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This paper discusses spectral and spectral element methods with Legendre-Gauss-Lobatto nodal basis for general 2nd-order elliptic
eigenvalue problems. The special work of this paper is as follows. (1) We prove a priori and a posteriori error estimates for spectral
and spectral element methods. (2) We compare between spectral methods, spectral element methods, finite element methods and
their derived p-version, h-version, and hp-version methods from accuracy, degree of freedom, and stability and verify that spectral

methods and spectral element methods are highly efficient computational methods.

1. Introduction

As we know, finite element methods are local numerical
methods for partial differential equations and particularly
well suitable for problems in complex geometries, whereas
spectral methods can provide a superior accuracy, at the
expense of domain flexibility. Spectral element methods
combine the advantages of the above methods (see [1]). So
far, spectral and spectral element methods are widely applied
to boundary value problems (see [1, 2]), as well as applied
to symmetric eigenvalue problems (see [3]). However, it is
still a new subject to apply them to nonsymmetric elliptic
eigenvalue problems.

A posteriorii error estimates and highly efficient compu-
tational methods for finite elements of eigenvalue problems
are the subjects focused on by the academia these years;
see [3-16], and among them, for nonsymmetric 2nd-order
elliptic eigenvalue problems, [5, 15] provide a posteriori
error estimates and adaptive algorithms, [9] the function
value recovery techniques and [8, 10] two-level discretization
schemes.

Based on the work mentioned above, this paper shall
further apply spectral and spectral element methods to

nonsymmetric elliptic eigenvalue problems. This paper will
mainly perform the following work.

(1) We prove a priori and a posteriori error esti-
mates of spectral and spectral element methods with
Legendre-Gauss-Lobatto nodal basis, respectively, for
the general 2nd-order elliptic eigenvalue problems.

(2) We compare between spectral methods, spectral ele-
ment methods with Legendre-Gauss-Lobatto nodal
basis, finite element methods, and their derived p-
version, h-version, and hp-version methods from
accuracy, degree of freedom, and stability and verify
that spectral methods and spectral element methods
are highly efficient computational methods for non-
symmetric 2nd-order elliptic eigenvalue problems.

This paper is organized as follows. Section 2 introduces
basic knowledge of second elliptic eigenvalue problems.
Sections 3 and 4 are devoted to a priori and a posteriori
error estimates of spectral and spectral element methods,
respectively. In Section 5, some numerical experiments are
performed by the methods mentioned above.



2. Preliminaries

Consider the 2nd-order elliptic boundary value problem

Lw=-V-(DVw)+b-Vw+cw=f, inQ,
1)

w=0, on 0Q,

where Q ¢ R*(d = 2,3) is a bounded domain, b and ¢
are a real-valued vector function and a real-valued function,
respectively, and D is a positive scalar function with D(x) >
D, > 0 (Vx € Q).

We denote the complex Sobolev spaces with norm | - |,,,
by H™(Q), Hy(Q) = {v € H'(Q),vl3o = 0} Let (-,-) and
| - llo.q be a inner product and a norm in the complex space
L*(Q), respectively.

In this paper, C denotes a generic positive constant
independent of the polynomial degrees and mesh scales,
which may not be the same at different occurrences.

Define the bilinear form a(, -) as follows:

a(w,v) = J DVwVv + (b-Vw)v
Q (2)

+cwv, VYw,veH(Q).

We assume that f € L*(Q), D, b, and ¢ are bounded func-
tions on Q, namely D,c € L™(Q),b ¢ (LOO(Q))d. Further
more, we assume that V - b exists and satisfies

—%V~b+c20, in Q. 3)

Under these assumptions, the bilinear form a(:,-) is
continuous in Hé(Q) and Hé(Q)-elliptic; that is, there exist
two constants A, B > 0 independent of w, v such that

la (w,v)| < Alwll, olIVl0,  Yw,v € Hy (Q),

(4)
Re a(v,v) > Blbll} 5, Vv e Hy (Q).

The corresponding variational formulation of (1) is given
as follows: find w € Hé (Q), such that

aw,v)=(f,v), VveH, (Q). (5)

The adjoint problem of (5) is as follows: find w* € HS(Q),
such that

a(vw*)=(vf), VveH (Q). (6)

As the general 2nd-order elliptic boundary value prob-
lems, we assume that the regularity estimates for problem (5)
and its adjoint problem (6) hold, respectively. Namely

”w"ﬁ‘*'l)Q < C"f"O,Q’ 0< ry < 1) (7)
“w*||r2+l,Q < C"f”o,Q: 0< 1y < 1. (8)

We assume that K, = {«} is a regular rectangle (resp.
cuboid) or simplex partition of the domain ) and satisfies
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Q = |J%. We associate with the partition a polynomial degree

vector N = {N, }, where N, is the polynomial degree in k. Let

h,. be the diameter of the element «, and let h = max, g h,.
We define spectral and spectral element spaces as follows:

Sy (Q) = {v € Py (Q),vlzn =0},

Snp (Q) ={v e C(Q) : v, € Py (), Vk € K, vlpq = 0},
)

where Py (Q2) and Py (x) are polynomial spaces of degree N

(resp. degree N in every direction) in Q) and degree N, (resp.
degree N, in every direction) in the element «, respectively.

The spectral approximation of (5) is as follows: find wy €

Sn(€Q), such that

a(wy,v)=(f,v), VYveSy(Q). (10)

The spectral element approximation of (5) is as follows:
find wy;;, € Sy 1,(€2), such that

a(wy,v)=(fiv), VYveSy,(Q). (11)

We assume that f € L*(Q) and derive from Lax-Milgram

theorem that the variational formations (5), (6), (10), and (11)

have a unique solution, respectively.
Define the interpolation operators

INK,hK :C (k) — PNK (%),
(12)
Iy : C(Q) — Sy (),

as the interpolations in the element x and the domain
Q, respectively, with the tensorial Legendre-Gauss-Lobatto
(LGL) interpolation nodes.

Define the interpolation operator

Iyt C(Q) — Sy (), satisfying Iyl = In - (13)
We quote from [2] (see (5.8.27) therein) the interpolation
estimates for spectral and spectral element methods with LGL

Nodal-basis as follows.
Forallv € H*(x), s, > (d + 1)/2,

in(N+1,5,)—1 n7—S,+1
v = 7], = C (s RSN, (1a)

IV = IV < C (s HEMNIN Sl (15)
Forallv e H(Q),s > (d +1)/2,

Iv=Iyvl, 0 < CO N V0, (16)

lv = Ixv]oq < C () N7l q- 17)

We assume that the solution of boundary value problem
B)w € HS(Q) NH"(Q) (m > 1), that wy and wyy, are the
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solutions of (10) and (11), respectively; then we derive from
Céa lemma and the interpolation estimates that

lwy = wl, o < Cm) N wll,,q. (18)

lwan = wll, o < {ZC (5,) H2min(Nt s}
K

" 19)
x N2 Dwl? b,
where s, > (d +1)/2,Vk € K},.
Particularly, if N, = N, Vk € K, then we have
"wN,h _ w"l’Q <C (m) hmin(NJrl,m)fl
(20)

1_
X N wll,,.q-

Note that (18) is also suited to spectral methods with
modal basis (see [1, 2]).

Using Aubin-Nitsche technique, we deduce from the
regularity estimate (8) and the estimates (18)-(20) the priori
estimates of boundary value problem (5) for spectral and
spectral element methods; that is,

—m—r,+1

lwy - wloq < CN l[wll 00 (21)

"wN,h _ u)"O)Q < CN—m—r2+1hr2+min(N+1,m)—l ”w"m)Q. (22)

3. Spectral and Spectral-Element
Approximations and Error Estimates for
Eigenvalue Problems

3.1. Spectral and Spectral-Element Approximations for Eigen-
value Problems. Consider the following eigenvalue problem
corresponding to the boundary value problem (1):
Lu=Au, in Q,
(23)
u=0, onJQ.
The variational formation of (23) is given by the follow-
ing:findA € C,0#u ¢ Hé(Q), such that

a(u,v)=Awv), VveH, (Q). (24)

The spectral approximation scheme of (24) is given by the
following: find Ay € C, 0# uy € Sy(Q), such that

a(uy,vy) = Ay (unsvn), Yoy €Sy (Q). (25)

The spectral element approximation scheme of (24) is

given by the following: find Ay, € C,0#uy;, € Sy,(Q),
such that

VVN,h € SN,h (Q) 5
(26)

a (“N,h> VN,h) = AN,h (uN,h’ VN,h) >

3
Define the solution operators T : L*(Q) — Hé(Q), Ty :
L*(Q) — Sy(Q),and Ty, : L*(Q) — Sy ,(Q) by
a(Tf,v) =(f,v), Vfel’(Q), VveH, (Q),
a(Tnfivy) = (fiva), Vf el (Q),
VVN € SN (Q) > (27)

a (TN,hf> VN,h) =(f VN,h) , Vfe r (Q),
VVN,h € SN,h (Q) .

Obviously (see [17]), the equivalent operator forms for (24)
and (26) are the following.
FindA € C,0+u € Hé (Q), such that

Tu=A"u (28)

Find Ay, € C,0 £ uy), € Sy p(Q), such that

Tantinn = A pbinp- (29)

The adjoint problem of the eigenvalue problem (23) is

L'u"=A"u", inQ,
(30)

u* =0, ondQ,
where L*u* = =V - (DVu*) =b-Vu" + (c -V -b)u".

The variational formation of (30) is given by the follow-
ing: find A" € C,0+u" € HS(Q), such that

a* (u,v):=a(u*)=1" (u',v), WYveH,(Q). 3l

The spectral element approximation scheme of (31) is
given by the following: find Ay, € C,0#uy, € Sy,(Q),
such that

a (u;\,’h, vN’h) = A (u;,,h, VN)h) YV € Sun (Q).
(32)

We can likewise define the equivalent operator forms for
the eigenvalue problems (31) and (32) as

T u* = )t*flu*,
(33)
Tntian = A;I,}l,”;nh-

Let A be an eigenvalue of (23). There exists a smallest
integer y, called the ascent of A, such that ker(A™' = T)¥) =
ker((A™!' = T)**"). ¢ = dim ker((A™" = T)*) is called the
algebraic multiplicity of A. The functions in ker((A™' = T)¥)
are called generalized eigenfunctions of T corresponding to
A. Likewise the ascent, algebraic multiplicity and generalized
eigenfunctions of 1)y, A" and A}, can be defined.

Let A be an eigenvalue of (23) with the algebraic multiplic-
ity g and the ascent yi. Assume Ty, - Tll, , = 0(N — o0,
h — 0); then there are eigenvalues A ), (j = 1,2,...,9)
of (26) which converge to A. Let M(A) be the space spanned
by all generalized eigenfunctions corresponding to A of T,



and let My ;,(A) be the space spanned by all generalized
eigenfunctions corresponding to all eigenvalues of Ty, that
converge to A.

In view of adjoint problems (31) and (32), the definitions
of M*(A")and My, (A") are analogous to M(A) and My ,(A).
Let M(A) = {v € M(A) : [l o = 1}, and let M*(\*) =1{ve
M) vl g = 11

Note that when b = 0, both (24) and (26) are symmetric.
Thus, the ascent 4 = 1 of A, and the ascent [ = 1 of A ..

3.2. A Priori Error Estimates. We will analyze a prior error
estimates for spectral element methods which are suitable for
spectral methods with mesh fineness / not considered.
Assume that R and U are two closed subspace in HS(Q).
Denote
S (R,U) = sup dist(v,U),
vER
Ilho=1 (34)

(R, U) = max (8 (R,U),3 (U,R)).

We say that O(R, U) is the gap between R and U.
Denote

ENL = N (A)= sup inf fu-— 4 oY
ue M(L)VEONR
ENn = Enn (A")= sup inf Ju-v].q.
uem(/\*)vesN,h( )

We give the following four lemmas from Theorem 8.1-8.4
in [17], which are applications to spectral element methods.

Lemma 1. Assume ||Ty, —TIILQ — 0 (N — oo,h — 0).
For small enough h and big enough N, there holds

0 (M (A), My, (L)) < Cepp. (36)
Lemma 2. Assume IITN,h—TIILQ — 0 (N — oo,h — 0);

then

< Cen e (37)

iy
Nk
a5

Lemma 3. Assume that [Ty, - Tll,, = 0 (N — oco,h —
0); then there holds

=] < Clewpern)” (= 12000q).  G9)

Since ker((A™! - T)l) (I > 1) is a finite dimensional space, there
exists a direct-sum decomposition Hé (Q) = ker((A! - T)l) ®
M,. We define the operator E; as a projection along M, from
HY(Q) to ker(A™! = T)).

Lemma 4. Assume [Ty, —Tll,, — 0(N — oo,h — 0).
Let Ay, be an eigenvalue of Ty, and limy _, o 0Anp = A
Uy, satisfies (A;\Jl’h - TN)h)kuN,h = 0and lluypll, o = L, where

k < wis a positive integer. Then, for every integer I € [k, u],
there holds

HMN,h - El”N,h"])Q < ng\lg:*—l)/‘u. (39)
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We assume that in this section, for the sake of simplicity,
N, = N,V« € K;,.

Theorem 5. If M(A) ¢ H"(Q) and M*(A*) ¢ H2(Q), then
there holds the following error estimates:

1 q
SO R I
a5

(40)
T +T,—2
SC<—Ntl+t2_z> sup flull, o sup [Vl 0
ueM(A) veM*(A*)
i = A
h‘rl+‘rz—2 1p
SC((—Ntl+t2_z> sup [lull, o sup [Vl;,0 (41)
ueM(A) VeMT (V)
(j=12....9),
hrl—l
0(M (W), My, (V) < Cry sup Jlull o (42)
ueM(\)

Let lunpll, ¢, = 1, and let ()L;\,l,h - TN,h)lluN,h = 0, for some
I, < u. Then, for every integer I, (I, < I, < ), there exists a
function u', such that (V! - T)lzu' =0 and

-l (L1 +1)/u
!
Jetnin =] < C((N—) sup nuntl@) :

ueM())
(43)

where 7; = min(N + 1,t;), 7, = min(N + 1,t,).

Proof. We derive from the error estimate (20) that

"TN,h - T"l,Q

T-T
. I(T = To) fll1q (44)
reri@ I fllia

<C(l+r)h"N™" —0 (N-—o00,h—0).
By (14),

ENh = €N (A)= sup inf |lu- Vil
ueM(L)VEONR

(=)

<C| —— | sup |ul, o
-1 £1,Q

N ) vemoy

(45)

Analogically,

sup  [lully, o- (46)
ueM™ (A*)

. h7271
eyn =C (_Ntz—l )
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Plugging the two inequalities above into (36), (38), and (39)
yields (42), (41), and (43), respectively. We find from (37) that
1 A;,lN,h -\

975 AL

1 q
—Y A=A
5

JNh
(47)
1 < -1 -1 *
S C _ZALNah - A S CeN,heN,h’
qj:1
combining with (45) and (46) yields (40). O

Supposing that [Ty, - Tll,, — 0(N — oo,h — 0),
p(T) is a regular set of T, and I' ¢ p(T') is a closed Jordan
curve enclosing A",

Denote
R(z)=(T~-2)",
B (48)
R(Tywz)=(Tyn—2) -
Define the spectral projection operators
E= 2_—1 J R(T,z)dz: Hy (Q) — M (}),
in
o (49)
Exp= — I R (T 2) dz: HL (Q) — My, (V).
2im Jr

We give the following lemma by referring to [18, 19] (see
proposition 5.3 in [18] and theorem 1.3.2 in [19]).

Lemma 6. If [Ty, - TIIO)Q — 0N — o0o,h — 0), then
there holds that Enj, — E(p), R(Ty» 2) is uniformly bound-
ed with N and h, and

[(Excs = ) Y0 < Coaxl(T = Top) R (@) 0
Vv e Hy (Q),
I(Eni = E) vl < CHZ?FXH(T = Tnp) R(Typo 2) V]| 0
Vv e Hy (Q).
(50)

Theorem 7. Under the assumptions of Theorem 5, further
assume that the ascent of A is u = 1. Let (A, uny,) be an
eigenpair of (26) with ||”N,h||0,9 = 1; then there exists an
eigenpair (A, u) of (24), such that

Ch™ull, o

"MN,h - u”LQ < Tll’ (51)
ChrZHI_l"u”t Q

- _— 52

R (52)

I/\N,h - A|
h11+12—2 (53)
<C\ | ez ) sop lullo sup Ilia ),

ueM(\) VeI (")

where T) = min(N + 1,t,) and 7, = min(N + 1,t,).

Let (A, u) be an eigenpair of (24). If Ay, is an eigenvalue of
(26) convergence to A, then there exists uy;), € ker(/\;\,l)h—TN’h),
such that (51)-(53) hold.

Proof. We deduce (53) immediately from (41). We derive
from (22) and (7) that

17f = Tnfloo < CNT2H2 | flogs - (54)

thus,|T - Tyull,, — 0N — oo,h — 0). Taking u =

Euy;, and by virtue of R(Ty, 2)uyy, = ()L;\,l)h - z)_luN)h,
Lemma 6 and (22), we have

"” - “N,h"o,a = "E”N,h - EN,h”N,h”o,Q

< C(T = Typ) unglly

(55)
<C ("(T = Tnp) ullo0
+||(T = Ty) (s — “)"o,n) >
from which follows
|t = unlloq < CIT = Tagp) ullo g
Chrz+1’1—1 "u”tl,Q (56)
T R
which is (52). By direct calculation, we have
”” - ”N,h"m
= ||ATM - AhTN’huN)h“LQ
(57)

< ||ATu - ATN’hu“LQ + "ATN,h” - A’hTN,huN,h"LQ

< (T~ Tn,) (Au)lll,ﬂ +ClAu - AN,h”N,h"O,Q'

Plugging (20), (52), and (53) into (57) yields (51).
If (A, u) is an eigenpair of (24), let uy;;, = Ey,u; by the
same argument we can prove (51) and (52). O

4. A Posteriori Error Estimates

Based on [20], we will discuss a posteriori error estimates.
We further assume that Q ¢ R?, the partition K, is y-shape
regular, and the polynomial degree of neighboring elements
are comparable; that is, there exists y > 0, such that for all

KKk € Kh,ﬁﬂgiﬂ,

y'h, <hg <vyh,
(58)
Y (N +1)<No+1<p(N +1).

We refer to the hp-clément interpolation estimates given
by [20, 21] (see theorems 2.2 and 2.3, respectively), which gen-
eralize the well-known clément type interpolation operators
studied in [22] and [23] to the hp context.

Lemma 8. Assume that the partition K, is y-shape regular
and the polynomial distribution N is comparable. Then there



exists a positive constant C = C(y) and the clément operator
I: Hy(Q) — Sy,(Q), such that

h

v—IV|g, S C—=|VV|py > 59

I llo.c N, V¥llo, (59)
b

lv—Ivly, <C ﬁnwnm, (60)

where h, is the length of the edge e and N, = max(N,, N, ),
where x,,x, are elements sharing the edge e and w,,w, are
patches covering k and e with a few layers, respectively.

Define interval T = (0,1) and weight function ®3(x) :=
x(1 — x). Denote the reference square and triangle element by
£ =(0,1and® = {(x, )0 < x < 1,0 < y < V3(1/2—|1/2-
x|)}, respectively. Define weight function ®(x) := dist(x, 0K).

The following three lemmas are given by [20]. Lemmas
9-10 provide the polynomial inverse estimates in standard
interval and element, while Lemma 11 provides a result for the
extension from an edge to the element.

Lemma 9. Let -1 < « < 3,0 € [0, 1]. Then there exists C =
C(a, B), such that for all N € N and all univariate polynomials
7ty of degree N,

L D7 (x) LN (x)|2dx
(61)
< CNF® JA <D§|7IN (x)|2dx.
i

Lemma 10. Let -1 < o < f,0 € [0,1]. Then there exist
C, = C(a,B),C, = C, > 0, such that for all N € N and
all polynomials 7ty of degree bi-N,

|| o sy
’ (62)
< C,N*F) J-A CD§|71N|2dxdy,

JA L |V | dxdy
' (63)
< C,N**? L 2 || dxdy.
K

Lemma 11. Let o € (1/2,1].€:= (0,1) x {0}, ®; := x(1 — x);
then there exists C, > 0 such that for all N € N,e € (0,1],
and all univariate polynomials 7w of degree N, there exists an
extension vz € H Y(®) and holds

Volg = - @F Vslorye = 0, (64)
Ivell < < Cuen@e[; (65)

— _ 2
||VVE||§R <C, (sNZ(2 e 1) ||7Tq)g/2 ”0,@' (66)

It is easy to know that the three lemmas above hold for
complex-valued polynomials.
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Let D,,b,, and ¢, be the interpolations of D, b, and ¢ in
x with the polynomial degree N, (resp. degree N, in every
direction), respectively, or the L*(k)-projection on the space
of polynomials with degree N,. For convenient argument,
here and hereafter we assume that (A,u) and (\* = A,u")
are the eigenpairs of the eigenvalue problem (24) and its
adjoint problem (31), respectively. (Ay,, tyy,) and (A, =

ANy Uy) are the solutions of the corresponding spectral

element approximations (26) and (32), respectively.
Denote

LK”N,h i =-V. (DKVMN,h)

+b, - Vuyy, + iy,

. . (67)
Liuy,: =-V-(DVuy,)
- b;c ' Vl/l;])h + (CK -V bx) M;I,h'
Define the local error indicators
2 2 2
’706;1{ T ’/Iot;BK + ’7(X;EK’
(68)

*¥2 %2 *2
’7(x;1c T r]a;B,( + r]oc;EK‘

Their first terms r]i; B ;7;23 are the weighted element internal

residuals given by
n 2

2 — _K af2

NesB, = ﬁ“(_Lx”N,h + Annbiny) O “o;c

K

(69)
2
O,K.

B, *

. h2 * ok * *
Nocs, = FKZ”(_LKMN,;; + /\N,huN,h) o
K

Their second terms r]i;E ,r];;ZE are the weighted element
boundary residuals given by
2

h du
2 e N,h o2
= ¥t o, [2a] g

: eCokNQ) 2N9 on ¢ 0,e

) (70)
h ou

*2 e N,h af2
N L P

* eCoknNQ 2Ne on ‘ 0,e

where we denote the jump of the normal derivatives of uy,
and uy, across the edges by [Ouy,/0n] and [Ouy,/on],
respectively. h, is the length of edge e. The weight functions
®, and O, are scaled transformations of the weight functions
@, and @g; that is, if F, is the element map for element x and

e is the image of the edge € under F,, then
q)K:C;c(DﬁOFK_I’ (De:Ce(DEOFK_I’ (71)

where we choose C,,C, > 0, such that

j D, dxdy = J dxdy, J D, ds = J- ds. (72)

We define the global error indicators as follows:

2 2
na = Z qoc;;c’
K€K,
(73)
*2 *2
o = ”oc;;c‘

K€K},
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Theorem 12. Let « € [0, 1]. Then there exists a constant C > 0 N 1 Z Z J D [auN,h ] T
independent of h, N, and «, such that 2R, e Je on
2 2 2 ——
Il = unlig <€ Z N e + J (Au = Ay i) (0 — vpp)s (76)
keK,, Q
which together with
+cz{ e = Ll i :
xeK, UNK | — UNK | —
h [»[ 5 ]e-fo-pa[F ]
2 74 ¢
+ > wlp-pfi, @Y ;
eCokNQ™ '€ i J D [ UNh ] o
2 e K on
aHN’h
0n llo,coe J (=Luiy + Aptinn) W = J (~Lutinn + Anptin) W
K K
+Cl|Au - /\N,h”N,h”(Z)Q- _
' + J (Ltinp = Luy,) w
K
Proof. We denote w := u — uy;, — I(u — uy,), where I is hp- (77)
clément operator given by Lemma 8. We derive from H, (Q)-

elliptic of a(-, -) that
2
Cllu - uN,h"m <a(u-—uypw)
+a(u— I (u-uy,))
=1 J uw — a (uy p, w)
Q
+ J (A= A tin)
Q
X I (u—uyy)

=J ()‘N,huN,h)w
Q

+ L (Aut = A i) U=ty

—a(uypw),

a (uypw) = Z J Luy w

KEKy, VK

ou
-y j Dy
KEKy, ox on

=y j Luy @

KEKy, VK

-3

KGKh eCoxknNQ)

J [ auN)h ] _
on v
Therefore,

C"” - ”N,h“io

< Z J (~Luyy, + Ay ptinn) ©

keK, “K

and using Cauchy-Schwartz inequality, the hp-clément inter-
polation estimates in Lemma 8 then yield

“” - ”N,h"iﬂ

h
< C { Z |:’/I(2);BK + ’1(2);E,( +

2
& FK’% ”LK”N,h - LuN,h”O,K

5 1/2
O’E] }

= unplly o +ClIA = Al 14 = unnl o

(78)

2

h,
+Zﬁe

eCokNQ

(-, [ 2]

Using scaled transformation and setting « = 0, 8 = « in

(75) (61) and (62), we get 1o, < CN#,p and 1 < CN7yp 5
then this proof concludes.

For the adjoint eigenvalue problem, we still have the
following.

Theorem 13. Let o € [0, 1]. Then there exists a constant C > 0
independent of h, N, and «, such that

* *
[ = il
<C Z Nia *2
k€K,
W2
K * *
+CZ N2 Lounp L“Nh“
K€K, K
2
ou;
Nh
o ﬁHD D,
ecoxnQ) 0,00,e
+C|'A u”

-y h“Nh"o o
(79)



Lemma 14. Let o € [0,1],& > 0. Then there exists a constant
C(e) > 0 independent of h,N, and «, such that

e, < C () {NZ ™ = w1,

hz

1+2e-2,

N:lax{ +2e—2a,0} KZ
K

X (||)LN,huN,h — A+ Luy ), - Lx”NJz"i,k)]’ :
(80)

Proof. We denote v, := (~Luny, + Aypting) @S € Hy(k)
with « € (0, 1] and extend v, to Q by v, = 0 on Q \ x; then

- 2 —
"qu)xa/z ||0,1c = J (_LKuN,h + AN,huN,h) Vi
K
— - | @an) 7+ alur)
K

+ L (ANt = Au) ¥,
= a(u—uypv,)
" L (Anptin gy — A+ Luyg g, — L) Ve
<Clu- uN,h“l,Kvill,K
| At = A
+ Luy, — Lin,) (Dz/zuo,x

-af2
x v

0,k
(81)

We consider the H' semi norm for v,. Using the polynomial
inverse estimates (62)-(63) in Lemma 10, by transformation
between the reference element k¥ and x, we find for « > 1/2
that

|V,<|i;< <2 L <Di“|V (Anutings — Lx“N,h)|2

+2 J qu)zlzlAN,h”N,h - L;c”N,h|2
K

N2(2—ac)

2
<C Khz _[ OF Ay ptin = Liting
K K

1 2a-1) 2 (82)
+ Cﬁ O At — Lt
K K
2(2—a) 5
<C— J DA ntin = Lt
K

K

- N2 -
= CN;O 2 v @ g
Note that (62) is applicable since & > 1/2 implies 2(ax — 1) >
—1; thus, we set f = a, & = 2(« — 1) in (62); then the third
inequality above holds.
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Since #,5 = hK/NK"VK(D;“/z”o,K) we obtain
1-a
HesB, <C (NK “u - uN,h"l,;c

h,

N |Letn s = Lictingn (83)
K

+ AN,huN)h - Au"O,K) .

To obtain an upper bound in the case of 0 < « < 1/2, we use
the polynomial inverse estimate (62) in Lemma 10; for § >
1/2, we derive from (62) that

N,
_hx%;BK = (DZ/Z ||(/‘N,h”N,h - Lx”N,h)“o,x
K

<CNf _a"()‘N,h”N,h = Lytin,) ol

0,k

Y
= CNf “h_Kf’][;;BK

K

. 4N,
< CNF= <N; ﬁ_h = gl
K

+”AN’huN)h — Au'f'LUN)h—LKuN)h”O’K) .

(84)

Setting B =1/2+¢,¢> 0,

Mo, < C (&) {Ng =ty

+ N1/2+s—¢x h;c

* N

K

x [Anpting = At + Lty — Lytirgplo.} -
(85)

We obtain the desired result immediately from (83) and (85).
O

In order to obtain a local upper bound for the error
indicator #,,,, we consider the edge residual term 7, . we
introduce the set

w, :=U {K' |K’ and « share at least one edge} . (86)

Lemmal5. Let « € [0,1],& > 0. Then there exists a constant
C(e) > 0 independent of h,N, and «, such that
r]i;Ek <C (8) N}r{nax(l—2a+2£,0)
hZ
2 2
X {NK"u - uN,h"LwK + NKSFKZ
K
2
X || Ay ptinn — Aut+ Luyg, — LKuN>h||0,wK} .

(87)
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Proof. We will use weight functions on edge and a suitable
extension operator. For a given element x with edge e, we
choose the element x; so that dx; N 0x = e. Denote k, :=
#%, U &; we construct a function w, € Hy(x,) with w,|, =
D, [0uy;,/0n] D as follows.

Let v; = C,D,[0uy,/on]®F (C, is defined by (71)).
Using Lemma 11, we extend v; to &, where the polynomial 7
corresponds to C,D, [0uyj,/0n]. Define w,|, and w,|, as the

affine transformation of v; in &; Thus, w, is a piecewise H'-
function. From (64), we know w, vanishes on 0x,; Therefore,
w, € Hy(k,). It is trivial to extend w, to Q, such that w, = 0
in Q \ x,. We find

2
ID [auN,h] @2
L on ¢ Moe

auNh _ auNh _
=|D : D._-D :
L [ on ]we+L( . )[ on ]we

= J Luyw, —a (uN,h’ we)
K,

e

[0 -p] e

88
[ T gy
Ke
ou o
+ Je(DK _D) [ a:)h] W,
< [|Lu s, = Aully, e,
+ C"u - uN,h”l,Ke |we|1,1ce
_ b} 2
D o [22] o
D, 0,00, on 0
Therefore,
auN,h /2 ’
IDK [ an ] (De 0,e
89
< ClLaggy = Aty e (59
+Cllu ~ “N,hul,xe we|1,;<e-

We consider the case of &« € (1/2,1] first. Using the affine
equivalence and (65)-(66) in Lemma 11, we obtain the upper
bounds for w,ll,, and [Wely ., as follows:

L
h

|we|ixe <C (sNi(z_“) + s_l)

4
2

> (90)
0,e

(Da/Z

e

aMN’h :|
X L

DK[ on

auN’h ]
0

2
cI)oc/Z

||w€||0,1ce < Chks e

D, |
0,e

9
It follows from (89)-(90) that
Juy, /2
‘DK [ on ] (De 0,e
<C {(i (SNZ(Z_“) + 8_1)>1/2
< . .
o= sl + (1) 1 Lot - AuHM} .
(91)

By the definition of ni; g, and setting « = 0 in Lemma 14, we
get

"Lx”N,h - /\N,huN,hHé,k

<C {3h -l e N
h2 MLk (92)
X[ At — Au + Ly, — L,cuN)h"ék} ,
by the triangle inequality
|Euns = Aull,
< Ltinn = Angtinllo,, (93)

+ “AN,huN,h - AM + L”N,h - LKuN»h”O,Ke'

Combining the three inequalities above and summing, we
have

1 - -
ni;Ex <C {EK (sNz(2 D 4e 1) + st}
2 2140) 1
X ||u - uN:h”l,wK + CeN2 +£)N—"2 (94)

K

X ")‘N,h”N,h —Au+ Luyy, - LK”N,h”éwK'

Setting ¢ = 1/N? in the above inequality yields the
assertion for a« > 1/2. For the case of « € [0,1/2], we set
B =1/2+¢ use (62) in Lemma 10 to get 77,5 < Nf_‘"ﬂﬁ;Ek,
and find the desired result.

Combining Lemmas 14 and 15, we obtain the following
theorem.

Theorem16. Let « € [0, 1], & > 0. Then there exists a constant
C > 0 independent of h,N, and «, such that

’12 <C (8) Nmax(1—20<+28,0)
K = K

2

h
x AN |lu=un, |0+ N*—%
1 K" Nﬁ”l,wk * N2 (95)

XA it = Mt + Lty - LKuN,hllﬁ,wK} :

Similarly, we have Theorem 17.
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Theorem17. Let « € [0, 1], & > 0. Then there exists a constant
C > 0 independent of h,N, and «, such that

*2 N’rcnax( 1-2a+2¢,0)

Nae < C (€)
X <|NK

* * * * * * * * 2
><||AN,huN’h =AU+ Lluyg, - LKuN:h“o,wK .

(96)

2 h2

T]Z
u' “;Ih" x‘S Kz
I w, NK

In order to estimate bounds of |A — Ay;|, we also need
Lemma 18 (see [8,10]).

Lemma 18. Let (A, u) be an eigenpair of (24), and let (A" =
A, u”) be the associated eigenpair of the adjoint problem (31).
Then for all w,w" € HS(Q), (w,w™) #0,

a(ww")

(w, w*)

(97)
Ca(w-uw -u") /\(w—u,w*—u*)
C ww)

(w, w*)

Theorem 19. Under the assumptions of Theorem 7, we assume
that D,b, and c are smooth enough, and let o« € [0,1]. Then
there exists an eigenpair (A, u) of (24), such that

1/2
bi-mlase T ) o9
K€K},
Zc;x <C(e) N:ax(2—2a+2s,1)“u _ uN,h"in' (99)

Further let the ascent of Ay, bel = 1, and let (A, uy,;,) be
the corresponding adjoint eigenpair of (32), then there exists an
adjoint eigenpair (A", u™) of (31), such that

1/2 1/2
ha-also( ) (Zaz) - o

k€K, K€K},

Particularly, if the eigenvalue problem (23) is symmetric (i.e.,
b =0), then

CC(S)_I Z N}rcnin(Za—Z—Zs,—l)rlz < I/\N,h _ )L| ) (101)

K =
k€K,

Proof. We know from the assumption D,c € H'(x),b €
(H" (x))*. By the interpolation error estimates (14) and (15),
we have

|Lcttng s = Lty < CHENSHOTINZEHL 0 (102)
From D € H"(x), we know that D ¢ Htl_l/z(e). By the
interpolation error estimate on edge of element (see formula
(5.4.42) in [2]), we get

"D _ Dxllo,e < Ch;nin(N"H’tl_1/2)N’:t1+1/2. (103)

Abstract and Applied Analysis

Note that the formula (51) gives the optimal orders of
convergence; thus, we deduce that the second and third terms
on the right side of (74) are higher order infinitesimals. We
derive from (52) and (53), and N = N,, that

")‘“ - AN,h“N,h”o,n

< A= Anp] lullog

104

Pl e = s 1oy
Ch‘rl+12—2 Chrzﬂ'l—l Chr2+11—1
T Nhtt+t2 + Nrt+h-1 s Nrth-1 :

Therefore, the fourth term on the right side of (74) is also a
higher order infinitesimal. Up to higher order terms, we get
(98). We ignore higher order infinitesimals in (95) and get
(99). From Lemma 4 in [10], we know that (v, uy,) = 1
and uy;, is uniformly bounded with & and N. By the same
argument of (98), we can deduce that

2
* * 200 %2
|u - uN,h”LQ <C z Nx N

(105)
K€K},
From (97), we have
a(uN,h’u;V,h) Y
(”NJI’ ”;\r,h)
_ a (uN’h — U Uy~ u*) (106)
(”N,h’ ”;r,h)
~ A(uN’h — U Uy, — u*)'
(”N,h’ ”?v,h) ,
that is,
Ayp—-A=a (uN,h — U Uy, - u*)
(107)

* *
- A (”N,h TWUyNy—U

Substituting (98) and (105) into the above equality, we obtain
(100).

If the eigenvalue problem (23) is symmetric (i.e., b = 0),
then

AN,h -A=a (”N,h —UUNp T ”)
(108)
= Aunp — sty —u).

Up to higher order term A(uy;, — u, uyj, — u), by (99) we get
(101). U

Remark 20. Babuskaand Osborn [17] have discussed hp finite
element approximation with simplex partition for eigenvalue
problems. Obviously, the Interpolation estimates (14) and (15)
hold for hp finite element with simplex partition (see [24]).
Therefore, our theoretical results of spectral methods and
spectral methods for eigenvalue problems, which have been
discussed in Sections 3 and 4, hold for hp finite element with
simplex partition.
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TABLE 1: Errors of LGL-SM, modal, and Eq-SM for Ist eigenvalue.

N DOF LGL-SM Modal-SM Eq-SM
A A A

4 9 5.19E + 00 5.19E + 00 5.19E + 00
5 16 4.51E - 01 4.51E - 01 4.51E - 01
6 25 7.68E - 03 7.68E - 03 7.68E - 03
7 36 1.07E - 05 1.07E - 05 1.07E - 05
8 49 1.21E - 05 1.21E-05 1.21E-05
9 64 9.16E - 07 9.16E - 07 9.16E - 07
10 81 2.46E - 08 2.46E - 08 2.48E - 08
11 100 291E - 10 291E - 10 4.35E - 09
12 121 9.31E-13 1.06E - 12 2.79E - 08
13 144 5.68E — 14 1.28E-13 1.41E - 07
14 169 2.84E - 14 1.28E - 13 2.28E - 06
15 196 7.82E - 14 2.13E-14 3.60E — 05

5. Numerical Experiments

In this section, we simply denote spectral methods, spectral
element methods, and finite element methods with SM,
SEM, and FEM, respectively. And spectral methods with
equidistant nodal basis, modal basis, and LGL nodal basis are
replaced by Eq-SM, Modal-SM, and LGL-SM, respectively.
Note that all these methods employ the tensorial basis.

In our experiment, we compute 1/[(uy u;,,h)l as condi-
tion number for simple eigenvalue (see Remark 2.1 in [25]),
where uy ;, and uy, ;, are eigenfunctions of eigenvalue problem
(25) and its adjoint problem (32) normalized with | - [l o,
respectively.

5.1. Example 1. Consider the nonsymmetric eigenvalue prob-
lem
—Au+10u, +u, = Au, inQ=(0,1)%
(109)

u=0, onoQ.

The first eigenvalue of (109) A; = 101/4 + 2% is a
simple eigenvalue. And the corresponding eigenfunctions are
sufficiently smooth.

5.1.1. Comparisons between LGL-SM, Modal, and Eq-SM.
Figure 1 shows that the condition numbers of the first eigen-
value for LGL-SM, Modal-SM, and Eq-SM coincide with each
other at the beginning but perform abnormally with N > 19
for Eq-SM. Table 1 tells us that when N > 11, the accuracy of
first eigenvalue obtained by Eq-SM is not as good as obtained
that by LGL-SM and Modal-SM. When N = 15, the error of
the first eigenvalues obtained by Eq-SM is greater than 1E-5;
however, the order of the magnitude of errors for LGL-SM
and Modal-SM still keeps below 1E-13. The best result of first
eigenvalue error for Eq-SM is merely 1E-9 or so.

5.1.2. LGL-SM and Modal-SM versus hp-SEM. Tables 1 and
2 indicate that increasing the polynomial degree N or

1

14}
2}

10 +

Condition number of first eigenvalue

5 10 15 20 25 30
Degree of polynomial space
—— Bq-SM

—— LGL-SM
—A— Modal-SM

FIGURE 1: Condition number of first eigenvalue for SM.

decreasing the mesh fineness h can decrease the errors of the
first eigenvalue. But it is expensive to increase polynomial
degree and decrease mesh fineness h at the same time.
For h = 1/4 and h = 1/16, we obtain from Table 2
the first eigenvalue errors 2.8E — 14 and 1.3E — 13 and
the corresponding degree of freedom 1225 and 6241 for
hp-SEM, respectively, Whereas from Table 1, to reach this
accuracy, LGL-SM and Modal-SM should merely perform the
interpolation approximations with polynomial degree bi-14
and bi-13 or so, and the corresponding degrees of freedom
are merely 169 and 144, respectively. Therefore, we conclude
that LGL-SM and Modal-SM are highly accurate and efficient
for this kind of nonsymmetric eigenvalue problems.

In Figure 2 from [9], when the degree of freedom is up to
1000, the error of linear FEM is about 1E-2; the function value
recovery techniques in [9] obviously improves the accuracy
up to 1E-5. Comparing Tables 1 and 2 in this paper with Figure
2 in [9], we can also find the advantages of LGL-SM, Modal-
SM, and hp-SEM over the function value recovery techniques
for FEM given by [9] from accuracy and degree of freedom.

5.1.3. hp-SEM versus hp-FEM. From Table 4, we find that
the condition number of the first eigenvalue for hp-version
methods (hp-SEM and hp-FEM) stays at 4.27. It is indicated
from Tables 2 and 3 that, when N is greater than 7, compared
with hp-SEM, the errors of hp-FEM tend to become large,
whereas the errors of hp-SEM still keep stable or even stay
a decreasing tendency; however, this phenomenon is not
apparent for h = 1/2.

Remark 21. Condition numbers of 1st eigenvalue for hp-FEM
(not listed in Table 4) are almost the same to those for hp-
SEM.
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TABLE 2: Errors and DOF of hp-SEM for the first eigenvalue.
N h=1/2 h=1/4 h=1/8 h=1/16
Error DOF Error DOF Error DOF Error DOF
2 5.18E + 00 9 2.54E - 01 49 1.50E — 02 225 9.00E — 04 961
3 7.00E - 03 25 6.10E — 04 121 1.20E - 05 529 1.90E - 07 2209
4 8.40E - 03 49 2.60E - 05 225 9.70E - 08 961 3.70E - 10 3969
5 1.64E — 04 81 1.60E — 07 361 1.50E - 10 1521 1.30E - 13 6241
6 4.10E - 07 121 2.30E - 11 529 9.90E - 13 2209 3.60E — 12 9025
7 3.10E - 08 169 1.70E - 12 729 3.10E - 13 3025 1.60E - 12 12321
8 1.90E - 10 225 1.90E - 13 961 2.10E-12 3969 4.80E — 12 16129
9 5.50E - 13 289 2.80E - 14 1225 6.00E — 13 5041 1.10E - 12 20449
10 3.80E - 13 361 1.10E - 12 1521 4.40E - 12 6241 1.50E - 11 25281
TaBLE 3: Errors of hp-FEM for the first eigenvalue. TaBLE 5: The Approximate eigenvalues and indicator v, of P-SEM.
N  h=1/2 h=1/4 h=1/8 h=1/16 N A v,
3 7.00E - 03 6.10E — 04 1.20E - 05 1.90E - 07 3 28.56900 2.72E + 01
4 8.40E - 03 2.60E - 05 9.70E - 08 3.70E - 10 4 31.99175 3.49E + 00
5 1.60E — 04 1.60E - 07 1.50E - 10 1.30E - 12 5 34.82082 2.25E-01
6 4.10E - 07 240E-11 3.60E - 13 8.60E — 12 6 34.65087 1.31E-02
7 3.10E - 08 6.10E — 12 1.30E - 11 3.00E - 11 7 34.65057 3.32E-03
8 1.80E - 10 3.10E - 11 2.30E - 10 2.10E-10 8 34.64765 1.92E - 03
9 7.50E — 11 3.40E - 11 6.80E — 10 740E - 10 9 34.64567 1.22E-03
10 2.50E - 11 9.90E - 10 8.70E - 09 6.60E - 09 10 34.64432 8.11E - 04
11 2.00E - 09 9.60E - 09 8.90E - 09 5.40E - 07 11 34.64335 5.62E - 04
12 34.64265 4.02E - 04
TaBLE 4: Condition number of first eigenvalue for hp-SEM. 13 34.64212 2.95E - 04
N ho1/2 he1/a ho1/s h=1/16 14 34.64171 2.22E - 04
15 34.64139 1.71E - 04
3 4.284381324 4.270132842  4.269625046  4.269615821 16 34.64114 133E — 04
4 4267343095  4.269607452  4.269615638 4.26961567 7 34.64094 LO6E — 04
5 4269636446  4.269615725 4.26961567 4.26961567 18 34.64078 849F — 05
6 4.269619135 4.26961567 4.26961567 4.26961567
7 4.269615617 4.26961567 4.26961567 4.26961567
8 426961567 4.26961567 4.26961567  4.26961567 is large enough, which is caused by round-oft errors derived
9 4.26961567 4.26961567 4.26961567 4.26961567 from the bad condition number of eigenvalue. In Figure 3, we

5.1.4. Validity of the Error Indicator. Denote

1/2 1/2
Vo = < > Nﬁ“ﬂfc;x> < Y Nﬁ“qii) . (110)

K€K, k€K,

From Theorem 19, we know that v, is a reliable error
indicator for Ay ;. We choose v, (setting & = 0 in (110)) as
a posteriorii error indicator.

In Figures 2 and 3, we denote the true error and est. error
with |4y, = Al and v, respectively.

As is depicted in Figure 2, when the polynomial degree
N < 12, the error indicator v, can properly estimate the
true errors of LGL-SM for the first eigenvalue, however, also
slightly underestimate the true errors. It is easy to see that v,
shows almost the same algebraic decay as the true error with
the polynomial degree N (<12) increasing. Nevertheless, the
error indicator v, cannot approximate the true errors if N

give the comparison between the error indicator y, and the
true errors for hp-SEM.

5.2. Example 2. Consider the nonsymmetric eigenvalue
problem

—Au + 10u, = Au,
(1)

u=0, onoQ.

A reference value for the first eigenvalue (simple eigen-
value) of (111) is 34.6397 given by [5]. And the corresponding
eigenfunctions have the singularity at the origin. Next, we
shall compare the relevant numerical results between P-SEM
and the other methods adopted in this paper. Note that
here and hereafter P-version methods are for the fixed mesh
fineness h = 1. Table5 lists part data of the approximate
eigenvalues computed by P-SEM and the corresponding error
indicator v, for reference.
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-10

log;(error)

|
—
8]

=25

N
S 6 o0 o

5 10 15 20 25

Degree of polynomial space

-o- Est. error
—— True error

FIGURE 2: The Error indicator y, of LGL-SM.

—10 ¢

_12 -

2 3 4 5 6 7 8 9 10
Degree of polynomial space

—+— Est. error
—4— True error

FI1GURE 3: The Error indicator y, of hp-SEM (h = 1/2).

5.2.1. Stability of P-Version Methods. Figure 4 indicates that
the eigenvalues computed by P-FEM will not seriously deviate
from the results computed by P-SEM until the interpolation
polynomial degree N is up to 19. This phenomenon coincides
with the abnormity of condition number of first eigenvalue
for P-FEM (see Figure 5). The reason is that the singularities
of the eigenfunctions limit the accuracy of both kinds of
methods; this is slightly different from the case of the eigen-
value problem with the sufficiently smooth eigenfunctions.

5.2.2. P-SEM versus Other Methods. By calculations, we find
that, in the case of the linear FEM, for fixed mesh fineness
h = 1/256, the approximate eigenvalue is 34.6403 with degree
of freedom up to 195585. But P-SEM with the polynomial
degree bi-22 can reach this accuracy, and the corresponding

13

40
34.6404
30

20T

A
10 1

First eigenvalue

—10

-20

-30

2 4 6 8 10 12 14 16 18 20 22
Degree of polynomial space

—— P-FEM
—A— P-SEM

FIGURE 4: The Approximate 1st eigenvalue of P-SEM and P-FEM.

100
90
80

701

Condition number of first eigenvalue
w
S

Degree of polynomial space

—*— P-FEM
—4— P-SEM

FIGURE 5: Condition number of first eigenvalue for P-SEM and P-
FEM.

degree of freedom is merely 1365. Compared with the linear
FEM, hp-SEM can obtain a higher accuracy with less degrees
of freedom as follows: for fixed & = 1/16 and N = 10, the
approximate eigenvalue is 34.63984 with degree of freedom
76161 but P-SEM with polynomial degree bi-44 can reach
this accuracy. Therefore, P-SEM is more eflicient for the
eigenvalue problems with the singular solutions than the
other methods.
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