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Abstract We consider the Erlang A model, or M/M/m + M queue, with Poisson
arrivals, exponential service times, and m parallel servers, and the property that waiting
customers abandon the queue after an exponential time. The queue length process is in
this case a birth—death process, for which we obtain explicit expressions for the Laplace
transforms of the time-dependent distribution and the first passage time. These two
transient characteristics were generally presumed to be intractable. Solving for the
Laplace transforms involves using Green’s functions and contour integrals related
to hypergeometric functions. Our results are specialized to the M /M /oo queue, the
M /M /m queue, and the M /M /m /m loss model. We also obtain some corresponding
results for diffusion approximations to these models.

Keywords Erlang A model - Queueing theory - Complex analysis - QED regime -
Time-dependent analysis

1 Introduction

In many real-world systems customers that are waiting for service may decide to
abandon the system before entering service. In the process of designing systems, it is
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important to understand the effect of this abandonment phenomenon on the system’s
behavior. There has been a huge effort in developing models for systems that incor-
porate the effect of abandonments, also referred to as reneging or impatience (see,
e.g., Dai et al. 2010; Garnett et al. 2002; Ward and Glynn 2005; Whitt 2004, 2006a, b;
Kang and Ramanan 2010; Zeltyn and Mandelbaum 2004, 2005). The simplest yet
widely used model is the completely Markovian M /M /m + M model, also known as
the Erlang A model. Its performance analysis has been an important subject of study
in the literature (see for example Garnett et al. 2002; Whitt 2006¢), not only because
the Erlang A model is being used in practice (Mandelbaum and Zeltyn 2007), but also
because it delivers valuable approximations for more general abandonment models
(Whitt 2005).

The Erlang A model assumes Poisson arrivals with rate A, exponential service
times with mean 1/u, m parallel servers, and most importantly, it incorporates the
feature that waiting customers abandon the system after exponentially distributed times
with mean 1/7. Let N(¢) denote the queue length at time ¢. Assuming independence
across the interarrival, service and reneging times, the queue length process is a birth—
death process (N (¢));>0. The stationary distribution of this process, and associated
performance measures like delay or abandonment probabilities, are easy to obtain
(Garnett et al. 2002; Mandelbaum and Zeltyn 2007). In contrast, studying the time-
dependent behavior of (N (¢)),>0 is generally judged to be prohibitively difficult (Fralix
2013; Ward 2012) because, among other things, the Kolmogorov forward equations
do not seem to allow for a tractable solution. The main contributions of this paper are
the exact solutions of both the forward and backward Kolmogorov equations, leading
to exact expressions for the Laplace transforms of the time-dependent queue length
distribution in Sect. 2 and first-passage times in Sect. 3.

The birth—death process describing the Erlang A model has birth rates, conditioned
on N(t) = j,Aj =XAand deathrates u; = jufor j <mand u; =mp + (j —m)n
for j > m. There are available general results for the time-dependent behavior of
birth—death processes. Karlin and McGregor (1957a,b, 1958) have shown that the
backward and forward Kolmogorov equations satisfied by the transition probabilities
of a birth—death process can be solved via the introduction of a system of orthogonal
polynomials and a spectral measure. For each set of birth and death rates (A}, i ;)
there is an associated family of orthogonal polynomials. In some cases, when the
set (A, ;) is assumed to have a special structure, these orthogonal polynomials
can be identified. One such special case is the M/M/m queue, with A; = A and
wj = min{j, m}u. Notice that the Erlang A model incorporates the M/M/m queue
as the special case n — 0. Karlin and McGregor (1958) have shown for the M /M /m
queue that the relevant orthogonal polynomials are the Poisson—Charlier polynomials.
Determining the spectral measure, though, is rather complicated, which is why van
Doorn (1979) made a separate study of determining the spectral properties of the
M /M /m queue, starting from the general expression for the spectral measure in Karlin
and McGregor (1958) in terms of the Stieltjes transform. For the same M /M /m queue,
Saaty (1960) derived the Laplace transform of Prob[N () = n] over time, in terms
of hypergeometric functions. As in Saaty (1960), we do not resort to the approach in
Karlin and McGregor (1957a,b, 1958) for solving the Erlang A model, but instead opt
to derive the explicit solution for the Laplace transform of Prob[N (¢) = n] in a direct
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manner. The inverse transform then gives the desired solution for the time-dependent
distribution, and we can also obtain the time-dependent moments. Mathematically, we
shall use discrete Green’s functions, contour integrals, and special functions related
to hypergeometric functions. Having explicit expressions for the Laplace transforms
is useful for ultimately obtaining various asymptotic formulas, which would likely be
simpler than the full solution and yield insight into model behavior.

Due to the cumbersome expressions for some of the stationary characteristics, and
the presumed intractability of the time-dependent distribution, simpler analytically
tractable processes (D(t));>0 have been constructed that have similar time-dependent
and stationary behaviors as (N (¢));>0. This can be done by imposing limiting regimes
in which such approximating processes naturally arise as stochastic-process limits.
Ward and Glynn (2002) make precise when the sample paths of the Erlang A model
(and extensions using more general assumptions Ward and Glynn 2005) can be approx-
imated by a diffusion process, where the type of diffusion process depends on the
heavy-traffic regime. The diffusion process (D(t));>o is generally easier to study
than the birth—death process (N(#));>0, and can thus be employed to obtain sim-
ple approximations for both the stationary and the time-dependent system behavior.
In Ward and Glynn (2002, 2003, 2005) the limiting diffusion process is a reflected
Ornstein—Uhlenbeck process, whose properties are well understood (Fricker et al.
1999; Linetsky 2005; Ward and Glynn 2003). Garnett et al. (2002) proved a diffusion
limit for the Erlang A model in another heavy-traffic regime, known as the Halfin—
Whitt or QED regime. In this regime, the diffusion process (D(¢));>0 is a combination
of two Ornstein—Uhlenbeck processes with different restraining forces, depending on
whether the process is below or above zero. Both the stationary behavior (Garnett
et al. 2002) and the time-dependent behavior (Leeuwaarden and Knessl 2012) of this
process are well understood. From our general result for the Laplace transform of
Prob[N (t) = n] we show how the results obtained in Leeuwaarden and Knessl (2012)
for the above diffusion processes can be recovered. See the survey paper Ward (2012)
for a comprehensive overview of diffusion approximations for many-server systems
with abandonments.

The paper is structured as follows. In Sect.2 we work towards Theorems 1 and 2
that provide explicit expressions for the Laplace transform of the time-dependent
distribution of (N (¢));>0. In order to do so, we first reformulate the forward Kol-
mogorov equations in terms of difference equations in Sect. 2.1 and Laplace transforms
in Sect.2.2. In these steps we identify several key special functions of which some
properties are proved in Sect. 2.3. Then, in Sect. 2.4 we prove Theorems 1 and 2 using
all preliminary results in Sects.2.1-2.3. In Sect.2.5 we consider the limiting steady
state case, and in Sect. 2.6 we treat the special cases n = u = 1 (M /M /oo queue),
n — 0% (M/M/m queue) and n — oo (the M /M /m/m loss model).

In Sect. 3 we follow a similar approach to obtain in Theorem 3 the Laplace transform
of the distribution of the first time that (N (¢));>o reaches some level n, > m. This
resultis established in Sect. 3.1. We then again specialize the general results in Theorem
3 to several limiting cases. In particular, we derive in Sect. 3.2 results for the Halfin—
Whitt regime. Finally, we give in Sect. 3.3 an expression for the mean first passage
time.
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146 C. Knessl, J. S. H. van Leeuwaarden

2 Transient distribution
2.1 Expressions in terms of difference equations
We let N(¢) be the number of customers in the system and set

pn(t) =Prob[N(t) =n | N(0) = nol, (2.1)
so that p,(¢) depends parametrically on the initial condition n¢, as well as the model
parameters m, n and p = A/u. Since N (¢) is a birth—death process with birth rate A,

death rate (setting u = 1) N(¢), for N(¢) < m, and death rate m + [N (t) — m]n, for
N(t) = m, the forward Kolmogorov equations are

po(t) = pi(t) — ppo(t) (2.2)

(@) = plpn—1(t) — paO]+ (1 + Dppy1(t) —np, (), 1<n<m—1,
(2.3)

Po() = plpm—1) — pm ()] + (m + 1) py1(t) — mpy (2), 2.4

andforn >m + 1,

Po(t) = plpn—1(t)— pu(O1+Im~+n—m+1)n]pps1 () — [m+@m—m)nlp, ()

2.5)
with the initial condition
pn(0) = &(n, ng), (2.6)
with 8(n, ng) = 1 for n = ng and 8 (n, ng) = 0 for n # ng. Setting
P o0
o) = [ e @7
0
and assuming that 0 < ng < m we obtain from (2.2) to (2.6)
Pi(6) — (p+0)Py(6) =0 (2.8)
(n+1D)Pyt1(0) + pPr—10) — (p + 0 +n) Py (0) = —=8(n,ng), 0<n<m,
2.9)
[m + (n = m + D)n1Pyy1(0) + pPy_1(0)
—[p+0+m+ mn—mnlP,0)=0, n=>m. (2.10)

If ng = 0 the right side of (2.8) must be replaced by —1, while if ng > m the right
side of (2.10) must be replaced by —§(n, np), and then the right side of (2.9) is zero.
We proceed to explicitly solve (2.8)—(2.10), distinguishing the cases 0 < ngp < m and
no > m, and then we show that the results also apply for no = m and ng = 0.
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2.2 Special function solutions to the difference equations
Since the coefficients in the difference equations in (2.9) and (2.10) are linear functions

of n, we can solve these explicitly with the help of contour integrals. First consider
the integral

1 eP?
Fq.(0) = 27'”/6‘ md (2.11)

where Cy is a small circle in the z-plane, on which |z| < 1. The integrand in (2.11) is
analytic inside the unit circle, if we define

(1 _Z)Q — |1 _ Z|06i0arg(lfz)
with |arg(l — z)| < m, so that for z real and z < 1, arg(l — z) = 0. By expanding
(1—2)=1402+00+1)2%/2!+... (2.12)

as a binomial series, we obtain the alternate form

N T NN I A
F”(G):z( Y 17

£=0
AL N ()

= , (2.13)
; (n— 0! T

where I'(-) is the Gamma function. It follows that F_;(0) = 0, Fp(8) = 1 and
F1(0) = p+6, and hence F},(0) satisfies Eq. (2.8). Furthermore, from (2.11) we have

p(Fn1 — F) +(n+ DFpp1 —(n+0)F,

. 1/ el 1 ( o+ n—+1 ol 4
T 2 Jo, o (= |77 7 ¢

_ ! d e’ dz =0 (2.14)
T 27 Co dz n+1(1_Z)9—1 =0 :

as the contour Cy is closed and the integrand in (2.14) is a perfect derivative. Thus F}, (9)
provides a solution to the homogeneous version of (2.9) (with the right side replaced
by zero). We shall solve (2.8)—(2.10) using a discrete Green’s function approach, and
this will require a second, linearly independent, solution to (2.9). Such a solution may
be obtained by using the same integrand as in (2.11) but integrating over a different
contour. Thus we let

1 el
G, (6 ¢ 4 2.15
®) =2 /C (- 1) O 2.15)
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148 C. Knessl, J. S. H. van Leeuwaarden

where C goes from —oo —ie to —oo 4+ i¢ (¢ > 0), encircling z = 1 in the counter-
clockwise sense (see Fig. 1). In (2.15) we use the branch (z — 1)¢ = |z —1]¢!f ar2G=D)
where | arg(z — 1)| < 7, so the integrand is analytic in C — {Im(z) = 0, Re(z) < 1}.
By a calculation completely analogous to (2.14), and noting that Cy begins and ends
at z = —oo, where the integrand in (2.15) decays exponentially to zero, we see that
G, (0) satisfies the homogeneous form of (2.9). However, G,, does not satisfy the
boundary equation in (2.8), and we now have

1 ePr ep,og’1
G_1(0) = — dz = . 2.16
0= o /Cl -1 "7 1O (210

Now consider (2.10). We shall again construct two independent solutions to this
difference equation. Let f, satisfy [p +60 +m + (n — m)n] fn = pfu—1 +[m + (n —
m + 1)n] fn+1 and represent f,, as a contour integral, with

fo= / " F(2) dz, (2.17)
c
for some function F(-) and contour C. Then we have

! —m+1
[ loromtm—mn o= - =D 4o 2,
cz z Z

(2.18)

We use integration by parts in (2.18) with

n 2 F'(2)

and for now assume that C is such that there are no boundary contributions arising
in (2.19), from endpoints of C. Using (2.19) in (2.18) we can rewrite (2.18) as a
contour integral of z7"~! times a function of z only, and if (2.18) is to hold for all
n we argue that this function must vanish. We thus obtain the following differential
equation for F(z):

nF ()(z—1)+ .7:(Z)|:,0 +0+m(—n)—pz— %(1 - 77)1| =0, (2.20)

whose solution is, up to a multiplicative constant,
F(z) = P/ (z — 1) 0/mgmz=—m/n, 2.21)

Now we use (2.21) in (2.17) and make two different choices of C and different
branches of (2.21), to obtain two independent solutions to (2.10). Note that now (2.21)
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Im(z)

\_/"*/'—(\C]
- 1 Re(2)
/\
Im(z)
vé//<§ \Cz
- 1 Re(z)
/\ //

Fig. 1 A sketch of the branch cuts and the contours C and Cp

has branch points both at z = 1 and z = 0. We let

1 ePz/n
Hn(e, m) == %/Cl (Z — 1)9/nzn+1—mzm/ﬂ dZ, (222)

where C1 is as in (2.15) (or Fig. 1) and the branch of (z — 1)?/7 is
Iz — 11977 expli6 arg(z — 1) /] (2.23)

with | arg(z — 1)| < 7, and /" = |z|™/" exp[im (arg z)/n] with | arg(z)| < 7.
Then the integrand in (2.22) is analytic in C — {Im(z) = 0, Re(z) < 1}. For the
second solution we set

1 ePz/n
In(e, m) = Z_M/CZ (] — Z)G/UZ"‘H*mZm/’? dZ, (224)

where C» goes from —oo — i¢ to —oo0 + i¢, encircling z = 0 in the counterclockwise
sense, and (1—z)?/" is defined to be analytic exterior to the branch cut where Im(z) = 0
and Re(z) > 1, similarly to (2.11). Also, /" is defined as below (2.22), so the
integrand in (2.24) is analytic exterior to the branch cuts where Im(z) = 0 and Re(z) <
0 or Re(z) > 1, and in particular on the contour C; (see again Fig. 1).

We have thus shown that the general solution to (2.10) is a linear combination of
H, and I, while that of (the homogeneous version of) (2.9) is a combination of F},
and G,,.
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150 C. Knessl, J. S. H. van Leeuwaarden

2.3 Properties of the key special functions

We now establish several useful properties of these functions. The integrals in (2.11),
(2.15), (2.22) and (2.24) may all be expressed in terms of generalized hypergeometric
functions, but we shall not use this fact. First, we note that if n = 1 then F,, = I,, and
G, = H,. The latter is obvious since (2.15) and (2.22) have the same contour Cj,
while if n = 1 in (2.24) the branch point at z = 0 disappears and C> may be deformed
to the loop Cp in (2.11).

The functions H, and I,, have very different asymptotic behaviors as n — o0. For
n large, standard singularity analysis shows that the asymptotics of /,, are governed
by the singularity at z = 1, and then setting z = 1 — & /n and letting n — oo in (2.24)
yields

eP/n

. 1= oo (2.25)
L©/n)

I~ el L / n0/1=168 =0/ gg — /11
2mi Cs
Here C¢ goes from —o0 — ie to —0o0 + ig, with ¢ > 0, and encircles § = 0.
Thus 1, has an algebraic dependence on n for n large. To expand H, we can simply
dilate the contour C; in (2.22) to the range |z| > 1 and then expand (z — 1)?/7 =
221 — 0/(nz) + O(z~?)]. We thus obtain

n—m+m
p " 1
H,(©) ~ (—)
n r (n +1 4 1 m)
0+m
1 n—m+="-— mto
~_7(£) I N (2.26)

n! \(n

and hence H, decays roughly as 1/n!. Here we also used I"'(n + x) ~ I'(n)n*, which
holds for n — oo and x fixed. Next we consider the discrete Wronskian

Wy = Wy (0;m) = Hy(0; m)1,41(0; m) — Hy1.1(0; m)1,(0; m).  (2.27)
Using the fact that H,, and [, satisfy (2.10) we find that
pUnHp—y — In—1Hp) +[m + (n —m + DIy Hyy1 — Hylpy11 =0 (2.28)

and thus W, [m 4+ (n — m + 1)n] = pW,_1. Solving this simple recurrence leads to

W, (0: m) = w,(0: m) (3) ! . (2.29)
1T (n % —m+2)

To determine w4(-) we let n — o0 in (2.27), and use (2.25) and (2.26). Then
H,\ <« H, with I,, 11 = O(l,), so that
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Transient analysis of the Erlang A model 151

0+m

1 eP/n P ey m—1-2
W, ~ Hn1n+1 ~ —'—9 — n nm, n— OQ. (230)
Halc

n

Comparing (2.29) with (2.30) we determine w,(-), and thus

ePIn [ o\ 1
Wy, = —— (—) . (2.31)
r(ﬁ) n F(n—m+2+ﬂ)
n n
A completely analogous calculation shows that
_ eP pn+9
W, =—-Gup1Fy+GpFyqy = —_— 2.32
n n+1Fn + Gplpt NOXCESN ( )
which also follows by setting n = 1 in (2.31).
2.4 Main results: solutions of the difference equations
We solve (2.8)—(2.10) for 0 < ng < m, writing the solution as
AF,(0), 0<n<ng
Py(0) = { BF,(0) + CGu(0), no<n<m (2.33)
DH,(6;m), n>m.

Then Is\n will decay faster than exponentially as n — o0, in view of (2.26), and
satisfy the boundary equation in (2.8), since F}, does but G,, does not. It remains only
to determine A, B, C, D; these functions will depend only on 6 and the parameters
m, 1, p. By continuity at n = ng and n = m, we have

AFy, = BFy, + CGy,

(2.34)
BF, + CG,, = DHy,.
Then using (2.10) with n = m leads to
(m+0+p)DHy = p(BFp—1+CGp1) + (m+n)DHyy, (2.35)

and using (2.9) with n = ng (then §(n, ng) = 1) leads to
PAFn,—1 + (no + D(BFug41 + DGpgy1) — (0 +0 +no)AF,, = —1. (2.36)
If we introduce a and « by setting

A = a[Fy, + aGyylH (2.37)
B =aF,H,, C=aaF,H, (2.38)
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152 C. Knessl, J. S. H. van Leeuwaarden

D =alF, +aGy,lF,,, (2.39)
then both equations in (2.34) are satisfied. Using the fact that
PFng—1 + (no + D Fyyt1 = (p + 0 + no) Fry,
and B — A = C G,/ F,,, we obtain from (2.36)

1
no+1°

G
c (—ﬂFnoﬂ + Gn0+1) = (2.40)

Fu,
Then using the Wronskian identity in (2.32), with n = ng, and (2.38) we see that

no!l’'(B)e™ P

aaH,, =
m pn0+0

(2.41)

Using the fact that H,, satisfies (2.10) with n = m, (2.35) is equivalent to BF,,_1 +
CG,—1 = DH,,—1 and using (2.38) and (2.39) leads to

Hy Fy o +aHy, Gy = Fy Hy 1 + oGy Hy

and thus

F,H, —H,F,_
o= imel 7 Tmome ] (2.42)
Hm Gm—l - Gm Hm—l

R Using (2.41) and (2.42) in (2.37)—(2.39), and then in (2.32) we have thus solved for
P,(0), which we summarize below.

Theorem 1 For initial conditions 0 < nog < m, the Laplace transform }/;,,(9) =
fooo e~ p,(t) dt of the time dependent distribution of N(t) is given by

Finy (0) Hy (05 m)

O LA oy ey ey e AL
Pal0) = " @)
g s oy e e )
(2.44)
P, (0) = %M@)
[ e 0] v

(2.45)

Here F,, G, and H,, are given by the contour integrals in (2.13), (2.15) and (2.22).
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Transient analysis of the Erlang A model 153

Thus far we have established this result only for 0 < no < m. However, it holds
also if ngp = 0. We need only verify that (2.44) satisfies the boundary equation (2.8),
which becomes 13\1(0) —(p+ 0)?()(9) =—1ifng=0.But G; — (p + 0)G( can be
computed from (2.15) as

1 2
Gi= (o +00Go- 5= [ il =+ 0)21dz
c ? (

2mi z—1)¢
1 ePr d ePr J
" 27i e, [_p(z 7 Tz [Z(z— 1)9‘1“ ‘
p A0
__£0 (2.46)
'©)

Since F1 = (p + 6) Fop, using (2.46) and (2.44) with ngp = 0 yields
Pi(®) = (p + 0) Py(0) = —1.
We can also show that if nyp = m, the expressions in Theorem 1 satisfy (m +
1) Pps1+pPun—1—(p+6+m)P, = —1, corresponding to initial conditions N (0) =

m, i.e., starting with all m servers occupied but no one in the queue.
We note that if ng = m, (2.43)—(2.45) somewhat simplify, to

m

P,(0) =

-1 Fy Hy,
p { m (2.47)

nz
FmHm—l_HmFm—l Han, O<n<m

Next we assume that N (0) = ng > m. Now we must solve the homogeneous form
of (2.9) with the boundary condition in (2.8), and these imply that 13,1(6) must be
proportional to F, for all 0 < n < m. Thus now G, will not enter the analysis. For
n large, f/;,,(é) must again be proportional to H,,, which has the appropriate decay as
n — oo. Now we write

AF,(0),

0<n<<m
P,() = Y BH,(0; m) + C1,(0;m), m <n <ng (2.48)
D H,(6; m), n = ng

Imposing the continuity conditions at n = ng and n = m yields

AF,, = BH,, +C1I, (2.49)
DHyy = BHyy + Cly,. (2.50)

Setting n = m in (2.10) then yields

(m + 77) [EHm-i-l + élm_t,-[] + pZFm_l
=[p+60+m+(n—mnl[BHy+ Cly] (2.51)
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154 C. Knessl, J. S. H. van Leeuwaarden

and (2.10) with n = ng and the right side replaced by —é(n, ng) = —1 leads to

[m + (no — m + Dn1DHyys1 + p(BHyys1 + Clyy—1)
—[p 46 +m+ (no —m)n]DH,, = —1. (2.52)

Thus (2.49)—(2.52) yields four equations for the four unknowns A, B,C, D. They
can be solved similarly to (2.37)—(2.39), and we give below only the final result.

Theorem 2 For initial conditions ng > m, ﬁn(O) is given by

R 1 ng—m—1444m 0
Pa(6) = ~ /" (ﬁ) "t (_) r (no w1+ T)
p p n n
Ly Fpo1 — In F,
X [1,,0+ moml mo Hno] Hy,, n = no; (2.53)
Fin Hy—1 — Hy F—1

R 1 ng—m—14221 0
P,(0) = —e P/ (2) ! F(—)F(no—m+l+ﬂ)
o o n n

Ly Fru—1 — In—1 Fi
x |1 H, | H,,, < n < np; 2.54
|: n+ Fo Hy1 — Hy Fryi ni| ng, M n no ( )
1 m—ngF(n()—m-i—l-i-m) H F

Pn(e)z_(ﬁ) : — , 0<n<m.

P \1N [‘(1+ﬂ) Fn Hy—1 — Hy Fyyq

n

(2.55)

Here F,,, H, and I, are given by the contour integrals in (2.11), (2.22) and (2.24).

We note that if ng = m, expression (2.54) is not needed, and then (2.53) and (2.55)
agree with the expression(s) in (2.47). Setting ng = m in (2.53) and using

O+m 4
eP/n 1 o\ 7
Iy Hy—1 — Iy—1 Hyy = (_) ’ (2.56)

F(%)l"(%—i—]) n

which follows from (2.31), we obtain (2.47) for n > m.

2.5 Limiting case: steady state

We proceed to examine some limiting cases of Theorems 1 and 2, where the expressions
simplify, sometimes considerably. First we consider the steady state limit of p, () as
t — 00, which corresponds to the limit of 913\,1(6’) as & — 0. First, observe that as
0 — 0, (2.11) and (2.15) yields

F,(0) = — = G,(0), (2.57)

o"
nl
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while (2.22) and (2.24) lead to

0 n—m+m/n 1
H,(0;m) = (—) = I,(0; m). (2.58)
n P(n—m+1+2)

Now consider ng > m, where Theorem 2 applies. At0 = 0,
Fin(0) Hyy—1(0; m) = F—1(0) Hy, (0; m) (2.59)

and 1,,,(0; m) F,,_1(0) = I,,,_1(0; m) F,;,(0), in view of (2.57) and (2.58). To estimate
the various terms in (2.53)—(2.55) as & — 0, we first compute

d
Ay = —[F, Hy1 — Hy Fiy1] p

do =0
= F, (0) Hyu—1(0; m) + F,,(0) H,,_,(0; m)
— H,,(0; m) Fp—1(0) — Hy (0; m) F,,_(0). (2.60)

Using (2.57) and (2.22) we have

Fu(0) Hy,_1(0; m) — F,,—1(0) H,,(0; m)
m—1

P
= [0H,,_1(0; m) — mH,,(0; m)]

_mt / “loge = D per | mlogG = 1) ey
. 2ni ¢ n Zm/17 n ZH—m/’l
pm*] 1 d eP?/n
- — [ loge—1)—|-——+|d
w2 Jo, BTV g | T |
p’”_l 1 eP/n

= —_— _dZ
m! 2mi Jo, 20z —1

m—1 20 1 P/
= T [z_m /Cl L Tm/n dz]

M

=0
pm—l o P =+ 1
= — Z(_) - (2.61)
m: =0 n F(Z+1+%)

We can take |z| > 1 on Cy, and then expand (z — 1)~! as a Laurent series on Cj.
Using (2.58) and (2.11) we have

Hyy—1(0; m) F,, (0) — Hy (05 m) Fy,_, (0)

— M [mFr;(O) _pFr/n—l(O)]

H,©0) 1 Pz Pz
_ m()_./ “log(1 — 2) mel_,Oe iz
0 27T Co Zm—i— zm
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H,0) 1 d (er*
= — log(1 —2) —\ — ) dz
p 27 Je, dz \ 7"

Hm(O)L/ ePt ldz

P 2mi COI—ZZ_m
m/n m—1
_ P 1 P
=p (n) - 2]!, (2.62)
F(1+7) J=0

where now on Co we canexpand (1—z) ™! as ZZ”;O z¢, since |z| < 1.Combining (2.61)
with (2.62), (2.60) then yields

N =0 I’

_(e\"" 1 m_lp_ M~ (/"
Al_() p r( )JZ:;)J' TPy (e+1+ ) 2

Now let Ay = S [Fy 1 = In Fy-1| . Since I, = Hy when 6 = 0, the

difference between A and Aj is

A1 — Ay = F(0) [Hy,_ 1 (0;m) — I, (0;m)]
Fon— 1(0) [H,,0;m) — I, (0- m)]

oM 1 eP?/n
/ / dz, (2.64)
m! 2mi o Jo) \z— z—1 zmin

when we used (2.24) and calculations similar to those in (2.61). But the difference
between the contour integrals over C1 and over C» is simply the residue from the pole
at z = —1, and thus

m—1
o eP/n. (2.65)

A]—Az:p

Using (2.63)—(2.65) we thus have

Iy Frpm1 — In—1 F, A
ellI%i[In0+ m 'm—1 m—1LTm Hn01| Hn] HnO(O m)H(O m) |:1_A_2:|’

Fm Hm—l _Hm Fm—l 1
(2.66)

and (2.66) can be used in view of (2.53) and (2.54), for both n € [m,nglandn > n
Then 6T (0/n) — nas® — 0and F,, Hyy_1 — Hy, F1 = 0A1 + O(6%). We have
thus obtained the steady state limit from Theorem 2 as stated below (see e.g., Garnett
et al. 2002; Ward 2012).
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Corollary 1 The steady state distribution is

" P\ " F(“F%)
pn(00) = K— (—) , n>=m, (2.67)
m: m
n r (n —m+1+ n)
n
Pn(00) = e 0<n<m, (2.68)

with

= Z;pJ_ %z(ﬁ)g—z(“r%) 7. (2.69)

n/r £+1+%)

Note that K and A are related by pAI'(1 + m/n)(p/n)~™" K = 1. While
we obtained Corollary 1 from Theorem 2, which applies for ng > m, the result is
independent of np and Corollary 1 will also follow from Theorem 1 using very similar
calculations to those in (2.60)—(2.66), which we omit. Of course, p,(co0) is more
easily obtained by letting t — o0 in (2.2)—(2.5) and solving the resulting elementary
difference equations.

2.6 Limiting cases: extreme abandonments rates
Next we evaluate Theorems 1 and 2 for the special cases n = 1, n — 0T (vanishing
abandonment effects) and n — oo. For = 1 the model reduces to the standard

infinite server M /M /oo queue, and from Theorems 1 and 2 we obtain the following.

Corollary 2 When n = 1 the Laplace transform of p, (t) is given by

—~ r@nle=? | Fny(0) Gp(0), n>n
By = Ll " )’”9 m0(6) Gn(®) 0 (2.70)
P [ Gy (0) Fu(0), 0 < n < ng.
A spectral representation of p,(t) is then
nole™ <= pk _
Pa(t) = — — M Foy(—k) Fy(—k) (2.71)
oo k!
k=0
where
in{k,n} —j
L[ a-2* S (k o
Fy(=k) = — Pldz = ) (=1 , 2.72
"=t Jey e © /Zo i) e ¢
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and an alternate form is given by

pa®) = p" (1 —e") exp[—p (1 —e")]

min{n,ngp}

. z (nj()) piemit (1 . e—t)nonj 1 1 (2.73)

s (n—j

and then p,(c0) = e " p" /nl.

We have already seen that when n = 1, H, = G, and I, = F, and we have
the Wronskian identities in (2.31) and (2.32). Then both Theorems 1 and 2 reduce
to (2.70), and we need not distinguish the cases ng = m, as m disappears altogether
from the expressions. Now, from (2.11) and (2.15) it is clear that F},(6) and G, (0) are
entire functions of 8, for every n. Thus the only singularities of (2.70) are the poles
of I'(#), which occurat = —N, N =0, 1, 2, ... and the corresponding residues are
(=N /N!.When# = —N, G, and F,, are no longer linearly independent, and in fact
G.(—N) = (=) F,(—N), which follows by comparing (2.15) with (2.11). Thus
evaluating the contour integral p,(t) = Qmi)~! fB . eetﬁl(é)de (where Re(#) > 0
on the vertical Bromwich contour) as a residue series we obtain precisely (2.71), with
(2.72). To obtain the expression in (2.73) we represent the F,, (—k) in (2.71) as contour

integrals, yielding
—p(1 e ) / / exp (pzwe™)
(27”) o n0+1wn+1

xexp[p(l—e Nz+p(l—e")w] dzdw

1 p(1—eHw
= el t)%/cewn—ﬂ[ ‘1= dw. 274

pu(t) =

Then expanding [we_’ +1—e" ]”O using the binomial theorem leads to (2.73).

Note that as t — 0 (1 - e_l)"+"°_2] — O unless n = ng and j = n, so that
pn(0) = 8(n, ng). Ast — oo only the term with j = 0 in (2.73) remains and we
obtain the steady state Poisson distribution. If n = 1 it is easier to solve (2.2)—(2.6)
using the generating function G(¢, u) = ZZ‘;O pn(t)u” which leads to the first order
PDE

d
a—g+( —n—g—p(u—l)g GO, u) = u™ (2.75)

whose solution is
Gt,u)=exp[p(l—e™") (u—D][1+ @—De']". (2.76)
Inverting the generating function then regains (2.73).

Next we let n — 0T, so that the model reduces to the m-server M/ M /m queue.
Then we obtain the following.
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Corollary 3 When n = 0 the Laplace transform of p,(t) is given by, for 0 < ng < m,

no! Fag OTA@O)]" ™

P,(0) = — p™ "0 . n>=m, 2.77
n@) m* (m + 1) Fipt1(0) — A@)mF,, (0) (&30
1
A(9)=%[m+p+9—\/(m+p+9)2—4mp], (2.78)
~ no!T(6)e™" MA G, — (m+ )Gyt
P0)=——"—|G Frys no <n <m,
0 (0) p"0+0 n+ i+ )Fpe) —mAF, n|fnyg, OSSN M
(2.79)
no!l"'(B)e P mA G, —(m+ 1)Gp41
P(0) = ——— Fu | Fuo 0<n<no.
n( ) ,0"0+0 no (m n I)Fm—i-l “ A Fm no n n no
(2.80)
For ng > m we have
- F,
P,(6) = B™ "0 u , 0<n<m, (2.81)
(m+ D Fpty1 — Am Fy
1
B(@):%[p+m+9+\/(m+,0+9)2—4m,0], (2.82)

— 1
Py (0) =
Vm +p+60)2 —4dmp

(m+ 1)Fyye1 — Bm Fy,
Am Fypy — (m + 1) Fyuqq

x | B0 4 An—m pm—no

, m<n<ng, (2.83)

1
Vm+p+60)2 —4mp

(m + 1) Fyuy1 — Bm Fy, |

X | A"TM0 4 pmTo gn—m
Am Fy — (m+ 1) Fyyq |

, nZ=nog. (2.84)

We also note that the transient distribution for the M /M /m model was previously
obtained, in different forms, by Saaty (1960) and van Doorn (1979). In van Doorn
(1979) spectral methods are used, while in Saaty (1960) the Laplace transform is
expressed in terms of hypergeometric functions.

To establish (2.77)—(2.84) we need to evaluate H, (8; m) and I,,(8; m) forn — 0.
We write H, in (2.22) as

1 1 1
Hn = % ‘. m exXp |:;f(9, Z):| dz (285)
where
f0,2) = pz—mlogz —0Olog(z — 1), (2.86)
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160 C. Knessl, J. S. H. van Leeuwaarden

so that the integrand has saddle points where df/dz = 0, and this occurs at

|
Z=Zi(9)z%[p+9+m:|:\/(p+9+m)2—4pm]. (2.87)

We can take [z| > 1 on C; and then the saddle at Z determines the asymptotic
behavior of H, as

9 —1/2
N om—n—1 m
Hy~ |—2Z —
" 2t [zi+(z+—1)2}
1
X exp [— [pZy —mlogZy — 0 log(Z4 — 1)]] , n—0". (2.88)
n

It follows that H,,_;/H, ~ Z in this limit,

Hm Gm—l - Gm Hm—l Gm—l - Z+ Gm

— n — 0T, (2.89)
Fo Hypy—1 — Hy Fi—1 Fon Fy — Fip—1

’

and

H, zmn
—
Fo Hyp—1 — Hy Fiy—1 FnZy — Fpi

n—0r. (2.90)

)

But, pFp—1 + (m + 1) Fy1 = (m + p + 0) F, so that

pZsFy = pFpt = pFu(Zs — 1) = (m +0)Fyp + (m + 1) Fpy
=m+1D)Fui1 — Am Fy

as A = 1/Z4 and Z satisfy the quadratic equation
pZi —(p+m+60)Zy +m=0.

Hence (2.43) reduces to (2.77) as  — 07. Also, (2.79) and (2.80) follow from
(2.44) and (2.45), in view of (2.89) and the fact that

Guot = GnZs p_ AmGu — (m+ DGy
FnZy—Fu1 p (m+])F;n+l_Amfm.

Now consider ng > m. We shall obtain (2.81)—(2.84) from Theorem 2. We must
then expand I,,(8; m) for n — 0. Using the saddle point method we find that

0 —1/2
N om—n—1| M

I~ |——7 T —
"oVoan T [zz+(1—z_)2}

X exp [% [,oZ, —mlogZ_ —6log(l — Z)]] , (2.91)
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as the expansion of (2.24), which involves the contour C», is determined by the other
saddle pointin (2.87). Using (2.88) with n replaced by ng, (2.91), and Stirling’s formula
we obtain, after a lengthy calculation, the following limit (as n — 07):

% m
1,65 m) Hyy (6 m) T (;) r (no Flom+ ;)

0+m

no—m—1+
x Lo=om (ﬂ) T gnon ! . (2.92)
p p Vo + 0 +m)?—4mp

After factoring out 7, the bracketed factor in (2.54) becomes

l_l_ﬂ Ly Fin—1 — Im—1 Fi
In Fm Hm—l - Hm Fm—l

Zri_m Fm—l - Zi—H_m Fm

Z By = Z7" Fu
Fn—1—7Z- Fm

Z+ Fo — Fiu—1

m+ 1)Fu41 — BmFy,
Am Fy — (m+ DFpiq’

—- 1+
=1+2zy "z

— 1 +An—m Bm—n

(2.93)

where we againused AZ; = 1, BZ_ = 1 and the quadratic equation satisfied by Z ..
With (2.92) and (2.93) the expression in (2.54) becomes that in (2.83). A completely
analogous calculation shows that (2.53) leads to (2.84) as n — 0. Now consider
(2.55). As n — 0T, by Stirling’s formula,

0 m—nof‘(no—l—l—m—}—%)
(_) — mno—mpm—no
n r (1 + %)

and we also use (2.90) with n replaced by ng, and
plEm Z4 — Fp—1] = (m + D) Fpyp1 — Am Fy,.

Then (2.55) goes to the limit in (2.81), since pZ/m = B. This completes the
proof of Corollary 3.

In the limit n — oo, we expect our results to reduce to the Erlang loss model, or
the M /M /m/m queue. We then obtain the following.

Corollary 4 Asn — oo the Laplace transform of p, (t), for 0 < no < m, approaches
the limit

—~ no!T'(0)e= P
~ no!T"(@)e P
P,(0) = W FulGpy +oFy], 0 < n < ng, (2.95)
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where

_ m+1)Gpu-1 —pGp
pFy — (m+1)Fyq

In particular the blocking probability p,, (t) has the Laplace transform

Finy (0)

P (0) = "—O!p'"—”o : (2.96)
m! (m +1)Fp1(0) — pFn(0)
Note that (2.35) follows by setting n = m in (2.94) and using the

Wronskian W,, in (2.32). To establish Corollary 4, we note that by expanding the
integrand in (2.22) for n — oo we obtain

1 1 mlogz +0log(z — 1

H,,za(n,m)+—[pa(n,m+1)——,/ £z Fg(z )dz]+0(n_2)
n 2 o Zn+ m

(2.97)

Tl

and thus H,,,(0; m) =1+ O(n’l) and nHy,+1(0; m) — p as n — oo. Since
pHpy—1+ (m+n)Hput1 = (p+m+0)Hy

we have H,,_1 — (0 +m)/p as n — oo. Thus, as n — oo,

Hy G-t — Gu Hy— pGpu—1 — (O +m)Gy,
— . (2.98)
Fin Hyn—1 — Hy Fin—1 (9+m)Fm_me—l
But
(m+1)Gpy1 — pGp = —pGp—1 + (0 + m)Gy,
and

(m+ D Fny1 —pFn=—pFn1 + (0 +m)Fy,

so with (2.98), (2.47) and (2.45) yields (2.94) and(2.95) in the limit n — oo.
The blocking probability in (2.96) may also be written as

_ nol  Fy(0)
B, (6) = 20 ym—no 1Y) 2.99
mO) = P e 1 D) 2.99)

since 0F,,(0 + 1) = (m + 1)F,;,+1(0) — pF,;,;(0), which follows from (2.11) with
n = m and an integration by parts. If N(0) = O (starting with an empty system) we

obtain from (2.99)
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re©)
P (’Z) p=T@ + €+ 1)

Pu(0) = (2.100)

Previously expressions for the Laplace transform of the blocking probability were
obtained by Jagerman (2000), who showed that (if ng = 0)

o)

Zoe—ége (1+%)" it

P(0) = (2.101)

and this can easily be shown to agree with both (2.100) and (2.99), as

m

o " TO+1 pz
P e (14 £ g 2 TOF )/ C (-9 ldz (2102)
m! Jo mp 2mi e, 2

follows by expanding both integrands using the binomial theorem.
For general ng € [0, m] the blocking probability is given by

n —
", (;)p re+0

Pu(0) = .
P (’Z) ptT@+E+1)

(2.103)

Since the expressions in Theorems 1 and 2 and even Corollaries 3 and 4, are quite
complicated, it is useful to expand these in various asymptotic limits. One such limit
would have m — 00, p — oo withm/p — 1 and m — p = O(4/m). This is a
diffusion limit, sometimes referred to as the Halfin—Whitt regime. Here we would
scale n, ng and p, form — o0, as

p=m—mB, n=m+/mx, ng=m+/mxp, (2.104)

and x, xo and B are O(1). In this limit we can approximate the contour integrals F;,,
G, Hy, and I, by simpler special functions, namely parabolic cylinder functions. We
discuss this limit in detail in van Leeuwaarden and Knessl (2011) for the M /M /m
model with n = 0, and in Leeuwaarden and Knessl (2012) for the M/M/m + M
model with n > 0. We can obtain then p, (1) ~ m~'/?>P(x, t) where P will satisfy
a parabolic PDE, which we explicitly solved in van Leeuwaarden and Knessl (2011),
Leeuwaarden and Knessl (2012). An alternate approach is to evaluate Theorems 1
and 2, or Corollary 3 in the limit in (2.104), and thus identify P(x,t) directly. We
shall discuss in more detail the limit in (2.104) for the first passage distributions.
We also comment that the transient behavior of the M /M /m /m model was analyzed
thoroughly in Knessl (1990) and Xie and Knessl (1993), form — oo and various cases
of p, including the scaling in (2.104). There we used mostly singular perturbation
methods, but equivalent results could be obtained using Corollary 4 and methods for
asymptotically expanding integrals.
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3 First passage times
3.1 Main result: Laplace transform of the first passage time
Here we compute the distribution of the time for the number N (¢) of customers to reach
some level n,., which may be viewed as a measure of congestion. We take n, > m, for
otherwise the problem reduces to that of the M /M /oo or M /M /m/m models. Thus
we define the stopping time
T(ny) = min{r: N(t) = ny}, 3.1
and its conditional distribution is
O, (t)dt =Prob[t(ny) € (t,t +dt) | N(O) =n]. (3.2)
When n = n, we clearly have

On, (1) =8(1) (3.3)

and for n < ny, Q,(t) satisfies the backward Kolmogorov equation(s)

Qu(1) = pQ1(t) — pQo(t) (3.4)

00 (1) = pOny1(1) +nQp_1(1) — (p+1) 0y (1), 1< n<m, (3.5)

00 (1) = pQuy1(t) + [m + (n — m)n) Q1 (1)
—lo+m+(n—mn]Qu(t), m<n < n,. (3.6)

To analyze (3.3)-(3.6) we first introduce the Laplace transform

0.(0) = / T 0, (1) dr
0

and, expecting that Q,(0) = 0 for n < n,, we obtain

0,0 =1 3.7)
p01(6) = (p+6)00(0) (3.8)
(p+n+6)0,0) = 0p0u11(0) +n0y_1(), 1<n<m, 3.9)
[o+m + (n—m)y i@]@(@) = p0n+1(6)
+m+m—mn]Qn-10), m<n<n,— 1. (3.10)

The recurrences in (3.9) and (3.10) are similar to those in (2.9) and (2.10), and
indeed we can convert the former to the latter by setting

~ !
0,(6) = p "= Ry(8), 0<n<m G.11)
m.
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r(n—m+1+%)

0.(0) = p "y Ry(0), m <n <. (3.12)
r (1 n ﬂ)
n
Then from (3.7) and (3.12) we have
r (1 + %)
R, (0) = n" " p" , (3.13)

r (n* —-—m+1+ %)
and R, (9) will satisfy
w+n+OR, = n~+ DRyy1 + pRy—1
for 0 < n < m, which is just the homogeneous version of (2.9), while for n > m,
R, (0) will satisfy (2.10). Also, R1(0) = (p + 0)Ro(0), so that R, (0) will satisfy the
boundary equation in (2.8). We can thus write R, in terms of the special functions F,,,
G,, H,, I,, that we introduced in Sect. 2, and since F,, satisfies (2.8) we write
Ry(0) =ciF,(0), 0<n<m (3.14)
and
Ry(0) = coHy (05 m) + c31,(0; m), m < n < ny. (3.15)
In view of (3.15) and (3.13) we have

SO k) e
r (n* Cm 14 %)

C2Hn* + CSIn* =n

and if both (3.14) and (3.15) apply for n = m we have the continuity equation
c1Fp = cHy + c31,,. (3.17)

Finally, using (3.5) with n = m and noting that, in view of (3.11) and (3.12),
Om— Om-1=p" [Rm - %Rm—l],

§m+l - Am = pimil [(m +MRn—1 — pRm] )

(3.18)

we find that (m + n)Ry+1 + pRu—1 = (6 + p + m)R,, and thus
(m+n) [c2Hps1 + c3lms1 | + pc1 Fum1 = (0 + p + m)c1 Fy. (3.19)
Then (3.16), (3.17) and (3.19) yield three equations for the unknowns  C1, €2, C3.

After some algebra and use of (2.31) with n = m we obtain R, and then Q, follows
from (3.11) and (3.12). We summarize below the final results.
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Theorem 3 The distribution of the first passage time to a level n,(> m) has the
Laplace transform 0,(0) = E [e‘ef(”*) | N(O) = n]:

m+0

- n! o\ 7 eP/n
_ ng—n " om—ny+1 [
00 = o () ()T (et em)
n * 1
Fy
X 9
(m + n)(Hn* L1 — In* Hm+1)Fm + (m+ 1)(Hy In* - Hn* Im)Ferl
0<n<m, (3.20)

F(n—m+1+%)

0n(0) = p" """

r (n* —m+1+ %)

% (m+n)(Hy Lyy1 — Iy Hyg ) Fy + (m + 1) (Hy, I, — Hy Ly) Frpd
(m + n)(Hn* Im+l - In* Hm+1)Fm + (m + l)(Hm In* - I'Imk Im)Fm+l ’

m < n < ny. (3.21

Note that actually (3.20) can be used even if n = m + 1 and it then agrees with
(3.21). Similarly, (3.21) holds even if n = m — 1. If n = 1 we have F,, = I,, and then
both (3.20) and (3.21) reduce to

~ ! F, (0
0,0) = 2 pren 1@ <, (322)
n

«! F, (0)

which is the result for the M /M /oo model. We can again get results for the standard
M /M /m model by letting n — 07 in Theorem 3. Using the asymptotic results in
(2.88) and (2.91), after some calculations that we omit we obtain the following.

Corollary 5 For the M /M /m model the first passage distribution to a level n(> m)
is given by

~ _n!
0,(6) = p" "W/w +m+ p)? — 4mp

o Fn(9)
PpEn(Ze 27" = Z 28T o (m A D) Fy (2" — 27
0<n<m (3.23)
and
Ou ) = L 22" Z 2 o n ok D (2" = 27
n =

PFn(ZeZ" " = Z_ 20Ty (A D Fy (Z0 " = 27
m < n < ny. (3.24)

Here Z are as in (2.87).
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Using the fact tﬁat F,(0) =p"/n'and ZL(0) = [m + p £ |m — p|]/(2p) we can
easily verify that 0, (0) = 1 for all n, so that the density is properly normalized. We
shall discuss later the mean first passage time, which is equal to —Q,(0).

3.2 Halfin—Whitt regime
We next consider the limit in (2.104) in Corollary 5, also scaling the exit point n, as
ne =m+/mb, 0<b < oo. (3.25)

From (2.87) we obtain, using (2.104),

Zi=1+7|:ﬂj:,/,32+49:|+0(m_1), m — 00

1
m
and hence

Z7M ~ exp [% (ﬁ + \/m) x] . (3.26)

By scaling z = 1 — &£/4/m in (2.11) and noting that pz — nlogz = p + (x +
BE + %52 + o(1) with the Halfin—Whitt scaling in (2.104), the integral in (2.11) can
be approximated by

1 m?%eP 2
Fo(0) ~— S—Ge(x-ﬁ-ﬂ)ée% /2 dg
" 2xi /m Jr,
0/2,p
_ %e*ﬁﬂ)”“me(—x —B), (3.27)
Tm

where D, (z) is the parabolic cylinder function of index p and argument z. In (3.27) the
approximating contour Bry. is a vertical contour in the £-plane, on which Re(§) > 0,
and £ 7 is defined to be analytic for Re(£) > 0 and real and positive for £ real and
positive. In view of (2.104), setting n = m corresponds to x = 0 and thus

0/2 ,p
Fn0) ~ 2 oD _y(=B), m— . (3.28)
Tm
A similar calculation shows that
m/2er _p2/4
Fi1(0) — Fin(0) ~ 5 e Di—¢(=B), m — o0 (3.29)
Tm

and we note that the difference F,, | — F), is smaller than F,, by a factor of m~1/2,
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We write the denominator in (3.23) and (3.24) as

Pl [ 2287 = 2 257 = G D [ 227 = 2]

= —(n+ D = F) (227" = 27"
+Z" " Fy(pZy —m — 1)+ Z T Fy(—pZ- +m + 1)

o2 b
~ D h bﬂ/leDl o (—p) sinh (z,/ﬁ2+49)

N
s b/“[ ﬂh/@} (=B
el ] o) 530

Here we used (3.28), (3.29), (3.26), and also

pZy—m—1 ~%ﬁ[—ﬁi,/ﬁ2+49]

The expansion of the numerator in (3.24) follows by replacing b by x in (3.30). In
the limit in (2.104) we also have, using Stirling’s formula,

n! 2
—-n__ 2 _ ~ B2 /g2
" !\/(9 +m+ p) dmp ~ e’ /7 /m\/ B* + 46. (3.31)

We summarize below our final results.

Corollary 6 Inthe limitm — oo/,\with the scaling in (2.104) and (3.25), the tra/:\asform
of the first passage distribution Q,(0) for the M /M /m model has the limit P(x, 6)
where

~ D_g(—B —
P(x,0) = P25 /4 g2 4 49e—f‘b/2M, —o<x<0 (332

A6: b, B)
with
A@O; b, B) = /32 + 46 cosh (g 24 49) D_g(—P)
+ sinh (E,/ﬂ2 + 40) [2D1-9(—B) + BD_4s(—B)] (3.33)
and
~ _ A@O;x,B)
P(x,0) = NGB 0<x<b. (3.34)
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We have previously obtained these results in Fralix et al. (2014), by directly solving
the parabolic PDE satisfied by the diffusion approximation. Since 2D1_g(—p) +
BD_g(—p) = —2D/_9 (—B), Corollary 6 agrees with Theorems 1 and 2 in Fralix et al.
(2014).

Now, we can also consider the Halfin—Whitt limit for the first passage distribution
in the M/M /m + M model (with a fixed n > 0), and then Theorem 3 reduces to the
following.

Corollary 7 For m — oo with tl’l\e scaling in (2.104) and (3.25), @(9) in the
M/M/m + M model has the limit P(x, 0) where

PO=D/2,0P =0/ /I D o (—B — x)

7/5()6,9)2 s —OO<)C<O,
B —p—nb
(5 [2-orn (237) &1+ Do (72 2]
(3.35)
Ay =—nD.y), (_—\/g) ~0(=B)+ Doy (ﬁ) DLy(=p).  (3.30)

, B Ay
b= (ﬁ) Do = Do (ﬁ) D ,(—p). (33D
73(x, 0) = eﬁ(x717)/28,,()@,1,2)/4

B+ nx —B—nx
D—o/y ( ) A1+ Doy (—)
X v Vi ) , 0<x <b.

b —B —nb
De/n(ﬂjﬁn )A1+De/n (u

(3.38)

We can show that as n — 07, Corollary 7 reduces to Corollary 6, so that the order
of the limits of small n and that in (2.104) may be, in this case, interchanged. While
we can obtain Corollary 7 from Theorem 3 by expanding H, and I, in the limit in
(2.104), where

6
2n
Hy ~ | ep/n (ﬂ) R (”x + ﬂ) ’
2\ i

and a similar expression holds for I, it is easier to simply obtain a limiting PDE from
(3.5) and (3.6) (or limiting ODE from (3.9) and (3.10)) and solve it. If \/m 0, (6) —
P(x, 0) then P must satisfy

97’5 = ﬁxx - (,3 + ﬂx)ﬁm X < O’ (339)
0P =P —(B+x)Py, 0<x<b, (3.40)

and the boundary condltlon is P(b 0) = 1 We also have the interface conditions

73(0 ,0) = 73(0+ 0) and Px 07,0) = Px (0T, 8), where subscripts denote partial
derivatives. Setting
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P(x,0) = /4P 2P (x,0), x <0 (3.41)
P(x,0) = ™ /4B 2P(x 6), 0<x <b (3.42)

we obtain from (3.39) and (3.40)

~ 1 1 ~
Pxx+[§—9—z(,3+x)21|7?=0, x <0 (3.43)
~ 1 ~
fpxx+[g_9_z(,3+nx)2:|73:0, 0<x<b, (3.44)

and P and ”ﬁx _must ql\so be continuous at x = 0, in view of (3.41) and (3.42) and the
continuity of P and Py. Also, the boundary condition is

P(b, 0) = exp [—%nbz — %ﬂb} . (3.45)

Equation (3.43) is the parabolic cylinder equation of index —6, and its two linearly
independent solution are D_g(8 + x) and D_y(—p — x), for —0 #0,1,2,.... But
as x - —oo D_y(B + x) has Gaussian growth in x, which would lead to Pin (341
being roughly O (e* 2/ Zyasx — —oo. Thusforx < 0 the solution must be proportional
to D_g(—pB — x), hence we write

P(x,0) =a®)D_g(—B —x), x <O. (3.46)
The equation in (3.44) may be transformed, by the substitution
y=(B+nx)/Jn,

into a parabolic cylinder equation of index —6/n, and thus for x > 0 we have

P(x.0) = b(®)D_g), (ﬂ jﬁ"x) +cO)D_g)y (%) . (3.47)

The continuity conditions at x = 0 then yield

a(®)D_o(—=p) = b(O)D_g/y (%) +cO)D-g/y (:/—é) (3.48)

and

—a(0)D'_y(—B) = b(B)/TD—s/y (%) — c(0)y/1D.y, (_?i) . (3.49)
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Using the Wronskian identity

SN O S IO 0 R A

we solve the system (3.45), (3.48) and (3.49), for the unknowns a(6), b(9), c(6). We
thus find that

a(9) a(d)
b6 I Aq, ) = r A», 3.51
@)= m(n)l <@ m(n)z G-

where the A ; are as in (3.36) and (3.37), and

Vo o102 /4= Bb/2
" (3) 2o () e 0 ()

Using (3.51) and (3.52) in (3.46), (3.47), (3.41) and (3.42) gives the result in Corol-
lary 7.

a@) = (3.52)

3.3 Mean first passage time

Finally, we give below the mean first passage time,

qn = E[t(ny) | N(O) = n] =/O 1Qa(t)dt = — 0}, (0). (3.53)

Corollary 8 The conditional mean time to reach N(t) = ny starting from N(0) =
n < ng s

o1
=an+ > 0 || 0<n<m, (3.54)

4
=0

SN[ e

J —I T (J—m+1+2
s (B) (7= ”)] (3.55)
l=m+1 n

P(e—m+1+2)
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1 "] ZJF(J—m—i-l—i-%)
l(n) r(

J=n {=m+ £ — m+l+ )
1 p)m = m!
+_ —_ N
p(n r LZ:E
ny—1 J
17 m
Z(—) F(J—m+1+—) , o m<n<ny, (3.56)
—\r n

with g,, = 0.
We note that using (2.22) we have

(p)nm+lg 1
H,0) = (2 (3.57)
n P(n—m+1+2)

and the expression in (3.50) may also be written as

Ny — J
Hz(O)
qn— Z > TROR

J=n {=m+1

-1 m
H, O !
m(©) ﬂpl_m , m<n<ng (3.58)
< H,(0) & 0

By multiplying (3.4)—(3.6) by ¢ and integrating from t = 0 to t = oo we see that g,
satisfies the recurrence(s)

P(Gnt1 — qn) +1n(gn—1—qn) = =1, 0<n<m, (3.59)
oGns1 — qn) +m+ (n —m)nl(gn—1 —qn) = =1, m<n<ne—1, (3.60)

with gn, = 0. Solving the difference equations in (3.59) and (3.60) by elementary
methods leads to Corollary 8. The same results can be obtained by computing — 0/, (0)
using the expressions in Theorem 3.
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