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This study begins with the establishment of a three-dimension business cycle model based on the condition of a fixed exchange rate.
Using the established model, the reported study proceeds to describe and discuss the existence of the equilibrium and stability of
the economic system near the equilibrium point as a function of the speed of market regulation and the degree of capital liquidity
and a stable region is defined. In addition, the condition of Hopf bifurcation is discussed and the stability of a periodic solution,
which is generated by the Hopf bifurcation and the direction of the Hopf bifurcation, is provided. Finally, a numerical simulation is
provided to confirm the theoretical results. This study plays an important role in theoretical understanding of business cycle models
and it is crucial for decision makers in formulating macroeconomic policies as detailed in the conclusions of this report.

1. Introduction

Accompanied with the development of an economy, increas-
ingly, mainstream economic research has maintained a
watchful eye on nonlinear dynamics theory, because its influ-
ence is spreading over both the microeconomic and macroe-
conomic fields. Economists are devoted to analyzing every
crucial phenomenon of an economic system using eco-
nomic data mining, such as irregular microeconomic fluc-
tuation, erratic macroeconomic fluctuations, irregular eco-
nomic growth, structural changes, and overlapping waves of
economic development. However, to account for the limi-
tations of these data, quantitative analysis techniques such
as data mining and data analysis just scratch the surface of
an economic system making it difficult for economists to
conduct meaningful discussions or theoretical analysis of an
economic system. Therefore, the qualitative theory of the
ordinary differential equation plays an important role in
analyzing macroeconomic operational mechanisms.

Among the various macroeconomic theories, economic
cycles have always been an interesting field that has attracted
most economists. The fluctuations of macroeconomic vari-
ables can reflect the degree of stability of the whole eco-
nomic system [1-4]. Due to the historic trends of economic

globalization, today there is no complete closed economy.
Therefore, it is far more practical today for researchers to
conduct studies on open economies. An open economy sys-
tem includes both domestic and foreign economic activities,
which produces the greatest influence on each part of a
national economy [5-8].

This study focused on a macroeconomic dynamics model
of the Kaldorian economic cycle in an open economic system
based on a forecasted capital condition. Recently, many
conflicting macroeconomic dynamic models have been gen-
erated. The classical model was proposed by Kaldor and the
mathematical structure of the business cycle based on the
Kaldorian concept has been researched extensively [9-11].
However, it must be noted that most of this research was
based on closed economic systems with the exception of a
few studies such as those of Lorenz, Asada, and a few others.
Lorenz [12] considered the model in an open economic
situation and expanded its capabilities. His research played an
important role in models of business cycles in open economic
situations. Lorenz proposed a multinational model (three
nations) where these nations were connected by international
trade. Using a numerical simulation, Lorenz found that his
model would generate chaos. But this study research con-
sidered only fixed exchange rate conditions without capital



movement and the physical capital stock of each nation was
considered to be constant although external investment was
allowed. In a sense, the model proposed by Lorenz is a short
period model.

Asada [13] took another approach to study the Kaldorian
business cycle model in an open economy. In Asada’s study,
the movement of capital was considered and the study investi-
gated an economic system with both fixed and flexible
exchange rate conditions. He also considered the physical
capital stock variations resulting from corporate investment,
which is a fundamental feature of a Kaldorian business cycle
model. To avoid a complicated analysis, Asada restricted his
analysis to a small open economic system and the degree
of capital mobility was an important parameter used to
determine the kinetic properties of the system. Based on the
work cited, this current study was intended to investigate the
Kaldorian business cycle model with a fixed exchange condi-
tion, where the speed of market regulation and the degree of
capital movement were considered as system parameters to
obtain the salient dynamic properties of the model:

% =a[COH+IO+G+T @) -Y )], 1)

where « represents the speed of market regulation and (1) is
the Kaldorian adjustment equation for a commodity market.
Here, C(t) = c[Y(t) — T(t)] + C,, where (0 < ¢ < 1,
C, > 0) represents the normal Keynes consumption function,
and T(t) = 7Y (t) — T,, where (0 < 7 < 1, T; > 0) represents
the revenue function. In (1), J(t) = J[Y(¢), 7] (9]/9Y < 0,
0J/om > 0) represents the balance of current account and
it is inversely correlated to the net real national income and
positively correlated to the exchange rate dM(t)/dt = pA(t):

dK (1)

7 =1(1). )

Equation (2) is the capital accumulation equation. The
rate of change of the actual physical capital stock is equal to
net actual private investment in physical capital stock.

In formula (1) and (2), I(t) = I[Y(t),K(t),r(t)], where
0I/dY > 0,0I/0K < 0,0I/0r < 0. I(t) represents the Kaldori-
an investment function and its meaning is that net investment
expenditure can be expressed by the net real national income,
the real physical capital stock, and the nominal interest rate,
where r(t) is the nominal interest rate.

The balance function of international payments can be
defined as follows:

A)=T@#)+Q(1). (3)
In (3),Q(t) = Blr(t)—rp—(n°(t) ~n(t))/n(t)], B > 0, rep-

resents the capital account equation. This equation illustrates
the relationship as follows: (1) the balance of capital account
and the degree of capital mobility; (2) the differences between
domestic interest rate and others; (3) the proportional rela-
tion between the differences of expectant exchange rate and
the exchange rate. Here [ represents the degree of capital
movement, 71°(t) represents the expectant exchange rate, and
r; represents the foreign nominal interest rate.
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To investigate the Kaldorian model in a fixed exchange
rate condition, this study assumes that

n(t) =7, )
(1) =7, (5)

dM (t)

= pAW). 6)

Equation (4) represents the institutional arrangement of
the system in a condition of the fixed exchange rates. In other
words, the exchange rate is a special constant. Equation (5)
assumes that the expectant exchange rate will remain con-
stant. Equation (6) shows that the money supply is constantly
in flux accompanied by the total international balance of
payments. From (1), (2), and (6), a 3-dimensional nonlinear
dynamic system can be obtained which is expressed as
follows:

% =aflc-ct-DY+IY,K,r)+]J (Y, 7)) +G
+cTy+Cyl,
dK (t) @)
7 =I(Y,K,r),
dM (t) _
7 =J (Y, 7) + B[r (", M) - rf].

According to the research of Asada [13], the nominal interest
rate function r(t) can be used in the investment functions
I(Y,K, M) and I(Y) yielding

r (Y, M) = 8VY — B, M,
I(Y,K,r)=1(Y)-d,K-pyr, 8)

1(Y) = yVY.

Then system (7) is transformed into the form

dy ) _
dr

—dyK (t) + BBy M () + Ty + Cy + G,

[(cQ=8)-DY @) +(y-BS) VY ()

)
dlzt(t) = (y=Bi0) VY (t) —d, K (t) + B, B, M (1),
d]gt(t) =8, + B(OVY (B - BM —1y),

where Y is actual gross domestic product, C is actual consume
expenditure, K is the physical capital stock, T' is the actual
income tax, G is government expenditures, M is nominal
currency supply, « is the market adjustment coeflicient, and
B is the degree of capital movement.
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Furthermore, if we denotemm = ¢(1 —¢) — 1,n =y — 3,5,
b = B,3,, a = cTy+C,+G, then the model can be transferred
to

4y (t)
dt
= a(mY (t) + n\Y (t) - d,K (t) + bM (t) + a),
(10)
dlzt(t) — Y () - d,K (£) + M (1),
djgt(t) S 0,Y (1) + B(SNY () - BM () - 1)

It is well known that Y (¢) represents the gross domestic
product and it is always positive. Hence, we can assume that
Y(t) > 0, and the function /Y (¢) is a smooth function in
(0, +00). Model (10) has right-hand sides of class C 10, +00).

The paper is organized as follows: in Section 2, the local
stability of the equilibrium point of system is described (10),
and the market adjustment coefficient « and the degree of
capital movement f3 are the system parameters to determine
the stable region of the system. In Section 3, the existence of
Hopf bifurcation and the stability of the periodic solution
generated by Hopf bifurcation based on parameters « and f3
are discussed. Finally, some conclusions are given.

2. Analysis on Equilibrium State of the System

2.1. Existence of Equilibrium Point and the Stability of the
System. To find the stable economic growth path and obtain
the relationship between economic growth, capital accumu-
lation, and nominal currency supply, the equilibrium point of
system (10) must be determined as follows:

a(mY (t) + nVY (t) - d,K (t) + bM (t) + a) = 0,
n\Y () —d, K (t) +bM (t) =0,  (11)
8Y (1) +B(SVY (1) - B,M (t) - 7y) = 0.

Therefore, we can obtain the equilibrium point as E(Y™,
K*,M™"), where

a
v =-2,
m

o - b8, Y* + (b8 + np,) BVY* - bfr,
B BB,d,
.Y+ B(OVYT 1)
M [

’ (12)

If the actual conditions of the system are considered, the
physical capital stock K, the nominal currency supply M,
and the gross domestic product Y should be positive values.
Hence, the following hypothesis (H,) is required:

3
(Hy)
c(l-¢)<1,
b8, Y* + (b8 +np,) fNY* — bpr, o,
BB,d, (13)
8Y* + B(8VY™ 1) o
BB

When all of parameters meet the hypothesis (H,), the equi-
librium point E(Y*, K*, M™) of system (10) is positive.

To determine the stability of system near the equilibrium
point E(Y", K", M"), according to the theory of nonlinear
dynamics, the linear transformation should be considered as
follows to move the equilibrium point to the original point:

x=Y-Y",
y=K-K", (14)
z=M-M".

Then, near original point, system (10) can be transferred
into the form that

6;—}5 :a(n\/X+Y* +mX—n\/F—d1Y+bZ),

dy

= =nVX +Y* —nVY* —d\Y +bZ, (15)
dz

= =8, X+B(SVX+YT -8VYT - B,2).

dt

The Jacobian matrix of system (15) is

am + # -ad, ob
n
9
ovste o g
And its characteristic polynomial is
f)=A+AN +BL+C, 17)
where
an
A=d + —-am—- ——,
1 ﬁﬁZ 2\/}?
B = pp,d, — a(mPp, — bd, — md,)
18
afB (b8 +np,) (18)
2vyr
C = —amff,d,.

According to the Routh-Hurwitz criterion, we can obtain the
hypothesis:



(H,)
A >0,

AB-C >0,
(19)
all roots of the equation f (1)

= 0 has strictly negative real part.

According to the theory of nonlinear dynamics, when the
system meets hypotheses H;, H,, the equilibrium point E(Y™,
K", M") is stable.

2.2. Numerical Simulation of Equilibrium Point Stability. To
attain the dynamic evolution behaviors and the complexity
of system (10), system (10) should be considered with the fol-
lowing parameters based on the former theoretical analysis.
According to relevant research [13] we take ¢ = 0.8, & = 0.425,
Ty, =10,Cy = 70,G = 30,7, = 6,6 = 10, B, = 1, B, = 1,
d, = 0.3,y = 25. And model (10) can be transferred into

dy

e (—0.66Y +15VY - 03K+ M + 108) ,

dK

s 15VY - 0.3K + M, (20)
dM
E =-0.3Y + 10/3 \/Y—BM—6ﬁ+50.

System (20) has unique equilibrium point E(Y*, K™, M™):
Y =163.636,

" 3.030
K" =1046.004 + ——,
B (21)

M =121.920 + 0';09.

From the matrix (16), the Jacobian matrix of system (20) at
origin point is

—0.0736980299« 030 «

0.5863019701 -03 1 |. (22)
-0.3+0.39086798008 0 -f

And its characteristic polynomial is
fA) =217+ (B+0.3+0.074a) \?
+((-0.3178+0.498) a + 0.38) A (23)
+0.198ap.
According to (17),
A=p+0.3+0.074a,
B =(-0.317f3 + 0.498) a + 0.3, (24)
C = 0.198ap.
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Thus, according to the Routh-Hurwitz criterion and hypoth-
esis (19), we know that the equilibrium point E(Y*, K*, M*)
of the system needs to meet AB > C; that is,

@, = —0.317af’ + 0.227af + 0.35> + 0.149%« + 0.09f3
(25)
- 0.023&°B +0.037a> > 0.

From the plane a-f3, we can obtain the stable boundary
curve ¢, = 0 and the stable region ¢, > 0, whose parameters,
a € [1,3]and B € [1.5,10], are shown in Figure 1. At the same
time, the stable critical surface in three-dimensional space ¢, -
a- 3 can be obtained. The area under the stable critical surface
represents the stable region, and inversely, the area above it
represents the unstable region as shown in Figure 2.

The solid line in Figure 1 represents the critical curve ¢, =
0 through which the status changes from stable to unstable at
the equilibrium point E(Y*, K*, M™) and vice versa. When
parameters of system (20), as shown from the gray portion
(@, > 0) in Figure 1, passes through the boundary curve into
the white part, system (20) becomes unstable. That is to say,
no matter the initial value, so long as the parameters pair
(«, B) is in the gray area of the curve, the time histories
of the gross domestic product Y, the physical capital stock
K, and the nominal currency supply M will converge to
the equilibrium point after initial oscillation, and the phase
diagram of economic system will gradually converge to the
equilibrium point.

However, when the parameter pair («,3) assumes a
position at the point in white part of the curve, the history
of the gross domestic product Y, the physical capital stock
K, and the nominal currency supply M cannot converge to
equilibrium. They may converge to a close orbit (limit cycle)
or emerge in a diverging status, to the point where they
emerge to an irregular thermal agitation status (chaos status),
and the phase diagram never converges to the equilibrium
point. Two points were extracted from these two areas and
placed into system (20) to observe the changes in the history
and phase diagram shown in Figures 3 and 4.

3. Existence and Stability of Hopf Bifurcation

As is previously mentioned, as the parameters «, 3 change,
the system passes through a critical curve into an unstable
status. The numerical simulation in last section shows that
the unstable status presents different phenomena such as the
status of divergence, converging to a closed orbit, or passing
to a chaos. Furthermore, especially with economic systems, if
the system is stable, the solution should converge to the equi-
librium point shown in Figure 3. However, when the system
becomes unstable near the equilibrium E(Y*,K*, M), the
changes in the system are an important area of interest. When
the system converges to a closed limit cycle, each variable
of the system assumes periodic variations. In the history
of the system variables, the amplitude will exhibit periodic
oscillations. This phenomenon can be explained by how the
business cycle is generated, which includes the economic
preparation period, growth period, recession period, and
adjustment period. Hopf bifurcation can help to explain these
periodic variations in an economic system. In this section the
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Stable region and stable boundary curve
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FIGURE 1: Stable region ¢, = 0 and stable boundary curve ¢, = 0.

Stable boundary surface

FIGURE 2: Stable critical surface ¢,.

existence and stability of the periodic solution generated by
the Hopf bifurcation of the system with the parameters « and
B will be investigated.

3.1. Existence of Hopf Bifurcation. According to the theory of
nonlinear dynamics, if the characteristic equation of system
(15) has a pair of conjugate purely imaginary characteristic
roots, a Hopf bifurcation of system (15) occurs. The bifurca-
tion equation is

M +AV+BL+C=0. (26)

Assuming that A, , = +iwj is a pair of conjugate purely imag-
inary characteristic roots and substituting A = iw into the
characteristic polynomial as well as letting f(w) = 0, we
obtain

Bw-w’ = 0,
(27)
—Aw’ +C =0;

then w = VB and the bifurcation equation is C — AB = 0; that
is,

) (ﬁﬂzdl

<d1+ﬁﬁ2—cxm—2m

-l -0, -t - L) Y
(mBp, = b0y —mdy) = ===

+amff,d, = 0.
Through the differential operation to (26),

,dA dd  ,dA dr dB dC
histd g il - = = 29
31 d(x+2/\Ad“+A doc+Bd(x+/\d(x+doc 0, (29)

denote e, = dA/da, e, = dB/da,ande; = dC/da, and we
obtain
dr _Azel + Ae, + ey
da 3\2+2AM+B’
where e, = —(m +n/2VY*), e, = b8, + md, —mpBB, — BbS +
nf,)/2VY*, ande; = -mpBP,d,.

Substitute A = iw, into the equation, and calculate the real

part of dA/da:

(30)

dA Ae, + Be; —e;
Re| — | = —F————. 31
( da > 2(A2+B) (D)
From this analysis, Theorem 1 is obtained with parameter «.

Theorem 1. If system (15) simultaneously meets the three con-
ditions shown as

(1) Re[dMA/dat]|y—q, # O,
(2) A*+B>0,
(3) Ae, + Be, —e5 # 0,

system (15) then generates a Hopf bifurcation at « = o, and a
limit cycle (periodic solution) will appear near the equilibrium
point E*(Y*,K*, M™).

In a similar way, with a fixed «, the situation of the system
with the parameter f8 is

where f, =dA/dp, f, =dB/df,and f; = dC/df3:
f1=B
a (b +np,)

fo=Pody —amp, -

f3=-mp,d,.

Substitute A = iw, into the equation, and calculate the real

part of dA/d3:

WY

(D) ABh gy

2(A? + B)
Then we have Theorem 2 shown as follows.
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FIGURE 3: History and phase diagram of system with « = 1.2, 8 = 3.5.
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Theorem 2. If system (15) simultaneously meets the three
conditions shown as

(1) Re[dA/dpllg_g, # 0,
(2) A2+B>0,
(3) Af, +Bf - f3#0,

system (15) then generates a Hopf bifurcation at § = 3, and a
limit cycle (periodic solution) will appear near the equilibrium
point E*(Y*,K*, M™).

3.2. Direction and Stability of Hopf Bifurcation. A continuous
time nonlinear dynamic system is shown as follows:

A=(ay),.,

where the smooth function N(x) = O(||x|*) is the nonlinear
part of the dynamic system. N(x) can be written into the
Taylor series form at origin point, where

x=Ax+N(x), , x €R", (35)

N (x) = %B(x, x) + é (xxx)+o(Ixl*)  (36)

and the B(x, y) and C(x, y, z) are multilinear functions and
can be denoted as

2, 9°F, (£,0) o
N L T | e T
> 0°F(£,0) o

Ci(x pu) =

| Xwus i=123.
jk=1 af]agkafl £=0 !

If matrix A has a unique pair of conjugate purely imag-
inary characteristic roots A,, = =*iw, (w, > 0), and we
denote g as the characteristic vector corresponding to the
characteristic value iw, of matrix A, then

Aq = iwyq. (38)

Furthermore, denote p as the characteristic vector corre-

sponding to characteristic value —iw, of matrix A, and we
have

A"p = —iwyp (39)

and p, g meet (g, p) = q,p, + G, +
have denotations as follows:

920 = (P-B(4:9))

9n =(p-B(3:9))

9n = (p.C(@.9.9)) -2{p.B(¢.4"'B(¢.9)))
- A)" B(g.9)))

+ % (p.B(a.9)) (p.B(a2))

- +4q,p, = 1,50 we

+ <p, (q, 2wy,
(40)

- % Kp.B(3)

1 2
—%KP,B(%Q)H :

Thus, we obtain the unique expression of the first Lya-
punov coeflicient:

1 )
1, (0) = 2_w0Re (i92091, + Wo91) = 2_%

Re[(p.C(¢..9)) -2(p.B(4.A"'B(q.9))) (“V

+{p.B( (2iw,Y, - A) " B(q.9)))].

Accordingly, the Jacobian matrix A at origin point of
system (15) is

am+anR —ad; ab
nR -d, b , (42)
o +npd 0 -BB,

where R = 1/2/Y*.

Assuming that matrixes A and A" both have a pair of
conjugate purely imaginary characteristic roots A, , = *iw,,
then according to the theory of the symmetric polynomial in
complex numbers fields

trace (A) = iw, — iw, + @
Wy
=a(2m+nR)-d, - 3, (43)
|Al = apmp,d,;
then
W= “lgmﬁZdl . (44)
a(2m+nR)—d, — 5,
Through the equations shown as follows,
Aq = iw,q,
A7 = ~iwy],
. (45)
A’ p = —iwp,
AT? = —iwyp,

we get the characteristic vector g corresponding to the char-
acteristic value iw, of matrix A and the characteristic vector
p corresponding to the characteristic value —iw, of matrix
AT When q = (q;,95-95)" # 0, the system has a complex
solution:

-lwy +a(Rn+m) —ad, an, 4
nR —Iw, — d, n 9
Rmy + &, 0 -lw, —n, q3 (46)

=0,
and the characteristic polynomial is
f (W) = iw’ + (~Ran — am + B, + d,) w’
+ (iRafnf, + iabfon + iaffmp, + iabd, + iamd, (47)

—iByBd,) w + afmp,d,,



and the characteristic vector g corresponding to the charac-
teristic value iw, of matrix A is

B —w* + ifwp, +iwd; + Bf,d,
1=\ iwnR + BB,nR + bfon + b3,

(48)

iBonw + Bond, +iwd, +d,8, )"
iwnR + BP,nR + bpdn + bd,

In a similar way, we can obtain the characteristic p corre-

sponding to the characteristic value —iw of matrix A” which
is

1 (i (@ +iPwp, +iwd, — BP,d,)
p= 5 abw ’

T
B d, (iB,B + w) 1)
bw ’ '

Because (p,q) = 1, we have

L (2iab’ B onp,d,5, — iR np,d,’

Pe5,
—ibB*B,2d,*8, — ibPonw* — iRPnw’ Byd,*

+ 2iRabf’8n’ B,7d, + 2iRabf’np,’d,
+ibBdnw’d,” + ibf>dnw’ B,” + iab® f,d, 0,
+iRap’n’B,’d, — iRabnw’d, 8,

— iRabPO*w’d, + iab® f28*n’*w* + Rabfdn’w’
+2bB°Snwp,’d, + 2bB*Snwp,d,’

— RabB*0n’wp,d, — RabBnwp,d, s,
+iRabB>Sn’w’ B, + iRabPnw’ B8,

+ 2iRB*nw’ B, d, + 4ibPw’ B,d, 8, (50)
+ 2iab’ Bonw’S, + 4ibf>Snw’ B,d,

- Raf*n’wp,’d, + 2iRnw*d, - 2bw’d, 5,

+ 2R’ nwp,’d, + iRB’nw’B,’ + Rnw’d,”

+ iRBnw* B, + 2bPwp,d, >, — R’ nw’B,”

+ iR apn’w’ fyd, + b w’ By>8, + Rabnw’s,

+ 2RBnw’ B,d, + 2bf*wp,’d, 8, — 2bBdnw’d,

+ RB%nwp,’d,* — 2bB*6nw’ B, — Rnw’

— 20w’ B8, - Rran’w’d, + iab’w’s,’

+ibw’d, >, +iab’w*8,> — ib>Snp,’

— ibw'd,d,’ + iab®p’5°n’ B,d, ),
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FIGURE 5: Bifurcation curve diagram.

where D, = b((fén + 8,)°b> + 2Rnf,(Bdn + 8,)b +
R (BB, + w?))wa.
According to the definition of the linear function we can

obtain the bilinear function B(&, #) and the trilinear function
C(&,7,¢) shown as

B(&7) = <—%Empo,0)T,

3an

(51)

cend)-

51”1(1’0)())

Then we acquire the real part of the first Lyapunov
coeflicient of system (15), and the expression of L,(0) is

L1 (0) =

1 (351“”%2211 _ P,
20\ (Y*)*VY*  2mYy*Vy*

P (Rnpp, + bpon + bd,) nq,q,
2mPRY* NY*

_ Ps (Bdn +8,) nq,q,
2mpBB,Y*VY*

(52)

6 — . .
- e, (i d) + Cio+ B8 )

where
S = 2iRafnwf3, + 2iabfonw + 2iafmwp, + 2iabwd,
+ 2iamwd, — 2ifwp,d, — 4Ranw’ + afpmpP,d,  (53)

+ 8iw® — damw’ + 4w’ B, + 4w’d,.

3.3. Numerical Simulation of Hopf Bifurcation and Its Prop-
erties. Continuing the investigation of system (20) and the
relevant parameters are the same as in Section 2.2. We will
first discuss the existence of Hopf bifurcation. We know the
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FIGURE 14: First Lyapunov coeflicient diagram with parameters «, 8
changes.

bifurcation equation is C — AB = 0 according to (27), and
then

~0.32af8> +0.23a + 0.38% + 0.15¢ + 0.093
(54)
- 0.0230” B +0.037a” = 0.

The bifurcation curve corresponding to the certain equation
is shown as in Figure 5.

We will investigate the existence of Hopf bifurcation of
the system in the two aspects below.

(1) Fix « as a constant and observe the system status in
company with the variations of the parameter S.

Let 8 = 10; then & = oy = 1.047. It is easily proved that
when « € [1,q), no matter how the parameter 5 changes,
the equilibrium point E(Y", K™, M) is always stable; when
a € [, 3], By(e) exists that makes the system assume Hopf
bifurcation, and the system passes into an unstable status. Let
a =1 < 1.047; observe the status of system when 8 = 1.5, 8 =
6 shown as in Figures 6 and 7.

Let ¢ = 1, because a < «, = 1.047; as previously men-
tioned, when o € [1,«,), despite the changes in parameter
B, the system may vibrate for a short time and then converge
to the equilibrium point E(Y™*, K*, M™). Thus, as is shown in
Figures 6 and 7, § = 1.5 and f3 = 6 to observe the status of the
system. It can be seen that the three variations in the system
Y, K, M rapidly converge to the equilibrium point, and the
phase curve rotates around the equilibrium point at first and
is rapidly attracted by the equilibrium. These phenomena are
in agreement with the theory analysis.

When « = 2 > 1.047, according to (53), we get the critical
value 3,(2) = 2.01 and then observe the status of the system
with the parameters 8 = 1.9 and 8 = 2.5 shown in Figures 8
and 9.

Let « = 2, because & > &, = 1.047; then, according to
the theory analysis, the critical value f3,(2) = 2.01. That is,
when 3 < 2.01, the system is stable near the equilibrium
point shown in Figure 8. But when 3 > 2.01, the system
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becomes unstable and then a Hopf bifurcation and a limit
cycle (business cycle) are generated as shown in Figure 9.

(2) Fix B as a constant and observe the system status in
company with the parameter a.

Let « = 1.5; then § = f, = 1.605 and we can prove
when f € [1.5, 3,), no matter the changes in parameter «, the
equilibrium E(Y*,K*, M") will always be stable, but when
B € [y 10], a critical value «,(f3) exists, and the system
generates a Hopf bifurcation. Then the system becomes
unstable. If we take f = 1 < 1.605 and observe the status
of the system with parameters & = 1 and & = 3, the following
is generated.

Let § = 1, because 8 < 3, = 1.605; as previously men-
tioned, when f € [1.5, f3,), despite the changes in parameter
«, the system may vibrate for a short time and then converge
to the equilibrium point. Thus, as is shown in Figures 10 and
11, we set « = 1, @ = 3 to observe the status of the system.
As a result it is found that the three variations of the system
Y, K, M rapidly converge to the equilibrium point, and the
phase curve rotates at the equilibrium point at first and then
moves rapidly to the equilibrium point. These phenomena are
in agreement with the theoretical analysis. when f = 3 >
1.605, according to (53), the critical value 3,(3) = 1.433 was
obtained. Then the status of the system with the parameters
« = 1.4 and o = 1.6 as shown in Figures 12 and 13 becomes
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unstable and then a Hopf bifurcation and a limited cycle
(business cycle) are generated.

We continued to analyze the properties of the Hopf
bifurcation generated by the system. In the analysis of the
stability, the critical value was found, where the system varies
from a stable status to an unstable status. In addition, the
bifurcation equation showed that the system could generate
Hopf bifurcation. To acquire the stability of the limited
cycle generated by the Hopf bifurcation, the first Lyapunov
coefficient must be calculated.

Figure 14 shows the first Lyapunov coefficient diagram
with the changes in parameters «, . Based on the theory
of nonlinear dynamics, when the first Lyapunov coefficient
1,(0) < 0, the limited cycle generated by Hopf bifurcation is
stable. Inversely, when [, (0) > 0, the limit cycle is unstable.
As is shown in Figure 14, when «, 8 are near the origin point,
the first Lyapunov coeflicient is positive, but in other areas,
the first Lyapunov coefficient is negative. Thus, we know
that the limited cycle generated by the Hopf bifurcation is
stable in most parts of the system. This result means that the
system can generate a stable business cycle using Kaldorian
model.

Parameter o was set as a constant to observe the variation
in the first Lyapunov coefficient. As shown in Figure 15, it
can be concluded when 3 € (0.085,0.601), the value of the
first Lyapunov coefficient is positive, but when 8 > 1.5, the
first Lyapunov coefficient value is negative; that is to say, the
economics meaning of this result is a stable business cycle
and this phenomenon is the same when 3 = 5 as shown in
Figure 16.

Fixing the parameter as a constant to observe the varia-
tions of the first Lyapunov coefficient, as is shown in Figure 17,
it can be concluded that when 8 € (0.135, 0.734), the value of
the first Lyapunov coeflicient is positive, but when f3 > 0.734,
the first Lyapunov coefficient value is negative; that is to say, a
stable business cycle is obtained, and this phenomenon is the
same as the situation when « = 2.1 shown in Figure 18.

Fixing the parameter 8 as a constant to observe the
variations of the first Lyapunov coefficient, as is shown in
Figure 17, it can be concluded that when « € (0.135,0.734),
the value of the first Lyapunov coeficient is positive, but when
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FIGURE 18: First Lyapunov coeflicient diagram with parameters «, 8
changes.

« > 1, the first Lyapunov coeflicient value is negative; that is to
say, a stable business cycle is obtained, and this phenomenon
is the same as the situation when « = 2.1 shown in
Figure 18.

4. Conclusion

Nonlinear dynamic finance and economic models offer rich
dynamic behavior. The results of the analysis of models
are important from theoretical and practical perspectives
whether the viewpoint is of a nonlinear system or implemen-
tation in macroeconomic policy.

In this reported study, a three-dimension nonlinear
Kaldorian business cycle model was established based on a
condition of fixed exchange rates. First, by solving a specific
model, the resulting system had a unique equilibrium point.
Second, using the speed of market regulation and the degree
of capital movement as the variables in the system, the stabil-
ity of the model is discussed and obtained when « and 5 meet
the relevant conditions described by (19); the equilibrium
point s stable. Actually, the Kaldorian system in the condition
of a fixed exchange rate is in equilibrium and the speed of
market regulation o and the degree of capital movement f3
have little influence on the status of the system. A decision
maker can sustain the stability of an economic system by
adjusting the speed of market regulation and the degree
of capital movement. Third, by considering the existence
of the Hopf bifurcation generated by the system, business
cycle in the system was obtained where the parameters «
and 8 met Theorem 1 or Theorem 2. By analyzing the first
Lyapunov coefficient, a stable limit cycle was obtained that
was generated by the Hopf bifurcation, where the parameters
of the system meet [, (0) < 0. Finally, a numerical simulation
was provided to confirm the theoretical results. This study
played an important role in the theoretical research of the
model of the business cycle, and it is crucial for decision
makers in the formulation of the macroeconomic policies.
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