S)[xpl

< — “01 [(a-1D -9+ (a-1)
2] (Vrr=othtr, () + K (5)) dS]

1 (“
+J AT (a -

) (Yfl—d\lklll,rz (s) +k (s)) ds

1) Z anl(l s)cxpl

< +00, € [0,1].
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Equicontinuity of T, (D) can be derived from the absolute
continuity of Lebesgue integral and (25). Thus, the fact that
T,:Kn(Q, \Q,) - K,n> 1/r, is completely continuous
has been proved.

(II) For Sufficiently Large n, MABVP (16) Admits at Least One
Positive Solution. Given u € KNoQ(7;), one has u(t) > Flt“_l,
0 <t < 1. Thus, for n > 1/7,, similar to (20), we get
(7 -olkl)t < x,(u-w)(t) <7, 0<t<1. (26)
From the definition of ¢(t, 7;), we have
Fltxa-w) ) +k(t) <o (t.7). (27)

By (A,) and Lemma 2, one gets

| 7]

1
= max L G(t,9) [f (s x, (u—w)(s)) + k(s)] ds (28)

0<t<1

1
< J J(s)g(s,7)ds <7
0

that is,
[T < lul, VueKnoQ(r). (29)

Given u € K N 0Q(F,), one has u(t) > 7t* ', 0 <t < 1.
Thus, for n > 1/7,, we get

7y 2 X, (w—w) (1) 2 (7, — o lIkl,) £ (30)
According to the definition of y(t, 7,), one gets
ft ) w—w) () +k () 2y (t,7,). (31)

By Lemma 2, (A;), and (31), we have

T,
1
= grga;ij G(t,s)[f (s x, —w)(s)) +k(s)] ds
<t<l Jo
1 (32)
> max J J(8) [f (5, x (= w) (s)) + k(5)] ds
0<t<1 0
1
> J J () v (s,7,)ds =7y
0
that is,
[T = lul, VueKnoQ(r). (33)
Take m, = max{1/7,,1/7,}. Let N = {mgy, my + 1,...}. Then,

for n € N, both (29) and (33) hold. This together with
Lemma 5 shows that T,, (n € N) has at least one fixed point
i, e KNQ: \ Q;.
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(III) BVP (1)-(2) Admits at Least One Positive Solution. By
Lemma 4, one has

) = |||t =7t s okl T 2w (),
(34)
m>N, te[0,1],
1
i, (t) = J G(t,) (f (s xn (1, —w) (s)) + k(5))ds,
0 35)
0<t<l.

By (A,), we know {#i,, : n > N} are bounded and equicon-
tinuous sets [0, 1]. It follows from Arzela-Ascoli theorem that
there exist a subsequence N, of N and a function % € C[0, 1]
such that #,, converges to # uniformly on [0,1] asn — oo
through N,. Taking limit as # — 00 on both sides of (35)
together with the fact i, (t) > t* ||, || > 7,t*", we get

() = Jl Gt,s)(f (s,u(s)—w(s) +k(s))ds,
0 (36)

0<t<l.

Let u(t) = #i(t) — w(t), and then from (36) one has that u(t) is
a positive solution for BVP (1)-(2).
A multiplicity result follows if we replace (A,) and (A;)
by the following:
(A;) There exists 7; > o|lkll; (i =1,2,...,m) such that
1
| 190 m) s <, (37)
0

where ¢(t,7;) = max{ f(t,u) : (Fi—allklll)t"“l <u < T }+k(1).

(A}) There exists R; (i = 1,2,...,m) with
0<7 <R <% <Ry<:-<7, <R, (38)
such that
1
J J()y(s,R)ds >R, (39)
0

where y(t, R;) = min{f(t,u) : (R, - olk|)t*" < u < R} +
k(t). O

Theorem 7. Suppose that conditions (A,), (A,), (A;), and
(A;) hold. Then BVP (1)-(2) has at least m positive solutions.

4. An Example
Consider the fractional differential equation
1 1 1
puns— () 1,
o 1632 (1-1) Yu) 123 (40)
0<t<l,

with multipoint BCs
u(0)=u' (0) =

1/3 1\ 2 s l)
<4>+3D°+”<2 (41)

1 1/4 4
+ ZD0+ M(§> .

DYu(1) =

It is clear that (40)-(41) has the form of (1)-(2), where o« = 8/3,
n=3p=1/2,9=1/3,m=3,§ =1/2,& =1/4,& = 4/5,
a, = 1/2,a, = 2/3,and a; = 1/4. Obviously, (A,) holds for
k(t) = 1/12/t. After direct calculation, we havex — p — 1 =
7/6,0—q—1 = 4/3, T(a) = 1.5046, Tt — p) = 1.0823, I'(cx —
g) = 1.1906, ¥ a,& 7" = 0.5290, A = 0.7217, 0 = 1.2803,
[kll; = 0.1250,and ok, = 0.1600. It is clear that (A, ) is valid
fory, ,, = (1/16VE21 = 1)[r, + (r,*7)/*]+1/122. Next,
we check (A,) and (A;).

Take 7, = 1 > 0.1600 = o]k, and then by Lemma 2 we
have

1 1 _
J ](S)fP(s,l)dSSJ [(1
0 0

a—g-1 a—p-1
. q)Z£ (1-s) ]

)P (1-(1-59)P)
I'(x)

- 0.8400s°" < u

.—max{(uui)
16v/s? (1 —s) Yu)’

Hfa-97(1-(1-9")
) 1}dSZL [ I'(a)

21'3:1 ai‘sfﬂ 7/6
+—AF(oc—q) (1-15)

5/3

1 1
——————— max u6 + — ] :0.8400s
8
16+/s% (1 - s) Ju

1 1
< 1} ds < — J [0.6646 (1 - 5)"/° - 0.6646 (1
16 Jo

(42)

=) +0.6156 x (1-5)°] s (1-9)7 <1

1 (! 7/6
— 1.2802(1 -5
6 Jo [ ( )

s)_l/3 (1

1
16 (1.2802 x 2.3283

1
+ —W> ds <
- 0.6646 (1 - )]s (1 -
+1.0220s /) ds =
— 0.6646 x 2.1200 + 1.2802 x 1.0220 x 7.2087
— 0.6646 x 1.0220 x 6.9455) = 1—16 X 6.2858

=0.3929 < 1.

Thus, (A,) is verified.
Take 7, = 20, and, then, we have

1= (1-(1-9)P)
I'(x)

1 < Foq-1 _ ep-l
+ AF(oc—q) (;azsi (1 5)

-(1- s)““fl)]

J ](s)w(s,ZO)ds>J [



1
ul + 8—) £ 9.8400s” < u

1 .
' 16+/s2 (1 —s) mm{< Yu

Ha-9"(1-1-9")
SZO}dSZL [ @)
Z?:l aiS?B 7/6 4/3
-9t AT Y

1
9.8400°%5'° + > ds

1
' 16+/s% (1 —s) < V20

3 4/3
N 9.8400° Jl L et 48 &5
16 Jo [\T(x) Ar(ax-q)
5/6 28/3 4/3 28/3
_ - 1- - 1
St YT ar a-9° (

1
- s)] ds = 56735 j (0.6646 + 0.6156) s>°° (1
0

— )%~ 0.66465% (1 - )" - 1.1637s® (1
—s)ds = 56735 x (1.2802 x 0.0121 — 0.6646
x 0.0044 — 1.1637 x 0.0085) = 56735 x 0.0027
= 153.1845 > 20.
(43)

Thus, (A;) is valid. According to Theorem 6, BVP (40)-(41)
admits at least one positive solution.
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