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We generalize the well-known minimax theorems to L’ -valued functions on random normed modules. We first give some basic
properties of an L’-valued lower semicontinuous function on a random normed module under the two kinds of topologies, namely,
the (e, A)-topology and the locally L°-convex topology. Then, we introduce the definition of random saddle points. Conditions for
an L°-valued function to have a random saddle point are given. The most greatest difference between our results and the classical
minimax theorems is that we have to overcome the difficulty resulted from the lack of the condition of compactness. Finally, we,

—0
using relations between the two kinds of topologies, establish the minimax theorem of L -valued functions in the framework of

random normed modules and random conjugate spaces.

1. Introduction

The classical minimax theorem, which originated from game
theory, is an important content of nonlinear analysis. It
has been applied in many fields, such as optimization the-
ory, different equations, and fixed point theory. The first
mathematical formulation was established by Neumann in
1928 [1]. Since then, various generalizations of Neumann’s
minimax theorem have been given by several scholars; see
[2-7]. The classical minimax theorems for extended real-
valued functions L : A x B — R show that, under some
suitable conditions of compactness, convexity, and continuity,
the equality

infsupf (x, y) = sup inff (x y) (1)
holds. In 1980s, to meet the needs of vectorial optimization,
minimax problems in this more general setting have been
investigated; see [4-7]. In this paper, we generalize the well-

known minimax theorems to fo -valued functions on random
normed modules (briefly RN modules).

Random metric theory is based on the idea of random-
izing the classical space theory of functional analysis. All
the basic notions such as RN modules and random inner

product modules (briefly RIP modules) and random locally
convex modules (briefly RLC modules) together with their
random conjugate spaces were naturally presented by Guo in
the course of the development of random functional analysis,
(cf. [8-12]). In the last ten years, random metric theory and its
applications in the theory of conditional risk measures have
undergone a systematic and deep development. Especially
after 2009, in [13] Guo gives the relations between the
basic results currently available derived from the two kinds
of topologies, namely, the (e, A)-topology and the locally
L%-convex topology. In [14], Guo gives some basic results
on L’-convex analysis together with some applications to
conditional risk measures and studies the relations among
the three kinds of conditional convex risk measures. Fur-
thermore, in [15] Guo et al. establish a complete random
convex analysis over RN modules and RLC modules by
simultaneously considering the two kinds of topologies in
order to provide a solid analytic foundation for the module
approach to conditional risk measures. These results pave
the way for further research of the theory of random convex
analysis and conditional risk measures.

Motivated by the recent applications of random metric
theory to conditional risk measures [13, 16, 17], in this paper,
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we establish a minimax theorem for L -valued functions
on random normed modules. Theorem 1, which is the main
result of this paper, can be seen as a natural extension of the
classical minimax theorems and has potential applications in
the further study of conditional risk measures.

To introduce the main result of this paper, let us first recall
some notation and terminology as follows:

K: the scalar field R of real numbers or C of complex
numbers;

(Q, &, P): a probability space;

L°(97 , K) = the algebra of equivalence classes of K-
valued #-measurable random variables on (Q, %, P);

LY%F) = L%F, R);

fo(g ) = the set of equivalence classes of extended
real-valued % -measurable random variables on ((},
F, P).

Theorem 1. Let (E,| - |I) be a random strictly convex and
random reflexive random normed module over R with base
(Q,F,P), Aand B T .~closed, LY(F)-convex subset with the

countable concatenation property of Eand L : EXE — fo(.ci).
If L satisfies the following:

(1) for any fixed p € B, L(-, p) : E — EO(FJT) is proper
L(F)-convex, T ,-lower semicontinuous function on
A and has the local property;

(2) for any fixedu € A, -L(u, -) : E — fo(g) is proper
LY(F)-convex, T ,-lower semicontinuous function on
B and has the local property;

(3) A and B are a.s. bounded,

then there exists a random saddle point (uy, p,) € AX BofL
with respect to A x B, namely,

/\ \/L(U,P) L (u4o, o)

uc€A peB

=\ ALwp).

pEBucA

Theorem 1 has the same shape as the classical minimax
theorems, and its proof follows a known pattern in [18], but
it is not trivial since the complicated stratification structure
in the random setting needs to be considered. Besides, the
most greatest difference between our results and the classical
minimax theorems is that we have to overcome the difficulty
resulted from the lack of the condition of compactness. In
order to overcome this obstacle, we make full use of the
respective advantages of the (e, A)-topology and the locally
L°-convex topology. In [13], Guo pointed out that these two
kinds of topologies can complement each other (see also
Propositions 14 and 15 in this paper), and we can consider
them simultaneously in some cases. Specifically, on one
hand, in Theorem 1 we require the functions to be 7 .-lower
semicontinuous; namely, the functions are lower semicon-
tinuous under the locally L°-convex topology, because we
need a very important inequality to establish this theorem;
see Definition 21 and Proposition 22 of this paper for details.
On the other hand, in the process of the proof of Theorem 1
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we must employ the (g, A)-topology also, because the (e, A)-
topology is very natural from the viewpoint of probability
theory, and under this type of topology we can use the
relations between random normed modules and classical
normed spaces to prove the main result; see the proof of
Theorem 1 in Section 4.

The remainder of this paper is organized as follows: in
Section 2 we will briefly collect some necessary known facts;

in Section 3 we will give some basic properties of an L’ -valued
lower semicontinuous function on a random normed module
under the two kinds of topologies, namely, Theorems 26 and
28; in Section 4 we will present the definition of random
saddle points and prove our main result.

2. Preliminaries

It is well known from [19] that EO(FJ ) is a complete lattice
under the ordering <: £ < # if and only if Ow) < no(w),
for almost all @ in Q (briefly, a.s.), where £° and #° are
arbitrarily chosen representatives of & and #, respectively.

Furthermore, every subset G of fo(g ) has a supremum,
denoted by \/ G, and an infimum, denoted by /\ G. Finally

—0
L°(F), asasublattice of L (F), is also a complete lattice in the
sense that every subset with upper bound has a supremum.

The pleasant properties of ZO(FF ) are summarized as follows.

Proposition 2 (see [19]). For every subset G offo(3‘7), there
exist countable subsets {a, | n € N} and {b, | n € N} of
G such that\| G = \/,,,a, and \G = )\,.,b,. Further, if G
is directed (dually directed) with respect to <, then the above
{a, | n € N} (accordingly, {b, | n € N}) can be chosen as
nondecreasing (correspondingly, nonincreasing) with respect to
<

Specially, L, = {§ € LY%F) | € > 0, L(i+ = {& ¢
L%F) | € > 0on Q}, where for A € &, “¢€ > n” on A
means £°(w) > #°(w) a.s. on A for any chosen representatives
&% and 1° of £ and #, respectively. As usual, & > 5y means & > 5
and & #7. For any A € &, A® denotes the complement of A,
and A = {B € & | P(AAB) = 0} denotes the equivalence
class of A, where A is the symmetric difference operation, I,
is the characteristic function of A, and I, is used to denote
the equivalence class of I,; given two & and 7 in L°(F), and
A ={w e Q| & #4°}, where £ and #° are arbitrarily chosen
representatives of & and 7 respectively, then we always write
[§#1] for the equivalence class of A and I, for 1,; one
can also understand the implication of such notation as Iz,
Tigey and Iig-y).

For an arbitrarily chosen representative £ of & ¢
L°(%, K), define the two random variables (£°)™ and |&°| by
) (w) = 1/8%(w) if & (w) #0,and (£°) ' (w) = 0 otherwise,
and by 1E%(w) = [E%w)], for all w € Q. Then the equivalent
class &7 of (£%)7! is called the generalized inverse of £, and
the equivalent class || of |£°| is called the absolute value of &.

Now, we introduce the definition of a random normed
module, which is a random generalization of an ordinary
normed space, and give some important examples.
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Definition 3 (see [11, 20]). An ordered pair (E, || - ||) is called a
random normed space (briefly, an RN space) over K with base
(Q, #, P) if E is a linear space over K, and | - || is a mapping
from E to L° (%) such that the following are satisfied:

(RN-1) [lax]|l = ||llx]|, for all « € K and x € E;
(RN-2) |||l = 0 implies x = 6 (the null element of E);

(RN-3) [lx + yll < x| + Iyl for all x, y € E.

Here |- || is called the random norm on E and || x| the random
norm of x € E (if || - || only satisfies (RN-1) and (RN-3) above,
it is called a random seminorm on E).

Furthermore, if, in addition, E is a left module over the
algebra L%F,K) (briefly, an L%, K)-module) such that

(RNM-1) [|Ex| = [€]lIx], for all £ € L°(F,K) and x €
E)

then (E, || - ||) is called a random normed module (briefly, an
RN module) over K with base (Q, %, P), and the random
norm || - || with the property (RNM-1) is also called an L°-
norm on E (a mapping only satisfying (RN-3) and (RNM-1)
above is called an L°-seminorm on E).

Example 4. Let LY%(F, B) be the L°(%, K)-module of equiv-
alence classes of F-random variables (or strongly -
measurable functions) from (Q, %, P) to a normed space
(B, | - II) over K. || - || induces an L°-norm (still denoted by
I - 1) on L°(%,B) by llx|| := the equivalence class of B0
forall x € L°(%, B), where x°(-) isa representative of x. Then
(L°(%, B), || - ||) is an RN module over K with base (Q, &, P).
Specially, L°(%,K) is an RN module, and the L°-norm | - |
on L°(&F, K) is still denoted by | - |.

The next example of RN modules Lg(%)(l < p < +00) is
constructed by Filipovi¢ et al. in [16].

Example 5. Let (Q), &, P) be a probability space and # a o-

subalgebra of &. Define || - [ll, : L%(8) — I, (F) by

E[leplg]l/", when 1< p < oo,
1lll, =

—0
N gLl @) | IxI <&}, when p=+oo,

(3)

forall x € L°(®).

Denote L{;(%) = {x € LO(%)IIIxIIIP € L‘l(g)}, then
(Lf;(%), I+ 1ll,) isan RN module over R with base (Q, %, P)
and L2 (&) = L%F) - LP(&) = {x | & € LY(F) and
x € LP(8)}.

To put some important classes of stochastic processes
into the framework of RN modules, Guo constructed a more
general RN module LI;(S) in [13] for each p € [1,+00] as
follows.

Example 6. Let (E, || - ||) be an RN module over K with base
(Q, &, P)and F ao-subalgebra. Define ||| - My,:E — EZ(S‘T)
by

E[Ix]? | )7, when 1< p < oo,
I, = .
N gL, @) 1 Ixl <&}, when p=-+co,
(4)

forall x € E.

Denote LE.(E) = {x € S | lllxlll, € L5(F)} then
(L2(E), 1| - IIl,) is an RN module over K with base (Q2, &, P).
When E = L%(&), Lpg(E) is exactly Lpg(%).

Remark 7. For a given RN module (E, | - ||) over K with base
(Q, F, P) and a given real or extended real number p such that

1 < p < +00, define || - ”P :E — [0,+00] by

1/p
bl - (J, aabr)

if 1 <p<+oo,

the P-essential supremum, if p = +oo.
(5)
Let LP(E) = {g € E : lgll, < +oco}. As mentioned in [13],
(LP(E), || - I,) is a normed space over K and is further a

Banach space if (E, | - ||) is complete.

For each RN module (E, | - ||) over K with base (Q, %, P),
[l - | can induce two kinds of topologies, namely, the (e, A)-
topology and the locally L°-convex topology.

Definition 8 (see [12-14]). Let (E, || - ||) be an RN module over
K with base (Q, &, P). For any positive real numbers ¢ and
Asuch that 0 < A < 1,let Ny(e,A) = {x € E | Plw € Q |
xll(w) < €} > 1 — A}; then {Ny(e,A) | € > 0,0 < A < 1}is
easily verified to be a local base at the null vector 0 of some
Hausdorft linear topology. The linear topology is called the
(&, A)-topology for E induced by | - |.

From now on, the (g, A)-topology for each RN module is
always denoted by 7, ; when no confusion occurs.

Proposition 9 (see [12-14]). Let (E, | - ||) be an RN module
over K with base (Q,%,P). Then one has the following
statements.

(1) The (e, A)-topology for L°(F, K) is exactly the topology
of convergence in probability P, and (L°(%,K), T er)
is a topological algebra over K.

(2) If (E, || - Il) is an RN modules, then (E, T ) is a topo-
logical module over the topological algebra L°(F, K).

(3) A net {x5,0 € T} converges in the (g, A)-topology to
some x in E if and only if {|x5 — x|, 8 € T} converges
in probability P to 0.

The following locally L°-convex topology is easily seen
to be much stronger than the (e, A)-topology and was first
introduced by Filipovi¢ et al. in [16].



Definition 10 (see [14, 16]). Let (E, || - ||) be an RN module
over K with base (Q, %, P). For any ¢ ¢ L‘Lr, let Ny(e) =
{x e E| x|l < &}. Asubset G of E is called  .-open if for
each x € G there exists some Ny(¢) such that x + Ny(¢) € G,
and 7 denotes the family of 7 .-open subsets of E. Then it is
easy to see that (E, 7 ) is a Hausdorft topological group with
respect to the addition on E. 7 is called the locally L°-convex
topology for E induced by || - |I.

From now on, the locally L°-convex topology for each
random locally convex space is always denoted by . when
no confusion occurs.

Proposition 11 (see [13,14,16]). Let (E, ||-|) be an RN module
over K with base (Q, %, P). Then

(1) L°(%, K) is a topological ring endowed with its locally
L°-convex topology;

(2) E is a topological module over the topological ring
L°(F,K) when E and L°(%,K) are endowed with
their respective locally L°-convex topologies;

(3) a net {x, | « € T} in E converges in the locally L°-
convex topology to x € Eifand only if{||x,—x| | & € T}
converges in the locally L°-convex topology of L°(%, K)
to 0.

T, is called locally L°-convex because it has a striking

local base %, = {B(e) | € € L‘L}, each member U of which is
as follows:

(i) L°-convex: & - x + (1 —&)-yeUforanyx,y € Uand
£e L’ suchthat0<&<1;

(ii) L°-absorbent: there is & € L(l , for each x € E such
thatx € £-U;

(iii) L°-balanced: £ - x € U for any x € U and any & ¢
L°(F, K) such that |&] < 1.

Remark 12. Let (E,| - ||) be an RN module over K with base
(Q, , P) endowed with the locally L°-convex topology ..
Although E can be viewed as a linear space over K with scalar
multiplication & - x := (a-1)-xfora € K, 1 € L and
x € E, (E, T ) is not a topological linear space since the map
K — (E,7.),a — «a-x,isnot necessarily continuous for
x # 0; see [16] for details.

In the sequel of this paper, for a subset G of an RN module
(E, | - s Gs, ) denotes the 7, ) -closure of G, and GC denotes
the I .-closure of G.

For giving the relations of the two kinds of topologies,
which Guo has studied the [13], we need to introduce the
definition of the countable concatenation property.

Definition 13 (see [13]). Let E be aleft module over the algebra
L°(#,K). A formal sum X,.,T, x, for some countable
partition {A,,n € N} of Q to % and some sequence {x,, |
n € N}in E is called a countable concatenation of {x, | n €
N} with respect to {A,,n € N}. Furthermore a countable

Journal of Function Spaces and Applications

concatenation %, T, A, %, is well defined or %ol A, X, € Eif

there is x € E such that TAnx = TAnxn, foralln € N. A subset
G of E is said to have the countable concatenation property
if every countable concatenation %, T A, %, with x,, € G for

L, 1s well

each n € N still belongs to G; namely, ,.;T a,x
defined and there exists x € G such that x = %, T, A, Xy

Proposition 14 (see [13]). Let (E, || - ||) be an RN module over
K with base (Q, &, P). Then E is T ) -complete if and only if E
is T .-complete and has the countable concatenation property.

Proposition 15 (see [13]). Let (E, | - ||) be an RN module over
K with base (Q, %, P) and G C E a subset with the countable
concatenation property. Then G, = G..

Now, we introduce the definition of random conjugate
spaces of RN modules.

Definition 16 (see [7, 10, 11, 13]). Let (E,| - ||) be an RN
module over K with base (Q), %, P). A linear operator f from
E to L°(#,K) is said to be an a.s. bounded random linear
functional on E if there exists some & in Lg(? , R) such that
|f(x)] < & - |lx|, for all x € E. Denote by E* the linear
space of a.s. bounded random linear functionals on E with
the pointwise addition and scalar multiplication on linear
operators; define || - |* : E* — L’(F,R) by llflI" = \E €
Li(g) | 1f(x)| < &l|x|,for all x € E} for all f € E* and
define-: L%(%,K)xE* — E* by (- f)(x) = n(f(x)) for all
n € L%(F,K), f € E*,and x € E; then it is easy to check that
(E*, || - II") is also an RN module over K with base (Q, &%, P),
called the random conjugate space of (E, || - [|).

Guo et al. gave the topological characterizations of an
a.s. bounded random linear functional in [10, 11, 16] as
follows: let (E,| - ||) be an RN module over K with base
(Q, %, P), E:’/1 the L°(%, K)-module of continuous module
homomorphisms from (E, 7 ;) to (L°(F,K), T e2)»and E;
the L°(F, K)-module of continuous module homomorphisms
from (E, 7,) to (L°(F, K), 7 ), then it was proved that E, =
E!. In fact, Guo et al. also proved in [10, 11, 13] || f|I" =
Vilf(x)| | x € E and |x| < 1} forany f € E.

Let (E, | - ) be an RN module, E** denotes (E*)*, and
the canonical embedding mapping /] : E — E** defined
by Jx)(f) = f(x), forall x € E and for all f € E*,
is random-norm preserving. If J is subjective, then E is
called random reflexive. In [13] Guo proved that the random
reflexivity is independent of a special choice of 7 ) and 7.
The following propositions are very essential relations, which
are established by Guo in [12, 21], between classical reflexive
spaces and random reflexive RN modules.

Proposition 17 (see [21]). L°(F, B) is random reflexive if and
only if B is a reflexive Banach space.

Proposition 18 (see [12]). Let (E, | - ||) be an RN module over
K with base (Q, &, P). Then E is random reflexive if and only
if (LP(E), || - 1|,)) is reflexive, where 1 < p < +00.
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Proposition 19 (see [12]). Let (E,| - ||) be an RN module
over K with base (O, %,P), 1 < p < 4c0and1 < q <
+00 a pair of Holder conjugate numbers. Then (LY(E™), || - ll,)
is isometrically isomorphic with the classical conjugate space
of (LP(E), || - |I), denoted by (LP(E))', under the canonical
mapping T : L1(E*) — (LP(E))' defined as follows. For each
f e LYE), T (denoting T(f)): LP(E) — K is defined by

Ti(g) = [, f(9)dP forall g € LF(E).

—0
3. Some Basic Properties of L -Valued Lower
Semicontinuous Functions

—0
In this section, we give some basic properties of L -valued
lower semicontinuous functions. First, we recall the defini-

tion of L' -valued lower semicontinuous functions under two
kinds of topologies, which was presented by Guo in [14] for
the first time.

Let E be a left module over the algebra LY(F). The
effective domain of function f : E — IO(F/T ) is denoted by
dom(f) := {x € E | f(x) € L°(F)}. The epigraph of f is
denoted by epi(f) = {(x,y) € E x LYF) | f(x) < y}. The
function f is called proper if f(x) > —coonQ foreveryx € E
and dom(f) #0.

Definition 20 (see [14]). Let E be a left module over the alge-
bra L%(%F)and f: E — L (F).

1) fis L°(F)-convex if f(Ex + (1 -&)y) < &f(x) + (1 -
Ef(y)forall xand yin E and & € L(l such that 0 <
& < 1 (here we make the convention that 0 - (+00) = 0
and 0o — 00 = 00).

(2) f has the local property if T, f(x) = I, f(I,x) for all
xeEand A € #.

(3) f is regular if TAf(x) = f(TAx) for all x € E and
Ae&F.

Definition 21 (see [14]). Let (E,| - |) be an RN module
over R with base (Q, %, P). A function f : E — IO(F/T)
is called 7 -lower semicontinuous if epi(f) is closed in
(E,T.) x (L%(%), T ). Afunction f: E — fo(g) is called
T ) -lower semicontinuous if epi(f) is closed in (E, 7, ) x
(LU(F), T )

Proposition 22 (see [14]). Let (E,| - ||) be an RN module
over R with base (Q, %, P) such that E has the countable

concatenation property and f : E — 10(97 ) a function with
the local property. Then the following are equivalent to each
other:

(1) fis T .-lower semicontinuous;

(2) {x € E| f(x) <r}is T ~closed for each r € LYF);

(3) lim, f(x,) = f(x,) for each x, € E and each net
{x,, a € I} in E such that {x,, « € T} is T .-convergent
to xo, where lim, f(xo) = Vaer(Apsaf ().

Remark 23. Proposition 22 first occurred in [16] where the
countable concatenation property of E was not assumed, but
this condition should be added (see [14] for details).

For 7, ,-lower semicontinuous functions, we only have
the following proposition.

Proposition 24 (see [14]). Let (E, | -||) be an RN module over

R with base (Q, #,P) and f : E — fo(?) a function. Then
one has the following statements:

(D) f is T ) -lower semicontinuous if lim  f(x,) = f(x,)
for each x, € E and each net {x,, x € I'} in E such that
{x,, o € T}is T -convergent to x;

(2) {x € E| f(x) <r}is T )-closed foreach r € LY%F) if
[ is T -lower semicontinuous.

If we define f to be lower semicontinuous via
“lim, f(x,) = f(x) for all net {x,,&« € A} in E such
that it converges in the (¢, 1)-topology to some x € E’, the
notion is, however, meaningless in the random setting, since
we can construct an RN module E and a 7 ;-continuous
L°-convex function f from E to L°(F), whereas f is not a
T ) -lower semicontinuous function. Hence, we cannot use
this inequality for J,-lower semicontinuous functions.
Since this inequality is very important for the proof of
Theorem 1 (see Section 4 for details), we can only establish

+0 . . .
L -valued minimax theorems for & .-lower semicontinuous
functions.

Proposition 25 (see [14]). Let (E,| - ||) be an RN module
over K with base (Q, %, P) such that E has the countable
concatenation property and f : E — ZO(.‘}'“ ) a function with
the local property. Then f is T ,-lower semicontinuous if and
only if f is T .-lower semicontinuous, specially this is true for
an L) (F)-convex function f.

Now, we give some important properties of I’ -valued
lower semicontinuous functions on RN modules. To pave
the way for Theorem 26, we first introduce some notation:
if (E,|| - |I) is an RN module over K with base (Q, %, P),
IT denotes the set of all probability measures equivalent to
Pon (Q,%), I(E) = {x € E | [ IxI?dQ < +oo},
where Q € IT, and || - ”1? denotes the norm on LPQ(E), namely,

lxlF = ([, I1x17dQ)"? for any x € L{y(E).

Theorem 26. Let (E, | - ||) be a random reflexive RN module
over Rwith base (Q, ,P),G C Ea T .~closed, L°(F)-convex,
and a.s. bounded set with the countable concatenation property
and f : E — ZO(PF) a I .-lower semicontinuous function
with the local property. If flg is proper, then f is bounded from
below on G.



Proof. Let 1 = V{|x|l : x € G}; then it is easy to see that
nellIf f is not bounded from below on G, then there
exists B € % such that P(B) > 0 and

/\{f(x)|xeG}:—oo (6)

on B. Since G is L°(%)-convex and f has the local property,
it is easy to see that {f(x) | x € G} is directed. Hence
there exists a sequence {x,,n € N} such that {f(x,),n €
N} N Alf(x) | x € GhL Let G, ={er|
f(x) £ f(x,)}(G; then it is clear that G, is T .-closed by
Definition 21. Since f has the local property and G has the
countable concatenation property, foranyn € N, we have that
G, has the countable concatenation property and G, is 7 ;-
closed by Proposition 15. By the fact that G is a.s. bounded, we
can define a probability measure Q on (Q, ¥) by dQ/dP =
1/c(1 + 17)2, where ¢ = E[1/(1 + 17)2]. Then Q is equivalent
to Pand [ IxI*dQ < [ (7*/c(1 + 7)*)dP < +oo, for any

x € G, which means that G is bounded in (LZQ(E), II - II§).
Noting that replacing the probability measure P of the base
space (QQ, &, P) with a probability measure Q does not change
the (e, A)-topology of E, for any given n € N, we can obtain
that G,, is norm-closed and convex in (LZQ(E), II - II§). Since
(E -1 is a random reflexive RN module, we have that
(L (E), |l - || ) is reflexive normed space from Proposition 18.
Hence G,, is compact under the weak topology of the normed
space LZQ(E). Let O = {G, | n € N}, then one can obtain
that O has the finite intersection property and () © #0. Let
x* € () O; then

f(x*)=-o00 (7)
on B, which it contradicts to the fact that f| is proper. [

For giving Theorem 28, we need to introduce the follow-
ing Proposition 27, which was established by Guo and Yang in

[22] for studying Ekeland’s variational principle for I’ -valued
functions on RN modules.

Proposition 27 (see [22]). Let (E, ||-||) be an RN module over
R with base (O, %,P), G C Ea subset with the countable
concatenation property and f : E — I’ (F) have the local
property. If f| is proper and bounded from below on G (resp.,
bounded from above on G), then for each € € L(_)H(f%”), there
exists x, € G such that f(x,) < N f(G) + ¢ (accordingly,
fx) =2V f(G)-e).

Theorem 28. Let (E, | - ||) be a random reflexive RN module
over R with base (O, #,P), G C E a T .~closed, LY(F)-convex
and a.s. bounded set with the countable concatenation property
and f: E — L (F) a T -lower semicontinuous and LY(F)-

convex function with the local property. If flg is proper, then
there exists x* € G such that f(x*) = \ f(G).

Proof. Let& = \/{llx|| | x € Gtand = A\ f(G). Itis clear that
& e Lz and # € LY(%F) by Theorem 26. Take B; = [[-1<
§ < jlforall j € N, then {B; | j = 1,2,...} is a countable
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partition of Q to
TB]- -E — fo(i’?) as follows:

. For any j € Nj define a function f; :

fi(lx) =Ty f(x), VxeE. (8)

Since f has the local property, for any j € N, we have that
f](IB].x) = Iij(IBjx) and IBj . /\f(G) = /\fJ(IBj . G)
Because f|; is proper and f is I -lower semicontinuous

and L°(%)-convex, it is clear that f f is proper, 7 .-lower

o
semicontinuous, and L°(%)-convex. Next, we prove that f]-
has the local property. We need only to prove that

Lf;(Thx) = Lf; (Tox), vAeF (B, O

In fact, since f has the local property, forany A € (] B;, we
have that

Tof; (Tox) =TTy £ (0) = T f (T x)
= LTy f (TuTi %) (10)
= Tf; (Talg x).
Let n; = I

TJG c (LX(E), | - l,) is a bounded and convex set. Since TB/_G

is LO(S‘T)-convex, T .-closed, and a.s. bounded in E and has
the countable concatenation, we can obtain that T, BjG isT -

-y for any j € N. It is easy to see that

closed in E by Proposition 15. It is easy to see that TBjG is
convex and || - [|,-closed in (L*(E), | - |I,) from the fact that
the topology induced by || - ||, is stronger than the (e, A)-
topology. Since (E, | - ||) is random reflexive, (L*(E), || - )
is reflexive normed space, and TB G is compact in L*(E)
under the weak topology of L*(E). For any ¢ € L°, define
GJ(s) = {IBjx | f](IBjx) < IB]n +&x € G} It is clear

that G;(e) # 0 by Proposition 27. Since fjl~ T lower

semicontinuous, we have that G; (¢) is T -closed. Thus, we

have that G](s) is L°(%)-convex and I 1l,- closed in L*(E) by
the fact that f; has the local property and Proposition 15. By
Hahn-Banach theorem, we have that G j(s) is closed under the

weak topology of L*(E). Take
={G;(e) | e L}, (1

it is easy to prove that O has the finite intersection property.
Since T, p,G is compact under the weak topology of L*(E), we
have that ()0 #0. Let x; € (] O for any j € N and

MS

Iy, - x; (12)
1

-
1l

We have that f;(x;) = #; and

FE)=\f@). (13)
This completes the proof. O
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Definition 29. Let (E,| - ||) be an RN module over R with
base (Q, %, P), and G a L°(%)-convex subset in E. f:G —

fo(g ) is called strictly L%(F)-convex if
flax+(1-a)y)<af(x)+(1-a) f(y), (14)
foranyx,y € G,x#yand0 < a < 1onQ.

Corollary 30. Let (E, || - ||) be a random reflexive RN module
over R with base (Q, #,P), G C E a I .~closed, LY(F)-convex
and a.s. bounded set with the countable concatenation property,

and f 1 E — ZO(FZ) a I .-lower semicontinuous and strictly
LY(F)-convex function with the local property. If f| is proper,
then there exists an unique x* € G such that f(x*) = \ f(G).

4. Main Results

Now, we give the definition of random saddle points.

Definition 31. Let A and B be any two nonempty sets,

(g po) € AxBand L : Ax B — L'(F). Then (uq, po)
is called a random saddle point of f with respect to A x B if

L (g, p) < L (t4g5 po) < L (s py)»

Remark 32. Let A and B be any two nonempty sets, L : A X

Yue A, peB. (15)

—0
B — L (¥).ltis easy to see that the following statements are
equivalent:

(1) (ug, py) € A x Bis arandom saddle point of f with
respect to A x B;

) /\uGA\/peBL(u’ p) < \/peB/\ueAL(”’ p);
(3) AucaVpesL(t, p) = L(ug, po) =V pep/\ueaL(®; p)-

Before giving the proof of main result in this paper,
we first recall the definition of random strictly convex RN
module, which is presented by Guo and Zeng in [23] for the
first time.

Definition 33 (see [23]). An RN module (E, || - ||) is said to be
random strictly convex if for any x and y € E \ {0} such that
lx + yll = lxll + [l yll, then there exist A € F and £ € L0+ such
that P(A) > 0,& >0on Aand I,x = (I, y).

Definition 34 (see [24]). Let (E, || - ) be an RN module over
R with base (Q, #,P), x,y € Eand F € %. Then x and y

are called L°-independent on F if €I, = nl; = 0 whenever
&,n € L°(F) such that ETx + nlpy = 6.

By Definitions 33 and 34, we can obtain the following
lemma easily.

Lemma 35. Let (E,| - ) be a random strictly convex RN
module over R with base (Q0, #, P). Then the mapping f : E —
LY(F)

fx) =« (16)

is strictly LY(F)-convex.

For giving the proof of Theorem 1, we need the following
lemma and remark.

Lemma 36 (Mazur lemma). Let (X, || - ||) be a normed space,
{u, € X,n € N} converge to u under the weak topology on
X. Then there exists a sequence {v,, € X,n € N} such that it
converges to u in norm, where

N,
Vn = ZAkuk,
k=n
(17)
Nn
YAh=1 420
k=n

Remark 37 Let {§, € L%(F),n e N} converge to & uniformly.
Then we can obtain a net {, € LY(F) | ee L(_)H,s < 1} such
that it converges to & under the locally L°-convex topology of
(L°(%,R),| - ). In fact, for any ¢ € L(1+ let A, =[e>1],A; =
[1/G+1) < e < 1/i],foralli € N. Then{A,,n € N}isa
countable partition of Q to &. Since the sequence {{,,n € N}
converges to & uniformly, thus for any number k > 0, there
exists N(k) € N such that

-8 < 19

for any n > N(k). Let
&= ZTA,-EN(i)H; (19)
i1

then it is easy to see that |§, —&| < e.Set A = {e € L?H le< 1)
then A is directed with respect to <, and one can easy to see
that the net {£,,e € A} converges to & under the locally L°-
convex topology of (LY(F), |- D).

With the above preparations, we now give the proof of
Theorem 1.

Proof of Theorem 1. First, let us assume that for any p € B,
L(:, p) is strictly L°(%)-convex on A. Set F(u) = \/peBL(u, p)
and G(p) = N, caL(, p). We show that the functional F
has the local property and F is L°(%)-convex and T -lower
semicontinuous on A. By conditions (1) and (2), it is clear that
F has the local property. For any x,,x, € A, & € L, we have
that

F(ax, +(1-a)x,) = \/L(ocx1 +(1-a)x, p)

peB
< \/ [aL (x;, p) + (1 — ) L (x5, p)]
PEB
< oc\/L(xl,p) +(1-a) \/L(xz’P)
pEB peB

=aF (x;)+ (1 -a)F(x,).
(20)



Thus, F is L°(%)-convex on A. For anyr € L%(F,R), let A, =
{u € A | F(u) < r}. Since F has the local property, we have
that A, has the countable concatenation property. Let {x,, o €
A} C A, converge to x, under the locally L°-convex topology
of E. By F(x,) < r, we can obtain that

L(x,p)<r, VpeB. (21)

Since L(-, p) is 7 .-lower semicontinuous, it is easy to see that

L(xp.p)<r, VpeB. (22)

Hence, F(x,) < r and x, € A,. So we have that F is 7 -
lower semicontinuous. Similarly, replacing L with —L, we see
that —G has the local property and -G is L°(%)-convex and
I .-lower semicontinuous on B.

By Theorems 26 and 28, we have that \/PGBG(p) e L%%),
and there exists p, € B such that

G(po) = \/G (p). (23)

pEB

Since for all p € B, L(:, p) is strictly LY(F)-convex on A,
according to Corollary 30 there exists an unique u, € A such
that

G(p)= N\L(wp)=L(u,p), (24)

ucA

for any p € B. Let u, = u, , we need only to prove that

Po’
G (po) = L(ug, p),

For every p € B,let p, = (1-n"")p,+n 'pandu, = u
for all n € N. It is clear that

G(po) 2G(p,) = Lty pr)- (26)

By condition (2), we have that
G (pO) >L (un’ pn) = (1 - n_l) L (un’ pO) + n_lL (un’ p) >
G(po) = (1 - ”_1) G(py)+n'L (U )

Vp € B. (25)

P‘Vl,

(27)

namely, G(p,) = L(u,, p). Lety = \/{lxl | x € A}and C, =
fweQ|ln-1<n<mn}foraln € N, according to the
condition that A is a.s. bounded in E, and it is easy to see that
{C,,,n € N}is a countable partition of Q) to F.

For any fixed i € N, we have that I, - u, € L*(E), for all
n € N. It is easy to see that TC,_ - A is a bounded and closed
subset of (L*(E), || - [l,). Thus, there exists a subsequence {TC,- .
u,,k € N}and w; € Tci - A such that {Tci U,k € N}
converges to w; under the weak topology of L*(E). Without
loss of generality, denote this subsequence by {TC,- ‘u,,n € N}
By Lemma 36, there exists a sequence {v,, € TC,» -A,n € N}
such that it converges to w; in norm, where

N,
v, = Zkkuk, (28)
k=n
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ZkN:”n A = LA, = 0. Since |v, —w;ll, — 0, we have that
{llv,, — w;ll, n € N} converges in probability P to 6. By Egoroft
theorem, for any number § > 0, there exists Cs € & such that
P(Cs) < 8 and {llv, — w;l,n € N} converges uniformly to 0
on C§. Then there is a net

{Ive — @il e € A} (29)

as in Remark 37, which converges 0 on Cj5 under the locally
L°-convex topology of (LYF),] - ]). By the construction of
{lv,. — w;ll, € € A} as in Remark 37, we have that

n— o0

lim L (v,, p) = limL (v, p). (30)
EEN

Since L(, p) is LY(F)-convex for any p € B, we have that

Nn
TcgfciG(Po) 2 Tcgfci lim ZAkL (e p)
n— oo,

> Tcgfc,. lim L (v,, p) (31

n— o0

> TcgfciliTn:L (Ve p) 2 Tcgfc,-L (w;> p)-
&

Hence, one can obtain that TCE Tc,.G(Po) > chs TCiL(wi, D).
Because § is an arbitrary nonnegative number and L(:, p) has
the local property, we have that

IG(po) 2 I, L (w; p), (32)

for any p € B.
Now, we prove that w;, = Tc,.”o for any i € N. By the
definition of u,,, it is clear that
L(u,p,) <L(up,), VYucA. (33)

By condition (2), we have that

(1-n")L(w,py) +n ' L(u,p) <L(u,p,), VpeB.
(34)

Hence, we can obtainthat
Tim (1-n7")L(u, po) < Tim L(w, p,), Vpe€B. (35)

Since L(u,,, p) = G(p), we can obtain that (1 — n_l)L(un, Do) +
nilG(p) < L(u, p,,) and (1 — nil)L(vn,pO) + nilG(p) < Tci .
ﬁn_)m((l - n_l)L(un, Do) + n_lL(un,p)). According to

li_m L(Vn’Po) = h_m (1 _n_l)L(Vn’pO)

NVI
< lim (1 - n_l) ZML )

n—00 k=n (36)
< n@go(l - n_l)L(un,pO)

< E%OL (w, p,) >

n—
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where ZkN:”n A, = 1, it is obvious that

Ie,L(w; po) < lim I L(v,, py) < lim I, L (u,, po)
i 11— 00 i n—oo i (37)

< lim Ic L (u, p,).

Since {|p, — poll,n € N} converges in probability to 0, by
Egoroff theorem, we can obtain that for any o > 0, there exists
C, € Fsuchthat P(C,) < oand {||p,—p,l, n € N} converges
to 0 uniformly on C;. By Remark 37, we can construct a net
{p, € B,a € A} asin Remark 37 such that |p, — pll — 0
under the locally L°-convex topology of E. Hence, by (2) we
can obtain that

quc,.L (w;> po) < Tcgfcigtn,}L(”x Pa) < Tcgfc,.L (. po) -
(38)

Since o is an arbitrary nonnegative number, it is clear that
TciL (w; po) < TciL (u, po) - (39)

Therefore, for anyi € N, w; = I uy and G(p,) = L(u, p), for
all p € B; namely, (1, p,) is a random saddle point of L with
respect to A X B.

If there is p € B such that L(-, p) is not strictly L°(F)-
convex on A, define

L, (u,p)=L(up)+n"|ul’>, VneN. (40)
Since E is random strictly convex RN module, we can obtain
that L, is strictly L°(%)-convex from Lemma 35. By the
similar method, we have that for any n € N, there exists
(u,, p,) € AxBsuch thatitisasaddle point of L, with respect
to A x B.

Let { = \/{lyl | ¥y € B} and D,, be any representation
element of [m — 1 < < m], for all m € N, according to the
condition that B is a.s. bounded in E, and it is easy to see that
{D,,,m € N} is a countable partition of () to &. It is easy to
see that {C; (| D;,i, j € N} is also a countable partition of Q)
to . Foranyi,j € N, let H,-j~= C; ﬂDj. We can suppose
that, without loss of generality, I H, U € L*(E) converge to Ui

under the weak topology of L*(E). Then we have that there
exists a net {1 H,Uo € E | a € A} such that it converges to y;

under the locally L°-convex topology of E. Thus, we have that

Ty L (o p) < liTmTHijL (THﬁua,p)

< lim THUL (THijun’ P) + n_l"un"2 (41)

n—00

< (1 (T ) )

forallu € A, p € B. Similarly, for any i, j € N, one can have
a net {T, P € E | B € I'} such that it converges to v;; under

the locally L°-convex topology of E and

- ~ = -1 2
Jim, (T, L (T, ) + 7 )
_— = ~ P | 2

= nll»ngo IHijL (u, IHijp") * nango el
(42)
P ~ .- -1 2
= 1lgrr1 II_IijL (u, IHfipﬁ) + nlg%on lul

< TH,_J_L (u, vi]-) .

Let ug = ), jen Inphj and po = 2, jen Iy, vy it is easy to
check that

L (g, p) < L (t4» po) < L (s, py) (43)

forall u € A, p € B; namely, (1, p,) is a random saddle
point of L with respect to A x B.
This completes the proof. O
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